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Chisini’s Conjecture for Curves with
Singularities of Typexn = ym

Sandro Manfredini & Roberto Pignatelli

1. Introduction

This paper is devoted to a classical problem that can be summarized as follows:
Let S be a nonsingular compact complex surface, letπ : S → P2 be a finite mor-
phism having simple branching, and letB be the branch curve; then (cf. [F2]), “to
what extent doesB determineπ : S → P2 ”?

The problem was first studied by Chisini [Ch], who proved thatB determinesS
andπ, assuming (i)B to have only nodes and cusps as singularities, (ii) the degree
d of π to be greater than 5, and (iii) a strong hypothesis on the possible degenera-
tions ofB. Chisini posed the question of whether the first or the third hypothesis
could be weakened. More recently, Kulikov [Ku] and Nemirovski [Ne] proved
the result ford ≥ 12, assumingB to have only nodes and cusps as singularities.

In this paper we weaken the hypothesis about the singularities ofB: we gener-
alize the theorem of Kulikov and Nemirovski forB having only singularities of
type{xn = ym}, using the additional hypothesis of smoothness for the ramifica-
tion divisor (automatic in the “nodes and cusps” case). Moreover, we exhibit a
family of counterexamples showing that our additional hypothesis is necessary.

In order to more precisely state the problem and our results, we need to intro-
duce a bit of notation.

Definition1.1. Anormal generic coveris a finite holomorphic mapπ : S → C2,

which is an analytic cover branched over a curveB such thatS is a connected
normal surface and the fiber over a smooth point ofB is supported on degπ − 1
distinct points.

Two normal generic covers(S1, π1), (S2, π2) with the same branch locusB are
called (analytically)equivalentif there exists an isomorphismφ : S1→ S2 such
thatπ1= π2 B φ.

The main interest in generic covers comes from the well-known fact that, by
the Weierstrass preparation theorem, given an analytic surfaceS ⊂ Cn, a generic
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projectionπ : S → C2 is (at least locally, in order to ensure degπ <∞) a normal
generic cover branched over a curve (see [GuRo]).

A standard way to study generic covers is as follows. Given a generic cover
π : S → C2 with branch curveB, define themonodromy homomorphismρ :
π1(C2 \B)→ Sdegπ as the action of this fundamental group on the fiber of a reg-
ular value.

The pair(B, ρ) gives the “building data” of the cover: one can reconstruct the
cover from(B, ρ) (cf. [GrRe]). Despite this explicit construction, understanding
the singularity of the cover from the building data is very difficult (except in spe-
cific cases). It is, for example, still an open problem to classify all the possible
“building data” coming from smooth surfaces.

In [MP] we gave a complete classification of the normal generic covers branched
over irreducible curves of type{xn = ym} in terms of what we called “monodromy
graphs”; we will recall briefly this result and the definition of monodromy graphs
in the next section. Let us point out that, according to the Puiseux classification,
this class of singularities is a natural first step for a complete classification.

Our first result (to which the balance of Section 2 is devoted) is a “more friendly”
classification theorem that will be crucial in the following sections. Leth, k, a, b

be positive integers with(h, k) = 1, and consider the surfaceSh,k,a,b in C4 de-
fined by the equationshzk+kwh− (h+k)xa = zw−yb = 0. LetF : Sh,k,a,b →
C2 be the projection on the(x, y)-plane.

Theorem 1.2. The mapF : Sh,k,a,b → C2 is a generic cover branched over
xa(h+k) = ybhk of degreeh+ k.

Conversely, up to exchangingx andy, every generic coverπ : S → C2 of de-
greed ≥ 3 branched over{xn = ym} with (n,m) = 1 is equivalent to one of the
previous maps.

In Section 3 we consider the “global” case of projective generic covers.

Definition 1.3. A projective generic coveris a finite morphismπ : S → P2

branched over an irreducible curveB such thatS is an irreducible projective sur-
face and the fiber over a smooth point ofB has cardinality degπ −1.

This is the same as requiring thatπ∗(B) = 2R + C, with R irreducible andC re-
duced, and thatπ|R : R→ B is 1 : 1 over smooth points ofB. As in the previous
case, for each irreducible projective surfaceS, a generic projectionπ : S → P2 is
a projective generic cover branched over a (projective plane) curveB.

We say that a projective generic cover issmoothif the surfaceS and the ram-
ification divisorR are nonsingular. Actually, whenS is nonsingular, a “general”
generic projection has a ramification divisorR that is nonsingular. Let us point
out that, ifB has only nodes and cusps as singularities, thenR is automatically
smooth.

Again, we will consider projective generic covers up to analytic equivalence:
(S1, π1), (S2, π2) with the same branch locusB areequivalentif there exists an
isomorphismφ : S1→ S2 such thatπ1= π2 B φ.
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Conjecture 1.4 (Chisini). Let B be the branch locus of a smooth projective
coverπ : S → P2 of degreedegπ ≥ 5. Thenπ is unique up to equivalence.

In other words, ifS is smooth and the degree high enough, then the curveB de-
termines the cover.

In fact, Chisini proved this result using the aforementioned additional hypothe-
ses that the branch curveB has only nodes and cusps as singularities and thatB

has some particular degeneration. In the same paper [Ch], he wondered if these
two last hypotheses could be weakened.

The bound for the degree ofπ is needed according to a counterexample (due to
Chisini and Catanese; see [Ca]) of a sextic curve with nine cusps that is the branch
curve of four nonequivalent smooth projective covers, three of degree 4 and one
of degree 3.

More recently, Kulikov [Ku] developed a new approach proving Chisini’s con-
jecture for curves with only nodes and cusps as singularities, using the additional
hypothesis that the degree ofπ is greater than a certain function of the degree,
genus, and number of cusps of the branch locus. After that, Nemirovski [Ne],
using the Bogomolov–Miyaoka–Yau inequalities, found a uniform bound of 12 for
the Kulikov function.

Combining these two results yields the following theorem.

Theorem 1.5 [Ku; Ne]. Letπ1: S1→ P2 andπ2 : S2→ P2 be two smooth pro-
jective covers having the same branch curveB. Assume thatB has only nodes and
cusps as singularities and thatdegπ1 ≥ 12. Thenπ1 andπ2 are equivalent.

In Section 3, we use Theorem 1.2 to improve on the previous results as follows.

Theorem 1.6. Let π1: S1 → P2 andπ2 : S2 → P2 be two smooth projective
covers having the same branch curveB. Assume thatB has onlyr singular points
of typexni = ymi , i = 1, . . . , r. If

degπ1 >
4(3d + g − 1)

2(3d + g − 1)−∑r
i=1(min(mi, ni)− gcd(mi, ni))

,

where2d = degB andg = g(B) is its genus, thenπ1 andπ2 are equivalent.

Theorem 1.7. Let π1: S1 → P2 andπ2 : S2 → P2 be two smooth projective
covers having the same branch curveB. Assume thatB has only singularities of
typexn = ym and thatdegπ1 ≥ 12. Thenπ1 andπ2 are equivalent.

Finally, in Section 4, we will construct a family of projective generic covers and
will show that the hypothesis of smoothness forR is necessary by finding pairs
of nonequivalent projective generic covers of arbitrarily large degree having the
same branch curve. More precisely, we prove (we defer the definitions off̄i , ḡj to
Section 4) the following.

Proposition 1.8. Let t ∈ N with t ≥ 1 and letB be the projective plane curve
given by the equation

ḡ4t+1(x,w)
2t(2t+1) = f̄2t(2t+1)(y, w)

4t+1.
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Then there are two generic coversπ ′ : S ′ → P2 and π ′′ : S ′′ → P2, with S ′, S ′′
smooth and of degrees4t + 2 and4t + 1, respectively.

The ramification divisor is singular except in the case of the coverπ ′ for t = 1.

Acknowledgments. We would like to thank Prof. Fabrizio Catanese, who was
the first to introduce us to the subject, for several useful and interesting conver-
sations on the topic of the classification of generic covers. We are indebted also
to Prof. Victor S. Kulikov, who suggested some possible applications of our re-
search, and to Prof. Mina Teicher, who partially supported this research by hosting
the first author at Bar Ilan University (Israel).

2. Equations

Consider the following surfaceSh,k in C4 (Sh,k,1,1 in Section 1):{
hzk + kwh = (h+ k)x,
zw = y, (2.1)

where 1≤ h < k are coprime integers. The Jacobian matrix is[
h+ k 0 hkzk−1 hkwh−1

0 1 w z

]
,

from which we see thatSh,k is smooth and that we can choosez,w as local coor-
dinates near(0,0,0,0) for Sh,k.

Consider the mapFh,k : Sh,k → C2, which is the restriction toSh,k of the pro-
jection ofC4 on the(x, y)-plane.

Proposition 2.2. Fh,k is a normal generic cover of degreeh+ k branched over
the curvexh+k = y hk.
Proof. We have thatF −1

h,k(0,0) = (0,0,0,0), and one can easily check that the
degree ofFh,k is h+ k.

The equations of the ramification divisorR in the local coordinates(z, w) of
Sh,k are given by the vanishing of the determinant of the submatrix of the Jacobian
matrix [

hkzk−1 hkwh−1

w z

]
;

that is,zk = wh.

Substituting into the equations ofSh,k inC4,we obtain that the locus defined by
the equationy hk = zhkwhk = xh+k in the(x, y)-plane contains the branch curve
B. But this locus is irreducible since(h, k) = 1, so we have found the equation of
the branch curve.

We are left with the “genericness” check. Of course, it is enough (by irreducibil-
ity) to check over a smooth point ofB, and we take the point(1,1). LetF −1

h,k(1,1)

be the set of points of the form(1,1, z, w) described by the equations
{
hzk+kwh
h+k =

zw = 1
}
. Thenz 6= 0, w = 1/z, and (multiplying byzh) we have to compute the

solutions of
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hz+ k
h+ k

)h+k
= zh,

that is, the roots of the polynomialP(z) = (hz+ k)h+k − (h+ k)h+kzh.
We must show thatP has exactlyh + k − 1 distinct roots. Its first and second

derivatives are

P ′(z) = h(h+ k)[(hz+ k)h+k−1− (h+ k)h+k−1zh−1],

P ′′(z) = h(h+ k)[h(h+ k −1)(hz+ k)h+k−2 − (h−1)(h+ k)h+k−1zh−2].

But P(z) = P ′(z) = 0 implies

(hz+ k)(h+ k)h+k−1zh−1= (h+ k)h+kzh,
and since 0 is not a root ofP we havehz+ k = (h+ k)z; that is,z = 1.

SinceP(1) = P ′(1) = 0 butP ′′(1) 6= 0,we conclude thatz = 1 is a double root
of P and that all the others are simple roots.

From the proof of Proposition 2.2 we may also derive the following.

Remark 2.3. The ramification divisorR is cut (onSh,k) by the hypersurface
zk = wh. The preimage of the branch locusB is 2R + C, whereC is the union
of the curves cut by the hypersurfaceszk = αwh for α 6= 1 a root ofP(t) =
(ht + k)h+k − (h+ k)h+kt h.
Now we introduce the complete class of covers that we need for our classification
theorem.

Consider the pullback ofFh,k under the base change given by the map

fa,b : C2→ C2, fa,b(x, y) = (xa, y b).
We obtain the surfaceSh,k,a,b of equations{

hzk + kwh = (h+ k)xa,
zw = yb, (2.4)

and the mapFh,k,a,b : Sh,k,a,b → C2 given by the two coordinates(x, y).
Now we can introduce the main result of this section.

Theorem 2.5. The mapsFh,k,a,b are generic covers of degreeh + k, branched
overxa(h+k) = ybhk.

Conversely, up to exchangingx andy, every generic coverπ : S → C2 of de-
greed ≥ 3 branched over{xn = ym} with (n,m) = 1 is equivalent to one of the
previous maps.

The first part of the statement is the following lemma.

Lemma 2.6. The mapsFh,k,a,b are normal generic covers of degreeh + k,
branched over the curvexa(h+k) = ybhk.
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Proof. The statement follows from Proposition 2.2 using the base change map
fa,b. The normality ofSh,k implies the normality ofSh,k,a,b by [MP, Thm. 2.2].

In order to prove the second part of Theorem 2.5, we use the well-known fact
(already mentioned in Section 1; see [GrRe]) that the pair (branch curveB, mo-
nodromy homomorphism) determines the cover. We will now introduce precisely
the monodromy homomorphisms and the monodromy graphs that represent them,
in terms of which we gave (in [MP]) a classification theorem for generic covers
branched over irreducible curves of type{xn = ym}, a result that we briefly re-
call here.

Let (S, π) be a normal generic cover of degree degπ = d. Every element in the
fundamental groupπ1(C2 \B) of the set of regular values ofπ induces a permuta-
tion of thed = degπ points of the fiber over the base point and thus a homomor-
phismϕ : π1(C2 \ B)→ Sd , called themonodromyof the cover. The “generic”
condition means that, for each geometric loop (i.e., a simple loop around a smooth
point of the curve), its monodromy is a transposition. The homomorphisms with
this property are calledgenericmonodromies.

So, in order to classify generic coversπ : S → C2 of degreed with S a normal
surface branched over some curveB, one needs to classify generic monodromies
ϕ : π1(C2 \ B) → Sd . We have done so (in [MP], for curvesB of type {xn =
ym}), representing the monodromy of a normal generic cover of degreed branched
on the curve{xn = ym} by a labeled graph0, called amonodromy graph.We will
denote by Grd,n the set of all (isomorphism classes) of graphs withd vertices and
n labeled edges.

Note that the monodromies of equivalent generic covers differ by an inner auto-
morphism ofSd , so we will say that two monodromiesϕ1, ϕ2 : π1(C2 \B)→ Sd
areequivalentif there exists aσ ∈Sd such that

ϕ1(γ ) = σϕ2(γ )σ
−1

for all γ ∈π1(C2 \ B).
The representation is done as follows. Letϕ : π1(C2 \ B) → Sd be a generic

monodromy; ifγ1, . . . , γn is a set of geometric loops that generates

π1(C2 \ B) ∩ {y = 1}
(in particular, they generateπ1(C2 \ B); see e.g. [MP; O] for a more detailed de-
scription of this fundamental group), then we writed vertices labeled{1, . . . , d}.
Now Sd acts naturally on the set of our vertices, and then, for alli ∈ {1, . . . , n},
we draw the edge labeledi between the two points exchanged byϕ(γi). Finally,
we must delete the labeling of the vertices (this corresponds to consideringϕ up
to the equivalence relation introduced previously). Observe that the monodromy
graph does not carry all the information needed to reconstruct the cover;0 hasn
edges, but we have lostm.

For a fixed0 ∈Grd,n, we say thatm is compatiblewith 0 if 0 defines a normal
generic cover branched overxn = ym. Then, a pair(0 ∈ Grd,n,m), wherem is
compatible with0, determines the cover.
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Finally, note that this construction is not symmetric in the two variablesx, y.

Hence, simply exchangingm andn yields a natural involution that sends compat-
ible pairs(0 ∈Grd,n,m) to compatible pairs(0 ′ ∈Grd,m, n); we call this opera-
tion “duality”.

We need a last definition, as follows.

Definition 2.7. A polygon withd vertices, valencea, and incrementj, where
j andd are relatively prime, is a graph withn = ad andd vertices such that, for
all s, t, the edges labeleds andt have:

two vertices in common if and only ifs − t = λd;
one vertex in common if and only ifs − t = λd + j or s − t = λd − j ;
no vertices in common otherwise.

This complicated definition is probably better explained by the example shown in
Figure 1.

Figure 1 A polygon with 5 vertices, valence 3, and increment 2

Now we are able to introduce the main result of [MP].

Theorem 2.8. The monodromy graphs for generic coversπ : S → C2 of degree
d ≥ 3 branched over the curve{xn = ym}, with (n,m) = 1, are the following.

(1) “Polygons” with d vertices, valencen/d (resp.,m/d), and incrementj,where
(j, d ) = 1, j < d/2, andj(d − j)|m (resp.,j(d − j)|n). Moreover,d must
dividen (resp.,m).

(2) “Double stars” of type(j, d−j) and valencen/j(d−j) (resp.,m/j(d−j)),
where(j, d ) = 1, j < d/2, andj(d − j)|n (resp.,j(d − j)|m). Moreover,
d must dividem (resp.,n).

Duality takes graphs of type(1) to graphs of type(2), and vice versa.

We skip here the definition of the double stars (cf. [MP]) that we do not need.
Briefly, in Theorem 2.8 we have shown that generic covers branched over an

irreducible curve of type{xn = ym} are classified by pairs (polygon in Grd,n,
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mmultiple ofj(d− j)), up to exchangingx andy. Recall that such pairs describe
generic covers also when the hypothesis(n,m) = 1 fails, but in this case we have
examples of covers that cannot be described in this way (with monodromy graphs
of different type). Given Theorem 2.8, proving the balance of Theorem 2.5 re-
quires only the following.

Proposition 2.9. The normal generic cover branched overxan = ybm associ-
ated to the polygon withnedges, incrementh,and valencea is the coverFh,n−h,a,b.

Proof. We have to compute the monodromy graphs of the coversFh,k,a,b. Let us
start by considering the casea = b = 1, that is, the coversFh,k. Recall thatFh,k
is a normal generic cover branched overB = {xn = ym}with n = h+ k andm =
hk. Notice that the assumption(h, k) = 1 implies(n,m) = 1.

By Theorem 2.8, the monodromy graph0 is, up to exchangingx andy, a poly-
gon. In fact, we do not need to exchangex andy; otherwise, we would have
d|m while degFh,k = n and(n,m) = 1. Hence0 must be a polygon of valence 1
(d = n) and some incrementh′. Setk ′ = n− h′.

By [MP, Cor. 4.2], the smoothness ofSh,k forcesm = h′k ′ (the minimal com-
patible integer for0). But nowh′ + k ′ = h + k andh′k ′ = hk, so {h′, k ′ } =
{h, k}.

Summing up, we have proved that the monodromy graph ofFh,k is a polygon
with valence 1 and incrementh (or k). Of course, the correspondingm is hk. We
now remark that, for alla, b, Fh,k,a,b can be obtained by fiber product fromFh,k
and the mapfa,b : C2→ C2 defined byfa,b(x, y) = (xa, y b). As shown in [MP],
this fiber product acts on the “building data” of the cover, multiplying the valence
by a and the compatiblem by b. The corresponding monodromy graph is thus a
polygon withd = h+ k vertices, valencea, and incrementh (or k). Conversely,
the cover associated to a pair (“polygon withn edges, valencea, and increment
h”, m) is Fh,n−h,a,m/h(n−h), as stated.

This concludes the proof of Theorem 2.5.
One immediately obtains the following corollary, whose first statement com-

pletes Corollary 4.2 in [MP].

Corollary 2.10. The coverFh,k,a,b is smooth if and only ifa = b = 1 or h =
b = 1. The cover and the ramification divisor are both smooth if and only ifh =
a = b = 1.

Proof. The first statement follows from equations (2.4), whence the second can
be easily checked in local coordinates as in Remark 2.3.

In the next section we will use the following consequence.

Corollary 2.11. Letn andm be coprime integers. Then there exists a nonsin-
gular normal generic coverπ : S → C2 branched overxn = ym for which the
ramification divisor is nonsingular if and only if(i) |m−n| = 1or (ii) d = 2 and
n = 1.
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In the first case, the cover is unique of degreed = max(m, n) and its mono-
dromy graph is the polygon withd edges, increment1, and valence1. In the second
case, the cover is given by the projection on the(x, y)-plane of the surfacez2 =
x − ym.
Proof. For d ≥ 3, by previous corollary, we have only the covers having as mo-
nodromy graph the polygon withd edges, increment 1, and valence 1. Ford = 2,
the result is given immediately by the remark that, for every curve{f(x, y) = 0},
there is exactly one double cover given by projection on the(x, y)-plane of the
surfacez2 = f.
We conclude this section with a direct computation of the monodromy graph as-
sociated toπ = Fh,k,a,b, although we don’t need it in the rest of the paper; the
uninterested reader can skip directly to the next section. We refer to [MP] for
notation.

In order to see how the minimal standard generators act on the preimage of
(1− ε,1), we examine the inverse image of the path(λβ,1) for 0 ≤ λ ≤ 1 in the
(x, y)-plane, whereβh+k = 1. Sincezw = 1, we can substitute forw in the first
equation (2.1) to obtain

hzh+k − (h+ k)zhλβ + k = 0. (2.12)

We claim that, ifλ 6= 0,1, thenzh+k is real if and only ifh+ k is odd andz =
sβ−1 with s negative. Indeed, ifzh+k is real, thenz = sβ−1 for some reals ands
is a zero of the real polynomial function

f(s) = hsh+k − (h+ k)λsh + k.
Sincef ′(s) = h(h+ k)sh−1(s k − λ), f will have s = 0 as a critical point ifh >
1 and either one other critical points = k

√
λ if k is odd or two other critical points

s = ± k
√
λ if k is even.

If s k = λ thenf(s) = k(1− λsh), which is strictly positive because eithers <
0 or 0< λ ands < 1. Thusf has only strictly positive critical values and hence
has at most one zeros0; if f does have a zero, thenh+k is odd ands0 < 0. If λ =
1, the same argument shows thatzh+k is real if and only ifs = 1 orh + k is odd
ands < 0. Note that, since(h, k) = (h, h+ k) = (k, h+ k) = 1, the equations
zk = β andzk = β−1 for β 6= 1 andβh+k = 1 have a unique common solution:
z = β s, wheresk ≡ −sh ≡ 1 modh+ k.

Now, if z0 is a root of (2.12) withβ = 1 thenz = z0/β
s is also a root of (2.12),

so we may restrict to the caseβ = 1. Observe that ifλ = 0 thenzh+k = −k/h,
whereas ifλ = β = 1 then (2.12) hasz = 1 as a double root, a real negative root
if h+ k is odd, and no other real roots.

Set
β0 = (h+ k)1/(h+k) exp

{−i π
h+k

}
and α0 = exp

{
i 2π
h+k

}
.

Then each component ofF −1
h,k(λ,1) will start from one of the pointsαr0β0 (each

component from a different point) forr = 0, . . . , h + k − 1. Call cr the com-
ponent ofF −1

h,k(λ,1) that starts fromαr−1
0 β0. Thenc1 is contained in the region



296 Sandro Manfredini & Roberto Pignatelli

−π < (h+ k)arg(z) < 0, c2 is contained in the region 0< (h + k)arg(z) <
π, and they both havez = 1 as ending point. Also,ch+k+3−r = cr for 3 ≤ r <
(h + k + 3)/2 are complex conjugated paths andcr must be contained in one
of the two regions(2r − 4)π < (h + k)arg(z) < (2r − 3)π or (2r − 3)π <

(h+k)arg(z) < (2r−4)π (see Figure 2). Note that ifh+k is odd thenc[(h+k)/2]+2

is contained in the negative real half-line.

Figure 2 Configuration of the pathsF −1
h,k(λ,1) in caseh+ k = 5

Number the pointsz1, . . . , zh+k in F −1
h,k(1−ε,1) by the pathcr to which they be-

long. It is clear thatz1 andz2 are nearz = 1 and that the action ofγ1 exchangesz1

andz2. In order to see which is the action ofγh+1, follow the motion of the points
over the path((1− ε)(1− t),1) and the path(t(1− ε)αh0,1) for 0 ≤ t ≤ 1. Recall
that the paths over(t(1− ε)αh0,1) are obtained from the pathscr by multiplying
by α−sh0 = α0; thus, the action ofγ1+h exchangesz2 andz3.

By the same argument, the action ofγ1+rh will exchangezr+1 andzr+2, where
indices are taken to be cyclical (modh + k); that is, the monodromy graph as-
sociated toFh,k is the polygon withh + k edges, incrementh, and valence 1 (cf.
Definition 2.7).

3. Chisini’s Conjecture

In this section we will obtain results similar to those in [Ku] and [Ne] for curves
with singularities of typexn = ym.

LetB ⊂ P2 be an irreducible curve with singularities of type{xn = ym} only.
Throughout this section, for every such curve we write

Sing(B) = {p1, . . . , pr},
where locally (nearpi) B is equivalent tox sini = y simi for all i = 1, . . . , r and
with (ni,mi) = 1; we setni < mi (unlessni = mi = 1).

Proposition 3.1. SupposeB is the branch curve of a smooth projective generic
cover(cf. Definition 1.3) π : S → P2, and letR be the ramification locus ofπ.
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Then, when restricted to the preimage of a small neighborhood ofpi, π is given
bydegπ −nisi connected componentsU1, . . . , Usi andV1, . . . , Vdegπ−(ni+1)si such
that (i) when restricted to one of theUj, π gives a generic cover of degreeni + 1
branched over one of thesi local irreducible components ofB (different compo-
nents for differentj), and (ii) when restricted to eachVk, π is an isomorphism.
Moreover, ifni ≥ 2 thenmi = ni +1and, locally,π restricted toUj is equivalent
to the coverF1,ni,1,1 for eachj = 1, . . . , si .

Proof. Because we assumedR to be nonsingular, it is locally irreducible; thus,
for eachp ∈ R there exists a neighborhoodU 3 p such thatπ(R ∩ U) is irre-
ducible and henceπ|U is a smooth normal generic cover branched over an irre-
ducible curve. Since the image of an irreducible curve is still an irreducible curve,
the cover splits locally as disjoint union of covers, each branched over one of the
(local) irreducible components ofB.

In order to prove the first part of the statement, we still must compute the de-
grees of the cover restricted to the “relevant” components, which may be done
directly via Corollary 2.11. In casen1 ≥ 2, the assumptions of smoothness of the
surface and of the ramification divisorR mean that Corollary 2.11 forcesmi =
ni+1= the (local) degree of the cover. The local equation for these covers comes
from Proposition 2.9.

Remark 3.2. By the degrees computed in the previous proposition, we have
degπ ≥ max{si(ni +1)}.
We now introduce some notation. Letπ : S → P2 be a smooth projective generic
cover,B the branch curve,B∗ the dual curve toB, R the ramification locus, and
C := π∗(B) − 2R. We setE := π∗(OP2(1)) (so thatKS = −3E + R), N :=
degπ, d := (degB)/2, δ := degB∗, andg := g(B) = g(B∗) = g(R). With a
standard abuse of notation, we will not distinguish a divisor from the associated
line bundle.

In order to prove the main theorem of this section, we follow now the arguments
of Kulikov in our more general case. Although some of the proof of Kulikov works
without correction, we have decided (for the convenience of the reader) to repeat
also those proofs, with the exception of Proposition 3.8. We start with some nu-
merical relations.

Lemma 3.3.

(1) d ∈N;
(2) E2 = N;
(3) (E,R) = 2d;
(4) δ = 4d + 2g − 2−∑r

i=1 si(ni −1).

Proof. By the Hurwitz formula we have

2− 2g(E) = 2N − degB.

Thus degB is even and so (1) is proved; (2) and (3) are trivial.
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Using a generic projection onto a line yields

e(B) = 2de(P1)− δ −
r∑
i=1

(sini −1).

Thus

2− 2g = e(R) = e(B)+
r∑
i=1

(si −1) = 4d − δ −
r∑
i=1

si(ni −1),

sinceR is the normalization ofB and is obtained by separating locally the irre-
ducible components ofB. This completes the proof.

Lemma 3.4.
R2 = 3d + g −1.

Proof. By genus formula,

2g − 2= (KS + R,R) = (−3E + 2R,R) = −6d + 2R2.

Sinceδ ≥ 0, by Lemma 3.4 and Lemma 3.3(4) we have the following.

Corollary 3.5.
r∑
i=1

si(ni −1) ≤ 2g − 2+ 4d < 2R2 = 2(3d + g −1).

By Hodge’s index theorem(E2 is positive by definition), we have∣∣∣∣ E2 (E,R)

(E,R) R2

∣∣∣∣ = N(3d + g −1)− 4d2 ≤ 0.

This yields the following corollary.

Corollary 3.6.

N ≤ 4d2

3d + g −1
.

We can now compute the invariants ofS as follows.

Lemma 3.7.

K2
S = 9N − 9d + g −1,

e(S) = 3N + δ − 4d = 3N + 2g − 2−
r∑
i=1

si(ni −1),

χ(OS) = N + 3g − 3− 9d −∑r
i=1 si(ni −1)

12
.

Proof. SinceKS = −3E + R, we haveK2
S = 9N − 12d + R2. Using a generic

pencil of lines inP2 and its preimage inS, we obtain
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e(S) = 2e(E)−N + δ,
e(E) = −(KS + E,E) = 2N − 2d.

From Noether’s formula it follows that

12χ(OS) = K2
S + e(S) = 12N + 3g − 3− 9d −

r∑
i=1

si(ni −1)

and we are done.

Note that
∑r

i=1 si(ni −1) must be divisible by 3.
Assume that there exist two nonequivalent smooth projective generic covers

(S1, π1) and (S2, π2) with the same branch curveB. Write Ni = degπi and
π∗i (B) = 2Ri + Ci for i = 1,2. LetX be the normalization of the fiber product
S1×P2 S2. Denote bygi : X → Si andπ1,2 : X → P2 the corresponding natural
morphisms, as summarized in the following diagram:

X
g1 //

g2

��

π1,2

ÃÃAAAAAAAA S1

π1

��
S2

π2 // P2.

We have degg1= N2 and degg2 = N1, so that degπ1,2 = N1N2.

The following result is proved in [Ku, Sec. 2, Prop. 2]. Although Kulikov as-
sumes at the very beginning thatB has only nodes and cusps as singularities, the
proof does not require this hypothesis.

Proposition 3.8. If (S1, π1) and (S2, π2) are not equivalent, thenX is irre-
ducible.

LetY be the set of pointsp ∈X such that (a)π1,2(p) ⊂ SingB and (b)π1 andπ2,

restricted (respectively) to neighborhoods ofg1(p) andg2(p),are normal generic
covers with different branch loci.

Lemma 3.9. SingX ⊂ Y.
Proof. If g1(p) /∈R1 or g2(p) /∈R2, thenp is clearly smooth.

At a pointp such thatp1 = g1(p) ∈ R1 andp2 = g2(p) ∈ R2, we can choose
small neighborhoodsVi(pi) ⊂ Si andU(π1,2(p)) ⊂ P2 such thatπi(Vi) = U

and bothπ1|V1 andπ2|V2 are equivalent (up to possibly different base changes) to
one of the following:

(i) if ni = 1 orπ1,2(p) is a smooth point ofB,

f2,1: C2→ C2 defined by(x, y) 7→ (x 2, y);
(ii) if ni ≥ 2, the projection on the(x, y)-plane of the surface inC4,{

niw + zni = (ni +1)x,

zw = y.
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Suppose that the branch loci ofπ1|V1 andπ2|V2 are the same. We then have, in the
first case, thatV1×U V2 has equations inC4,{

x 2
1 = x 2

2,

y1= y2,

and the normalization ofV1×U V2 is the disjoint union of two smooth surfaces
(x1= x2, y1= y2 andx1= −x2, y1= y2) in C4.

In the second case,̃V = V1×U V2 is the surface inC6,{
niw1+ zni1 = niw2 + zni2 = (ni +1)x,

z1w1= z2w2 = y,
which has two irreducible components: namely,

Ṽ+ =


w1= w2,

z1= z2,

niw1+ zni1 = (ni +1)x,

z1w1= y,
which is isomorphic toVi via gi; and

Ṽ− =

niw1= z2(z

ni−1
2 + zni−2

2 z1+ · · · + z2z
ni−2
1 + zni−1

1 ),

niw1+ zni1 = niw2 + zni2 = (ni +1)x,

z1w1= z2w2 = y,
which is expressed byg1 (resp.,g2) as a normal generic cover of degreeN2 − 1
(resp.,N1−1) branched overC1 (resp.,C2).

Both Ṽ+ andṼ− are smooth and intersect ing−1
1 (R1) ∩ g−1

2 (R2). The normal-
ization will be the disjoint union of these two smooth components.

Now supposep ∈ Y and letV1 (resp.,V2) be the neighborhood ofg1(p) (resp.,
g2(p)) as in the definition ofY ; the branch loci ofπ1|V1 andπ2|V2 are different.

Proposition 3.10. X has only rational double points as singularities.
More precisely, for every pointP ∈ Y, if pi = π1,2(P ), thenP is a point ofX

of typeAmi−1, and these are all the singular points ofX.

For instance, ifni = mi = 1 (the case of nodes), we getA0—that is, a smooth
point.

Proof. By Lemma 3.9,π1,2(P ) = pi for somei.
If ni = 1, we can assume the two branch loci to be{x = 0} and{x+ ymi = 0},

which yields {
x = z2

1,

z2
2 = x + ymi ;

that is,z2
2 = z2

1 + ymi , which is clearly a singularity of typeAmi−1 (if mi = 1
impliesX is smooth atP). On the other hand, ifni 6= 1 thenmi = ni + 1 and
V1×U V2 is the surface inC4,
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z
mi
1 −mixz1= −(mi −1)y,

z
mi
2 −miαxz2 = −(mi −1)y,

with αsimi = 1 butαmi 6= 1, which is isomorphic to the surface inC3,

z
mi
1 −mixz1= zmi2 −miαxz2,

which has a double point at the origin.
The Hessian matrix(mi ≥ 3) at the origin is 0 −mi −miα

−mi 0 0
−miα 0 0


and has rank 2, henceX has inp a singularity of typeAk for somek ≥ 2. In order
to computek, setz := mi(z1− αz2). Then, in the coordinate system(x, z, z1),

our equation can be written aszmi1 = z(x + f(z, z1)), with f(0,0) = 0; setting
thenx̄ = x+f,we find that near the origin the triple(x̄, z, z1) is still a coordinate
system in terms of whichV1×U V2 has equationzmi1 = x̄z, that is, the standard
expression for the singularityAmi−1.

Note that, ifP is singular forX, theng−1
1 (R1) ∩ g−1

2 (R2) ∩ (V1×U V2) = P.
In general, ifD1 andD2 are two divisors in a normal surface, then we de-

fine (D1,D2) (“the greatest common divisor”) as the greatest divisor contained
in both. By the local equations for the ramification divisor given in Remark 2.3,
we notice that the “singular” points in Proposition 3.10 are isolated points for
g−1

1 (R1) ∩ g−1
2 (R2).

Remark 3.11. IfR = (g−1
1 (R1), g

−1
2 (R2)), thenR does not intersect SingX and,

by the local considerations in the proof of Lemma 3.9,R is smooth andgi |R : R→
Ri is a (unramified) double cover.

Let F : X̃ → X be the resolution of singularities ofX, and letg̃i = gi B F and
π̃1,2 = π1,2 B F. We defineR̃ := F ∗(R), C̃1 := F ∗((g−1

1 (R1), g
−1
2 (C2))), and

C̃2 := F ∗((g−1
1 (C1), g

−1
2 (R2))).

Proposition 3.12.

(1) (R̃, C̃j ) =∑r
i=1 si(ni − 1);

(2) R̃2 = 2(3d + g − 1)−∑r
i=1 si(ni − 1);

(3) C̃2
1 = (N2 − 2)(3d + g − 1)−∑r

i=1 si(ni − 1);
(4) C̃2

2 = (N1− 2)(3d + g − 1)−∑r
i=1 si(ni − 1).

Proof. By Remark 3.11,R does not intersect the singular points ofX; hence we
can compute the intersections ofC̃1 andR̃ in X. By definition,C̃1 andR̃ intersect
only at points of the preimage ofR2 ∩ C2, in particular over some singular point
of B.

But we have already noticed that the only pointsp ∈ R such thatπ1,2(p) ∈
SingB are those points such thatπ1 nearg1(p) andπ2 nearg2(p) are branched
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over the same curve, as considered in the proof of Lemma 3.9. Letp ∈ X be
such a point. Becauseπ1,2(p) is a singular point ofB, there exists ani such that
π1,2(p) = pi.

If ni = 1 thenπ1 andπ2 are locally double covers, soCj does not containp and
p does not contribute to the intersection number. Otherwise, letV1 (resp.,V2) be
a small neighborhood ofg1(p) (resp.,g2(p)) as in Lemma 3.9. Then, sinceg1|R
(and alsog2|R) is an unramified double cover, there are exactly two points over
pi contained both inR and in the normalization of the fiber product ofV1 andV2,

sayPi+ andPi−. These two points belong to the two componentsṼ+ andṼ−, re-
spectively (see the proof of Lemma 3.9), but sinceCj does not intersect̃V+, we
may suppose thatp = Pi− ∈ Ṽ−.

Rewriting the equations for̃V− yields

w1= z2(z
ni
1 − zni2 )

ni(z1− z2)
,

w2 = w1+ z
ni
1 − zni2

ni
,

x = niw1+ zni1

ni +1
,

y = z1w1.

We remark that all the members of these equations are polynomials, and we can
takez1, z2 as holomorphic coordinates for̃V−.

Now,R ∩ Ṽ− is cut byw1= zni1 andw2 = zni2 ; that is,
z2
z
ni
1 − zni2

z1− z2
= nizni1 ,

z
ni
1 − zni2 + z2

z
ni
1 − zni2

z1− z2
= nizni2 .

This implieszni1 = z
ni
2 ; that is,z1 = λz2 with λni = 1. But if λ 6= 1 then the

left members in our equations vanish and we obtainz1 = z2 = 0 (which is not a
curve). From this it follows thatz1 = z2 clearly solves our equations, so it is the
local equation we were looking for.

A branch ofF(C̃2) ∩ Ṽ− is given (cf. Remark 2.3) by the equationsαw1= zni1

andw2 = zni2 , whereα = ( ni+α
ni+1

)ni+1
for α 6= 1; that is,

z2
z
ni
1 − zni2

z1− z2
= ni

α
z
ni
1 ,

z
ni
1 − zni2 + z2

z
ni
1 − zni2

z1− z2
= nizni2 .

This yields
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z
ni
1 =

α(ni +1)

ni + α z
ni
2 =

(
ni + α
ni +1

)ni
z
ni
2 ,

so thatz1= λni+αni+1 z2 with λni = 1.

Moreover, if we sett = ni+α
ni+1 (so thatt ni+1 = (ni + 1)t − ni), thenλ must

satisfy (by the first equation)

(λt)ni−1+ (λt)ni−2 + · · · +1= ni

t
.

Hence
t ni −1= (λt)ni −1= (λt −1)

ni

t
or

t ni+1= (λni +1)t − ni;
that is,

(ni +1)t = (λni +1)t.

Thusλ = 1, andF(C̃2) ∩ Ṽ− is the union of theni − 1 curvesz1 = ni+α
ni+1 z2.

Therefore, every component ofC̃j intersectsR̃ transversally, and we conclude that
(R̃, C̃j ) =∑r

i=1 si(ni −1).
LetEX̃ = F ∗π∗1,2(OP2(1)) = F ∗g∗i (Ei). It is immediate to verify that

E2
X̃
= N1N2,

(EX̃, R̃) = 4d,

(EX̃, C̃1) = 2d(N1− 2),

(EX̃, C̃2) = 2d(N2 − 2).

Since the canonical divisor of̃X is F ∗KX (X has only rational double points as
singularities), we have

KX̃ = −3EX̃ + R̃ + C̃1+ C̃2

and
(KX̃ + R̃, R̃) = e(R̃) = 4g − 4;

hence

R̃2 = 6d + 2g − 2−
r∑
i=1

si(ni −1).

BecauseF ∗g∗1(R1) = R̃ + C̃1, we have

N2R
2
1 = (R̃ + C̃1, R̃ + C̃1),

from which we obtain

C̃2
1 = N2(3d + g −1)− 6d − 2g + 2−

r∑
i=1

si(ni −1)

= (N2 − 2)(3d + g −1)−
r∑
i=1

si(ni −1).
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We can now finally prove the next theorem.

Theorem 3.13. LetB be the branch locus of a smooth projective generic cover
π : S → P2 havingr singular points of typexnisi = ymisi withni ≤ mi, (ni,mi) =
1. Then, if

degπ >
4(3d + g − 1)

2(3d + g − 1)−∑r
i=1 si(ni − 1)

,

where2d = degB andg = g(B) is its genus, thenπ is unique.

In Section 1 we wrote the statement using a different notation that we found better
there.

Proof. By Corollary 3.5,R̃2 > 0, so by the Hodge index theorem we have∣∣∣∣ R̃2 (C̃1, R̃)

(C̃1, R̃) C̃2
1

∣∣∣∣ = 2(N2−2)(3d+g−1)2−N2(3d+g−1)
r∑
i=1

si(ni−1) ≤ 0;

the same equation holds if we replaceC̃1 by C̃2 andN2 byN1. Consequently, we
obtain

Nj ≤ 4(3d + g −1)

2(3d + g −1)−∑r
i=1 si(ni −1)

for j = 1,2.

Following an idea of Nemirovski [Ne], we may prove the following.

Theorem 3.14. In the hypothesis of Theorem 3.13, ifdegπ ≥ 12 thenπ is
unique.

Proof. If S is not an irrational ruled surface of genus greater than or equal to 2,
then it satisfies the Bogomolov–Miyaoka–Yau inequality

K2
S ≤ 3e(S).

By Lemma 3.7,
K2
S = 9N − 9d + g −1,

e(S) = 3N + 2g − 2−
r∑
i=1

si(ni −1);

hence
r∑
i=1

si(ni −1) ≤ 3d + 5

3
(g −1).

With this inequality, we can estimate the quantity

4(3d + g −1)

2(3d + g −1)−∑r
i=1 si(ni −1)

≤ 12d + 4(g −1)

3d + 1
3(g −1)

= 4+ 8(g −1)

9d + g −1
< 12.

If S is an irrational ruled surface then it satisfies

K2
S ≤ 2e(S);
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the same argument as before can now be used to show that
r∑
i=1

si(ni −1) ≤ −3N + 9d + 3(g −1)

2
<

3

2
(3d + g −1).

Thus we derive the stronger estimate

4(3d + g −1)

2(3d + g −1)−∑r
i=1 si(ni −1)

< 8.

As a last remark, note that one can rewrite (with the obvious changes) all the re-
sults in [Ku, Thms. 3–12].

4. A Family and a Counterexample

In this section we will describe an interesting family of projective generic covers
branched over a curvēB with singularities of typexn = ym that will produce a
counterexample to Chisini’s conjecture if we drop the hypothesis that the ramifi-
cation divisor is smooth.

Let B̄ ⊂ P2 be a plane curve of equation̄g(x,w) = f̄ (y, w), whereḡ andf̄
are homogeneous polynomials of degreed, of the form

ḡ(x, w) =
r∏
i=1

(x − αiw)ni ,

f̄ (y, w) =
s∏
j=1

(y − βjw)mj ;

hereα1, . . . , αr andβ1, . . . , βs are mutually distinct. In a neighborhoodUi,j of the
pointPi,j = (αi, βj,1), the curveB̄ is analytically equivalent toxni = ymj .

Our (open) assumption is that the singular points ofB̄ are contained in the union
of lines ḡ(x, w) = 0 or (if you prefer) in the set of thePij . By a classical result
(see [De; F1]), ifB̄ is a nodal curve thenπ1(P2 \ B̄) is abelian; sinceSd has no
center ifd ≥ 3, it follows that, ifπ1(P2 \ B̄) is abelian, then there is no projective
generic cover of degreed ≥ 3 whose branch locus is̄B. Thus we will suppose
that not allni ≤ 2 and not allmj ≤ 2.

Note thatp = (0,1,0)does not belong tōB; therefore, in computingπ1(P2\B̄),
we can use the projection fromp onto thex-axis. More precisely,̄B intersects
transversally the line at infinityw = 0 in thed smooth points(1, ξ,0) with ξd =
1; then the line at infinity is not tangent tōB. This allows us to compute the fun-
damental group of the complement ofB̄ by computing the fundamental group of
the complement of the affine curveB in the chartw 6= 0, as we will do in Propo-
sition 4.6.

Setg(x) = ḡ(x,1) andf(y) = f̄ (y,1), so thatB = {g(x) = f(y)}. In order
to compute the fundamental group of the complement ofB, we can (by a de-
formation argument as in [O]) make the following assumptions without loss of
generality:
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(1) αi, βj ∈R for all i, j ;
(2) α1 < α2 < · · · < αr andβ1 < β2 < · · · < βs;
(3) if γ1, . . . , γs−1 are the roots off ′ such thatf(γi) 6= 0, then the critical values

for f, f1= f(γ1), . . . , fs−1= f(γs−1) are mutually distinct;
(4) for a suitableε0 > 0, |g(x)| < mini |fi | for all x ∈ (α1− ε0, αr + ε0).

Let us point out (in order to justify assumption (3)) that the roots off ′ are those
βj for whichmj ≥ 2 (with multiplicitymj −1) and those roots of a polynomial of
degrees −1 that has, by assumption (1),s −1 distinct real rootsγ1, . . . , γs−1 such
thatβi < γi < βi+1.

The critical points of the projection fromp onto thex-axis are given by the in-
tersection ofB with the union of horizontal lines{f ′(y) = 0}. Then the critical
values are (some of) theαi (corresponding to pointsPi,j ) and thed(s − 1) dis-
tinct pointsδj,h for h = 1, . . . , d andj = 1, . . . , s−1,whereg(δj,h) = fj (smooth
points with vertical tangent). By assumption (4), noδj,h is contained in the inter-
val [α1, αr ].

Chooseε > 0 small enough so that, for allj (resp., for alli) and for everyt
such that 0< |t − βj | ≤ ε (resp., 0< |t − αi | ≤ ε), we have thatf −1(t) (resp.,
g−1(t)) is given bymj (resp.,ni)distinct points. We denote bybj,1, . . . , bj,mj (resp.,
ai,1, . . . , ai,ni ) the points inf −1(ε) (resp.,g−1(ε)) ordered by their argument.

We fix now a free basis for5 = π1({y = 0} \ {αi, δj,k}, a1,1) in terms of which
we will describe the braid monodromy of the projection. LetCε(z0) ⊂ C be the
circle of centerz0 and radiusε. We define byci the closed path supported on
the connected component ofg−1(Cε(0)) nearαi, with starting point the unique
real point bigger thanαi and with counterclockwise orientation; we define byc+i
the “subpath” contained in the positive half-plane (imaginary part greater than
0) and byc−i the “subpath” in the negative half-plane. Letli , i = 1, . . . , r − 1,
be the (positively oriented) path contained in the real line connectingci ∩ R and
ci+1 ∩ R but not containing any of theαj (see Figure 3). Letω be the small
path supported onc1 connectinga1,1 with the base point ofc1 (in the clockwise
direction).

Figure 3 n1 = nr = 4, n2 = 1, n3 = 3

Consider the pathsρ1, . . . , ρr based ata1,1 defined by

ρi =
(
ωl1(c

+
2 )
−1 · · · li−2(c

+
i−1)
−1li−1

)
ci
(
ωl1(c

+
2 )
−1 · · · li−2(c

+
i−1)
−1li−1

)−1
,

whereρ1 = ωc1ω
−1. These are paths around theαi (see Figure 4). To complete

the free basis of5, we need some paths around theδj,k.
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Figure 4

Consider the (real) critical values forf andfi defined previously. Letωi be a
loop aroundfi that is based atε and that is contained in the union of the paths
Cε(fi) and the real line constructed by the following algorithm: Follow the real
line in the direction offi until you meet the firstCε(fj ); if j 6= i, follow Cε(fj )

clockwise until you meet again the real line, then follow the real line again until a
newCε(fj ) is encountered and then repeat the algorithm; ifi = j, follow coun-
terclockwise the wholeCε(fi) and come back toε from the way you arrived (and
end the algorithm). Here are two examples (see Figure 5), where we have defined
C+ε andC−ε in the natural way as we did for theci :

ω1= TCε(f1)T
−1T = [ε, f4 − ε]C+ε (f4)

−1[f4 + ε, f1− ε],
ω3 = T ′Cε(f3)T

′−1T ′ = C−ε (0)−1[−ε, f2 + ε]C−ε (f2)
−1[f2 − ε, f3+ ε].

Figure 5

For every fixed pairi, h, we can uniquely liftωj to a (closed) path̃1j ;i,h, based at
ai,h, such thatg(1̃j ;i,h) = f(ωj ); this is, in fact, a loop around someδj,h̄. Finally
we define1j ;i,h ∈5 to be the path based ina1,1 obtained via conjugating̃1j ;i,h
with a path connectinga1,1 andai,h that is obtained by following the orientation
of each real interval and the reverse orientation of each circle. The pathsρi and
1j ;i,h clearly give a free basis for5.

Now we can computeπ1(C2 \B) (andπ1(P2 \ B̄)). We can take, as generators
of π1(C2 \ B) (and ofπ1(P2 \ B̄)), a geometric basisµj,k (for j = 1, . . . , s and
k = 1, . . . , mj ) of π1({x = a1,1} \ B) ∼= Fd in such a way thatµj,1, . . . , µj,mj are
(conjugated to) the “standard generators” ofπ1(U1,j \ B) (cf. [MP]), as shown in
Figure 6.

Figure 6
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We recall now the following definition and theorem from [O].

Definition 4.1 [O].

Gm,n := 〈g1, . . . , gm | g−1
k (g1 · · · gn)gk+n(g1 · · · gn)−1 ∀k = 1, . . . , m〉,

where the indices in the relators are taken to be cyclical modm.

Theorem 4.2 [O].
π1(C2 \ {xm = y n}) ∼= Gm,n.

Proposition 4.3. If B = {f(x) = g(y)} then

π1(C2 \ B) ∼= Gm,n,
wheren = (n1, . . . , nr) andm = (m1, . . . , ms) are the greatest common divisors.

Proof. Every path in5 induces a braid (acting onp−1(a1,1)) that is itsbraid
monodromy; we compute the relations inπ1(C2 \ B) by the braid monodromy of
the generators of5, following the method introduced in [Mo]. In order to ex-
press the braid monodromy of a path, we use the standard generators of the braid
group ond strands given by the positive half-twistsσi (1≤ i ≤ d − 1), exchang-
ing theith and the(i + 1)th strands counterclockwise (the reader unfamiliar with
the braid group can find precise definitions and more in, e.g., [Bi]).

In order to compute the braid monodromy of the generators we chose for5,

we consider the pointsai,h lying on a line following the lexicographical order in
their indices; that is,ai,h > ai′,h′ if and only if i > i ′, or h > h′ if i = i ′. The
braid monodromy ofρ1 is

σ̃
n1
1 · · · σ̃ n1

s ,

whereσ̃j = σm0+···+mj−1 · · · σm0+···+mj−1+1 (m0 = 0). It gives us the relations

µj,k = Tj ;1,n1µj,k+n1T
−1
j ;1,n1

for all j, k, whereTj ;1,l = µj,1µj,2 · · ·µj,l and the second index of theµj,k is
taken to be cyclical (modmj).

Since (by condition (4)) lifting the pathli gives the identity braid for alli, it
follows that the braid monodromy ofρi is similar—that is,

σ̃
ni
1 · · · σ̃ nis ,

inducing inπ1(C2 \ B) (and inπ1(P2 \ B̄)) the relations

µj,k = Tj ;1,niµj,k+ni T −1
j ;1,ni

for all i, j, k. It is easy to see (cf. [MP, Prop.1.1]) that these relations are equiva-
lent to

µj,k = Tj ;1,nµj,k+nT −1
j ;1,n

for all j, k, wheren = (n1, . . . , nr).
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Figure 7

The monodromy of1j ;1,1 is retrieved from the braidf −1(ωj ) and gives the pos-
itive half-twist shown in Figure 7. That is,

T −1σm0+···+mjT (4.4)

with
T = (σm0+···+mj+1 · · · σm0+···+m[(j+1)/2])(σ̃j );

this gives the relation

µj,1= (µj+1,1 · · ·µj+1,[mj+1/2])µj+1,[mj+1/2]+1(µj+1,1 · · ·µj+1,[mj+1/2])
−1.

This relation is best understood in terms of the “minimal standard generators”
(cf. [MP])

γj,k = (µj,1 · · ·µj,k−1)µ
−1
j,k(µj,1 · · ·µj,k−1)

−1;
this relation becomes the simpler

γj,1= γj+1,[mj+1/2]+1.

The braid monodromies of the other1j ;i,h are a conjugate of (4.4) by a multiple
of σ̃j σ̃j+1 and give the relations

γj,k = γj+1,[mj+1/2]+k
for all j, k.

These are cancellation relations because we can express eachµj,k in terms of
theµ1,k; moreover, they yield the relations

µ1,k = µ1,k+mj
for all j, k. Therefore, ifm := (m1, . . . , ms), then the pathsµ1= µ1,1, . . . , µm =
µ1,m generateπ1(C2 \ B), and between them we have only the relations

µk = T1,nµk+nT −1
1,n,

whereT1,n = µ1 · · ·µn with cyclical indices modm.

Remark 4.5. By Theorem 4.2,π1(Ui,j \ B) ∼= Gni,mj andµ1, . . . , µmj are
(conjugated to) the standard generators for this group. In particular, the map
π1(Ui,j \ B) → π1(C2 \ B) induced by the inclusion coincides with the map
(fni/n,mj/m)∗ introduced immediately after Remark 2.3.

This implies that, ifB is the branch curve of a normal generic cover with mono-
dromyµ : Gm,n → Sd , then the graph representing the local monodromy atPi,j
is the pullback by(fni/n,mj/m) of the graph representing the global monodromyµ.
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Proposition 4.6.

π1(P2 \ B̄) ∼= Gm,n,〈(µ1 · · ·µm)d/m〉,
wheren = (n1, . . . , nr) andm = (m1, . . . , ms).

Proof. To computeπ1(P2 \ B), we use the standard remark that the kernel of the
surjective map

π1(C2 \ B)→ π1(P2 \ B̄)→ 0

is infinite cyclic and is generated by a loopL around the line at infinity. In our
case this loop is

L = (µ1,1 · · ·µ1,m1)(µ2,1 · · ·µ2,m2 ) · · · (µs,1 · · ·µs,ms )
or, in terms of the generatorsµi,

L = (µ1 · · ·µm)m1/m · · · (µ1 · · ·µm)ms/m = (µ1 · · ·µm)d/m.
Assume now that̄B is irreducible, that is,(n,m) = 1. In this case, the monodromy
of the cover lifts to a generic (geometric loops map to transpositions) homomor-
phismµ : Gn,m → Sd for whichµ(T d/n

1,n ) = 1. By the classification of generic
homomorphisms in Theorem 2.8, the monodromy graph is (exchangingn andm,
if necessary) a polygon.

We know that in this case there existh, k, a, b such thatn = a(h+ k) andm =
bkh with (h, k) = 1. Now we can introduce our family: we define

ḡl(x, w) = (x − w)(x − 2w) · · · (x − lw),
f̄l(y, w) = (y − w)(y − 2w) · · · (y − lw),

and, givenh, k coprime, we consider the generic cover of degreeh+ k branched
over

ḡh+k(x, w)hk = f̄hk(y, w)h+k
with monodromy graph a polygon withm edges, valence 1, and incrementh.

Here all the singularities have the same form(xhk = y h+k) and so, by Re-
mark 4.5, all the local monodromy graphs must coincide with the global one. In
order to ensure the existence of the cover we need only check that the monodromy
of (µ1 · · ·µh+k)hk is trivial, which was clear at the start because it belongs to the
center of the (local) fundamental group (in fact, the order of the monodromy of
µ1 · · ·µh+k is exactlyhk).

Moreover, by Corollary 2.10, having all the singular pointsa = b = 1 means
that the surface we defined is smooth, whence the cover is smooth if and only if
h = 1; in this case one can easily check that the cover is given by the projection
on the planez = 0 from the point(0,0,1,0) of the surface

zk+1− (k +1)zf̄k(x,w)+ kḡk+1(y,w) = 0.

We can finally state the counterexample we were looking for, as follows.
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Proposition 4.7. LetB be the projective plane curve of degree30 given by the
equation

ḡ5(x,w)
6 = f̄6(y,w)

5.

Then there are two generic covers,π ′ : S ′ → P2 andπ ′′ : S ′′ → P2, where:

(1) S ′ andS ′′ are smooth;
(2) degπ ′ = 6;
(3) degπ ′′ = 5;
(4) the ramification divisor ofπ ′ is smooth;
(5) the ramification divisor ofπ ′′ has(exactly) 30ordinary cusps as singularities.

Proof. The coverπ ′ (resp.,π ′′) is the cover of the family we just constructed for
h = 1 andk = 5 (resp.,h = 2 andk = 3). We check quickly the five properties:
(1) holds for every surface in our family. Properties (2) and (3) follow because the
degree is the number of vertices of the graph (i.e.,h+ k). Finally, (4) and (5) fol-
low directly from Remark 2.3.

This is a counterexample to Chisini’s conjecture if we drop the assumption that the
ramification divisor is nonsingular. This family does not produce counterexam-
ples in higher degrees; in fact, the pair(5,6) is the only one that can be expressed
as sum and product of two coprime integers in two different ways.

Indeed, suppose we haveh+k = h′k ′ andhk = h′+k ′ with (h, k) = (h′, k ′) =
1 and (say)h < k, h′ < k ′, andh + k < hk. Fromh′ + k ′ > h′k ′ we have that
h′ = 1 andk ′ = hk − 1. But nowk(h − 1) = h + 1= h − 1+ 2 and it must be
that(h−1)|2; henceh = 2 andk = 3, which givesk ′ = 5.

In order to find counterexamples to a Chisini–Kulikov–Nemirovski-type result
in arbitrarily large degrees, we must consider a slightly different family, as follows.

Proposition 4.8. Let t ∈ N with t ≥ 2 and letB be the projective plane curve
given by the equation

ḡ4t+1(x,w)
2t(2t+1) = f̄2t(2t+1)(y, w)

4t+1.

Then there are two generic covers,π ′ : S ′ → P2 andπ ′′ : S ′′ → P2, with S ′, S ′′
smooth, of degrees4t + 2 and4t + 1 (respectively), and each a singular ramifi-
cation divisor.

In fact, the caset = 1 is exactly the case of Proposition 4.7, so the statement still
holds except for the singularities of the ramification divisor.

Proof. The cover of degree 4t+1 is the cover in our family forh = 2t, k = 2t+1.
The cover of degree 4t + 2 is simply the cover constructed in the same way as we
did for our family, starting from the monodromy graph given by the polygon with
4t + 2 vertices, valencet, and increment 1.

The smoothness comes from Corollary 2.10 by observing that (locally) we have
h = b = 1. The other verifications are exactly as in the previous case and so we
leave them to the reader.
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