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A SINGLE AXIOM FOR THE MEREOLOGICAL
NOTION OF PROPER PART

CZESLAW LEJEWSKI

The mereological notion of proper part was used by Lesniewski as a
primitive, i.e., undefined, notion in his first system of mereology con-
structed in 1915.ι In terms of a language which is a slightly modified
version of the Peano-Russellian symbolism, the axiomatic presuppositions
of this system,—to be referred to as System 21,—can be stated as follows:

AA1 [AB]:Aεp\(B).^.Bε~(A)

AA2 [ABC]:Aεpt(B).Bεpt(C).-D.Aεpt(C)

ADI [AB];.AεA:A=B.v.Aεpt(B):=.Aεe\(B)

AD2 [Aa]::AεA:.[B]:Bεa.i).BεeKA);.[B]:Bεe\(A).Ό.[
1
CDlCεa.Dεe\(B).

Dεe\(C):^AεK\(a)

AA3 [ABa]:AεK\(a).BεK\(a).Ό.AεB

AA4 [Aβ]:Aεα.D.[
3
£].£εKI(α)

It is to be noted that AA3 and AA4 are stated with the aid of a defined
notion, which means that they have to be preceded by an appropriate
definition or by appropriate definitions. The practice of using defined
notions for the purpose of stating axioms was soon abandoned by Lesniew-
ski, who in 1918 constructed a new system of mereology,—I will refer to it
as System S,—with the following axiomatic basis:

BA1 [AB]:A εpt(B). =>. Bε^(A)
BA2 [ABC]:Aεpt(B).Bεpt(C).Ό.Aεpt(C)
BA3 [ABCa]:<Cεa::[D];.Dεa.Z):D=A.vtDεpX(A)::[D]:tDεa.Ό:D=B.vmDεpX(B)::

[D];.Dεp\(A).v.Dεpt(B):^:[iE]:E=D.v .Eερt(D):Eεa.v .[jF].Fεa.
Eεpt(F)::o>.AεB

BA4 [Aβ]vAε«.D::b5]::[C]ΛCεα.D:C=i5.v.Cεpt(5)::[C]ΛCεpt(J5).D:[3i)]:
D = C.v,Dεpt(C):Dεa.v.\ΞElEεa,Dεpt(E)

On subjoining to the above given axiomatic basis definitions BD1(-ADΪ)
BD2{=AD2) it can be proved, as Lesniewski showed in his Ό podstawach
matematyki'2, that Systems 21 and % are inferentially equivalent to one
another.
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In the present paper I propose to develop a system of mereology,—I
will call it System •£,—whose axiomatic basis consists of the following
single axiom:

CA1 [AB}:::i4εpt(JB).sfc'J3^^^
[3#].£εδ:: [£]Λ£ε&.:D: C ε l λ v . ^
Eεp\(D):Dεb.v.[iF].Fεa.Eεp\(F)\:Bεa :.D:
[lC]:Aεc:Aεp\(f{a)).v.~(f(c)εf{c))

In particular I will outline, in what follows, a proof that Systems 35 and
•£ are inferentially equivalent to one another. The proposed outline involves
the following deductions within the framework of SB:

BT1 [AB]:Aεp\{B).Z).BεB [BA1]
BT2 [AB]:Aεpt(B) .3. - (Bεpt(A)) [BA1]
BT3 [Aa]:Aεa.D.Aεe\(A) [BD1]
BT4 [Aa]:AεKl (a) .3. [3£ ].B εa [BD2,BT3]
BT5 [ABa]:.AεK\(a). Bεa. H:AεB. v. Bεpt(A) [BD2,BD1]
BT6 [ABal'.AεK\{a).Bεp\(£).z>:\3C]:CεB y .Cεpt(B):Cεa.v.[^D].Dεa.Cεpt(D)

PF [ABa]::
(1) AεKi(a).
(2) 5εpt(A).3. .
(3) Bεel(A).: [BD1,2]

[iCD]:
(4) Cεa. )
(5) Dεe\(B)Λ [BD2,1,3]
(6) Dεe\(C):)
(7) D = B.v.Dεpt(B): [BD1J5]
(8) i) = C.v.JDεpt(C)Λ [BZ)2,6]

[ &}.CεB.v.Cεp\(B):Cεa.v.\3D].Dεa.Cεpt{D) [7,8,4]

BΓ7 [A^αFjx^εα . .fCjΛCε^.D AεC.v.CεptίAJr.fCjΛCεptίAJ.D:
[3i)]:Z)εC.v.Z)εpt(C):JDεα.v.[3E].Eεα.Z>εpt(-£:)::Fεel(A)::D.
\ΞDE].Dεa.Eεe\(F).Eεe\(D)

PF [AjBαjP]x
(1) J5εα::
(2) [C]. .Cεα.D:AεC.v.Cεpt(A)::
(3) [C]ΛCεpt(A).3:[g^]:i)εC.v.^εpt(C):Z)εβ.v.[3^].^εα.Z)εpt(^)::
(4) FεeIU): :=>...
(5) FεA.v.Fεpt(A): [52)2,4]
(6) AεB.v.Bεpt(A): [2,1]

(7) 2>εjP.v.2)εpt(20: ) [5,6,1,3]
(8) Dεα.v.^^l . ί εα.^εptίE1): ί
(9) Dεe\(F). [BD1,Ί]

(10) 2)εel(2))Λ [BT3fi]
[1DE].Dεa.Eεe\(F).Eεe\(D) [8,9,10]



A SINGLE AXIOM 281

BT8 [ABa]:<Bεa::[C]:.Cεa.^:AεC.v.Cεpt(A)::[C];.Cεp\(A).^:[iD]:
DεC.v>Dεp\(C):Dεa.v.\3E].Eεa.Dεpt(E)::Z).AεK\(a)

PF [ABa]:<
(1) Bεa::
(2) [C]:.Cεa.^:AεC.v.Cεp\(A)::
(3) [c].\Cεp\(A).^>:[iD]:DεC.v.Dεpt(C):Dεa.v.[ iE].Eεa.Dεpt(E)::^)::
(4) AεA;. [2,1,BTl]
(5) [C]:Cεα.D.Cεel(A). . [2,BT1,BD1]
(6) [C]:Cεel(A).D.[3D£].Z)εα.jE;εei(C).^εel(-D):: [J3Γ7,1,2,3]

AεKI(«) [52)^,4,5,6]

5T9 [Aα]xAεKI(α).Ξ::[35].5εα::[C]ΛCεα.^:AεC.Cεpt(A)::[C]. .Cεpt(A).

=>:[32)]:2)εC.v.2)εpt(C):2)εα.v.|3-B].-Bεα.2)εpt(jE) [BT4,BT5,BT6,BT8]

BT10 [Aa]:Aεa.D.[iB].BεK\(a)
PF [Aαji:

(1) Aεβ.D>:

(2) [C]. .Cεβ.=>:5εC.v.Cεpt(5)::

(3) [C]ΛCεpt(-^.3:[32)]:2)εC.v.2)εpt(C):2)εα.v.[3E]^εα.2)εpt(jβ): :
[BA4,1]

[lB].BεK\(a) [BT8,1,2,3]

BT11 [ABa]:AεK\(a).BεK\(a).^.AεB
PF [ABa]>:

(1) AεKI(β).
(2) BεK\(a).^::
(3) [3C].Cεα:: [5Γ4,l]
(4) [2)]. .2)εα.D:2)=A.v.2)εpt(A):: [BT5,1]

(5) [2)]. .2)εα.=):2)=5.v.2)εpt(B):: [5Γ5,2]
(6) [i)]Λi)εpt(A).v.2)εpt(5):D:[3£J:^εAv.^εpt(i)):^εα.vj3^].2?εα.

^εpt(F):: [5^6,1,2]
AεB [JBA5,3,4,5,6]

BT12 [Aa]:Aεa.^.K\(a)εK\(a) [BT10,BT1I]

BT13 [ABa]:Aεpt(B).Bεa.^.Aεpt(Kl(a))

PF [ABa].:
(1) Aεpt(5).
(2) 5εα.D:
(3) [3C].CεKI(α): [5Γ20,2]
(4) K\(a)εK\(a): [Z,BT11]
(5) K\(a)=B.v.Bεpt(K\(a)): [5Γ5,4,2]

Aεp\(K\(a)) [^Λ9BA2]

BT14 [ABaf]: :Aεpt(B):.:.[Cb]v: Cεf(b).=::[^D].Dεb::[D]:.Dεb.Ώ: CεD.v.
Dεpt(C)::[D];.Dεpt(C).^:[iE]:EεD.v.Eεpt(D):Eεa.v.[iF].Fεa.
Eεpt(F)::Bεa:\ ^.Aεpt(f(a))

PF [ABaf}\ \
(1) Aεpt(B)':':
(2) [Cδ]: :Cε/(δ).Ξ::|32)]^εδ::[2)]Λ2)ε&.D:Cε2).v.2)εpt(C)::[2)]Λ

Dεp\(C).Ό:[iE]:EεD.v .Eεpt(D):Eεa.v .[iF].Fεa.EεpX(Iή::
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(3) Bεa::^:.
(4) Aεpt(KI(β))Λ [BT13,1,3]
(5) [C]:Cεf[al=.CεKl(ά).\ [2,BT9]

Aεpt(/(α)) [4,5]

BT15 [AB]:::BεB:i[afY; \[Cb}s.Cεf(b).=::[3D].Dεb::[D]:.Dεb.θ:CεD.v.
Dεp\(C)::[D].\Dεpt(C).Ό:[3E]:EεD.v.Eεp\(D):Eεa.v.[3F].Fεa.
£εpt(F)::Bεα::D:[3c]:Aεc:Aεpt(/(α)).v.-(/(c)ε/(c)):::3.Aεpt(JB)

PF [ABJiϋ
(1) BεB:\
(2) [afl'llCb]:-:Cεf(b).=::[^D].Dεb::[D].:Dεb.^:CεD.v.Dεpt(C)::[D]Λ

Dεpt(C).D: [iE]:EεD.v.Eεp\(D):Eεa.v.\3F].Fεa.Eεpt{F)\:Bεa::Ό:
bc]:Aεc:Aεpt(A*)) v.~Mc)εAc)yte:.
be]:

(3) Aεc: i [2,BT9,1]
(4) Aε pt(KI(£)).v.~(KI(c)εKI(c)) J
(5) KI(c)εKI(c)Λ [5ΓI^,3]
(6) Aεpt(KI(£)). [4,5]
(7) BεKI(^). [J3D^1,JBΓSJ

(8) B=K\(B). [Ί,BT11]
Aεpt(B) [6,8]

BT16 (=CA1) {BT1,BT2,BTU,BT15\

By driving CA1 within the framework of B we have shown that any
thesis of £ is derivable in B. It remains to prove that, conversely, any
thesis of δ is derivable in £. The proof involves the following deductions
in S:

CT1 [AB]:Aεpi(B).^.BεB [CAl]
CT2 (=BA1) [CAl]
CD1 [Aa]:<AεA::[B]:Bεa.Ό:BεA.v.Bεpt(A)::[B]:.BεA.v.Bεp\lA):Ώ:

[iCD^CεaiDεB.v.DεptiB^DεC.v.Dεpticy. .^.AεMάaf

CT3 [AalAsKlM.Ώ.liBlBεa [CDl]

CT4 \ABa}. .Aε Kh(a).Bεpt(A).Ό: [gC]: CεB. v. Cεpt(B): Cεa.v. [iD].Dεa.
Cεpt(D)

PF [ABa]::
(1) Aε'Khifl).
(2) J3εpt(A).D.\

[3CD]Λ

(3) Cεa: )
(4) BεB.v.Dεpt(B): > [CD1,1,2]
(5) DεC.v.Dεpt(C);.)

[lC]:CέB.v.Cεpt(B):Cεa.v.[3D].Dεa.Cεpt(D) [4,5,3]

CΓ5 [ABaF]:< Bεa:: [C].\ Cεα.D .AεC.v. Cεpt(A):: [c]. . Cεpt(A).D: [3D]:
i)εC.v.i)εpt(C):2)εα.v.[3£:].£εα.i)εpt(£)::JFεA.v.JFεpt(A)::D:
[g^iDεβ^εF.v.^εptίiOr^εAv.Eεptίi ) )
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PF [ABaF]>:
(1) Bεa::
(2) [c]:.Cεa.^:AεC.v.Cεpt(A)::
(3) [C]:.Cεpt(A).Ό:[1D]:DεC.v.Dεpt(C):Dεa.v.[^E].Eεa.Dεpt(E)::
(4) FεA.v.Fεpt(A)::^.\
(5) AεB.v.Bεpt(A);. [2,1]

[^DE]:Dεa:EεF. v.Eεp\(F):EεD. v.Eεpt(D) [4,5,1,3 ]

CT6 [A5«]:.:^εβ::[C]ΛCεα.D:AεC.v.Cεpt(A)::[C]ΛCεpt(A).D:[gZ)]:Z)εC.v.

Dεpt(C):2)εα.v.[3jE].Eεα.Dεpt(^)::D.AεKli(«)
PF [AJ5β]κ

(1) ^ε«::
(2) [C].:Cεa.Ώ:AεC.v.Cεpt(A)::
(3) [C]ΛCεpt(A).D:[32)]:Z)εC.v.J5εpt(C):Z)εα.v.[3£].^εα.Z)εpt(^)::3::
(4) AεA:: [1,2,CT1]
(5) [cjΛCεA.v.CεptUJrD .tgDE^εαiEεC.v.^εptίCjr^εjD.v.^εptίi))::

[CΓ5,1,2,3]
AεKli(a) [CW,4,2,5]

CT7 [Aα]xAεKli(β).=::[3^].^εα::[C]ΛCε«.3:AεC.v.Cεpt(A)::[C]ΛCεpt(A).

D:[32>]:.DεC.v.Z)εpt(C):Z>εα.v.[3£1].Jδ:εα.i>εpt(^) [CT3,CD1,CT4,CT6]

CT8 [Aα]:Aεβ.D.KIi(α)εKli(α)
PF [A«]S

(1) Aεα.D j
(2) -(Aεpt(A))i! [CA1]

[3/Γ:ί
(3) [Cδ]: :Cεj^δ).Ξ::[3i)].Z)εδ::[i)]Λ2>εδ.3:Cεi).v.i)εpt(C)::[Z)]Λ

Z)εpt(C).3:[3^]:^εJD.v.JBεpt(JD):£ε6.v.[3Jp].Fε6.JE;εpt(F)::
[CA2,1,2]

(4) [cMεc.D./(c)ε/(c):.
(5) /(«)ε/(α)Λ [4,1]
(6) [C]:Cεf{a).=.CεK\ι(a)r. [3,CT7]

Kl^εKlxfe) [5,6]

CT9 [ABa]:Aεpt(B).Bεa.ΏAεpt(K\1(a))
PF [A5«]::

(1) Aεpt(£).
(2) Bεa.^:.

he]: )
(3) Aεc: \ [CA1,1,CD1,2]
(4) AεptίKM^.v.-ίKIΛcJεKlxίc)): )

(5) Klxί^εKlxίc)/. [CΓ5,3]

AεpxWάa)) [4,5]

CΓ2(9 (=EA2)
PF [ABC]:

(1) Aεpt(£).
(2) .Bεpt(C).D.
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(3) CεKlχ(pt(C)). [CT6,2]
(4) Kli(pt(C))εKli(pt(C)). [CT8,2]
(5) C=Klχ(pt(C)). [3,4]
(6) Aεpt(Kli(pt(C))) [CTO,1,2]

Aεpt(C) [6,5]
CΓ22 (=ΛA5)

PF [ABCα]>:
(1) Cεα::
(2) [2>]. .-DεflL=):Z)=Λv.Z?εpt(A)::
(3) [D]:.Dεa.z>:D=B.vJDεpt(B)ι:
(4) [Z)l\£εpt(A).v.Z>εpt(£):3:[3£^

£εpt(jF)::=>.
(5) AεKh(a). [CTO,1,2,4]
(6) JBεKIΛ*). [ere, 1,3,4]
(7) KI^JεKl^α). [CΓS,1]

Aε£ [5,6,7]
CT12 (=BA4)

PF [Aα] i
(1) Aza^W
(2) Kli(α)εKli(α):: [CΓβ,l]
(3) [C]. .CέΛ.D:C=K)1(έi).v.Cεpt(Kl1(fl)):: [C2)l,2]
(4) [C]ΛCεpt(Kli(α))\D:|3^]:Z>=C.v.2)εpt(O):2>εΛ.v.|3^].^εα^εpt(£)Γ^

[CΓ4,2]
J35]:.:[C]ΛCεα.D:C=5.v.Cεpt(J5)::[C]/.Cεpt(5).D:|3Z>}.Z>=C.v.
Z)εpt(C):Z)ε^.v.[g£'].£1εΛ.i)εpt(Je;) [3,4]

By deriving CT2 (=BA1), CT10 (=BA2), CT11 (=BA3), and CT12 (=BA4)
within the framework of £ we have shown that any thesis of SB is derivable
in £, which completes our outline of the proof that Systems 5B and £ are
inferentially equivalent to one another.

NOTES

1. See S. Lesniewski, 'Podstawy ogόlnej teoryi mnogosei. Ϋ ("The Foundations of a
General Theory of Manifolds. I") . Prace Polskίego Kota Naukowego w Moskwie,
Sekcya matematyczno-przyrodnicza, No 2, Moscow, 1916, and Ό podstawach
matematyki* ("On the Foundations of Mathematics"). Przeglqd Filozoficzny,
Vol. 30 (1927), 164-206; Vol. 31 (1928), 261-291; Vol. 32 (1929), 60-101; Vol. 33
(1930), 77-105 and 142-170.

For a general introduction to mereology see B. Sobociήski, 'Studies in
Lesniewski's Mereology'. V Rocznik Polskiego Towarzystwa Naukowego na
Obczyznίe (1955), 34-43. See also E. C.Luschei, The Logical Systems of Lesniew-
ski. Amsterdam, 1962.

2. See Przeglqd Filozoficzny, Vol. 33 (1930), 77 f.
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3. It is easy to prove that ' Kli' introduced into (S with the aid of CD1 is synonymous
with ' Kl' introduced into 35 by means of BD2. A different symbol is used in order
not to presuppose the synonymity, which is not required for the purpose of proving
that 5B and £ are inferentially equivalent to one another.
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