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Adding Closed Unbounded Subsets of w,
with Finite Forcing

William J. Mitchell

Abstract  An outline is given of the proof that the consistency of a x T-Mahlo
cardinal implies that of the statement that /[w;] does not include any stationary
subsets of Cof(w1). An additional discussion of the techniques of this proof
includes their use to obtain a model with no wy-Aronszajn tree and to add an
wy-Souslin tree with finite conditions.

1 Introduction
In [15], Definition 2.1 Shelah defined the approachability ideal I[« ] as follows.

Definition 1.1  For any sequence A = (a, : @ < k™) of sets, let B(A) be the set
of ordinals A < « such that there is a set ¢ C A with
(i) otp(c) = cf(h),
(i) YUe = A, and
(i) {cNé&:& <A} Clay:a < i}
Then I[«x ] is the set of subsets of ¥+ which are contained, up to a nonstationary set,
in some set B(A).

Shelah proved in [15], Theorem 4.4 that if « is regular then «+ N Cof(<x) € I[«x ],
where we write Cof(n), or Cof(<n), for the set of ordinals v such that cf(v) = n
or cf(v) < n, respectively. It is consistent that Cof(k) ¢ I[«T]: an example is
given by the model of [11] in which there are no w,-Aronszajn trees, and others are
given by Proposition 2.11 and Theorem 4.1 of this paper. Shelah asked whether it
is consistent that every subset of Cof(w1) in I[w;] is nonstationary. The following
theorem answers this question.

Theorem 1.2 [fit is consistent that there is a cardinal k which is kt-Mahlo, then
it is consistent that I[wy] does not contain any stationary subset of Cof(w1).

Printed August 22, 2005

2000 Mathematics Subject Classification: Primary, 03E35; Secondary, 03E04
Keywords: Mahlo cardinals, approachability ideal, nonstationary ideal
©2005 University of Notre Dame

357


http://www.nd.edu/~ndjfl
http://www.nd.edu

358 William J. Mitchell

The fact that a « T-Mahlo cardinal « is necessary is due to Shelah, and a proof is given
in [12], Theorem 13. In this paper we will outline the proof of Theorem 1.2, describe
the techniques involved, and discuss some of their variations and limitations. A full
proof of Theorem 1.2 is given in [13].

2 Adding One Closed Unbounded Set

A strategy for the proof of Theorem 1.2 is straightforward: Let « be x T-Mahlo, and
for each o < «™ define By := {A < « : Ais f,(1)-Mahlo}, where f, is some
function chosen so that &« = [fyIns. The statement that x is & T-Mahlo implies
that each of the sets By, is stationary, and the forcing will add x* many new closed
unbounded sets D, C B,. The forcing should preserve w; and x while collapsing
all intermediate cardinals so that x becomes w» in the generic extension. A further
constraint is given by the following observation of Shelah, which implies that the
forcing must add new reals.

Proposition 2.1 [f2” < w, then I[wy] contains a stationary subset of Cof(wy).

Proof Let A = (a, : v < wy ) enumerate [w7]?”. To see that B(A) N Cof(w1) is
stationary, let C C w; be closed and unbounded and pick a chain (M, : v < w7)
of elementary submodels of H,, of size w; such that vy U {A,C} € My and
(Mg :a¢ <v) € My41 foreachv < w;.

Set @, = sup(M, N wp) and & = Uv<w1 ay. Then a € C N Cof(w) since
C € My, so it will be sufficient to show that « € B(A). To this end, set
¢ ={oy :v <o }and note thatif § < wythenc Nz = {ay : v <&} € Mgy
since (M, : v < &) € Mgyy. Since A € My C Mgy1 we have [w2]” N Mg4q =
{ay :ve Mg} C{ay:v <agq},sothe set c witnesses thata € B(A). [l

We begin the search for the appropriate forcing by studying the known methods for
adding a new closed, unbounded subset D of w;. There are two of these: one with
finite conditions and one with countable conditions. The one using finite conditions
first appeared in [3], page 926, and the form we describe is essentially due to Abra-
ham [1]. The conditions are pairs p = (17, OF), where I? € [w(]~“ and O is
a finite set of half open intervals (1, n] satisfying the constraint that if > € I” and
(',n] € OP then » ¢ (7, n]. A condition p forces A € D if and only if A € I?
and p IF A ¢ D if and only if A € (i, 5] for some (', n] € OP. The forcing using
countable conditions, which first appeared in [2], has as conditions closed, bounded
subsets ¢ of w; ordered by end extension.

These two methods suggest three possible ways to force a new closed unbounded
subset of wy:

1. use finite conditions p = (I, OP) as in the forcing at wj, except that the
ordinals are in w; instead of wy;

2. use countable conditions p = (I7, OP); this is like the first alternative, ex-
cept that /7 and O? are countable;

3. generalize the second alternative for w; by using as conditions closed,
bounded subsets of ws.

The third alternative is the most common method and the obvious choice; however
neither it nor the second alternative add new reals, and Proposition 2.1 implies that
w3 new reals are needed. Furthermore both of these alternatives use the continuum
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hypothesis, so it is difficult to devise a suitable iterated forcing which alternates either
forcing with a separate forcing to add the required new reals.

This leaves the first alternative, but that collapses w;. To see this, let D be
the closed and unbounded set added by this forcing and define, for £ < wp,
o) =sup{v <w; :w1-&+ve D} If pisany condition then

plFo@ =w1 ifor-(E+1)el?,
plFaE) =0 if3(n,nle 0P (f <wi-§ & w1 -(E+1) <n),and
plFo)<v if3(n',n] € OF (w1 -E+v<n & wi-(E+1) <n)

for each v < w;. For any other ordinal &, and for any ordinal v < w1, thereis p’ < p
such that p’ I v < 0(§) < w;. Hence it is forced that there are unboundedly many
ordinals § < wy such that 0 < o(§) < wy, and if we let A be the set containing the
first w-many of these ordinals then {0 (§) : £ € A} is unbounded in w;.

In order to avoid this collapse, we modify the forcing by using a variation of
Todorcevié’s method of forcing with models as side conditions. This forcing P,,
to add a closed unbounded subset of wy was independently discovered by Friedman
[4], and his proof has been translated by Morgan [14] into Koszmider’s technique of
using a morass for forcing with models as side conditions.

We state the following definition under the assumption V = L and take the count-
able models in the side condition +A” to be X1-elementary substructures of L, . This
can be extended to more general contexts, for example, by taking the models to be
substructures of L,,[A] where A C w; codes 2¢.

If V = L then the countable models M which are used in Definition 2.2 in the
set A7 of side conditions may be taken to be Xi-elementary substructures of L.
More generally, if we assume 2 < w; then we could take the models to be of the
form L, [A] where A is a fixed subset of w> such that 2 C L, [A].

Definition 2.2  The conditions in the forcing P, are triples p = (17, OP, AP).
The sets I” and O? are as in the finite forcing for w; except that the ordinals are
taken from w;, and A7 is a finite set of countable models M.

A condition p = (I, OP, AP) must satisfy the following conditions:

1. if A € I” and (n, n] € OP then A ¢ (', nl;
2. if (n',n] € OP and M € AP then eithern’,n € M orelse (', n] N M = &,
3. suppose M, M’ € AP,
(a) either MNM’' € M orelse MNM' = M N Ls, where § = sup(M N M),
(b) im(M) N lim(M’) = lim(M N M").

The set P,, is ordered by (I', O', A") < (I, O, A)if I’ D 1,0 D O0,and A’ D .

Of course, clause 3(a) also holds with M and M’ switched. Clause | is taken di-
rectly from the forcing at w;. Clause 2 states that if M € 4 then any requirement
(n',n] € OP either is a member of M or else does not affect the forcing P N M in
M. Clause 3 is more complex, but it is motivated by similar considerations which
are made precise in the next definition.

Definition 2.3  If P is a forcing order and X is a model then a condition p is
strongly X-generic if p forces that G N X is a V-generic subset of P N X, where G
is a name for the generic subset.
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This should be contrasted with Shelah’s notion of an X-generic condition, which
only requires that p forces that GNXisX -generic. The importance of strong gener-
icity in our construction is largely due to Lemma 2.10 below, but in the meantime we
will need the following combinatorial characterization. We assume that the forcing
P is closed under meets; that is, any pair p, g of compatible conditions in P has a
greatest lower bound p A g € P.

Proposition 2.4 A condition p € P is strongly X-generic if and only if for all
conditions q compatible with p there is a condition q|X € P N X such that every
conditionr < q|X in P N X is compatible with g N p. O

Thus, strong X-genericity of a condition p means that any effect which a condition
g < p has on the forcing inside X can be specified by a condition ¢|X which is a
member of X. In Lemma 2.6 we will see that ({A}, &, ©) is strongly L;-generic, and
(@, @, {M}) is strongly M-generic. Clause 2 is necessary for the latter: any interval
(7', n] € 07 such that M N (', n] # @ will affect the forcing in M, and hence must
be included in 0.

Clause 3(b) asserts that two models M and M’ in

AP look like Figure 2, with a common part M N M’ at I
the bottom and finitely many disjoint intervals above. I
The figure shows the second alternative of clause 3(a),
in which M N M’ is an initial segment of both M and | |
M.

For Theorem 1.2 we need to modify Definition 2.2 M M’

in two ways. We need new closed unbounded subsets

of the k™-Mahlo cardinal « instead of a)g . For this  Figure 1 Clause 2 of

we simply require the cardinals in /7 and endpoints of Definition 2.2

intervals from OP be taken from «, and (assuming V =

L) we take the models M € AP to be Xj-elementary substructures of Lj for some
inaccessible cardinal A < k. The other change is that the new closed unbounded set
is to be a subset of a given stationary set B, or rather of the set B* := B UCof(w). To
obtain this forcing Pp we modify Definition 2.2 as follows. The countable models M
used in the forcing Pp may be taken to be as in Definition 2.2, except that M <1 L,
(or M <1 L[A]) instead of M <; L,,. For the forcing of Section 3 we use
the additional assumption that M is closed under cardinal successor, which can be
ensured by using the set of cardinals as a predicate.

Definition 2.5  Pp is the set of triples p = (I?, O, AP) satistfying the three
clauses of Definition 2.2 such that
1. if A € I” and cf(A) > w then A € B,;
2. if M € AP and A € I? Nsup(M) then min(M \ 1) € B;
3.if M,M' € AP and § = sup(M N M’) then min(M \ 8) € Bif § ¢ M, and
min(M \ A) € B whenever either § < A € M’ and A < sup(M).

The last two clauses of Definition 2.5 are pictured in Figure 2, where the black circles
represent ordinals which are required by these two clauses to be in B. To see the
significance of these clauses, note that no interval (n’, n] € O? can contain any of
the black ordinals: in the case of clause 2 the interval would have to be a member of
M, and hence would also include A; while in the case of clause 3 the interval would
have to be a member of M N M’, and that is impossible since n > sup(M N M’). As
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a consequence, if u is one of the black ordinals then no condition py < p can force
that D N p is bounded in . Hence p forces that u is a limit point of D, and since D
is intended to be closed it follows that p should force that © € D. Since cf(n) >
it follows that © must be in B.

This  consideration  also  explains
clause 3(b) of Definition 2.2: since all of l écB
the black ordinals are forced by p to be in D, € B. des

and hence are effectively in /7, it is necessary orelrr deB ben
that there be only finitely many of them. €
Figure 2 can also be viewed in connection | |
with strong genericity: the inclusion of A in
I? has consequences for the forcing inside M, M ¢ AP M, M € AP
since there are intervals (", n] € M which in-
clude A. Strong genericity requires that there Figure 2 Clauses 2 and 3
be a condition p|M in P N M with the same of Definition 2.5

consequences, and this requires that x be in-

cluded in 7™ Thus, again, u should be in B. Similarly, in the case of clause 2,
the inclusion of M’ in A” has consequences for the forcing inside M. Some of these
consequences are enforced by including M N M’ in A”!™ when this is a member of
M, and the rest are enforced by including the black ordinals in 77'M

Lemma 2.6 If A € B is inaccessible then the condition ({A}, &, @) is strongly
Ly -generic, witnessed by the function mapping g = (11, 01, A%) < ({A}, @, D) to

qlLy = (19N Ly, 09N Ly, {M' NL;: M € A?}).

Any condition of the form (&, @, {M}) is strongly M -generic, witnessed by the func-
tion mapping q = (11, 01, A7) < (3, T, {M}) to

qM = ((I"ﬂM)UI’, O'NM{MNM :M eA? & MNM € M}),
where 1' is the set of ordinals in M specified in clauses 2 and 3 of Definition 2.5.

It is not difficult to show that the indicated functions witness strong genericity, but it
is somewhat tedious to verify that the triple g|M is actually a condition.

Lemma 2.7 If p = (I”, OP, AP) is a condition, then so is p’' := (I', OP, AP),
where I' the smallest set of ordinals which contains 1P and all the ordinals required
to be in B by clauses 2 and 3 of Definition 2.5, together with sup(M) and the ordinals
sup(M N A) for each » € I'.

To give the flavor of what is involved, we present the case with the fewest subcases,
namely, the case proving that p’ satisfies clause 2 of Definition 2.5.

Proof of one case Suppose that A € I” and M € AP. In order to verify that
n := min(M \ A) can be added to I”, we need to verify that i := min(M’ \ n) € B
for each M’ € A”. The argument involves three subcases:

1. If M' N [A,n) = @ then u = min(M’ \ A), which is required to be in B since
A€ lPand M € AP.

2. If n > sup(M N M) then u is required to be in B by clause 3 of Definition 2.5,
since M and M’ are in A?.

3.1fn < sup(MNM’) and M'N[A, n) # @ then M'N M is not an initial segment
of M’, so it must be that M’ " M € M’ and M’ N M is an initial segment of M. In
particular n € M’, so u = n € B. O
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As an easy consequence of Lemma 2.6 we can verify that the generic extension has
the desired cardinals.

Lemma 2.8 The forcing Pp is proper and hence preserves w1. If B C « is a
stationary set of inaccessible cardinals then Pp also preserves k.

Proof The first statement is immediate. To prove the second statement, suppose
plFh:w — k. Since B is stationary, there is X < L,+ such that {p, h} C X and
X N Ly = L, for some inaccessible cardinal A € B. Then Lemma 2.6 implies that
p’ = (IP U {1}, OP, AP) is a condition extending p such that p’ I range(h) C A.

O

Another crucial fact is that the forcing P behaves like the forcing at w;.

Lemma 2.9  Suppose that p is a condition, and p' is as given by Lemma 2.7. Then
for any ordinal . < k

pll—)\eDifandonlyif)»eIp/
plEAé D ifandonlyif 3(n',nle€ OF (n e (7, n)).

Sketch of proof The first statement is the definition of D. To prove the second
statement, we need to show that if A ¢ [ P then there is an interval (', u] with
W < A < psuchthat (IP", OPU{(1, u]}, AP) is a condition. By taking the interval
(', ;1] small enough we can arrange that I” N(u/, 1] = @ and that MN(/, ] = @
for each M € AP such that A ¢ M and M N A is bounded in A. Now if M and M’
are any two of the remaining members of A” then we must have A < sup(M N M’),
and it follows that on the relevant interval either M and M’ are equal, or else one is
a member of the other. Thus we can take the interval (i, ] to be a member of the
smallest of these models, and hence a member of all of them. O

Note that Lemma 2.9 implies that D is closed, and also implies that { A : p IF A € D}
is equal to the set 17" of Lemma 2.7.

Before explaining how the forcing Pp is used in the proof of Theorem 1.2, we
need to present a general lemma which explains the importance of strong genericity.
This lemma can be compared with the main lemma in the original construction [ 1]
of a model with no R;-Aronszajn tree, and also with Hamkins’s “key lemma” of
[6] and [7], Lemma 13, which states that forcing with a §-closure point satisfies
the 8 approximation property. All of these can be easily proved using the idea of
Lemma 2.10.

Lemma 2.10  Suppose that P is a forcing notion with meets, G C P is generic, and
X is a model having a strongly X -generic condition p € G such that the witnessing
function satisfies (g A ¢")|X = q|X A q'|X whenever the conditions q, q', and p
are compatible. Further suppose that the set of countable models M having strongly
M -generic conditions is stationary; that is, for any cardinal 0 with P € Hy and any
set a € Hp there is a countable model M < Hy with a € M such that for each
p € PN M there is a strongly M-generic condition g < p.

Let h: u — V be a function in V]G] such that hix € V[G N X] for every
x € ([ul®)Y. Then h € V[G N X].

Ifroof Pick a countable model M < Hpy, for some 6 large enough, so that
h,X,p, P € M;andletqg < p be strongly M-generic. By extending g if necessary
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we can assume that there is a P N X-term & such that ¢ I- Al sup(M Nw;) = 6. 1
claim that

M E=Vr < qIMYv < pVx (r IFh() =x = (F|X AqIM)IFh(v) =x). (1)

It will follow by elementarity that the same sentence holds in V, which implies that
h can be computed from G N X.

If the sentence (1) does not hold for some v, x € M and somer < g|M in PN M
then there is a condition r’ < (| X A g|M) in P N M such that " IF A(v) # x. Now

raglFaw) =hv) =x

so (r Ag)|X Ik 6(v) = x; and similarly (r' A ¢)|X IF 6(v) # x. But this is
impossible since

F'ADIX =r|XAglX <r|lX AqlX = Ag)IX,

where the inequality uses the observation that »’ < r implies that v’ = r’ A r and
hence r'|X = (' Ar)IX =r|X Ar|X <r|X. O

Finally we are able to verify that the forcing Pp provides one step in the construction
of a model where /[w;] includes no stationary subsets of Cof(wy).

Proposition 2.11  If B C { A < k : A is inaccessible} is stationary and G C Pp is
generic then the following two statements are true in V[G]:

Cof(w1) \ B is nonstationary 2)
{A € B: BNAisnot stationaryin V } € I[w2]. 3)

Furthermore, ifin V { A € B : B N XA is stationary} is stationary, then the following
property holds in V[G]:

{A e B:BNAisstationaryinV } ¢ I[w>]. 4

Proof Statement (2) is immediate, since the closed unbounded set D = D is
contained in B U Cof(w).

For statement (3), suppose that A € B but B N A is nonstationary in A, and let Cy,
be a closed and unbounded subset of A such that C;, " B = @. Thenc := C,, N D
is closed and unbounded in A and must have order type w; since D N Cof(w;) C B
implies that C; N D has no members of uncountable cofinality. Furthermore, if
B < Athencn B € Lg[Cy, DN B, where g/ = ,B+L < A. It follows that
By := {A € B : AN Bisnonstationary } is in B(A) where A is an enumeration of
[]” N L[{Cy: A€ By), D].

For the final statement (4), suppose we are given a name A for a sequence
A = (ay, : v < k) of sets in [«k]?, and let E be the closed unbounded set of
ordinals A < « such that ({A}, @, @) IF Vv < & Alv € V[G N V;]. I claim
that B N A is nonstationary for any ordinal A € BN E N D N B(A). To see this,
let ¢ C A witness that A € B(A), so that ¢ is a cofinal set of order type w; and
cNpela,:v<i}CVI[GNL,]foreach B < A. Since A € D N B the strongly
L, -generic condition ({1}, &, &) is a member of G, and hence Lemma 2.10 implies
that c € V[G N A]. However, G N L, is a generic subset of Pg N L, = Ppn;, and
because of the set ¢ this forcing collapses A. It follows by Lemma 2.8 that B N A is a
nonstationary subset of A. O
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3 Adding kT-many Closed Unbounded Sets

Assume that « is Mahlo and let G C Pp be generic where B is the set of inaccessible
cardinals below k. Then according to Lemma 2.11 the set {A : V(M) = o1 )
which generates the restriction of [« ] V to Cof(w1), becomes nonstationary in V[G];
however, the set of inaccessible but non-Mahlo cardinals of V is a new stationary
member of I[wy]VIC]. If k is at least 2-Mahlo then the set of Mahlo cardinals below
K is a stationary set which is not a member of /[w,]"I¢], and this allows the process
to be repeated. After ¥ many repetitions every member of I[w>] will have been
made nonstationary.

This summary is a little misleading, as the forcing used to prove Theorem 1.2
is not an iterated forcing, but rather is more like a product forcing. Before de-
scribing the forcing, we recall what we expect it to accomplish: we defined
By, = {A < k : Ais fy(A)-Mahlo}, and we intend to add a closed, unbounded
subset D, C B, for each @ < «+. The sequence of sets ( Dy : a < «1) will be
continuously diagonally decreasing, that is, Dy4+1 C Dy and Dy = Ay, Dy =
(L <k :x e Dy :d € my“r}} for limit ordinals «. Here fy is a function
representing o modulo the nonstationary ideal, [ f,Ins = «, and 7, is a function
mapping k onto «.

The sequences of functions { fy : @ < k™) and (7 : @ < k™) used in the last
paragraph must be fixed in advance. The construction used to do so is somewhat
delicate, using [J, and minimal walks to find sets Ay ¢ C « for each ordinal § < A
so that (among other things)

(1) o= U$<)\ AO[,S’
(i) [Awg| = I€I,
(iii) & <& => Agg C Age.and
(iv) if &' € Ay Ulim(Ag.e) then Agr s = Age N

The coherence property (iv) is critical: it gives us a tree ordering <¢ on «k* for each
£ < «k, defined by putting o’ <¢ o if o’ € Age.

The full forcing P* has conditions which are, as in the forcing Pp to add a single
closed unbounded set, triples p = (I7, O, AP) of finite sets. The first two coordi-
nates are straightforward: a member of /7 is a pair («, A) which forces that > € Dy,
and hence A € Dy forall o’ <;, «, while a member of O? is a pair («, (', n]) which
forces that (', n] N D, = &, and hence A ¢ D, whenevern’ < A <nanda <; o'.

The definition of the third component, A, is more complicated, and this note will
only attempt to give a first approximation, by taking the members of A?” to be pairs
(M, o) where M C L, is as in the forcing Pp and @ < « ™. The effect of having the
pair (M, «) in A? is that M is used as in Section 2 to control the forcing for D, for
each ordinal o’ € 7o “M.

The approximation given above does cover the models for which strong genericity
holds.

Lemma 3.1 Suppose Na < L+ is transitive and contains k, N1 < N> is a model
with k € N and N N L, is transitive, and Ny < N, is a countable model. Set
az 1= sup(N2), oy := sup(Ny), and oy := sup(No), and assume that N; N 1im(Cq;)
is cofinal in a; fori =0, 1,2. Then
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(@, a, @) is strongly N»-generic, 5)
(((xl, sup(N1 N«k)), &, @) is strongly Ni-generic. (6)
(@, a,{(No N Ly, ao)}) is strongly No-generic, (7)

It is easy to see that there are stationarily many models of each of the three types.
Clause (5) implies that the full forcing P has the «™-chain condition and hence
preserves kT and larger cardinals. Clause (6) implies that P does not collapse «,
and with a little more analysis it shows that the forcing to add just «x new closed,
unbounded subsets of x does not collapse k so long as « is at least &y + 1-Mabhlo.
Finally, clause (7) implies that P does not collapse w;.

We will conclude this section by indicating briefly how Lemma 3.1 is used to
complete the proof of Theorem [.2. Suppose that A = (a, : v < k) is a sequence of
countable subsets of w; in V[G]; we will show that B(A) NCof(w) is nonstationary.
Let A be a name for A, and fix N> as in Lemma 3.1 so that A is in N>. Then by
clause (5) it is forced that A€ VIG N N;], and that G N N, is a generic subset of
PN N;.

Set o := sup(N2). For A < k let N1(X) be the Skolem hull in N> of AU{«, A, Cyl,
and let E be the closed unbounded subset of cardinals A < « such that A = Nj(A)Nk.
For A € E set a(A) := sup(Ni (1)), and note that Cy(5) = Co Na(X) C Ni(1). We
claim that Cof(w;) N E N Dyy1 N B(A) = @. To see this, let A be a cardinal of
uncountable cofinality in E N Dy+1. Then {(«, 1), &, @} € G, and by clause (5) it
follows that ATA € V[G N N1 (1)]. This implies, as in the proof of Lemma 2.11, that
A ¢ B(A): if ¢ C X is a set of order type w; such that every initial segment is in
Alr = {ay, : v < A} then Lemma 2.10 implies that c € V[G N N1(})]. Hence A
is collapsed in V[G N Nj(A)]; however, P N N1(X) is isomorphic to the forcing to
add fy (A) new closed unbounded subsets of A, and this does not collapse A because
X € Dyy1 NCof(w1) C By+1,50 A s fo(X) + 1-Mabhlo.

4 Variations, Limitations, and Generalizations

We will begin this section by mentioning three other applications of the techniques
of Section 2 and (in one case) Section 3: a simpler model with no wy-Aronszajn
trees, a forcing which adds an w;-Souslin tree with finite conditions, and a model
in which I[w>] is not 1-generated. Following this we will discuss some limitations
of the method, and a final section will then look at possible generalizations of this
method to larger cardinals.

4.1 Aronszajn trees  We begin by showing how the use of models as side condi-
tions, together with strong genericity, gives an alternative model for the main theo-
rem of [11]. It may be noted that the model in Section 2 also gives such a model;
however, the following proof is substantially simpler than either of these: the forcing
is done using only the side conditions.

Theorem 4.1 [f k is a Mahlo cardinal, then there is a generic extension in which
there are no special wy-Aronszajn trees. If k is a weakly compact cardinal, then there
is a generic extension in which there are no wy-Aronszajn trees.

Proof For this proof, we will use the term “model” to mean a countable set
M <1 L,. The conditions of P, are finite sets 4 of models such that for each
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M, M’ € A one of the following conditions holds:
MNM eM or IeMMNM =MNL, or MNM =M. (8)

The ordering on P is given by A’ < s if and only if A D .

First we observe that this forcing does collapse all ordinals v < « onto w1,
since if G is a generic set then condition (8) implies that the set X = {M Nv :
M € G & v € M} is linearly ordered by €. Since each member of X is countable
and v = [ J X, this implies that [v| < w; in the generic extension.

Proposition 4.2  If L, <1 L, and cf(L) > w then @ is strongly L;-generic, and
any condition {M} is strongly M-generic.

Proof The function used to verify strong genericity is the following.
AX={MNX:MecA & MNXecX}

where X is either L) or M. The verification that 4| X is a condition uses the obser-
vation that if M’ is any member of A then ®(M' N X)NM' c (M' N X).

Now suppose that B < A|X is in X N P; we will show that A U B is a
condition. To verify the condition (8), suppose that N € + and N’ € B. Then
NNN =INNX)NN.IfX =Ly,orif X = Mand M NN € M, we have
NNX e B,so N and N’ satisfy (8) because N N X and N’ do so in B. In the
remaining case, when X = M and M N N is an initial segment of M, the fact that
N’ € M implies that N N N’ is an initial segment of N’, so N N N’ is a member of
N N M and hence of N. (]

It follows that this forcing preserves the cardinals w; and x: @ because the forcing
is proper, and « because the strong L -genericity, together with the inaccessibility of
k, implies that the forcing has the «-chain condition.

We now proceed exactly as in [11]. First suppose that « is Mahlo and that the con-
dition A forces “T" is an ws-Aronszajn tree with specializing function 6 : T — w;”.
Pick X < L.+ so that {~A, &, T} € X and X N L, = L, for some inaccessible car-
dinal A < . Then T'[X and o [(T [A) are each in V[G N X]. Pick any node of T of
height A, let b be the branch of T below that node, and let T = (o [g)_l; that is, T is
the partial function defined by t(v) = n if n is a node in b such that o (n) = v. Then
every initial segment of b and o is in V[G N X], and hence 7 [§ € V[G N X] for any
& < wy. Itfollows by Lemma 2.10 that t € V[G N X], but this is impossible because
P, N L) = P,, which has the A-chain condition because of the inaccessibility of A.

Now suppose that « is weakly compact, and 4 forces “T" is a w>-Aronszajn tree”.
By the H% indescribability of « there is X < L.+ with {4, T} C X such that
X N L, = L, for some inaccessible cardinal A < « and A forces in P N X that
“T has no branch of length A”. Since T has height « it has a node at level A, which
determines a branch b through 7' [A. Every initial segment of b is determined by a
node of T [\, and hence is in V[GNX]. It follows by Lemma 2.10 that b € V[GNX],
but this contradicts the choice of X. O

4.2 Forcing a Souslin Tree ~ We now give a forcing P which adds a w»-Souslin
tree using finite conditions.
Definition 4.3  Conditions in P are triples p = (d, <, +4) such that

1. d is a finite subset of wy X wi, and < is a tree order on d U {0} with root 0
such that o’ < « whenever (o, V') < (a, v);
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2. if M € A,a, 0/ € MUIlim(M),v € M, and (', V') < (a, v) thenV' € M;
3. if M € A, and (a, v) and (¢, V') are in M N d, then their meet, the largest
node in the tree (d, <) which is below both (c, v) and («’, v'), is also in M
4. ifa e M € A, ' =sup(M Na),and v € M then (¢, v) <, (a, v) if either
pair is in d;
5.if M, M € 4 then
(a) either M N M’ € M or M N M’ is an initial segment of M, and
(b) im(M) N lim(M’) = lim(M N M").

The orderon P is (d', </, A') < (d, <, A)ifd Dd, < D <,and A" D A.

We will write levels(d) = {« : v («, v) € d }, and we will use bg,v for the branch
below (a, v), that is, b}, (') = V' if and only if (&, V') < (a, v).

Definition 4.4 p = (d, <, A) is complete if domain(bg,v) = levels(d) N « for
all (o, v) € d, and sup(M N A) € levels(d) and min(M \ A) € levels(d) for each
X € levels(d) and M € A.

A somewhat complicated combinatorial proof using induction on & < w> proves the
following lemma.

Lemma 4.5 For any condition p and any pair (a, v) € wy X w| there is a complete
condition p’ < p with (a,v) € dP.

If the proof to the previous lemma is done carefully it is then straightforward to prove
the following strong genericity lemma.

Lemma 4.6  Any condition (@, &, {M}) is strongly M-generic. If X <1 Ly, is
transitive and w-closed then (&, &, &) is strongly X-generic, with witnessing func-
tion

d, <, AIX:=dNX, <NX,{MNX:MEeA}).

Furthermore, suppose that p = (d, <, A) is complete and A € levels(d), and that
r=(",<",A") < p|Xisin PNX. Set ) := sup(levels(d) N X), and suppose that
(A, v) € dand (a,&) € d” with (), bf’v()»’)) <" (a, &). Then there is a common
extension q of p and r such that (), bf’v(k/)) <9 (a, &) <2 (A, v).

Theorem 4.7 Suppose that G C P is genericand T = | J{<P: p € G}. Then T
is an wy-Souslin tree with domain wy x w; U {0}.

Proof It is straightforward to prove that T is a tree with domain w; X @y U {0}, so
it suffices to prove that every antichain in 7 has size at most w;. For this, let p be
a condition forcing that A is an antichain, let X < L, be a model of size w; with
(A, ptUw; C X, and let A := sup(X N wy).

I claim that p IF A C X. To see this it will be sufficient to verify that every node
(X, v) € T is comparable with some node (¢, £) € ANX. To this end suppose g < p
is a complete condition with (A, v) € d? and set A" := sup(X N levels(d?)). Since
g is complete there is some v’ such that (A/, v') <9 (A, v). Now choose r < ¢|X in
P N X such that r forces for some («, &) that (o, &) € A and (cr, &) is comparable
with (1’, V). Then Lemma 4.6 implies that there is a common extension ¢’ of r and
q such that («, &) <4 (A, v). ]
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4.3 Generating I[w;] The third application is closer to the construction of Sec-
tions 2 and 3.

Theorem 4.8  If it is consistent that there is a k*-Mahlo cardinal then it is consis-
tent that there is no set B € I[wy] such that I[w,] is generated by { B} UNS,,,.

In Shelah’s terminology this means that /[w»] is not 1-generated. Notice that this im-
plies that /[w>] is not generated by fewer than w3 of its members, since the diagonal
union of any wy members of I[w;] is also a member of I[w;].

The proof of Theorem 4.8 will be given in detail elsewhere, and we will only
give a brief discussion here. The ideal /[w>] in the generic extension is generated
by the sets k¥ \ By for @ < «x*. Consider Lemma 2.11, which states that adding
the set D, in the forcing of Section 3 makes « \ By nonstationary and adds the set
By+1 \ By to I[w;]. In that model the first effect was intended; however, the sec-
ond was an undesirable side effect which could be mitigated, using the third clause
stating that By11 ¢ I[wz], by adding a closed and unbounded subset Dy 1 of By41.
In the current argument the second effect is desired, and it is the first which is an
undesirable side effect. To avoid this the forcing Pp of Section 2 is replaced with
a forcing which adds a [J-like sequence C of closed unbounded subsets of ordinals
A € By. This sequence, like the generic closed unbounded set C of Section 2, adds
{1 € B: BN Aisnotstationary in A } to /[w;], but unlike C it preserves all station-
ary subsets of k.

4.4 Limitations Some consideration of the limitations of these techniques may
help to guide a search for future applications. The first of these is the fact which
motivated their discovery: the construction makes the continuum hypothesis false.
Sy Friedman has conjectured that this might be avoided by using a morass as dis-
cussed later to require that M = M’ whenever M and M’ are members of 4 such
that M N w; = M’ N wy, and then designing the conditions so that this isomorphism
extends to one between M[G N M] and M'[G N M']; however, this proposal appears
to be difficult to carry out.

A related fact, that every new countable set in V[G] is added by a Cohen real,
essentially rules out the use of these techniques for questions involving the topology
of the reals. This is a consequence of the fact that there is a stationary set of count-
able models M having strongly generic conditions: if f is a name for a countable
sequence, M is a countable model with f € M, and p is strongly M-generic, then
plk feVIMNG)]. Theset MNG is a generic subset of P N M, which is an
atomless countable forcing and hence is equivalent to Cohen forcing.

A third limitation is that the new closed unbounded set C is a subset of a stationary
set of the form B U Cof(w), that is, any ordinal of countable cofinality is allowed to
be a member of C. This restriction can be slightly weakened: essentially the same
construction can be used to add a closed unbounded subset of any stationary set
B C wa, provided that B is mutually stationary in the sense that there is a stationary
set of countable models M such that sup(M NA) € B forevery . € M N B. Work
of Stanley [17] indicates that the general problem of deciding which subsets of w»
can contain a closed unbounded set in a larger model does not have an easy answer;
for example, Friedman [5] uses Stanley’s results to show that if 0% exists then 07 is
constructible from the set of B € ?L(a)zL) such that wy \ B is nonstationary in some

model M satisfying a)é” = a)zL
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5 Larger Cardinals

There are two possible approaches for extending these techniques to larger cardinals.
The first is relatively straightforward, at least for cardinals of the form « ™ where «
is regular, but seems unlikely to be useful for singular cardinals. It is still not known
if the second approach will work, even for simple applications, but if it does then it
would be more promising for questions involving singular cardinals.

The more straightforward approach is to increase the size of the conditions: for
a regular cardinal ¥ we can add a closed unbounded subset of ¥+ by using as
conditions triples (I, O, 4) which are as before except that /, O, and A each have
cardinality less than « and the members M € A satisty |[M| = k and =M C M.
The techniques of Section 3 have not been checked in this case, but by using a ;-
Mabhlo cardinal ;& > « this should give a generic extension in which cardinals up to
«t are preserved, i becomes k1, and 7[x "] contains no nonstationary subsets of
Cof(k ™).

Itis unclear whether this idea could be modified to work at kT where « is a regular
limit cardinal. It seems quite unlikely that it could be applied at «*, or even at kT,
when « is singular.

The approach described above would not add new bounded subsets of «, but
would make 2 = ™. A second possible approach, which would add a closed
unbounded subset of a successor cardinal k+ while making 2¢ = «kt, would use
finite conditions as in Section 2, but would allow A to include models of any car-
dinality less than x. Preliminary investigations of this possibility have suggested
that the allowable sets A would need to have properties similar to those coming up
in higher gap morasses, and it might even be simplest to explicitly take the models
from such a morass. Little progress has been made so far using this approach, which
is complicated by the fact that no description of the sets from even a gap 2 morass is
known.

The use of models which are members, or at least resemble members, of a morass,
has a number of precedents in the use of forcing with models as side conditions:
indeed most published work using this technique, except those in which the cardinal
> is collapsed, can be viewed as taking models from an ordinary gap-1 morass. A
clear example explicitly using sets from a simplified morass is given by Koszmider
in [9]. Koszmider’s approach is very similar to that used in this paper: on the one
hand the forcing in Section 2 can be done using a morass in his style, and on the
other hand the author has written a note [10] using the method of this paper to prove
Koszmider’s result.

There seems to be no obvious reason why this technique could not be applied,
through the use of a gap-w morass, to the study of /[ ]. It might seem that the
third of the limitations described earlier would block such an approach: we noted
that in order to use the forcing of Section 2 to add a new closed, unbounded subset
of aset B C w; the set B must essentially contain Cof(w) N w>. Under the proposed
extension to the successor u+ of a singular cardinal, B would have to include all or-
dinals of any cofinality less than p, and this would seem to say that B must contain
essentially all of ™. If we start with enough cardinal strength, however, it may be
possible to operate as in Section 2, adding a closed unbounded subset of an appro-
priate cardinal x larger than p while collapsing the intermediate cardinals so that «
becomes 7. Tt might be hoped that in the resulting model /[ ] would be generated
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by the set {A < k : cfV(1) < w}, while {1 <« : cfV(1) =21 & cfVICI0) =n)
is stationary for each regular cardinal < . Such a model would fit in nicely with
the fact, due to Shelah ([16], also see Kojman [8]) that if x is singular then for every
regular cardinal < p there is a stationary subset of ™ N Cof(w) in T[]
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