A PROJECTION OPERATOR ON HARMONIC MAPPINGS
by
C.J. Titus

1. INTRODUCTION. Throughout this paper, D will denote a simply
connected domain in the xy-plane. Let u = u(x,y) and v = v(x,y) be a pair
of real-valued functions with continuous second partial derivatives on D;
and let w denoie the mapping of D into the uv-plane which is defined by
these functions. The Jacobian matrix of w,

satisfies the matrix differential equation
(1) - Jge, - J,e] =0,

where e; and e) are the unit vectors (é) and ((1)) , and whgre the sub-

scripts indicate that each element of J has been replaced by the corre-
sponding partial derivative. If w is a harmonic mapping, then the fur-
ther equation

Jy e, + Jye; = 0
1s also satisfied. With the notation & = Jep and 7 = Je], equations (1)
and (2) can be written as the vector differential equations
f x = ny, g 'Y = - 7] x 2
formally similar to the Cauchy-Riemann equations.

It should be noted that if a two-by-two matrix J of differentiable
functions satisfies equation (1), it is the Jacobian matrix of a mapping.

2. DEFINITION OF PROJECTION OPERATOR. Henceforth, J
will denote the Jacobian matrix of a harmonic mapping w with the com-
ponents u and v. The operator P will be defined by the relation

3 =Pl3] = (§ + KIK-1)/2, where K = (? ‘é)-
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The matrix J is itself the Jacobian matrix of some mapping; for
A A
Jxez -Jye; =[(Ixep - Iy e]) + K(Jx ey + Jy e2)/2,
and the right member is zero by equations (1) and (2) .
Since
P[P[J]] = [(J+KIK 1)+ K(T+ KIK-1)k-1 /4 = P[7]

the operator P has the projection property. A simple computation shows
that a matrix function is invariant under P if and only if it is of the form

(%)
B a
or, in terms of the elements of J, if and only if

u,, =V

- and Uy = -Vy

y

Thus the Jacobian matrix of a harmonic mapping is invariant under P if
and only if the mapping function is ahalytic.

In detail, the projection operator P can be written in the form

P[J].- 1 ux+ vy uy—vx .
T 2 \v., -u vy+ux'

x Yy

by integration, an analytic function W =U + iV, is determined, modulo an
additive complex constant, by the relations

1
U =Ef(ux+ vy)dx + (uy - vx)dy,
1 .
Y =zf(vx - uy)dx + (vy + uy)dy .

3. AN INEQUALITY. Let IJI and ||J|| denote the determinant
and modulus of J, respectively, so that

| 3] = uxVy - Uyvy and ”J”2 =ux2+uy2+ vx2 + Vyz

If |P(J)| is the determinant of P[J], a simple computation gives the re-
sult )

[PL]] - [3] =(llall% - 2]3])/4 .
The right-hand side is always non-negative, and therefore
|ela1l > 3] -

In particular, it follows that
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[f1P[3]] dxdy > [ []|J| dxdy
D D

for every domain D over which the integrals exist. This establishes the
following extremal property of analytic functions.

For each harmonic mapping w that projects into an analytic func-
tion W, let

1w = SI13] dxdy .
D

Then I(w)l < I(W) .

4. SOME TOPOLOGICAL RESULTS. Let t be a real number, and
1€t B

(3) 3. = (3 + t KIK-1)/2

N
A simple computation shows that J; satisfies equations (1) and (2); for
each t, 3t is therefore the Jacobian matrix of a harmonic mapping. In
particular, for t=1, J = P[J]; in other words, ?1 is the Jacobian ma-
trix of an analytic function. Equation (3) yields the relation

() 5= 10+ 2) o]+ e la)2)/a

Let {‘/ﬁ}t} be the class of harmonic mappings which are the integrals of
{St }, where the constants of integration are chosen so that, Afor some
point po in D, W¢(po) is independent of t. Such a family {W;} will be
called a noArmalized integral of the family {3t} . The proof of the fact
that each W; is uniformly continuous in t on every compact subset is
simple and is left to the reader.

A theorem of G.S. Young and the.author which will appear else-
where states that if a mapping has a non-negative Jacobian which is zero
only where it has rank zero, then the mapping is quasi-interior; see page
9 in [1]. A theorem of Whyburn ([1] Theorem 7.2, p. 10,) states that if
a sequence of quasi-interior mappings converges uniformly on every
compact subset of D, then the limit mapping is quasi-interior on D. By
the first theorem, Wi is quasi-interior for every t £ 0 if ]J] > 0. By the
second theorem, Wgo =w 1is then quasi-interior. Therefore, we have the
following result.

THEOREM. 1f w is a harmonic mapping such that |J| >0 ona

domain D, then w _is guasi-interior in D.

It follows immediately from the quasi-interiority of w that on every
compact subset S of ‘D the maximum of |w| = u? + vZ is achieved
on the boundary of S. It would be interesting to know if the condition
|J(w)] >0 and |J(w)] £0 on D is sufficient for lightness of w  and

hence for interiority of w.
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If w is a harmonic mapping such that IJ(W)I > 0 and the rank of
J(w) is nowhere zero on D, then on every compact subset of D the map-
ping w is the uniform limit of local homeornorphisms This follows
directly from the fact that if the rank of J(w) is nowhere zero, then "J "
is nowhere zero, and therefore one sees from (4) that IJ]-(W)I >0 if
t 0. Thus each mapping Wt (t #& 0) is a local homeomorphism on D.

Flnally, if w is light, then w and W are very closely related
topologically. First of all, there exists over every compact subset of D
a uniformly continuous deformation which keeps fixed the points at which
Jt has rank zero. At t =1, these points are the zeros of the complex
derivatives of W. Thus at every point p of D there exists a neighbor-
hood U of P over which w and W are homeomorphic to the same pow-
er of =.
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