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ON CHARACTERIZATIONS OF THE FIRST-ORDER
FUNCTIONAL CALCULUS

JULIUSZ REICHBACH

In papers [5] and [7] I have presented some characterizations of theses
of the first-order functional calculus; in this paper I give a generalization of
two characterizations of one.

We consider the first-order functional calculus with the symbolism de-
scribed in [4] and besides signs accepted in the logic literature we use
the following ones:

(0,1) E, F, G, Ep Fp Gj . . . — variables representing expressions,
(072) Sw {E\ — the set of all symbols occurring in the expression E,
(093) Skt - the set of all formulas3 of the form Σfi^ . . . Σ ^ H^ z + ί

Πβi F, where F is a quantifierless expression containing no free
variables and Πtf is the sign of the universal quantifier binding the
apparent variable a-, and Σtf G = (Ha.G9)9, for 7 = 1, . . . , k.

(0,4) C(E) — the set of all significant parts of the formula E: F ε C(E) =
• F = E or there exist such G, H that: (F = G) Λ (E = G9) v [(F = G) v
(F = //)] Λ (E = G + H) v (3z) {F = G(Xi/a)\ Λ (F = ίlaG).5

(0,5) w(E) — the number of different free variables occurring in the ex-
pression E,

(0,6) p(E) — the number of different apparent variables occurring in the
expression E,

(0J) ily . . . , iw{Eγ or j v . . . , j w ( E ) or Z r . . . , l^(E) - different in-
dices of these and only these free variables which occur in the ex-
pression E,

(0,8) i(E)^max{i1, . . . , iw(E)\ ,
(0,9) m(E) = w(E)+:p(E),

(0,10) n(E) = max{m(E),i(E)\ ,
(0,11) E(x/y) — the expression resulting from E by the substitution of x for

each occurrence of y in E; if y i s an apparent variable, then y does
not belong in E to the scope of the quantifier Πy; if x is an apparent
variable, then y does not belong to the scope of the quantifier ΐίx,

(0,12) Σ(F) = 0, if F is a quantifierless formula; X(F + G) = max \1(F),
Σ(G)}; Σ(ΠtfF) = ϊ\F(x/a)}, where x T ^ E } ; Σ(Σ*F) = w(F) + 1 , if
Σ{F(x/α)} = 0; 6 Σ(ΣtfF) = Σ{F(x/a)|, if ^ T ^ ( F ) andΣ{F(x/a)} =;/0;
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If Σ (F) is not defined above, then:

Σ(F) = max {Σ(G)\, for each G e C(E), where here if G = Πatf then
Z(G) = w(H) + 1, andΣ(F') = Σ(F), Σ(E + F) = max {Σ(E), Σ(F)}

For example:

(1°) If E 6 S*s and E - Σ ^ . . . Σ*z Π β ^ . . . Hak F, for some F, then

Σ(E) = z.
(2°) If E = i Π α ^ t a J f , , , *t^v at) + //(**,)}', then £(E) = r.
(3°) Σ(E)< m(E)< «(E).

(0,13) E* eP if and only if an arbitrary substitution for free variables in E
belong to P; we define also E* + F* = (E 4- F)*; we assume also that
if we write E*, F*, G*, . . . , then we consider the same substitution
in all formulas E, F, G, . . .

(0,14) M, Mj, Λ*2, . . . - arbitrary models,
(0,15) T, Tv T2, . . . - arbitrary tables of the rank k,
(0,16) Q, Q, — non-empty sets of tables of the rank k,
(0,17) {Qn\ - the sequence of sets Qk, where Qk is defined in (0,16),

(0,18) (iQj)- for every {Qnl
(0,19) [M I Sj, . . . , sk] — the truncated model of the rank k,
(0,20) F e Λ(E) - = (SFJ . . . (3Fn) {E « Fj + . . . + F . ^ + F + F.+ 1 +

+ . . . + Fn, where the arrangement of brackets is respectively} Λ

(F2) (F2) (FJ F1 + F2),7

Some notions which we introduced above are defined in the following
pages of the paper.

From [4] or [6] we obtain the following rules of constructions of formal
theorems of the first-order functional calculus:

(2,2) The formula F + F9 is a formal theorem.
(1.2) If F1 4- F2 + . . . + Fn is a formal theorem and kv . . . , kn is an ar-

bitrary permutation of natural numbers < n, then Ffcf + F&2 + + Fkn

is a formal theorem (the arrangement of brackets is here arbitrary).
(1.3) If F is a formal theorem and G a formula, then F + G is a formal the-

orem.
(1.4) If F + G and F + G* are formal theorems, then F is a formal theorem.
(2.5) If F + G is a formal theorem and the free variable xTSw\F\ then F +

RaG (a/x) is a formal theorem.
(1.6) If F + HαG is a formal theorem, then F + G(x/a) is a formal theorem.

DΛ. The sequence of formulae E^, . , . , En is a formalized proof of the
formula E in the first-order functional calculus with added axioms U
if and only if E =* En and for each t < n the following conditions are
satisfied:

2. every E. is an alternative of significant parts of the formula E or
of some formulas which belong to U.

2. Et e U or there exists such F that Et<= F + F% or
3. there exist such z, j <t that Ê  results from E{ and E. by applying

the rule (1,4), or
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4. there exist such i < t that E. results from E. by applying one of the

rules (2,2)-(1,3), (2,5) and (2,6).

D.2. The formula E is a thesis of the first-order functional calculus with

added axioms U if and only if there exists at least one formalized proof

of the formula E in the first-order functional calculus with added axi-

oms U.9

D.3. The formula £ is a thesis if and only if E is a thesis of the first-order

functional calculus with added axioms U and U is empty.

By the length of a formalized proof F J ? . . . , En we mean the number n.

We notice that because in the proof of Gόdel's theorem for E, see [4],

we may only consider the significant parts of F, therefore we may replace

(2,4) and (2,6) in D.3. by:

(1,4') If F + G and F + G9 are formal theorems, G* e C(F) then F is a formal

theorem.

(1,69) if F + ILzG is a formal theorem, w(G) < Σ (F + ϊlaG) and ΐίaG e C (F),

then F + G(x/a) is a formal theorem.

It is known that if E e Skt, then E is a thesis if and only if E may be

obtained by means of rules (1,2), (1,5) and the following:

(1.7) If F + E + E is a thesis, then F + F is a thesis.

(2.8) If F + G(x/a) is a thesis, then F + Σ #F is a thesis.

It is easy to show:

L.O. If the length of the formalized proof of the formula E is n, then the

length of formalized proof of E* is also n.

L.I. For each formula E it may be written down such a formula F e Skt that

F is a thesis if and only if F is a thesis; we may also assume that

F -X a . . . Σ ai Yίa^^G, for some G.

D.4. The sequence < B, [F\\ > is a model if and only if B is an arbitrary

non-empty set and {Fι\ is such an arbitrary doubly infinite sequence

of relations that F™ is a m-ary relation between elements of B.

In the further consideration we assume that the usual definition of

satisfiability is known, see [4] or [lθ].

D.5. M {F} = 0 = E' is true in the model M.

D.6. M \E(sl9 . . . , sk)\ = 0 = there exists such model < B, [Fιλ > that

M = < B, {Fι.\ > , Sp . . . , Sfo e B, xi are the names of s^, i = 2, . . . ,k,

and s z , . . . , s^ do not satisfy F in the model M.

The following theorem is known, see for example [4]:

T.I. A formula E is a thesis if and only if it is true.

D.7. The sequence < B^, {F1} > is a table of the rank k if and only if it is a

model and B^ has exactly ^-elements which are numbers 1, . . . , k.

D.8. [ M | s 2 , . . . , s^] is a truncated model of the rank k with respect to
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Sp . . . , s^ — briefly: a truncated model of the rank A — if and only
if there exists such model < B, \Fι\ > that M = < B, \Fι\ >, s1, . . . , sk

e B and there exists such table < B^, \φιA > of the rank A that: if
ri e B^, for z = 2, . . . , 772, then

φ ? ( r 1 , . . . , r m ) = F?(sri,...,srm) .

We notice that [M|5j, . • , s^ is a submodel of the model M in the
meaning of homomorphism.

D.9. N (Q,k) if and only if Q is an arbitrary non-empty set of tables of the
rank A and for an arbitrary sequence t + y . . . , t^ of the natural num-
bers < A we have:

If TeQ, then [T\tv . . . , th] e Q .

D.io. ρ[M,^] s (T) { T £ ρ s O s p . . . (3s Λ ) (Γ « [ M | ^ , . . . , sk])i
DAL T° € [Q\ 1, . . . , k] = (ar?w) (HΌ { (m > ^) A (Q is a non-empty set

of tables of the rank m) Λ (T e Q) A (T° = [T | I, . . . , *]>}.

It is easy to prove:

L.2. IfM = <B, {FU>, s ; , . . . , s ^ β , L , . . . , ^ < * , t h e n t t M ^ p . . . ,

^I'i ^ - » ι ^ v w

L.3. If Q[M, * ] , t h e n N ( β , A).

L.4. If T^, Γ^ are two tables of the rank A and r^, . . . , r̂ ., ^ +2> > ry>

r.+p . . . , r (* <. A) i s a sequence of different natural numbers ^ A,

then if [T^ [ r ,̂ . . . , τ\] = [T^lrp . . . , τ\], then there exists such

table T- of the rank k that
C τ 3 1 r i » » Γ i ' Γ «+i» >rj\ = l τ i \ r v - » rf» r«+ί» >r/l '

[ T 3 \rv . . . , r., rj+p . . . , r,] « [ T 2 | r p . . . , r., r.+ J, . . . , r,] .

L.5. L e t N ( ρ ° , A ) and let

Γ e ρ - s - ί H Γ 0 ) ^ ) , . . . , ( 3 ί m ) l ( 2 < ί i < A ) A (i = l, . . . ,m).*

σ0eQ0)*σ = ιτ°\t1,...,tj)\ιi

Then:

I. N(β, rn) ,

II. If A < ί«, then ρ° = [β | 1, . . . , k] .

III. If k > 7?2, then ρ = [ρ°| ί, . . . , m] .

D.12. [QJQV . . , β ^ ] • = •<*) U* 1 «) -(2fe - [CM, , ««.

Obviously:

L.6. If ρ2[M, I], ρm[M, «],. then Q j β r . . . , Qm_j] -
L.7. if ρ m [ ρ r . . . , ρ ^ l . t h e n ββ_1Cβ j r, , ρm_ 23

From 2.5. we obtain immediately:

L.8. If β m [ β r . . . , ρ ^ ^ ] , N ( β m , ι«)f then for every A = 1, . . . , m, we
haveNίρ^, A).
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L 9 ' I f δ m [ β j , , 2m-il» N(Qm, OT)> t h e n t h e ^e exists such Qm+1 that

LAO. If βJ-Qj, . . . , Qm H [l, N(Qm, m), k <m and T e Qk, then for arbitrary
sequence ip . . . , i^ t < &, of the natural numbers £ k we have
[ τ | ί J , . . . , g e β t .

D.13. M is a biunique ί-model - in symbols M e Rt - if and only if there

exists such model < B, \F]\ > , that M = < B, {F*.} > and for arbitrary
s v . . . , st, s ] , . . . , s* e B we have: if [M|s 2 , . . . , s£] = [M|sJ,
. . . , sj],. then 57 = s^, . . . , st = s't.

The example of M e Rt may be easily given, see [5] and [7].
By an extension of a model M2 = < B, {Fι\ > we understand here a model

M2 = < B, {F*5, {G^} > , where {G^\ is an infinite sequence of co-sets of B.

L.ll. Each model Mj may be extended to model M e RJ? and therefore to
M e Rt, for every t.

Proof'. -Let M2 = < B, {pji > , let

(0) (sv s2), ( sp s 3), ( s 2 , s 3), . . .

be the sequence of all pairs of different elements of B and let

G\, G\, Gj, . . .

a sequence of relations with the following properties:

(0,2) if [Mί | S l ] = [Mj | s 2 ] , then G\ ( S ; ) and ~ G\ (sj .
(0,2) if ( s f , s ) is the m-th pair of the sequence (0) and [Mj [s^ = [Mj |s ] ,

then G^(s.) and - G^(S /).

Obviously that (0,1) and (0,2) give the construction of this sequence of
relation.

Let M=<B, iF*ji;{G}\> .
It is obvious that M is an extension of M̂  and M € Rt, for every t.

D.14. N(r, Qv . . . , Qk) s . (r < *) Λ ( I 7 ) . . . ( ( ^ ( ι ' w ) (T) { (i-< r)

Λ ( z ' j , . . . , i^t < k) Λ ([r |z . . . , ij\ ,£ ρ p Λ ( [ T I ^ ] e ρ p -̂

( H T 1 ) { ( [ r 2 1 z * 2 , . . . , i^ ί- + J ] € ρ^^) Λ ( f o Γ e a c h s e q u e n c e /,-»
/ of natural numbers <k), if U \jv . . . , / ] e g , then [T |/ ; , . . . ,/J
- [ τ | / 2 , . . . , / 5 ] H . 1 7

It is easy to show, see [7]:

LΛ2. If M = < B, \F)\ > , 1 8 Q2 [M, ! ] , • . . • , Qfc[M, fcly then for every t we
h a v e N ( ί , Q v . . . , Qk).

L.13. If N(r , Q v . . . , Q A ) , ί < r , then N ( ί , Q v . . . , β A ) .

L.14. If e 2 [ M , 2] , . . . , β A [ M , * ] , . then:

2. if T i s an arbitrary tab le of the rank ky [T\i] e Q v [T\j] e Q v i,

j 1 k, then there e x i s t s such table TΊ of the rank k that [T Ί |z^ /] e

Q2

 1 9 and

[ T j H , . . . . i - ί , z+2, . . . ,k]= [T\l, . . . , ί~l, i+1, . . . , * ] ,

[ T 2 | i , . . . , - ί , 7+ϊ , . . . ,k]m{T\t,..., j~l, i+1, . . . , * ] •
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2. i f £ > 2, then N(2, Qv . . . , Qk):

L.15. If Qk+1 [Qv . . . . QΛ, N(Qk+v k+l), N(r, Qv . . . , Qk+1), r < k,

then N(r,Qv...,Qk).20

L.16. If Qk [Qv . . . . Q^], N(r, β , , . . . , Qk), N(Qk, k), then there ex-
is t s such Qk+1 that N(r, Qv . . . , Qk+1), Qk+1 \.QV . . . , QA1 and
N(Qk+1,k+l).

L.17. If M € R j , QJ [M, 1], . . . , Qk [M, k], then for each r we have N(r,

Q v . . . , Q k )

D . 1 5 . R ( T , Tv Q v . . . , Q k , i v . . . , i m , i) • = (m ± k ) * ( [ T \ i v . . . , i j
= [ T J \ίv . . . , i j ) A {(Ξt) ( i l < t < m \ A U = i t \ ) -> ([T1 \ i v . . . , i A
e Q m ) \ A U ί ) ( 1 1 < t < « 1 H. \i if i t \ ) -> ( [ T 2 \i v . . . , i m , i] e Q m + 1 ) l 2 1

For an arbitrary sequence Q^ . . . , Q^7 where Qi are non-empty sets
of tables of the rank i (i = 1, . . . , k), for an arbitrary table T of the rank
k and for an arbitrary formula E which indices of the free variables occurring
in it are <.&, we introduce the following inductive definition of the function-
al V:

(Id) V { T , Q v . . . , Q k , f ? ( x r i , . . . , x r m ) \ = 1 Ξ F f ( r v . . . 9 r j ,
(2d) v {T, QV . . . , Qk, F>\ = l . Ξ . - v {r, ρ r . . . , Qk, F\ = i Ξ

^ ^ { T , Q v . . . , Q^F} = 0.
(3^0 V IT, Q . , β F + GJ = I s V {T, β., . . . , Q,, F\ = 2 v

(4^) v { r , ρ 2 , . . . , ρ^,ΠtfF} = ] . Ξ . ω (Tj \a <k) Λ R ( T , r v QV . . . ,

2fe' ZΊ' ' Zu;(FV V* V{TV Qv > δAt F ( V α ) $ « 2K22

D.16. E e P ( ρ i ? . . . , QA) H (T) {(H) UH e A {F}) ^ 2 3 ( [ T | ί p . . . ,

D.27. E e P(A, r) = - (β 2 ) . . . (β A ) { β A [ β l f . . . , Qkmml\ A N ( β A , fe) A
N(r, Qv . . . , β Λ ) - * ( E £ P { β p , ρ4l)K

D.18. E e P - i= - E e P \n(E), Σ(E)}.

We explain the meaning of the above definitions:

1. The expression V {T, Qp . . . , β^, E} = 1 may be read: T satis-
fies E relatively to a sequence ρ^, . . . , ρ^.

2. If M is a model and ρ z [M, ί], £ = ί, . . . , k, then elements of Qi

are submodels of M (see D.8.), the number i in (̂ -fiO is a name of
an arbitrary element of the domain of M and in D.16. and D.17. we
assume that we consider only submodels of M; in D.18. we asso-
ciate to each formula a pair of numbers.

3. P is the set of all true formulas (see T.4 ).

Obviously:

(3d') V | T , Qj, . . . , Qk, F + G\ = 0 = V [T, Qv . . . , Qk, F\~0
Λ V \ T , Q V . . . , Qk,G}=0.

(4d>) V IT, Q,, . . . , QA, ΠΛF| - 0 a (aiXβTJ {(i < k) A β(Γ, Γ r

Q2, , βA, ί'ί, , «'W<F).O A V {T ί f βj, . . . , Qh, F(Xί/α)\=0\.
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(5d) V IT, Qv . . . , Qk, 2aF\ = 1 = (HOOT,) {(i < k) A R(T, T,,

Qp , Qk, i v , iw{P), i) A V {Tv Q v . . . , Qk, F(Xi/a)\ =

(5cΓ) V \T, Q1,...,Qk,2aF\=0 ^ (ίXΓp \(i < k) A R(T, T V

Qv , Qk, i v , iw(Fyi)*V{T1, Qv . . . , Qk, F(Xi/a)\=0\.

(6d) E7 P = O ρ p . . . (3Qn(E))(3T) {(//)({// e A(E)\ -> \[T\iv . . . ,

^ ( H ) ] e QW{HΨ A N { ρ n ( β ) , «(£) i Λ δ n ( £ ) [ δ I , . . . , δ π ( E ) _ I ]
A N & ( E ) , Q v . . . , Q n { E ) ) A V{T,Qlt..., Qn(E), E\ = 0 | .

Γ.2. If £ f S^ί, F e C(E), M |E} = 0, k > « (£) , ρ^M, ί ] f . . . . , QJM, A],
then:

1- QktQv • • • , Qk-ilNiQi, O,for i = 2, . . . , £ , N ( 2 , β j , . . . , Q^).
2. If M e R7, then N(r, Qv . . . , Qk), for every r < k.
3. If [ M | s t i , . . . , siw(£}] = [ T l ^ , . . . , £ w ( F > l and M {Fίs^, . . . ,

SiW(F)] = °» t h e 1 V^> Ql> ' 2*' F * = °
4. £ ' e P<βj, . . . , Qk) and E ? P(k, 2).
5. If Me Kί, then El P.

Proof: —From L.3, L.6, L.14- and L.17. we obtain 1 and 2; conclusions
4 and 5 follow from ί, 2, 3, M \E\ = 0, (5<Π, D.26, DAT. and D.18.

We shall proof (3) by induction on the number of quantifiers occurring in
F:

If F e C(£) and F is a quantifierless formula, then 3 holds.
It is left for us to verify that if 3 holds for Fix^a) e C(E), then it

holds also for the formulas belonging to C(£) of the form:

(I ) ΠαF,
(2») X αF.

In the case (!') by virtue of the definition of satisfiability, of the as-
sumption, L.2. and (4dy) we obtain:

If M {HaF{siv . . . , siwlp))\ = 0, then (3ί)(ffsf) l(xf. 7 Su; {F}) Λ (Z < λ)

Λ M \F{Xi/a){siv . . . , s f w ( F ) , s.)\ = 0}, then (3iXΉs.)(3Tχ) \{χ. 7

S w \F\) A (i < k) Λ ([M|s f j [, . . . , siw(py s.] = [ T 2 | ι r . . . , ^ ( F ) , i]

e 2 ^ ( F ) + i ) A (M {F(*./α)(s£ l, . . . , siw(p), s{)\ = 0)}, then fai) (HTp

{(χ.7 5tι4F$) Λ (i <k) A ([T1 \iv . . . , x , F ) f i] 6 Q t t ; ( F ) + 2 ) A ([T2 | ι p

• » ̂ ( F ) ] = WVv ' ^(F) 1) Λ V *TV Qv ' ' > β*. F ( V ^ ) ί
= 0{, then (HiXaΓj) {(*"£*) A R(T, T p β p . . . , Qk,iv . . - , » w ( F ) , » )
A V {Tj, β j , . . . , Qfc, F(Xi/a)\ = 0 A V {T, ρ r . . . , δ Λ , Π^F} = 0\.

In the case (2*) by virtue o£ X aF e C(E), E e Skt, of the definition of
satisfiability, M \E\ = 0 and of the assumption we obtain that for an arbi-
trary i <& and for each [T, \iv . . . , ^ ( F ) ] e δu,(p)» i f exists suchr<W(F),
that ί = zr, and for each [ Γ 2 |z2, . . . , iw(^pγ t\e Qw(F)i.1 we have V {Tp

Qv > Qk9 ̂  (χ /a)\ ~ 0 and therefore (5« ) for considered tables.
The above give us the complete inductive proof of 3; q.e.d.

L.18. Let E° results from E by replacing free variables with indices z^,... ,
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i /β\ correspondingly by free variables with indices /p . . . , / (goy

w(E) = w(E°)26, and

Then:

V { T , Q p . . . , β A , E j = l . s . V { T ° , Q v . . . , Q k , E ° ] - l .

L. 19. Let * > n(E), T is a table of the rank k+1 and TQ = [T | 1, . . . , £];

then:

V ί r , 2 j , , Qk+1, E\-1.S.V \To, Q1,...,Qk,E\ = l .

The proofs of L. 28. and L. 29. are inductive on the length of the formula

E and are analogical to the proofs of L. 12. and L. 14. respectively from [5].

It is easy to show:

L.20. ( Γ ) F + F'eP(Qv . . . , Qk).

(1) F + F' eP.

(2') If F , + . . . + Fn e P(QV . . . , Qk) and k v . . . , kn is an arbi-

t r a r y p e r m u t a t i o n o f n a t u r a l n u m b e r s < n , t h e n F ^ j + . . . . + F ^ π

eP(Qv . . . , Qk).

(2) If Fj + . . . + F £ P and k^, . . . . , k is an arbitrary permuta-

tion of natural numbers <. n, then F^^ + . . . + F^n € P.

(3') If F e P ( β r . . . , βA), then F + G e P ( β 2 , . . . ,'β f c).

(3) If FΐP, then F + G f P.

(4') If F + G, F + G* e P ^ , . . . , Qk) and G' e C(F), then F e P

<2r ' β*> 2 8

(4) If F + G, F + G' f P and G' e C(F), then F f P . 2 8

L.2J. If F* + G* e P(QV . . . , Qk), j < * , x 7 Sw \F*\, x e Sw{G*\, k> n

ίF* + ΠαG* (α/x.)!, Λf(βfc, k), [Qk \ Qp . . . , Qk_j\, then F* + Π «G*

(α/x.)eP(Qv . . . , Q f e).

Proo/: - L e t F* + G* e P(QV . . . , Qk), j < k, N(Qk, k), [Qk\Qv...,

Qhmml], x. e Sw(G*), x TSw(F ) , k>n{F* + Ώ. αG* (α/x.)\, V [T, Qp . . . ,

Qk, F* + Π αG* (α/x)\ = 0 and [T | i p . . . , iw(H)] e Qw{ for e a c h

H eA{F* +nαG* (α/χ.)l

Therefore in view of (3d') and (4cΓ) we obtain: V \T, Qv . . . , Qk, F*\

= 0 and there exist such i' < k and T^ that /?(Γ, Γ J ( g J ; . . . , Q,, z^, . . . ,
lu;{G (e/x •)}' f ) a n d V { T r Ql' • ' Qk' G* ( Λ C A , ) ! = ° ; h e Π C e fr I XΊ» * *'
Z ' 4 G ( α / x y ) } ] = [ Γ l l ! l ' '''u lG ί β / x . ) ^ a n d [ T 1 1*1* ' ' ' ' {W{G* (α/x ; . ) | ]

e δ y c w * , ) ! a n d [ τ i | z ' i ' * ' Z U4G*(«/*.) ! '
 f ] € δwlc («/*,)} + v'ύ

(0 ! ( ! < « < « ; }G* (e/x.)l) -» If ̂  ftH
We consider here two cases:

/. there exists such t < w [G*(α/xj)\ that i = i^

2. for each t < w \G* (α/x.)\, i φ ίr

In the case 1 — for the shortest writing — we assume i = iy
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From the assumption we obtain: \T 1 \ i1,. . . , i-w{G*(a/x )p = \T | ^ , ,

y G tβ/x,)!1' [ T l l z r ' f 4G*U/x y )} ] £ 2^G*(α/xy)!' w ^*(*/*y) } =

w; { G ^ ^ A y ) } , V \Tp Qv . . . , Q^G+ix^/x.)] = 0 and it may be as-

sumed that the sequence z p . . . , i^G.{a/x)\ and *2, . . . , ^ { G * ( χ . j / x y ) }

are identical. Therefore in view of L. 18. we obtain: V {T, β^, . . . , Q ,̂

G* (xZJ/%; )} = 0 and [Γ I i v . . . , ί Λ c U. /xy)}1 € δ«4G* (*;/*,•)!•

Hence by virtue of the assumption, (3«O and L.10, we obtain: V {T,
Qv . . . , Qk, F* + G*(Xil/xj)\ = 0 and for each H t A \F* + G* (x, 2 /x ; )l,

[ Γ ! Z P ' V(/ί)] e β«(H)5 therefore F* + G* (x^/xy) 7 P(QV . . . , QJ,
which is inconsistent with the assumption.

Hence in the case 1. we have F* + Π aG*(a/χ.) e P(Q 7 , . . . , Qk).
In the case 2. from the assumption we obtain: [T^ | i^9.. ., ^w\Q*ia/x \ύ

= iT\lV ' ' >SΛG*(a/*.)}]> C r 2 \lV ' Zu4G*(α/*.)}' f ] 6 ^ G ία/xOl
+ 1, x.TSw [G* (a/x)\ and V {Tp Qv . . . , βA, G* (xfA;.)l = 0.

Let z < / and let

([T J I I, . . . , ί_i, /, i+J, . . . , j-1, ί, j+1, . . . , k], if i < . 2 9

Hence and in view of L.2. we obtain: [T° \i^, . . . , *w{G*(a/x \h β -

ί[Tt I I, . . . , j-1, j , i+1, . . . , j-1, i, j+1, . . . , k] I i v . . . , ^{G* ( α/χ.)J»

/] = \_T1 I i v . . . , iw\GHa/x,)\, i\ ( QwiG*) because w(G*) = u\G*{a/x.)\ +

1; hence [T° \iv . . . , ί ^ . j ] = [T, | » r . . . , ^ { G . ^ . / ^ . ) } ] « 2 w ( G . y

where the order of sequences i v . . . , iw{β*) and i v . . . , i^jg*^ y χ )J

are given above, w(G*) = tt4G*(xf/%y)}, a n d t ^ l ' j ' > i

w{G*(a/x.)\^ =

[ T l £ i ' '^{G*(«A 7.)!L

From the above and by virtue of L.18. we obtain: V {T°, Q ,̂ . . . , Q^9

G*\ = 0, [7^ \iv . . . , ^(G*)1 ί δM;(G*) a n d a s s u m i n g t h a t î » >*r a r e

all such different elements of sequences j ^ . . . , jw/p*\ and *p >
ZI^!G*(Λ/X )i which occur in both sequences we have \T° {^ , . . . , f^] =

[T |-fj , . . . ,•<•]; therefore in view of L.4. there exists such T2 of the rank

k that [Γ 2 \jv . . . , ^pφj] = [T|/j, , /^(p*)] a n d [ r

2 I ' r * ' '
zw<G*)-' = ^rΓ IZI' ' * ' ' Zψ(G*)^; h e n c e i n v i e w o f L i 8 w e h a v e : V ^ T 2 '
Q v . . . , Qk, F*\ = 0, V \T2, Qv . . . , βA, G*} = 0 and by virtue of (3^),
the assumption and L.10. we have: V {T2, Qp > δ̂ > F* + G*} = 0 and
[ T 2 1 z r ' z^(//) ] e QW(HY f o r e a c h H 6 A { F * + G * S ; t h e r e f o r e F * + G *
^"^(δt? > 2 )̂> which is inconsistent with the assumption.

Therefore in the second case we have also:

F* + Π aG* (a/x.) eP(Qv . . . , Qk); q.e.d.

L.2V. If F* + G* e P, x. TSw;{F*{, then F*+ Π aG*(a/χ.) e P.

Proo/: -If x. T Sw {G* (x./a)}9 then L.2V. follows from D.20. and
from some simple considerations.
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Let x. € Sw {G*(x./a)\, x 7 Sw \F*}, t = n {F* + Π aG*(a/x.)}, k = n
\F* + G*}, Qt [Qv . . \ , QtJ, N(Qt, t), N{Σ(F+Π aG*(a/x)), Qp . . . ,
ρ tl, [Γ° I ί r . . . , iwiH)] € Qw(H) for each H e A [F* + Π aG*f, and V {Γ°,
Q r . . . , Qt, F +ΠβG (*/x)}-0.

Because λ = n {F* + G*f > n {F* + Π *G* (a/x.)l = *,Σ(F* + G*) <Σ{F*
+ Π aG*(a/x.)}, therefore by virtue of L.13.7 LΛ6. and L.19. we obtain:
2* iQv > δ*-2]> N(2*+2> *+«,NίX(F + G*), β p . . . , ρfe} and V {T,
Q2, . . . , ρ^, F* + Π ΛG (Λ/*,)1 = 0, where T° = [T| 1, . . . , d, and for

each H i A {F* + Π aG* (a/x)\ we have [Γ | i p . . . , g w } ] e ρ^ ( / / ) .
Hence and in view of D.18: F* + Π aG*{a/x.) 7 P(QV . . . , Qk) and

by virtue of L.21. and the assumption F* + G* 7 P(Ql9 . . . , Q,) and there-
fore F* + G* ΓP.

The above consideration prove L.2V.

L.22.3 1 If F* + G*(x./a)€ P(QV . . . , βΛ), A = N {F* + Σ aG*}, r=X(F*
+ Σ *G ), N(r, Qv . . . , βA), N(β A > A), βA [ β p . . . , β ^ ^ ] , then
F +XβG e P ί β ^ . . . , βΛ).

Proof: -We assume that the assumptions of L.22. hold.
If x. TSw {G*}, then the proof is obvious.
Let x. € Sw {G*$, V {T, Qp . . . , Qt, F* + Σ αG*} = 0 and for each

H € A {F* + Σ <zG*}, [TI Zj, . . . , iw{H^ * QW(H)> h e n c e a n ( i by virtue of
(3d9) we obtain:

V \T, Q v . . . , Qt, F * } = 0 , V \T, Q v . . . , Qt, Σ aG*\ = 0 .

If x. e Sw {Σ czG*}, then taking H = Σ #G* we have [T | i p . . . , i^/^ J
6 ρ^ ( G/) and from (5<f) V {T, ρ p . . . , β£, G* (JVVΛ)} = 0; hence in vϊew of
(3d'), the assumption and L.10. we obtain V {T, Qp . . . , ρ ,̂ F* + G*
U./β)} = 0 and [T I i v . . . , f^^jl 6 β _ . ; for each H e A {F* + G* (x/e)};
therefore F* + G*(χ./<z) Γ P ( ρ ί ? . . . , Qk), which is impossible, and there-
fore F* + Σ aG* € P{QV . . . , ρ p in this case.

If x. € Sw {F*\, then analogously to above—using L.10. — we have:

Because r = Σ (F* + Σ *G*) > Σ (F* + G* (x^/a)) and r > w(G*), then
in view of the assumption and D. 14. there exists such T^ of the rank & that
[ r j l z r > ZU;(G*)' ^ e 2^(G*)+J a n d f o r e a c h H e Λ { F * + Σ aG**>

Hence in view of L.18. and (3^) V {Tv Qp . . . , ρ^, F*} = 0 and by
virtue of (5d>) and D. 15. V {Tv Qp . . . , Qk, G* (χ./a)\ = 0.

From the above and in view of (3d9) and L. 10. we have: V \T^, Q^,... ,
βA, F* + G* (x/a)} = 0 and for each H c A {F* + G* (χ./a)\ \X1 \ i p . . . ,
lw(H^ e Qw(H)> h e n c e F * + G * ( V β ) 7p(Qp ' ' > δA)»

 a n d therefore F* +
Σ aG* e P(Qp . . . , ρ^) in this case also.

If x. T Sw \F], x. T Sw {Σ aG*\ and F* + Σ ^G* has no free variables,
then because ρ^ is non-empty, then there exists such T̂  of the rank k that
[T1 \l]e Q1 and by virtue of L. 18; V { T p β p . . . , Qk, F*\ = 0 and V {Tp

Qv . . . , Qk, Σ aG*} = 0; hence in view of (5d9) and D. 15. V {Tp Qp . . . ,
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Qk, G(Xl/a)\ = 0 and therefore by virtue of (3d9) V {Tp Qv . . . , Qk, F* +
G*(x1/a)} = 0, which proves that F* + G*(xχ/a) 7 P(QV . . . , Qk), and
therefore F* + Σ aG* e P(QV . . . , Qk) in the third case.

If x. T Sw \F*}, x. T Sw {G*\ and—for the shortest writing—x^ e Sw{F* +
Σ aG*}, then analogously to the second case there exists such T̂  of the
rank k that [T, | £ , , . . . , i w ( G . y l] e Q w { G ^ v V {Tv Qv . . . , Qk, F*\ =

0, V \TV Qv . . . , Qk, Σ aG*) = 0 and for each H e A {F* + Σ aG*},

[T1\iv . . . , iw{HJ = [Γ I ίv . . . , z w ( H ) ] £ ρ ^ ( H ) ; therefore analogously

F* + G Ό Ϊ J / Λ ) 7P(QV . . . , Qk), and therefore F* + Σ «G* € P ( ρ 2 , . . . ,

The above considerations prove L.22.

L.22\ If F* + G* (*y/α) £ P, then F* + Σ aG* e P.52

Proof: -Because n {F* + G*(x./a)\ > Σ {F* + G*(ΛΓ./Λ)}, Σ {F* + G*
(x./β)} < Σ {F* + Σ aG\, then in view of L. 16, L.19. and L.22. we obtain
L.22y; the whole proof is analogous to the proof of L.2V.

L.23. If F + Π aG e P(Qv . . . , Qk), r = Σ {F + Π aG} > w(G) and N(r,
Qv . . . , Q )̂, then F + G(x./a) € P(Qp . . . , Q )̂.

Proof: —We assume the assumption of L.23, and let V {T, Q^, . . . ,
Qk, F + G(x./a)} = 0, and for each H e A {F + G(%y/tf)} [T | i p . . . , iw(H)]

Because r > w(G), then using D. 14. many times we obtain that there
exists such T1 that [T1 \ip . . . , ^ { G ( x / i | ) } , /] e Q^^j + p and for each

/ / f A i F + G(x./a)} [T\ϊ1, . . . , iw(H^ € QwfHy therefore in view of L. 18.
and (3d9): V [tp Qp . . . , QA> F} = 0, V \tp Qp . . . , QΛ> G(x /Λ)J = 0
and by virtue of (4d>) and (3d9) V { T p Q p . . . , Qk, F + Π αG} = 0 and by
virtue of L. 10. for each H e A \F + Π aG}, [Tt \%v . . . , ^ ( / / ) ] £ Qw{Hγ
hence F + Π aG TP(Qp . . . , 2^), which is inconsistent with the assump-
tion; therefore F + G(x./a) e P(Q1f . . . , Q,); q.e.d.

j l K

L.23\ If F + II aG e P, Π aG e C(F), Σ (F + Π aG) > w(G), then F + G
(x./a) e P.

Proof: -Because here Σ {F + Π aG} < Σ {F + G(xy/α)}, therefore in
view of L.16, L.19. and L.23. we obtain L.239.; the whole proof is anal-
ogous to the proof of L.21.

T.3. If £ is a thesis, then F £ P.

The proof of T.3. is inductive on the length of formalized proof of the
formula E and this follow from L.0, L.209, L.2V. and L.23'.

A simple conclusion from L.I, T. 1, T.2, and T.3. is:

T.4. A formula E is a thesis if and only if E ε P.

For example:
If E £ S£ί and E = S α^ . . . S Λ . H α i + J . . . Π tf^F, t nen E is a thesis

if and only if E e P (A, z).3 4
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Obviously:

P(k, l)CP(k+ ί , 2 ) C P ( i + 2 , 3 ) C . . .

From L. 12, L. 14, and T.4 follow some generalization of theorem

Gόdel-Kalmar, see [ l ] , [3] that the class of theses of the form Σ a-^ Σ a2

Π α^ . . . Π a^F, where F is a quantifierless formula containing no free

variables, is decidable:

The classes P {k, 1) and P(k, 2) are decidable, k = 1, 2, . . .

The monadic first-order functional calculus is decidable.

From T.4. we obtain the decidability function for the classes P(k, 1)

andP(&, 2), k= 1, 2, . . .

From [ l] follows that the decidability of the class P(4, 3) is equivalent

with the decidability of the class P(k, m), for m > 3, k > m; it follows also

that the function V defined in D. 18. for the classes P(k, m), m> 3, k> m,

i s not general recursive.

If we shall add to the considered functional calculus the description

of tables, then the above considerations we may write in the domain of

those theories, see [9].

Another characterization of theses of the first-order functional calculus

we shall obtain from [8] in the following way:

First of all we introduce the function V* which is defined for an ar-

bitrary finite sequence {Qn\, where ζλ are non-empty sets of tables of the

rank z, i = 2, , . . , « , for an arbitrary table T e Qk and for an arbitrary

formula F whose indices of the free variables are S k and k + p(E) ^.n:

(dl) Vj {T, { Q j , f ? ( x r l , . . . , X r J \ - l . * . F ? ( r v . . . , r j ,
(d2) V {T, {QJ, F'\ = 1 • Ξ - V1 {T, {QJ, F\ = 1 • Ξ V, {T, {Qj,

(d3) V1 {T,{QJ, F + G\ = 1 • Ξ V1 {T, {QJ, F\ = 1 v Vt {T, {Qj, G\ = 1,

(d4) Vj [T, {Qj, Π aF\ = 1 = (i) ί(ί <k)-*Vt [T, {Qj, F(x./a)\ = 1\ A

D. 19. F ePilQj) s (T) {(T e Q.(p)) - Vχ {T, {Qj , F\ = l\.

D.20. N ({Qj, G) = (i) (Γ2) (T2) (z + p(G) < ή) Λ (T^ e Q.) Λ (T £ Q f + J)

A (Γ2 = [Γ 2 I 7, . . . , £]> AVI iT2AQn\, G\ = l + V1 ITV {Qj, G\ =1.

D.21. F e P[G, {QJ] s N (\Qn\, G) + \F eP(\Qn\)l

D.22. F ε P In, E\ = ({^JX^GXtG e C(E)\ Λ {F 6 P[G, [Qj]]).

D.23. F e P |E| = . On) {(F e P {n, Ej) Λ (n > n(F))}.

D.24. E cP1 ΈΞ E e P | E | .

It may be proved, see [β]:

Γ.5. A formula F is a thesis if and only if E e Py

We note that if we shall replace D.22. by:

D.22\ F e P \n, E\ - = ({Q^D (F € P [F, {Q^Π), then analogously we may

show:

T.6. If E € Skt, then F is a thesis if and only if F e Py
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Γ. 6. may also be proved in another way.
The function V^ has interesting properties which may be applicable

to the verification of formulas of considered calculus, see [δ].
By a simple generalization of the above definitions we may obtain a

new characterization of theses of the first-order functional calculus with
added axioms U, see [4].

NOTES

1. The numbers in the square brackets refer to the bibliography given
at the end of this paper.

2. The symbols of this calculus are:

(a) free individual variables: %v x . . . (or simply x),

(b) apparent individual variables: α*, cu, ( o r simply a),
(c) functional variables with m-arguments: f^9 f™, . . . ,
(d) logical constants: ' (the negation), + (the alternative), Π (the gen-

eral quantifier),

3. Here the formula has the same meaning which has the well formed
formula. An expression in which an apparent variable a belongs to the
scope of two quantifiers Π a is not a formula.

4. It is Skolem's normal form for theses.

5. We see that every significant part of the formula £ is a formula.

6. We notice here that if Σ [F{x/a)\ = 0, then Σ {F(x./a)} = 0, for each i.
In exactly given cases the number Σ(F) may be less than defined

above.

7. The dots separate more strongly than parentheses.

8. If U is empty, then we say that E^, . . . , En is a formalized proof of
E, or—briefly—a formalized proof.

9. This is a form of Herbrand's theorem.

10. See T.l.

11. See [2].

12. L. 1 asserts the existence of Skolem's normal form for theses.

13. The whole proof of these lemmas is given in [5]-

14. This lemma is proved by L. Kalmar in [3].

15. ( Ό we read: for each T (of the respective rank)
(3T) we read: there exists such T that

16. Another extension of model M̂  to model M € Rt, for every t, is given
in [5].
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17. See footnote 15. We notice that T^ i s an extension of T with some
conditions.

18. We notice that M is here a monadic model.

19. If [T \ ί, j] € Q2, then we assume Γ = T r

20. To the proof of L.15. and L.16. we use also L.5, L.7, L.8. and L.9.

21. If m = 0, then we write R(T, T, z).

22. See footnote 15.

23. (G) we read: for every G; (3G) — there exists G such that

24. We assume that [T | ] e 2Z , for each z; we have this case when // has
no free variables.

25. We notice that Σ aF = (Π aF')'.

26. Then E results from E° by replacing the free variables with indices
/ , , . . . , / /£?o) correspondingly by free variables with indices z*,... ,

27. Obviously i p . . . , z^ ( £ ) , j χ j . . . , Jw(Eo) 1 &

28. It is easy to show:

(5") If F + G + G * P ( ρ p . . . , QΛ), then F + G e P(Qp . . . , Qk).
(5") If F + G + G e P, then F + G ί P .

See p. 3, (1,7) and footnote 34.

29. If i ^ /, then we assume

( T , if £ - /

( [ r 2 I 2, . . . , /~2, z, y+2, . . . , z~2, /, z+2, . . . , * ] , if i > /.

30. Since x. TSw {F*}, then we may write here z ^ ^ for «w{G* ( e/x #){

31. The reader may omit this lemma in the first reading.

32. See footnote 31.

33 We notice here that if the Skolem's normal form for theses does not be-
long to P, then ETP,

34. Another proof of this theorem we may obtain from T.I, T.2. and L.0,
L.20\ L.2V, L.22% see p. 4, (1,7), (1,8) and footnote 28.
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