THE NUMBER OF ORIENTED GRAPHS
Frank Harary

This note is a continuation of the paper [2], whose notation and terminology will
be used. A graph G is oriented if to each line ab in G precisely one of the two

orientations ab and ba is assigned. We note that not all directed graphs are
oriented graphs; for in the latter each pair of points is joined by at most one di-
rected line, while in the former there may be two such directed lines, one in each
direction. Thus an oriented graph is a one-dimensional oriented simplicial com-
plex. Two oriented graphs are isomorphic if there is a one-to-one correspondence
between their point sets which preserves directed lines. Let 6,, be the number of
(nonisomorphic) oriented graphs with p points and q lines, and let

p(p-1)/2
(1) ) = X Opqx?
q=0

be the counting polynomial for oriented graphs with p points. Our object is to obtain
a formula for 6,(x). As in [2], we use the enumeration methods of Pélya [3].

Davis [1] has recently counted several kinds of binary relations on p objects.
His results include a formula for asym (p), the number of nonisomorphic asymmetric
relations defined on p objects (a relation is a set of ordered couples; it is asym-
metric if it is bot irre}lexive and antisymmetric). Thus Davis’ number asym (p) is,
in our notation Ep=%'l) Zg__ that is, the total number or oriented graphs with p
points; therefore the formula which we shall obtain is a refinement of that of Davis.

In the framework of PSlya’s Theorem (see the Hauptsatz of [3] or [2, Section 2}),
an oriented graph of p points is a configuration whose figures are the p(p - 1)/2
pairs of points. The content of a figure is the number of directed lines it contains,
and it is thus zero or one. However, the pair of vertices a and b in a figure can

occur in two different directed lines ;l; and 5:1. Therefore the figure counting series
¢(x) for oriented graphs is

(2) ¢(x) = 1+ 2x,

since there is one figure of content zero and two of content one. In order to apply
Pélya’s Theorem, it remains to find the cycle index of the configuration group Qp.
This group is a permutation group of degree p(p - 1)/2; but as an abstract group it
is isomorphic with S;, the symmetric group of degree p.

The cycle index of S p is

3) Z(Sp) =5132_‘ Pl ige.gp,
() 125, 02025, 1 p'P 41

where the letters fi are variables and where the summation is taken over all parti-
tions (jy, J», *+, jp) of p satisfying
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(4) 1j1+2j2+"’+pjp= P.

The term of Z(Qp) corresponding to the general term flJl £2 ... f Jpp of Z(Sp) is
derived in a manner analogous to that for ordinary graphs [2, (10)], with one essen-
tial modification. The change is this: if in a cycle of a permutation of Qp induced
by a permutation of S, a pair of points occurs twice (once in each order), then the
cycle is deleted; for example, the cycle (23) induces the product (23)(32), and this
must be cancelled. To illustrate,

Z(S) = %(f§+ 3f,f, + 2f,)
induces the cycle index

7(Qy

%(ei + 3e, + 2e5),

where we use the letters e, as indeterminates in Z(Qp); and corresponding to
Z(S, = Elz(f‘} + 621, + 8f, f, + 32 + 6f,),

we have
zZQ,) = El—i(e‘{ + 6e,eZ + 8eZ + 3eZ + 6e,).

The contribution to Z(Qp) from fflfgz ...£)P can be separated into two independent
parts which are then multiplied to yield the result. The first part comes from the
pairs of points lying on cycles of permutations of Sp of the same length; the second
part from all remaining pairs.

If one divides the first part into the contributions from the odd and the even
cycles, then (exactly as for ordinary graphs) the odd cycles yield

Jan+1 ton+l

. Jant1
(5') font1 ~ €2n41 s Where t, ., =mnj, .+ (@n+ 1)( 2 ) ;

however, for oriented graphs, the even cycles yield

n j 2n th - - s (j 2n )
(5" f,20 >e 0, where t, =(n Dj, +2n o )
and this is different from the corresponding expression for graphs. Obviously, (5')
and (5") can be combined to obtain the following transformation, which is independent
of the parity of the subscript:

(5 ‘ f'li{k->' e:{k, where tk = [-1-{—5—1] j +k (J;) .

Finally, the contribution from cycles of different length not already obtained is
(as for linear graphs)
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ir ds _ dris(r.s)

(6) £, fg -)'e[r,s] ’

where (r, s) and [r, s] denote the g.c.d. and 1. c. m. respectively. Note that the ex-
ponents of the right-hand members of (5) and (6) are the expressions under the two
summation signs occurring in the exponent of the number 3 in Davis’ formula for
asym (p). Combining the results (5) and (6), we obtain

. . . P PR
hde  p e jrds(r,s)
@ RR R —>( ;e )(ISrgsSpe[r’s] '

Substituting the right-hand member of (7) for the occurrence of the left-hand member
in (3), we obtain Z(Qp), the cycle index of the configuration group. Applying Pélya’s
Theorem, we have

(8 Gp(x) = Z(Qp, 1+ 2x).

This formula may be illustrated by substituting 1 + 2x¥ for ex in Z(Q,;) above to

obtain the polynomial

65(x) = 1+ x+ 3x%+ 2x3,

which is verified pictorially by Figure 1.
L/ L

Figure 1
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The counting polynomials for Bp(x) through p = 5 are given by
o0

0(x,y) = 2 0,(x)yP
p=1

=y + y3(1 + x)

©) + y3(1 + x + 3x% +2x9)
+ yH1 + x+ 4x%+ 10x® + 12x* + 10x% + 4x5)
+ 731+ x+ 4x% + 13x% + 41x? + 78x% + 131x% + 144x" + 107x® + 50x° + 12x'0)
+ y%(1 + x + 4x® + 14x% + 55x* + 187x° + 539x® + 1292x" + 2500x° + 3817x°

+ 4512x1° + 4112x + 2740x12 + 1274x*3 + 376x + 56x%°)
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