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VARIATIONS ON A THEME OF BERNAYS*

JOHN MYHILL

I

The system of Bernays [1] is a first-order one, having membership (e),
abstvaction ({x| ... x --}) and the Hilbert selector (o) as its (set-theoretic)
primitives. We wish first to formulate this system without {x|... x —}or
o; this will permit a readier comparison of the reflection-principle (III be-
low) with the weaker reflection-principles of e.g., Levi’s [2].

The axioms are as follows:

L. x=y&x€ez—ye€z

IL xe (yl...y =} ...x— &(I2)xe 2)
O ¢ —(3 x)(SC x — & Rel(p,x))

IV. xey—oyey&oy Ny=0.

Before we explain the meanings of the abbreviations ‘=’, ‘SC’, ‘Rel’,
‘n’, ‘O’ occurring in I-IV, we point out two minor divergences from the
original formulation in [1]. (1). The axiom x=y ox =0y has been dropped,
because we showed in [3] that it is dependent. (2). Bernays’ system is built
on a functional calculus in the Hilbert-Ackermann style (so that in particu-
lar distinct letters are used for free and bound variables, and vacuous quan-
tification and abstraction are prohibited). It will be more convenient for
our purposes to take as a logical basis the functional calculus of Quine [4],
p. 88, where however (2a) in order to make the definition of ‘Rel’ below
unambiguous, conjunction and negation rather than joint denial are taken as
primitive connectives (2b) *103 is strengthened to read "(a)... a,—-) —
... t=" for any term ¢ and (2c) for convenience we permit ourselves to
drop initial universal quantifiers in statements of theorems. (In the axio-
matic formalization B, below, as well as its later variants, Quine’s form of
the functional calculus can be taken over intact.)

x =y is short for (Wl (w € x «<>we y)

SC(x) is short for (3 z)(x e 2) & (W)Y wex & (y e wvy C w)—
vy € x) where
*Support from NSF grant GP33 is gratefully acknowledged.
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¥ C w is short for (uuey — ue w)
% (y is short for {zlzex & z € y}
o is short for {x|x # x}, i.e. {xlu(x = x)}.

A free occurrence of a variable o in a formula ¢ is called a set-occur-
vence it ¢ is a conjunction one of whose conjuncts has the form "ae ¢ T
otherwise a class occurrence.

If o does not occur in ¢ (x is supposed not to occur in ¢ in III), then
Rel(¢,a) is obtained from « by replacing every universal quantifier ()’
by "(BcC, )', every abstraction-prefix {817 by "{B.q!", and every class-
occurrence of a free variable 8 by fMna. Set-occurrences of free variables
are left unchanged. And here

(8 C m)1,!/-' is short for "(B)(B C a— )’
and
"{Bea!¥)" is short for "(BIBe a & Y.

This completes the specification of the system.

I

It is easy to eliminate o, i.e. to replace IV by two further axioms IV,
and IV, such that the consequences of I-III, IV,, IV, are precisely those
consequences of I-IV which do not contain ¢.

Specifically we write

IV,. @f)x)Nxe Vox#0 — f(x) € x)
IV, x#0— (3y)yex &ynx=0).

In IV “V’ abbreviates {xlx= x }(sothat Fx € V «<>(33y)(x ¢ y) and f(x)
is defined as

{vI(32)yve z & (w)x,w) e fe>w=2))}

where
(!x’w’ = { {X}, {x,?/l)}}

{x,w}={yly=2 Vy=w}
and
{x}={x,x}.

The proof that IV is equivalent to IV, and IV: is quite routine. The only
point to be watched is the interpretation of ¢y in IV. If y is a set
(i.e. y € V), oy is evidently

flzlze y &z N y=0})
with f as in IVy; but if y is a proper class, ¢y has to be

fizlz e y50 & 2Ny, =0}
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where v, is theintersection of y with the least rank 7 for which» Ny # O.
The system of axioms I-III, IV,, IV, will be denoted by B.

III

Now we seek to eliminate {x|...x—} from B,i.e. to replace axioms
II, III and IV, of B by axioms II', III', and IV,' such that the theorems of B
are precisely the theorems of the system B' with axioms

I II', I, IV, IV,

together with all abbreviations of such theorems obtained by one of the
standard contextual definitions of abbreviation.
We shall use the following one; ". .. {al¢}—" is short for

T(3)[()aey <> (IB)aeB)& ) &. ..y =]

The long formula will be called an immediate transform of ... {al¢}—.

K ¢1,...,¢, are so related that, for 1< ¢ < #n, ¢;,, is an immediate

transform of ¢;, ¢, is called a transform of ¢,; if further ¢, contains no

{ }, an abstractionless transform. In general a formula possesses many

abstractionless transforms, but they are all demonstrably equivalent.
There is no difficulty with Il or IV,. II' will be

(3a)BBe a < @y)yep & o)

and IV," will be the same as IV, (written in primitive notation). We claim
that III can be replaced by

Or. Foy,...,a, e V& ¢ —(TPNSC(P) & ¢")

where ¢' is obtained from ¢ by replacing every quantifier I'(y)'| by
"(G)(y C B—...)" and every free occurrence of a variable § distinct from
eachof a,,...,a, by "6nB".

(Notice that III' contains also the result that

F ay, ...,aneV&¢ — (IQ(SCA & @y, ..., ane V&) .
E.g., withzn = 1 we have
FraoevVe& ¢ —ae Va(IyNaey) & ¢”
— (3B)(SC(B) & ((Ay)(aey) &¢")'
— (3B)(SC(B) &(AY) ¥ C B & aey) & ¢')
— (3B)(SC(B) & ae B & ¢') )
More precisely, we prove the following

THEOREM. Let B have €, o0 and {xX[...X —} as its primitive ideas,
and I-1I, IV, and IV, as its axioms. Let B, have € as its sole- primitive
idea, and 1, II', III', IV, (o7 IV,') and IV, as its axioms (the abstracts oc-
curring in these axioms to be veplaced by their definitions, and ¢ in III' fo
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be in primitive notation). Then (1) every theovem of B is (an abbreviation
of) a theovem of B, and (2) every theovem of B, is a theorem of B.

We write "Fg¢' (F,¢') for'¢ is a theorem of B' and ' ¢ is a theorem
of B, ' respectively.

Re (1). It suffices to show that every axiom of B is a theorem of B, or
an abbreviation of such. This is clear except for axioms of the form III

For every formula ¢ of B and for every sequence a;,...,a,, B of
variables (2> O) we define

I'Re].o,l, “ e an (¢’B)'I
to be the result of replacing in ¢
"W by ")y C B — Y
1y by Ty ep &y}

and every free occurrence of a variable § distinct from each of ¢, ..., 0,
by "6 M B". The result that every axiom of the form III is (an abbreviation
of) a theorem of B, follows from the

LEMMA. Let ¢ be a formula of B and let ¢' be a transform of ¢. Then

b1 "SC(B) & Relg, . . . ,a,(¢",8) ~Rely, . . ., a,(9,8)"

We first show that the lemma implies F, III. Let ¢ be a formula of B,
¢' any of its abstractionless transforms and o,, ..., o, all the variables
a such that for some term 9, "ae 6" is a conjunctive component of ¢. Then

Fio ¢ —>ay,...,0,€V&¢" (since FTaegd—aeV?)
— "(3p)(SC(B) & Rel g . .., a,(¢",0)" (by III')
— (3P)(SC(B) & Rely ..., 4 (9,8)" (by the Lemma), g.e.d.

Now we prove the Lemma. It suffices to consider the case where ¢' is
an immediate transform of ¢. Then there are expressions y and v, a vari-
vy and a formula ¢ such that ¢ is

byl
and ¢' is

(38)[ (NG e s <> (Iy)y e y) & ) & pov].

For brevity, we omit the superscripts a,, . . ., a, on ‘Rel’ and further
we write p* for "Rel(u,8)”; likewise u*, yY*. With this notation
T Rel(¢',B)" is
(1) "(39[6 CR&My CB—(y €6 <>(Iy)lyr€ B &y €1) & Y¥) & p¥ov]’
and we are to prove

F,7SCR) &(1) — p*{yly e B& Y*}u* ",

It clearly suffices to prove (in B,) that

(2) "sc(p)”
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(3) "sCp”

and

(4) () CB— (ye 8 <> (T )y, CB &y € yy) &YH)'
imply

5= {ylyep &y*})' .

(4) simplifies to

(5) "Wy CB—=(yes <> (yep &Y*) .
If "y es?, then
(6) Ty e g7 by (3)
(7 Ty C BT by (6) and (2)
and
Y * by (5) and (7);
thus
(8) "5 C {yly eB &y*).
Conversely, if
Ty e B &YF"
then
Ty C B by (2)
and
Ty eg” by (5);
thus
"WMyepB&y*}C 6.
By (8)

6 = {ylveB&yY*};

this completes the proof of the Lemma.

Re (2). It suffices to show that every formula of the form III' is a the-
orem of B. Let then ¢ be a formula without abstraction, let @;, . .., a, be
any variables and let y,, ... ,y, be all the variables .y distinct from each
of a;,...,an such that for some term ¢"y € €7 is a conjunctive compo-
nent of ¢. IIl yields

Fp "0,y eee,un €V &¢—(3B)SC(B) &Rellary, . .., 0,¢€ V &6,8)
- (3 p)(SC(B) &Rell9,)" .
We wish to prove F ; My, ...,0. € V &¢— (3 B)(SC(B) &¢")' . ¢ differs
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from ¢ in that it contains "y; M B whenever ¢ contains y,. Hence it will
suffice to prove

Fs rSC(B)Rel(¢,B)"" Yi=y; N BT ’
i.e,
(9) kg "SC(B)Rel(¢,8) — v, C B .

y; appears in some conjunctive component "y; e 7 of ¢. The corresponding
conjunctive component of "Rel(¢,0)” is "y; € {516 € B &Rel(y,B)}’ if £ is an
abstract "{5/¢]" ; in that case surely (9) holds. Likewise if { is a variable
which is not one of the «; or y;. More generally, call a sequence

§1, CZ; ety Cn
of terms a ¢-chain if each of the formulae
FCIG §2.‘: r§2€ CB‘I 9 e oy rcn_letn-l

is a conjunctive component of ¢. Then if there is a ¢-chain beginning with a
variable y; and ending either with a variable not belonging to the a; or y; or
with an abstract, (2) holds. For example, with n = 4 we might have

Y1 €Vn
Y2 €73
vs € {aly}
as conjunctive components of ¢. Then
Fp "Rel(¢,f) — y1 € y2 &va € y3 &y C BT

=Ty € vz &yze B

But
bp™SC(B) & vy € y2 &yz€B— v, € B
and
Fp™SC(B) & 1€ B =y, C BT
so that

kg TSC(B) & Rel(¢,p) — v, C B”

If, on the other hand, there is no ¢-chain beginning with 1, which satis-
fies the above condition, then every ¢-chain beginning with ,; will consist
wholly of 1’s and so will eventually cycle. But the existence of such a cycle
contradicts the axiom of regularity (IV;) and consequently kg "~¢" and a
fortiori

Fp "0y, ...,0n€V &¢— (IB)N(SCB) &9¢")’

in this case too. This completes the proof of the Theorem.
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v

Letus see how the system B, should be changed in order to accomodate
the existence of individuals. In order to avoid new primitive ideas and per-
mit an elegant formulation, we adopt Quine’s idea ([4], p. 135) that individ-
uals (and only they) are their own singletons. On this basis I and II' are un-
altered. The notion of rank is changed by consideringall individuals as of
lowest rank; since the intent of III' is that B be a rank, we must modify the
definition of supercompleteness so that a supercomplete set contains all
individuals as members.

SC*x) <> SC(x) &(y)(ve I - ye x)
where l
I={xl(»)(vex <> y=x)}

and then obtain our modified axiom III'' from III' by writing SC* instead of
SC.

IV, remains unchanged, but IV (axiom of regularity) is obviously false
if x is an individual. The neatest substitute seems to be a form of Tarski’s
set-theoretic induction, namely

V2" F()ael—¢) &(A[(VB(Be a— ¢ —¢] — ()¢

where ¢' is obtained by writing free g for all free a in ¢.
Another axiom, namely the existence of the set of all individuals, is
superfluous because it follows at once from III'',

\'4

As the last of our modifications, let us consider what changes need be
made if descriptive predicates ([4], p. 151) are added to the system. Evi-
dently I must be strengthened to

I. a=B—-(p—¢)

where ¢' is like ¢ except for containing free § where ¢ contains free a.
(Cf. p. 201 of [4].)

The only other axiom which needs to be changed in III'', which leads to
a contradiction if ¢ is allowed to contain arbitrary descriptive predicates.
(I am indebted to Dana Scott for this curious observation.)

Let I be a predicate such that I' (x) is true if and only if x = V. Then
by 11"

F(oy)xey—xez)—I(z) —
(3 u)(SCH*u) & {()M(x,y C u&xey—xeznnu)— (z2Nul.
The antecedent however is true, hence there is a set u, satisfying

SC*(u)
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and
(X)) x, 9 Cup &xcy—> x€2N 1p)>2Nnu="V.
But evidently (even with the hypothesis SC*(u,))
() )%,y Cup &xey—x€uy U ug)
so that
Uo Nty =V
o =V
ug £V

and a fortiori ~SC*u,) (and ~SC(up)). Thus III'' must be restricted by
allowing no descriptive constants in ¢.

We conclude by stating in detail the formation and transformation rules
of the final form of the system.

Symbols. Variables x,y,z,w, ... ; predicates € (of degree 2), €', €', .
(of various degrees; all predicates save ¢ are called descviptive predicales).
YOO

Formulas. Atomic formulas l-(ous B)q' andpay, ..., @, where u isa
descriptive predicate of degree n; "(¢ ¢ ¢)' and "(@)¢" where ¢, ¢ are
formulas and « is a variable.

DEFINITIONS. Usual definitions of ~, & v, —, <>.

Dl. “(ae {BI¢})" for "(Iy)aey &(B)(Bey —¢)
D2. "(t=n)" for "(a)ael <«>aen)

D3. T(¢£n)' for "~ =n)

D4,  "({alg}e &) for "(IPNB= {alp}&Be )

D5. ¢V’ for {xlx=x}’

D6. ‘I’ for {xl(y)(yex <> y=x)

DI. “(a C BT for "(y)(ye a—yeB)

D8. ¥SC’ for xl(yMz)yez&(zex vz C X) >yex)}
D9. Tt N for "{alae € &ae n)

D10. 'SC*' for 'SC M {x|I C x}

D11. "{¢n}" for Tala=¢ v a=y}

D12. "{t} for ML)

D13. (¢, for (¢, {¢,n}}

D14. "(1d)¢" for {BIINBey &(VA(p < a=4)}
D15. "¢(n)” for "(10)((n,0) € &)

D16. ‘O’ for ‘{xlx#x}.

AXIOMS

*100 - *104 of [4], and

L(=I). F(a=p — (¢ —9¢")", where ¢' is formed from ¢ by writing free
a for one or more free f.

2. (=11, F"(3a)(B)(Be e <>pe V&¢)', where a does not occur in ¢.
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3. (= II"", restricted). F'oy,...,a,€ V&¢— (3P)(Be SC* &¢ )" where
B does not occur in ¢, where ¢' is formed from ¢ by first replacing all
free occurrences in ¢ of variables y distinct from a,,...,a» by
Ty M §7, and then in the result replacing all subformulas of the form
"(y)¢" (except those occurring in the contexts Ty n 57 just introduced

by "(y)(y C B—¢)', and where ¢ does not contain any descriptive con-
stants.

4, (=IV). F'@ADx)Nxe V& x £ 0 —f(x) € x).
5. (=1IV2"). F (a)ael —¢) & (A[(a)(ae B —¢) —¢'] »(a)¢' where B

does not occur in ¢ and ¢' is obtained by writing 8 for all free a in ¢.

The sole rule of inference is modus ponens (*¥105 of [4]).
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