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ON GODEL'S PROOF THAT V=L IMPLIES THE
GENERALIZED CONTINUUM HYPOTHESIS

RAOUF DOSS

Chapter VIII, p. 53-61 of Gδdel's book "The consistency of the axiom
of choice and of the generalized continuum hypothesis with the axioms of set
theory," Princeton, Third printing, 1953, is devoted to the derivation of the
generalized continuum hypothesis from V=L and the axioms of Σ . It is
perhaps the most strenuous part of the book. While retaining most of the
ideas and steps of Godel's proof we present here a shorter version of this
proof involving some simplifications.

We use the results, notations and numberings of Gόdel's book up to
11.7 page 52.

11.8 Dfn <.yx> e As. =: y e x U)[Od f *< Od' y. J . ~zex] Set(As).

AS'ΛΓ is what may be called the "designated'' element of x.

11.81 Dfn C rα = Odf[Asf ( F'a) ] C gπ On.

11.82 Dfn Ci'a = Odf[As'( F'α- {F'C'α}) ] C4gή On.

C'α is the order of the designated element of F'α. Ciτα is the order of
the "next designated" element of F'α.

12.1 Dfn If m c On and m is closed with respect to C,CX, KbK2 and with
respect to Jo, . . . , J 8 as triadic relations, define recursively a function H
on On as follows:

η e S(Jo) D ' H'η = H" (mη)

η = Ji'<βγ> D H'η = gz (H'β, H'r) for i = 1, . . . , 8.

12.11. Ifηem, then every element x of YVη is of the form Hfα with ae mη.

Proof. If η e 3S(J0) then x e Htτ(m?7) and the statement is evident. If
η = jχ»<βγ > then, by the closure properties of m w.r. to Kx ,K2 and by 9.25
we have β,γemη. Then x = H'β or Hτy. If V = J?<βγ>, t = 2, . . . 8, then
again βemη. We have xe Hfβ and the proof follows by induction.

12.12. If m satisfies the conditions of Dfn. 12.1 ΐhenaem J Od'Fαem.
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For, by the closure property of m w.r. to J^ we have {Ffα!} = FTQ?! with
ax = J!f<Q!Q!>€ m. Put o?f = OcΓF'α. Then a1 = Od f[Asτ {Fτα}] = C'ax e m,
by the closure property of m w.r. to C.

12.2 1) F'aeF'η- = • H'ae H'η for ηem, ae mη.

2) Ftα=Ft77 = H fα = Hτ?7 for ηem, a emη.

The proof is by induction on η i.e. we prove 12.2 under the hypotheses

I) F'a € F'β . = . H rα !e Hτ|3 for j3e wη, aemβ.

II) F τ α = F fβ =• H'α! = Hf/3 for βemη, aemβ.

Observe that I) and II) imply

Γ) F α e F'β Ξ . H'αe Hf/3 for a,βemη

IΓ) F 'α= Ffj3 =• H'α = H'β for a,βemη.

IΓ) is the same as Π) by the symmetry of equality. To prove Γ) sup-
pose F'ae F'β, then writing a1 = Od'F'α we have F'a1 = F ^ e F ' β . By 12.12
and 9.52, a'emβ. Then, by IΓ), Wot' = Hτθ!, and by I), Wa'eK'β. Hence
H'αeH'β. Next suppose WaeWβ, then, by 12.11 there is an ot emβ such that
H f α τ = ΈVa. We conclude as before Ffαιe Ff/3.

12.21 Let 77 = J '</3y>, f = I, . . . , a, 77 em. C^cfer I), II), # F T 0 ! = Ffo?τ

with a1 emβ [or a*emy\ and if F'ais an ordered pair or an ordered triple,
then, -respectively, F'a = <F τ λF τ μ> and Wot = <W\YVμ>, or F'α? =
< F f λ F f μ F V > and Hfα = <HfλHτμHV> with λ\μ,v e ma\— There is a similar
statement if in the hypothesis F is replaced by H.

Proof. By IΓ) we have H τα= Wa\ Suppose F α τ = {{ F'λj. H F ^ F 1 / ^ } } .
Put a?! = OdMF'λi}, a2 = O d M F ^ i F μ i } , λ = O d ' F t \ 1 , μ= Od'F'μi By the
closure properties of m w.r. to C , ^ , we get successively o?i,α2e m,\,μ em.
By 9.52 we have λ < α x < o?f < β [or < y ] ; λ , μ < a2 < a' < β [or < y ] . But
F'αi* = {F ̂ F άa} = F t J 1

t < α ? 1 α 2 > . Since J 1

t < α 1 α 2 > < J 7 f < β y > = η we
have, by IΓ), I Γ α ' = H ' J ^ <a1a2> = { H ' ^ H ' α ^ . Also F ' α 2 =
F f J x

 f <λ μ>. Since J x

 f <λ μ > < J ^ <βγ> = T], we have again, by IΓ) Hf az =
H t J 1

t < λ μ > = {H'λH'μ} and similarly H f α x = {Hτλ}. This gives F f α f =
< F λ F ' μ > and IΓα' = < Hτλ Hτμ> . Suppose next that F τ α τ is an ordered
triple. Then F f μ is an ordered pair; since μemβ9 [or μemy], we mav write
F f μ = < F V f F ! ^ T > , Hfμ = < H τ μ Ή V > , where μ\vxemμ C ma\ and the re-
quired forms for F'a1, H'α* follow. If the starting hypotheses concern H in-
stead of F the treatment is similar but simpler we use 12.11 instead of Odτ

and 9.52.

We now prove 12.2 1) under Γ), IΓ). We have different cases.

1.- ηe$(J0). We must show that WaeW{mη) = F fαeF t fτ7. The equiva-
lence holds for the two terms are true.

2.- ηe^(Jx). Thenτ]= JiT</3y> where β,γ em, by the closure properties-of
m and β,γ<% by 9.25. Also F'η = {F f j3F f

y}and K'η = {HfβHfy}. Now
HταeHτr7. =. H ^ ^ Hf|3 v H ^ = Hfy. By IΓ) the r.h.s. is equivalent to F f α =
Fτ/3 v Ffo?= Ffy, and therefore equivalent to Ffα?e Ff77.
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3.- If ηti&Uz) then we have as before η = J2'<βγ>, β ,γe'mη. By 9.32, F'η =
F'β E, H'η = Hfj3 E. Now F f α eF'β = H fα eH'β, by Γ). Also, by 12.21,
if F f α is an ordered pair then F f a = < F x F V > , H t α = < H t λ H f μ > , with
λ , μ e m α . If F'αeE then F 'λeF 'μ, so that, by Γ), Hτλ eH'μ, hence H'αe E,
and the same if H'α is an ordered pair. Hence H αeH'rj = F'αeF'?].

4.- If rye»(J3) we get in the same fashion, by 9.33 Ff?7 = F'β - F'γ, H'η =
H'jS- H'y, with /3,y€m?7. Assume F'αeF'ry and Γ) applied to F f α withF'β
and F fy gives H'αeH'?]. Assume H'αeH'ry, we get in the same way F'aeF'η.

5.- Suppose ηe^(J4). As above 77 = J 4

τ < 0 y > , with β,γemη, and F'η =
Ff/3 VxFV, HT77= H'β Vx HV. Assume first that F'aeF'η, that is
F'α e Ffj3 V x F f y. By Γ) Hτα e Hf/3. Now F'α being an ordered pair we
have, by 12.21, Ftoι= <F f λ F τ μ > , H to?=<H tλ H 1 μ>, with \,μema. Since
F'μeF'y, we get by Γ), H'μeH'y. Hence H'aeVxHV, and finally H'αeH'rj .
If H'αieH1?] we get in the same way Fταe F'η.

6.- Suppose 77€S(J5). As above 77 = J 5

τ < β y > , withβ,yemτ7, and F'η =
F fβ | ( F V ) , Hf?]= H fβ * S(H τy). Assume F 'αeF 'η . Then F ^ e F ' β , so that,
by Γ), H'αeH'β. Put α?! = J 1

T <o?o!>. Then a^m, F'aί = {F'oi}, H 1 ^ ) =
{HTQ!}. Consider the set Fτy Vx {FfQί} = F τ α 2 , with o?2 = J 4 ' < y α 1 > e m.
Fτo?2 is not empty, since F fcneg(F τy). Hence, putting α f = C fα2 we have
F ' α ' e F V a n d α ' e w y . By 12.21 we may write FτQ!r = < F τ λ f F t μ t > , H τα τ =
< H t λ t H t μ t > , with μ'ema\ Also since F 'α 'eF 'αa we have F f μ ' = FfQ!, so
that, by IP) H fμ f = H f α. By Γ), Hfo?f € H fy. Hence H'α'eH'y VxjH'α}.
This means E'a e$(H f y). Finally H fα eHfr?. If Hfo? €Hf?7 we get in the same
way F f α eFf?7.

7.- ?] €S(J, ), i = 6,7,8. Consider e.g. i = 7. As above η = J 7

f </3y>, with
β,γ emη and Fτry = Ff/3 Enb 2 (F f y), Hfr; = H fβ . (Snb2 (H fy). Assume
F fα€F fr7, that is F'αeF'jS, FfQ! e Έτtt>2 (F f y) . By Γ): H'αeH'β. Now Fτoι
being an ordered triple we have by 12.21: F τ α = <F T λ F f μ F i / > , H fα =
<H f λH'μHV> with λ,μ,vemoι and < F f μ F f ι^Frλ> e Ffy by 4.41. Put G;1 =
Odf < F ' μ F V F ' λ > . By the closure properties of m and by 12.12 we have
a'em. Also, since F f α f eF f y we have oPeγ. Then, by 12.21 there are ordi-
nals \\μ\v'ema< such that F'd = < F t λ t F t μ t F V t > , H'αf = <H t λ ί H τ μ f HV t > .
Since Fτμ = F f λ ? , FV = F f μ τ , Fτλ = F V we have by IF) Hfμ = H fλ ?, HΫ v =
H'μ1, Hfλ = H fi/ f, and since F ' α ' e F y we have by Γ) HτQ!τ€H?y. This is
< H r μ H V H t λ > e H t y , i.e. Hfα?€ δτtto2 (H fy). Finally Hτα eWη. If we assume
WaeWr\ we get in the same way F αeF'r j . This completes the proof of
12.2. 1).

To conclude the proof of 12.2 we show that 2) is a consequence of 1) and
Γ). For suppose that F ^ ^ F 9 ? ? . Then either F'η- F'a^ O, or F'a - F'η^ O.
If Fr?7 - F r α ^ O, put a1 = C tJ3

t<?7Q!>. Then a'em.by the closure properties
of m w.r. to J 3 and C. Also F ?α τeF ?J3

f<?7Q?> = F'η - F f α, i.e. F'α'eF'ί],
^ ( F f α f € F f α ) . Hence a'emη by 9.52. We conclude by 1) R'a'eH'η and by
Γ) ^ ( H f a f e H f a ) . Hence Hf?7 - Hτo? ^ O. If F'a - F ' η ^ O we prove in the
same way H'α - Hf?7 ̂  O. Next suppose H'η £ H fα, for example Hfr7 - H'α =
H tJ 3

t<?7Q!>^ O. Then, by 12.11 there is an α em J 3

f <ηa> such that
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HfαfeHτ?], ~(H tα feH fα!). By 12.11 we may suppose α'emη and we conclude

as before F'η - F fα ^ 0.

12.3 If G is an isomorphism from m to an ordinal o with respect to E, then

Wη = F'G'η for η em.

Proof. By the definition of an isomorphism w.r. to E we have aeβ =

G'aeG'β, for a,βem. Hence, for a,β,γ,δem, by definition 7.8, <αβ>Le

< r δ > = <G f αG f 0>Le<G f y G fδ>. Likewise, by definition 7.81 <aβ> R

< r δ > . s . < G'aG'β> R <G'γG'δ> . It follows then by definition 9.2 that

<kaβ>S<iγδ> = .<*G faG fj8> S<zG t

r G
t δ>, iori,k = 0,1, . . . 8. Hence,

for a,β,γ,δ em, i, k = 0, 1, . . . , 8:

(1) Jk1 <aβ> e J ; f < y δ > = J A

f <G f αG f β> € J ϊ

 f<G fyG fδ> ,

and by the closure properties of m, (1) holds for J&f <aβ> , Jz

 f < y δ> em.

We now prove that

(2) 7] em, 77= J, f < r δ > D Gττ] = J , '<GVG f δ> ,

under the induction hypothesis

(3) η'emη, η' = 3k'<aβ> D G'r?' = J ^ < Gτo?Gfi3>.

So suppose first that J z

f <Gry G fδ> e G'η. Since G is an isomorphism

of m, then J ι

 l <G f yG f δ> = Gτr7f, with η'emη. Let 7?f = Jfe

f<α?j3> . Then by

(3) and by (l) GT77T = Jk'< Gtύ?Gtj3> e J/ < G' y Gτδ >(= G'T?'), against 1.6.

Suppose next that Gfτ? e J2

 f <G'γGfδ >. Let G'T? = J^ τ < a'β<> . By 9.25

αf,j3f ^ Gfτ?; hence o?τ = GfQ!,i3f = G'ft with a,βem. Then J^τ <Gtα?Gti3> =

Gf?7 e Jz

 f < G f

r G ' δ > . By (l), Jk'< aβ> e J z τ < y δ > (= r?). Hence

G'Jk'<aβ> e Gf77(*), and by (3) G'Jk'<aβ> = J^t<GtQ?Gtj3>(= G1??). This

contradicts (*). Hence (2) is proved.

We now prove 12.3 by induction on η. If η e S(JO), then H'r] = H" {mη).

Also, by (2) Gf?7 e S(JO), so thatFtGt77= F ! !Gr?i = FftGff(mr7). By the induc-

tion hypothesis this last is K"(mη). Tϊ η = Ji'<βγ>, i = 1, . . . , 8, then

β,γ emη. By the induction hypothesis and (2) Wη = g z ( H t β H t y ) =

gi(FfGf|3fFfGfy) = F fJ z

f <Gτi3Gτy> = F fG fJ z

 f <βγ> = FτGf77.

12.4 F M ω α = ωa (Gδdel 12.1)

Proof. Fnωa ^ ω α = ω α , by 8.31. On the other hand, there exists a

subset of coo,, namely ωa S(J0), such that the values of F over this subset

are all different, since if y ^ δ and y,δe ωa ίi(J0), assume y < δ, then

F y £ F fδ, by 9.3, so that Fτy ^ F fδ. But cô  W(J0) > ωa , because

JoM(ωα

 2) £ ωα Ji(Jo), by 9.26 and Jo is one-to-one. Hence F l f ω α > ω β .

By 12.4 the generalized continuum hypothesis follows immediately from

the following theorem;

12.5 ^ ( F f f ω β ) c F " ω α + i (Gδdel 12.2).

This theorem is proved as follows. Consider uey${F"ωa), that is

u c F"ωa. By V= L there is a δ such that u- F% form the closure of the

set ωa + {δ} w.r. to C,Ci,Ki,K2 and w.r. to the Jz, i - 0 , 1 , . . . 8, as triadic
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relations, according to 8.73 and let the closure be denoted by m. Now by
8.73 m is a set and m = ωa. m is a set of ordinals, hence m is well-ordered
by E by 7.161 and is isomorphic to some ordinal o by^ΊJ^ Let the isomor-
phism be denoted by G, so that GMra = o. Hence o^_ m = ωa. By 12.3,
since δ e m , we have Hτδ = F'G'δ, so that Odτ(Hfδ) ^ Gτδ < ω α + 1 . Now
ωa c m and by 12.1, Fτβ = H fβ for βe ωa. We may suppose δ ^ ω α + 1 , other-
wise there is nothing to prove. Then by 12.2, for βeωa: F β e F δ Ξ .
Hfβ € H f δ. Hence Fτδ and Hf δ have exactly the same elements with F τ τω
in common, i.e. F'δ F ί τ ω α = Hfδ F M ω α ; but u = F fδ £ F M ω α by assumption,
therefore F fδ = Hfδ F M co α . Also ωa e S(Jo), by 9.27, therefore, by 9.35
FMcuoe = F r ω α ; hence F'δ= Hfδ Ffcoα . Therefore, by 9.611, Odτu < ω α + 1 , in
other words u e F M co α + 1 , q.e.d.
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