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EXAMINATION OF THE AXIOMATIC FOUNDATIONS
OF A THEORY OF CHANGE. V

LAURENT LAROUCHE

Third Part*

§5

§5. Independence Independence is not an essential requirement of axiom
systems; rather, it belongs to the realm of aesthetics. It is a question of
whether we can reduce the number of axioms, i.e., whether any one of the
axioms can be derived from the other ones. Assuming, for example, that
A1} . . . , An are axioms, then An is said to be independent of Al9 . . . , Aw_1?

if An cannot be derived from Ax, . . . , Aw.1# In order to prove that An is not
derivable from A1? . . . , A^!, we choose a domain ω of individuals such that
Al9 . . . , Aw_! are satisfied in ω while An is not. The proof of independence
is here limited to those axioms which were used in the derivation of
Theorem 7.9:

A 3.1.2 x ~ y-* y ~ x
A 3.2.3 x< y *y< z-* x< z
A 3.3 x < y -*lx ~ y
A 3.5 xλ < y ΛX2 < y —» Gx1xz

A 3.6 x < yXAX < y2 —> Gy1y2

A 5.1 Axa —* Fxct
A 5.2 xx < X2 Λ Ψx2a —» Ψxλa
A 6.2 Uxya — 3;y0 (x - y0 *y0 < y)
A 6.3 Mxya -* kya
A 6.4 hAxyaAX ~ y0 ^ y1 < y -* lA^α
A 6.7 Vyιy2oί-^ ixly {χ~y*yx^y <y2Ahλxy2a)
A 7.2 BxyotΛByza -• Bxza
A 7.3 PΛrαiΛA^α-* WAΓ̂ U:

A 7.5 MΛΓ^CZΛ Aza -» Bzxa

*The first, second, third and fourth parts of this paper appeared in Notre Dame
Journal of Formal Logic, vol. IX (1968), pp. 371-384, vol. X (1969), pp. 277-284,
vol. X (1969), pp. 385-409, and vol. XII (1971), pp. 378-380, respectively. They will
be referred to throughout this part, as [I], [II], [III] and [IV]. See additional
references given at the end of this paper.
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1. Independence of Axiom 7.5 from the others. The model consists of:

I a) a domain S of individuals for momentaneous subjects

(al9 a29 a3\

S = < V, where Φ al9 a29 a39 bl9 b29 b3

{bi, bz> 63 )

b) a domain Z of individuals for properties

Z = {a}

II. an interpretation for our notions as follows:

Q>\ ~ #i> a2 ~ a29

 a3 ~ #3? b\ ~ δi, δ 2 ~b2) b3 ~ 63

~ # ! ~ 6i, <22 ~ b2, a3 ~ δ3, δi ~ α 1 ? δ2 ~ <̂2> δ3 ~ ̂ 3

Ίαi ~ α2> lαχ ~ α3, Ία2 ~ α3, Ίδi ~ δ2?
 e *c. Ί for all other cases

. ax < <22, «i < ^3, α2 < «3> δx < δ2, δx < δ3, δ2 < δ 3

la2 < 0i, Ί«3 < «!, etc. Ί for all other cases

G α ^ , Gα!α3, G^2a3, Gδ!δ2, Gδiδ3, Gδ2δ3, Gαiαi, Gα2α2, Gα3α3,

G Ga2aίy Ga&i, Gα3α2, Gδ2δx, Gδ 3δ u Gδ3δ2, Gδiδi, Gδ2δ2, Gδ3δ3,

iGα^i, ΊGδ2α1? etc. Ί for all other cases

hAaxb3a, hλa2b3a,

lMaxb2a, iNibxa3a, etc. Ί for all other cases

A ΊAαjα, iΔa2a, lAa3a, lAb^, iAb2a, Ab3a

F iFa^, Ίfa2a, iFa3a, Fb^, Fb2a, Fb3a

P lPaxa, ΊPα2Q!, ΊPa3a, Pbλa, Pb2a, Pb3a

V ybxb3a, Vδ2δ3α!,-|Vα1α2α!, etc. Ί for all other cases

ΊBa^a^^ΊBa^^, ΊBδ^iQ!, iBbrp^, ΊBδgα^, Baxaxa, Ba^a, Bα3θ3«,

Ba^a, Baγa3a, Ba^a, Ba^ 2o:, Bαiδ3cκ, Bδ^iQί, Bδ2δ2Q!, Bδ3δ3Q!,

lBa3a2a, iBb^ajlBb^a, iBb3a2a, Bα3δ3ciί,

Ba2a3a, Ba2bλa, Ba2b2a9 Ba2b3a, Bb3a3a,

Bbγa3a, Bb2a3a, Bbxb2a, Bb^a, Bb2b3a,

ΊB^δiα:, iBa3b2a, lBb2bxa, iBb3bxa, iBb3b2a,

w W^α^Q!, yNaxa3a9 Vta^a, V4axb2a, Wα1δ3cu, Wα2α3of, Wαgδ^, Wα2δ2α!,

\Na2b3a, Wb^a, )Nb2a3a9 Vtbxb2a9 )Nbxb3a, Vib2b3a, etc. Ί for all other

cases

I lα3δ30!, \a1a1a9 Xa^-μ, \bxbxa9 \b2b2a9 \b3b3a9 \a3a3a, etc. Ί for all other

cases

This model verifies all axioms except 7.5 which fails in this model because

Max b3a Λ A δ3α: Λ Ί Bb3axa holds.

2. Independence of Axiom 7.3 from the others. The model consists of:

I. a) a domain S of individuals for momentaneous subjects

(al9a2, a3)

S = j > , w h e r e ΦaX9a2,a39bX9b29b3

\bX9 δ2, δ 3)
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b) a domain Z of individuals for properties

z = {«}

II. an interpretation for our notions as follows:

ax~al9 a2 ~a2, a3 ~ a3, bx ~ bX9 b2 ~ b2, b3 ~ b3

~ ax ~ bx, a2 ~ b2, a3 ~ b3, bx ~ ax, b2 ~ a2, b3 ~ a3

iax ~ a2,-\a1 ~a3, Ίbx ~b2, etc. Ί for all other cases

. aλ < α 2 , aγ < α 3 , α 2 < «3> δ x < b2, &i < 63? ^2 < δ 3

Ία 2 < α1 ? Ί α 3 < αx, etc. Ί for all other cases

Qaλa2, G«iα3, Gα2«3, Cb1b2, Gbιb3} Gb2b3, Oaιax, Ga2a2, Ga3a3,

G Gα2α1 ? G α ^ , Gα3θ2, Gb2bly Gb3bγ, Gb3b2, Gbxbu Gb2b2, Gb3b3,

iGa^i, nG&i«i, etc. Ί for all other cases

Uaλb3a, Ua2b3a,

~λVAaγb2a, i^Abxa3a, e t c . 1 for a l l other c a s e s

A iAaλa, iΔa2a, 1 ka3a, lAZ^α, Ί A62of, Aδ3oί

F lFaλa, iFa2a, lFa3a, ?bxa, Fb2a, Fb3a

P iPaxaf iPa2a, lPa3a, Pbxa, Pb2a, iPb3a

V \ίbxb3a, Vb2b3a, Ί y a x a 3 a , e t c . Ί for a l l other c a s e s

Ba2aλa, Ba3aλa, Bb^a, Bb2axa, Bb3axa, Baλaxa, Ba2a2a, Bα3α3α,

lBb2b3a,

~ΛBaxa2a, "λBaxa3a, ΊBaxbxa, iBaxb2a, iBa^a, Bbxbxa, Bb2b2a, Bb3b3a}

B Bb3b2a,

Ba3a2a, Bbxa2a, Bb2a2a, Bb3a2a, lBbxa3a, lBb2a3a, lBb3a3a, iBb^a,

-λBbxb3a,

lBa2a3a, ΊBa^a, lBa2b2a, iBa2b3a, Ba3bxa, Ba3b2a, Ba3b3a, Bb2bxa,

Bb3bγa

)Na2axa, Ίia3aλa, \Nbxaxa, Ψlb2aλa, Wδ3α1o:, Vfa3a2a, Wb^a, Wb2a2a,

W yNb3a2a, Wαs61α, Wα3δ2of, Wa3b3a, ^Nb2bxa, m&a, Wlb3b2a, etc. 1 for all

other cases

This model verifies all axioms except 7.3 which fails in this model because

PbxaA Ab3aAlΉbχb3a holds.

3. Independence of Axiom 7.2 from the others. The model consists of:

I. a) a domain S of individuals for momentaneous subjects

(a19 a2, aΛ

S = < >, where Φ al9 α 2 , α 3 , b1} b2, b3

(bub29b3)

b) a domain Z of individuals for properties

Z={a}
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II. an interpretation for our notions as follows:

aγ ~ «!, a2 ~ a2, a3 ~ a3, bλ ~ bl9 b2 ~ b2, b3 ~ b3,
aγ~ b19 a2 ~ b2, a3 ~ bS9 bγ ~ al9 b2 ~ a2, b3 ~ a39

Λaγ ~ a2,Ίaι ~ a3, etc. Ί for all other cases

< ax< a2, aλ < a3, a2 < α3, bλ < b2, bι < 63, δ2 < 63,
la2< alyia3< alf etc. Ί for all other cases

Gaλa2, Gaλa3, Ga2a3, Gbxb2, Gbλb^ Gb2b3, G α ^ , Ga2a2, Ga3a3,
G Ga2ax, Ga3aly Ga3a2, Gb2bly Gb3bλ, Gb3b2, Gbxb19 Gb2b2, Gb3b3,

~\Gaιb1, iGbιaι, etc. Ί for all other cases

M bAa^a, \Λa2b3a, ΊMα1δ2α, ΊΪsAb^a, etc. Ί for all other cases

A ΊΔaλa, Ίka^a, iΔa3a, iΔ^a, lΔb2a, Δb3a

F iFafl, iFc^a, lFa3a, F M , Fb2a, Fb3a

P ΊPαiOf, ΊPa 2 a, Ί P a 3 a , Pbxa, Pb2a, iPb3a

V ybxb3a, Vb2b3a, ^Vaγa3a, etc. Ί for all other cases

iBa^a, Ba3axa, Bb^a, BMi«, Bb3axa, B ^ α , Ba2a2a, Ba3a3a,
Bbxb3a,

Baxa2a, i β α ^ α , iBa^^, iBa^a, iBfl!63a, Bb^a, Bb2b2a, Bb3b3a,

β Ί B 6 3 M ,
ΊBα3«2«, Bbxa2a, Bb2a2a, Bb3a2a, Bb^a, Bb2a3a, Bb3a3a, Bbγb2a,

Bb2b3a,
Ba2a3a, ΛBaφ^, iBa2b2a, iBa2b3a, lBa3bxa, iBa3b2a, Ba3b3oι, i B M ^ ,

Ί Bb3b2a

Wα1α2o;, Vla^a, Vίb^a, Wδ2#itf> ^Nb3axa, Vta2a3a, Wδ1α2^5 Wδ2α2α,
W \Nb2a3a,

>Nb3a2a, Wb^a, \Nbxb2a, W^^of, Wlb2b3a, etc. Ί for all other cases

. \a3b3a, \aιaγa, \a2a2a, \a3a3a, Iδ1&1α, \b2b2a, \b3b3a, etc. Ί for all other
cases

This model verifies all axioms except 7.2 which fails in this model because
Ba2a3a Λ Ba3aγa Λ η Ba2aγa holds.

4. Independence of Axiom 6.7 from the others. The model consists of:

I. a) a domain 5 of individuals for momentaneous subjects

!

#1> #2> dΛ

δi, b2, b3 \, where Φ au d2, d3, bx, b2, b3, c1? c2, c3

Cl> C2, ^3 )

b) a domain Z of individuals for properties

II. an interpretation for our notions as follows:
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a1 ~ al9 a2 ~ a2, a3 ~ a3, bx ~ bl9 b2 ~ b2, b3 ~ b3, cx ~ cl9 c2 ~ c2,
c3 ~ c39

ax ~ 61, aγ ~ cl9 &i ~ cl9 a2 ~ δ 2 , «2 ~ c 2 , &2 ~ ^2? a3 ~ δ 3 > <̂ 3 ~ c 3 ,

~ &3 ~ c 3 ,

δi ~ α 1 ? cL ~ α 1 ? cι ~ bl9 b2 ~ α2> c 2 ~ «2, c 2 ~ b2, b3 ~ α 3, c3 ~ α3,
^3 ~ b3,

lai ~ a2,Ί(iι ~ a3,
 e ^ c Ί for all other cases

ax < a2, ax < a3, a2 < α 3, bx < b2y bλ < b39 b2 < b3, cλ < c2, cx < c3,
< c2< c3,

Ίa2 < al9 Ίa3 < alf etc. Ί for all other cases

Oaιa2, Gaxa3, Ga2a3, Obλb2, Obλb3, Gb2b3, Qcλc2, Gc^, Gc2c3, Gaxaγ,
Ga2al9 Ga3ax, Ga3a2, Gb2bly Gb3bly Gb3b2, Gc2cl9 Gcacl9 Gc3c2, Gα2α29

Gα3α3, Gbλbl9 Gb2b2, Gb3b39 G q q , Gc2c2, Gc3c3,
ΊG«I&I, iG&iίii, etc. Ί for all other cases

M \Λαλc3α, Kλα2c3α, ~~[\Aαλb3α, ihA^^α, etc. Ί for all other cases

A Άkαxα, iΔα2α, iΔα3α, ΊAbλα, Άkb2α, Δb3α, iΔcxα, iAc2α, Ac3α

F ΊFα1α9ΊFα2α9ΊFα3ot, Fbλα, Fb2α, Fb3α, Fcλα, Fc2α, Fc3α

P ΊPαxα9 lPα2α, iPα3α, Pbxα9 Pb2α, lPb3α, Pcxα9 Pc2α9 iPc3α

Vbxb3a, Vb2b3a, Wc^^, Vc2c3a,
iVa^a, iVb^a, etc. Ί for all other cases

Bα2αiα, Ba^a, Bbλaλa9 Bb2a1a, Bb3axa, Bc^a, Bc^a, Bc3axa9

ΊBa^a, ΊBaλa3a, "\Ba1bιa9 ΊBaλb2a, iBa^a, iBa^a, ^Ba1c2a9 ΆBa^^,
Ba3a2a, Bbλa2a, Bb2a2a, Bb3a2a, Bcλa2a, Bc2a2a, Bc3a2a, Bb2c2a9

Bb2c3a,
lBa2a3a, iBa2bλa, ~\Ba2b2a, iBa2b3a, ~\Ba2c1a9 iBa2c2a, iBa2c3a, Bc2b2a,
lBc3b2a,

Bbxa3a9 Bb2a3a9 Bb3a3a, Bc^a, Bc2a3a, Bc3a3a9 Bbxb2a9

B iBa3bίa9iBa3b2a, Ba3b3a, ~λBa3cγa9 lBa3c2a9 Ba3c3a9 ΊBδ-Aα,
Bbλb3a, Bb^fl, Bb1c2a9 Bbλc3a, Bb2b3a,ΊBb2cxa, Ba1aιa9 Ba2a2a9

Ba3a3a,
ΊBb^a, Bc1b1a,lBc2b1a,iBc3b1a,iBb3b2a, Bcxb2a, Bbxbxa, Bb2b2a9

Bb3b3a,
iBb^a, ΊBb3c2a, Bb3c3a, Bcxc2a, Bcxc3a9 Bc2c3a, Bc^a, Bc2c2a,

Bc3c3a9

Bcxb3a, Bc2b3a, Bc3b3a, iBc2cxa, iBc3cxa, lBc3c2a

Vla2axa9 Ψa3axa9 Wΰ^cϋ, ^ib2axa, yNb3aλa9 Ψic^a, Wc2a1a9 Wc3α1o?,
Ήa3a2a, yNbxa2a9 Wb2a2a9 ^Nb3a2a, V4cγa2a, Wc2a2a, Vfc3a2a9 Ήbxa3a,
V4b2a3a,
Ήbxb2a, Ήbxb3a} Ήb2b3a, ]Nbxc2a, \Nb2c3a, ]Nbxc3a9 yNcxb2a9 Ήcxb3a9

Wc2δ3α,
Wc^sύf, Ήc2a3a, \Ncxc2a9 V^cxc3a, Ήc2c3a, etc. 1 for all other cases
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. IδiCiQ!, \b2c2a, \a3b3a9 \a3c3a, \b3c3a, \aλaλa9 \a2a2a, \a3a3a,

\bxbxa9 \b2b2a, \b3b3a, \cxcιa, \c2c2a, \c3c3a, etc. 1 for all other cases

This model varfies all axioms except 6.7 which fails in this model because

Vδi b3a, x ~ y hbx^ y < b3-> y = bxv y = b2, x ^ bλ -^ x = aλv x = bλv x = cl9

and x ~ b2 -» x = α2v x = b2v x = c2 hold, while i M α ^ , iM&!&3, i M c ^ ,

lMα2δ3, ΊMδ2δ3, ΊMc2δ3 also hold.

5. Independence of Axiom 6.4 from the others. The model consists of:

I. a) a domain S of individuals for momentaneous subjects

(a19 a2, a3\

S = <bly b2, b3 >, w h e r e Φ al9 a2, a3, b19 b2, b3, cx, c2, c3

( c i , c2, c3)

b) a domain Z of individuals for properties

II. an interpretation for our notions as follows:

ax ~ aλ9 a2 ~ a2, a3 - α 3, 6X - δx, δ2 ~ δ2, b3 - &3, cx ~ Cl, c2 ~ c2,

c3 ~ c3,

αi ~ 6i, cti ~ Ci, δi ~ Ci, α 2 ~ &2, «2 ~ c 2 , b2 ~ c 2 , a3 ~ b3, a3 ~ c 3 ,

~ ^3 ~ C3,

bλ ~ au Ci ~ al9 Ci ~ δ ^ δ 2 ~ «2? c 2 ~ ^2? c2 ~ b2, b3 ~ α 3 , c 3 ~ α 3 ,

c3 - δ3,
!«! ~ α2, Ί#i ~ α3, etc. Ί for all other cases

aλ < α 2, αx < α 3, a2 < α 3 ) δx < b29 bλ < b3, b2 < δ3, cλ < c 2 , cλ < c3,

< c2< c 3,
Ίa2< a1}ia3< alf etc. Ί for all other cases

G α ^ , G^i«3, Gα2α3, G6iδ2, Obγb39 Gb2b3, Gcxc2, GciC3, Gc2c3, Gaγaι,

_ Gα2αx, G α ^ i , Gα3α2, Ob2bl9 Gb3bl9 Gb3b2f Gc2cl9 Gc3cl9 Gc3c2, Ga2a2,

Ga3a3, G&i&i, Gb2b29 Gb3b3, Gc^Cγ, Gc 2 c 2 , Gc 3 c 3 ,

ΊGαiδu ΊGδ^!, etc. i for all other cases

M α ^ α , YΛa2b3a9 MaιC3a9 Vλa2c3a9

lMalb2a9iMa1c2a9 etc. Ί for all other cases

A ΊAa xa, ΊAα2Q!, iAα3o:, kbλa9 kb2a9 Aδ3oί, ΊACiO!, iAc2Q!, Ac3α

F iFa^, iFa2a, iFa3a, Fbxa, Fb2a9 Fb3a, Fcλa, Fc2a, Fc3a

P lPa1a9iPa2a,iPa3a9iPb1a,-\Pb2a9lPb3a9 Pcxa9 Pc2a9lPc3a

V Vcλc3a, Vc2c3a, IV6I63CU, iVb2b3a9 etc. Ί for all other cases

Ba&id, Ba^id, Bb1a1a9 Bb&γOi, Bb3aia, Bc^iQi, Bc2αiα, Bc3αi0i,

ΛBaγa2a9 π B a ^ α , iBa^a, lBaλb2a9 iBaxb3a, iBa^^, ΛBaxc2a9 lBaxc3a9

Ba3a2a9 Bbλa2a9 Bb2a2a9 Bb3a2a, Bcxa2a9 Bc2a2a, Bc3a2a9'λBb2c2a9

Bb2c3a9
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lBa2a3a, iBa2bxa, iBck^a, iBa2b3a, iBa2cxa, iBa2c2a, iBa2c3a, Bc2b2a,
Bc3b2a,
Bbxa3a, Bb2a3a, Bb3a3a, Bcxa3a, Bc2a3a, Bc3a3a, Bbxb2a,

B Ba3bxa, Ba3b2a, Ba3b3a, iBa^^, lBa3c2a, Ba3c3a, BMiQf,
Bbxb3a, ^Bbxcxa, iBbxc2a, Bbxc3a, Bb2b3a,lBb2cxa, Baxaxa, Ba2a2q,
Ba3a3a,
Bb3bxa, Bcxbxa, B c 2 M , Bc3bxa, Bb3b2a, Bcxb2a, Bbxbxa, Bb2b2a,
Bb3b3a,

~λBb3cxa, ~λBb3c2a, Bb3c3a, Bc^^, Bcλc3a, Bc2c3a, Bc^yd, Bc2c2a,
Bc3c3a,
Bcγb3a, Bc2b3a, Bc3b3a, iBcz^a, lBc3cxa, iBc3c2a,

W^jQ!, Ψla^a, Wb^a, Ήbz^a, Wlb^a, Wc^a, Wca^cϋ, Wc^a,
\Na3a2a,
Wbxa2a, WδaOgd!, Ylb3a2a, W c ^ α , Wc2α2o:, \Nc3a2a, Vlc^a, yNc2bxa,
)Ncλb2a,
V1c2b2a, W c ^ α , Wc2α3αf, yNcxb3af Wc2b3a, WC1C2Q;, W c ^ α , Wc2c3α,
etc. Ί for all other cases

\a3bλa, \a3b2a, \bxb2a, \bιb3a, \bxc3a, \b2b3a, \b2c3a,
I \a3b3a, \a3c3a, \b3c3a, \axaxa, \a2a2a, \a3a3a, \bxbxa,

\b2b2a, \b3b3a, lciCxα, \c2c2a, \c3c3a, etc. Ί for all other cases

This model verifies all axioms except 6.4 which fails in this model because
Mα1δ3of Λfli ~ bx ^ b2 < b3Λ kb2a holds.

6. Independence of Axiom 6.3 from the others. The model consists of:

I. a) a domain S of individuals for momentaneous subjects

(a19 α 2, a3\

S = < δi, b2, b3 >, where Φ au a2, a3, bl9 b2, b3, cx, c2, c3

(ci, C2, C3)

b) a domain Z of individuals for properties

Z={a}

II. an interpretation for our notions as follows:

~ as in 5.

< as in 5.

G as in 5.

M tsAaιb3a, bΛa2b3a, YΛaιC3a, tsAa2c3a,

lMα1δ2α,iMfl1c2cί, etc. Ί for all other cases

A iAaxa, iAa2a, iAa3a, lAbxa, lAb2a, lAb3a, lAcxa, lAc2a, Ac3a

F ΊfaxOί, lfa2a, iFa3a, Fbxa, Fb2a, Fb3a, Fcxa, Fc2a, Fc3a

P ΆPaλa,ΆPa2a, ~\Pa3a, Pbxa, Pb2a, Pb3a, Pcxa, Pc2a, iPc3a

V \ίcxc3a, Vc2c3a, iVb^a, Ί\/b2b3a, etc. Ί for all other cases



60 LAURENT LAROUCHE

Ba2axa, Ba3axa, Bbxaxa, Bb2aλa, Bb3aγa, Bc^a, Bc2axa, Bc3aγa,

lBaxa2a, ΊBaxa3a, iBa1bιa9iBa1b2a9 ~λBaγb3a, π B α ^ α , iBα1c2Q!, π B α ^ α ,

Ba3a2a, Bbλa2a, Bb2a2a, Bb3a2a, Bcγa2a, Bc2a2a, Bc3a2a, Bb2c2a,

Bb2c3a,

lBa2a3a, iB<z2M> lBa2b2a, i B a 2 b 3 a , iBa2cιa9 lBa2c2a, iBa2c3a, Bc2b2a,

-\Bc3b2a,

Bbxa3a, Bb2a3a, Bb3a3a, Bcλa3a, Bc2a3a, Bc3a3a, Bbxb2a,

B iBa^^.ΊBa^a, lBa3b3a, ΊBa3cxa, iBa3c2a, Ba3c3a, Bb2bxa,

Bbxb3a, Bbλcλa, Bbλc2a, Bbλc3a, Bb2b3a, Bb2cλa, Baγaxa, Ba2a2a,

Ba3a3a,

Bb3b±a, Bc^iCϋ, Bc2bλa, ΛBc3bλa, Bb3b2a, Bc^a, Bbλbxa, Bb2b2a,

Bb3b3a,

Bb3cλa, Bb3c2a, Bb3c3a, Bcxc2a, Bc^a, Bc2c3a, B c ^ α , Bc2c2a,

Bc3c3a,

BCib3a, Bc2b3a, iBc3b3a, Bc2cγa, ΊBC^^, lBc3c2a

y\la2a1a, \Na3axa, ^Nb^γa, \Nb2aγa, ^Nb3aλa, yNc^a^a, \Nc2a1a, yNc3axa,

\Na3a2a,

w yNbxa2a, yNb2a2a, \Nb3a2a, Wc1α2Qί, \Nc2a2a, \Nc3a2oi, Wδ1α3o:) \Nb2a3a,

yNb3a3a,

^Nbxc3a, W62c3α, Wδ3c3α, WqCgO!, \Nc2c3a, \Ncιa3a, \Nc2a3a

etc. Ί for all other cases

\bxb2a, \bxb3a, \b2b3a, Ib&a, \bλc2a, \b2cλa, \b2c2a, Ib^a,

I \b3c2a, \a3c3a, \cxc2a, \aγaγa, \a2a2a, Xa^a, ϊb^a, \b2b2a,

\b3b3a, \cιc1a, \c2c2a, \c3c3a, etc. Ί for all other cases

This model verifies all axioms except 6.2 which fails in this model because

M θ2b3a Λ Ί A b3a holds.

7. Independence of Axiom 6.2 from the others. The model consists of:

I. a) a domains of individuals for momentaneous subjects

b3 L where Φa19a2,a3, b3, cl9 c2, c3

Ci, C2, C3)

b) a domain Z of individuals for properties

Z = {a}

II. an interpretation for our notions as follows:

ai ~ ai> a2 ~ a2, a3 ~ a3i b3 ~ b3, cλ ~ c 1 ? c2 ~ c2> c3 ~ c3, a,\ ~ Cχ9

^ a2 ~ c2,

C\ ~ al9 c2 ~ a2i a3 ~ b3, a3 ~ c3, b3 ~ c3, b3 ~ a3, c3 ~ a3, c3 ~ b3,

Ία x ~a2yia2 ~al9 etc. Ί for all other cases

< aλ<a2, a1<a3,a2<a3,c1<c2ic1<c3,c2<c39

Ία 2 <a1,ia1 < b3, etc. Ί for all other cases
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Gaxax, Ga2θ2, Ga3a3, Gcxcx, Gc2c2, Gc3c3, Gaxa2, Gaxa3, Ga2a3, Gb3b3,
G Ga2ax, Ga3ax, Ga3a2, Gcxa2, Gcxc3, Gc2c3, Gc2cx, Gc3cx, Gc3c2,

~\Gaxb3, lGb3ax, etc. Ί for all other cases

M hλaxb3a, Ma2b3a, Maxc3a, tsAa2c3a,

lMa3b3a, Ί\sAaxc2a, etc. Ί for all other cases

A iΔaxa,Ί ka2a, ~]Aa3a, Aδ3αf, iΔcxa, ~\Ac2a, Δc3a

F iFaxa, lFa2a, iFa3a, Fb3a, Fcxa, Fc2a, Fc3a

P iPaxa, lPa2a, Ί?a3a, lPb3a, Pcxa, Pc2a, iPc3a

V Vcxc3a, Vc2c3αf, iVb3b3a, i\laxa3a, etc. Ί for all other cases

Ba^a, Ba3axa, Bb3axa, B c ^ α , Bc2axa, Bc3axa, Baxaxa, Ba2a2a,
Ba3a3a,

Ί Baxa2oί} l Baxa3a, l Baxb3a, Ί Baxcxa, Ί Baxc2a, lβaxc3a, Bcxcxa, Bc2c2a,
Bc3c3a,
Ba3a2a, Bb3a2a, Bcxa2a, Bc2a2a, Bc3a2a, Bb3a3a, Bcxa3a, Bc2a3a,
Bc3a3a,

ΊBa2a3a, iBa2b3a, ~]Ba2cxa, iBa2c2a, lBa2c3a, Ba3b3a, iBa3cxa, iBa3c2oi,
Ba3c3a,
Bcλb3a, Bc2b3a, Bc3b3a, Bcxc2a, Bcxc3a, Bc2c3a, Bb3b3ay

-\Bb3cxa, iBb3c2a, Bb3c3a, iBc2cxa, iBc3cxa, iBc3c2a

)Na2axa, \Na3axa, )Nb3axa, Wcxaxa, Ήc2axa, Wc3axa,

w Wα3α2Q!, Wδ3α2oι? Wcxα2α, Wc2a2a, Wc3a2a, )Ncxa3a,
)Nc2a3a, \Ncxb3a, Wc2b3a, WciC2Qf, \Ncxc3a, \Nc2c3a,
etc. Ί for all other cases

\a3b3a, \a3c3a, \b3c3a, \axaxa, Ka^a^a,
\a3a3a, \b3b3a, \cxcxa, \c2c2a, Ic3c3o;, etc. Ί for all other cases

This model verifies all axioms except 6.2 which fails in this model because

13^0 (̂ o < 3̂) Λ Maxb3a holds.

8. Independence of Axiom 5.2 from the others. The model consists of:

I. a) a domain S of individuals for momentaneous subjects

!

#i> #2> as)

b2, b3\ , w h e r e ϊax,a2,a3ib2,b3,cx, c2,c3

cx, c2, c3)

b) a domain Z of individuals for properties

II. an interpretation for our notions as follows:

ax ~ ax, a2 ~ a2, a3 ~ a3, b2 ~ b2, b3 ~ b3> cx ~ cx, c2 ~ c2, c3 ~ c3,
^ ax ~ cx, a2 ~ b2, a2 ~ c2, b2 ~ c2, a3 ~ b3, a3 ~ c3, b3 ~ c3,

cx ~ ax, b2 ~ a2, c2 ~ a2, c2 ~ b2, b3 ~ a3y c3 ~ α3, c3 ~ δ 3,
Ίax ~ α2, Ί β 2 ~ <Zi> etc. Ί for all other cases
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. aλ< a2y aλ < α3, a2 < a3, b2 < b3, cλ < c2, cλ < c3, c2 < c3,
Ία2 < #i, "1̂ 3 < «i, etc. Ί for all other cases

Gaλa2i Gaxa3, Ga2a3, Gb2b3y Gcλc2, Gcλc3, Gc2c3,
Ga2aly Ga3ax, Ga3a2y Gb3b2y Gc2cλ, Gc3cλ, Gc3c2y

Gaxaly Ga2a2, Ga3a3, Gb2b2, Gb3b3, Gc1c1, Gc2c2, Gc3c3,
ΆGa1b1,~λGb1a1, etc. Ί for all other cases

M VΛa^c^, M^CgQfjΊMαi&aQ!, etc. Ί for all other cases

A lAc^α, ΊAα2α, ΊAα3α, lAδ2α, A63a, Ί Acλa, Ί Ac2α, Ac3oί

F Ά?aλa, iFa2a, iFa3a, lfb2a, Fb3a, Fcλa, Fc2a, Fc3a

P iP^a, lPα2of, i?a3a, lPb2a, iPb3a, Pcλa, Pc2a, iPc3a

V VCiCaCK, Vc2c3a, iVb2b3a, etc. Ί for all other cases

Ba2«i«> Ba3axa, Bb2aλa, Bb3aλay Bcλaxa, Bc2aλa, Bc3axa,
ΛBaxa2a, ^Baxa3a, iBa^a^iBa^a^Ba^xa, ΊBaλc2a, -\Baxc3a,

Ba3a2a, Bb2a2ot, Bb3a2a, Bc1a2a, Bc2a2a9 Bc3a2a, Bc2b2a,iBc3b2a,
iBa2a3a, iBa2b2a, iBa2b3a, "λBa2cγa9 iBa2c2a, iBa2c3a, Bb2c2a, Bb2c3a,

Bb2a3a, Bb3a3a, Bcxa3a, Bc2a3a, Bc3a3a, Bb2b3a, Bc^a^BbzC^,
lBa3b2a, Ba3b3a, -ΛB^C^, iBa3c2a, Ba3c3a,iBb3b2a, Ba^a, Ba2a2a,

Ba3a3a,
Bcxb3a, Bc2b3a, Bc3b3a, Bcxc2a, Bc^^pί, Bc2c3a, Bb2b2a, Bb3b3a,

ΊBbsCfl, iBb3c2a, Bb3c3a, iBc^iOi, iBc^a, iBc3c2a, Bc&a, Bc2c2a,
Bc3c3a

Vίa2axa} Ψia^a, Vib^a, Ψlb3aλa, Vic^a, Ήc2aλa, ^lc3aλa, Wa3a2a,

w Wb2a2a, W&3α2Q!, Wc^α, Wc2α2α, Ήc3a2a, \Nb2a3a, Ήc&a, Wc2a3a,
Ψlb2b3a, Wc^a, Wb2c3a, Wc^a, Ήc2b3a, Wcλc2a, Wc^α, Wc2c3αf,
etc. Ί for all other cases

\b2c2a, \a3b3a, \a3c3a, \b3c3a, \axaxa, \a2a2a, \a3a3a, \b2b2a,
\b3b3a, \cxc\a, \c2c2a, \c3c3a, etc. Ί for all other cases

This model verifies all axioms except 5.2 which fails in this model because
b2 < b3 Λ Fb3a ΛΊ Fb2a holds.

9. Independence of Axiom 5.1 from the others. The model consists of:

I. a) a domain S of individuals for momentantous subjects

(a1} a2, aΛ

S = < b3 >, where Φ a19 c^, a3, b3, cl9 c2, c3

b) a domain Z of individuals for properties

II. an interpretation for our notions as follows:

~ as in 7.



A THEORY OF CHANGE 63

< as in 7.

G as in 7.

M MOiCgQί, MαgCaC^ΊMαx&aα, etc. Ί for all other cases

A ika1a,lAa2af lAa 3a, Δb3a, lAc^α, ΊAc2α, Ac3oί

F iFaλa, iFa2a, ΊFa 3 a, ifbza, Fcλa, Fc2α, Fc3a

P iPaxa, iPa2a, iPa3a, iPb3a, Pc^, Pc2a, iPc3a

V V c ^ α , Vc2c3a, i V α ^ α , etc. l for all other cases

B as in 8, except in the cases where b2 occurs.

W as in 8, except in the cases where b2 occurs.

\a3b3a, \a3c3a, \b3c3a, \axaγa, \a2a2a, \a3a3a,
\b3b3a, \c1c1a, \c2c2a, lc3c3α, etc. Ί for all other cases

This model verifies all axioms except 5.1 which fails in this model because
Ab3aAiFb3a holds.

Remark. It is evident that each of the axioms 3.1.2, 3.2.3, 3.3, 3.5, and 3.6
is independent from the axioms 5.1, 5.2, 6.2, 6.3, 6.4, 6.7, 7.2, 7.3, and 7.5.
Hence the next proofs of independence will be confined to the first five
axioms.

10. Independence of Axiom 3.6 from the others. The model consists of:

I. a domain S of individuals for momentaneous subjects

\ , where Φ a1} c^, a^, bl9 b2, b3

bi> b2, h)

Π. an interpretation for the notions as follows:

α i ~ ai> <h ~ #2> #3 ~ 3̂> &i ~ &i> b2 ~ b2, b3 ~ b3

(h~ *>19 (h~ &2, (h ~ h, h ~ «i, h ~ α2, b3 - α3,
Ίax ~ a2, Ίa2 ~ aly etc. Ί for all other cases

, ax < α2, aγ < a3i bx < b2, bx < b3, b2 < b3,
la2 < α3, Ίa3 < a2, etc. for all other cases

0 ^ ! ^ , Ga2a2, Go^a^ Gb^, Gb2b2} Gb3b3f Gaγa2^ Ga^, Ga2alf

G Ga3aλi Gbxb3, Gb2b3, Gb2b1, Gb3bly Gb3b2, Gbλb2,
lGα 2α 3, lGa3a2, etc. Ί for all other cases

This model verifies all axioms except 3.6 which fails in this model because
ax < a2 Λαx < a3Λ ~\Ga2az holds.

11. Independence of Axiom 3.5 from the others. The model consists of:

I. a domain S of individuals for momentaneous subjects
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ί
al9 a2, a3)

> , where Φ α 1 ? α 2, 03, bl9 b2, b3

bu b2, b3)

Π. an interpretation for the notions as follows:

~ as above in 10.

< ax < a3, (h < <h> h < b2, bx < b3, b2 < b3,

1̂ 2 < #i> ~l#i < a2y etc. Ί for all other cases

Gβi^i, Ga2a2, G α ^ , Gb^, Gb2b2, Gb3b3, Go^a^ Ga^, G(ha3,

G Gαs^, G ^ ! , GMs, G&gδwGMa, G&A, GδA,

ΊGαi«2? Ί G ^ ^ u etc. Ί for all other cases

This model verifies all axioms except 3.5 which fails in this model because

<% < % ha2 < α3ΛΊG<Zi#2 holds.

12. Independence of Axiom 3.3 from the others. The model consists of:

I. a domain S of individuals for momentaneous subjects

S = l \ , where Φ aγ, a2) α3, b19 b2, b3

( & ! , δ 2 > &3J

II. an interpretation for the notions as follows:

ax - au a2 - α2, a3 ~ α3, δx ~ δ1 ? δ2 ~ 62, δ3 ~ h,

~ ax ~ a2, a2 ~ a1} aλ ~ bl9 bx ~ aly a2 ~ bly bλ ~ a2,

~λaλ ~ a3, la2 ~ a3, etc. Ί for all other cases

< aλ< a2, bx < b2, bx < b3, b2 < b3,

Ίa2 < a19 Ία3 < al9 etc. Ί for all other cases

Gaλaλ, Ga2a3, Ga3a3, Gbyb^ Gb2b2, Gb3b3) Gaλa2, Ga2aly

G Gbιb2, Gbλb3, Gb2b3, Gb2bίy Gb3bly Gb3b2,

ΊGαi«3, iGdibi, etc. 1 for all other cases

This model verifies all axioms except 3.3 which fails in this model because

αL < a2Λ ax ~ a2 holds.

13. Independence of Axiom 3.2.3 from the others. The model consists of:

I. a domain S of individuals for momentaneous subjects

ί
a19 a2, aΛ

\ , where Φ a1} a2, a3, bl9 b2, b3

bi, b2, b3)

II. an interpretation for the notions as follows:

~ as in 10.

. aλ < α 2 , a2 < a3, a3 < al9 bλ < b2, bx < b39 b2 < b3,

Ία 3 < α2, ~lα2 ̂
 αi> Ί α i ^ α3> Ί^2 < &i> e t c Ί f o r a l ί other cases
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Ga1a2i Ga2a2^ Ga3a3, Gb^, Gb2b2, Gb3b3, Ga1a2, Ga2a1, Ga2a2,

G Ga3a2, Gaλa3, Ga3aλ, Gbxb2, Gb2b^ Gb2b3, Gb3b2, Gbλb3, Gb3bλ,

iGa^, iGbidi, etc. i for all other cases

This model verifies all axioms except 3.2.3 which fails in this model be-
cause ax < a2 Λa2 < a3 hΆ(ax < a3) holds.

14. Independence of Axiom 3.1.2 from the others. The model consists of:

I. a domain S of individuals for momentaneous subjects

S = {al9 a2, a3}, where Φ au a2, a3

II. an interpretation for the notions as follows:

^ a2 ~ aγ, a3 ~ a2, a3 ~ au aλ ~ al9 a2 ~ a2, a3 ~ a3,

Ίax ~ a2, la2 ~ α 3 ? iax ~ a3

< aι< a2, aγ < a3, a2 < a3, la2 < aγ, la3 < aγ, Ίa3 < a2

G Gaλaγ, Ca2a2, Ga3a3, Ga^, Ga2ax, Gaλa3, Ga3aλ, Ga2a3, Ga3a2

This model verifies all axioms except 3.1.2 which fails in this model
because a2 ~ ax Λ Ί ( « 2 ~ aγ) holds.

APPENDIX

On the Definition of Change in the Sense of Actualization

In §5 we expressly stated that the formalization applied to every kind
of change, whether this occurred in a single moment of time or over
several such moments. We focused our attention on what we considered to
be the essence of a change, that is the acquisition by one and the same
subject of a new determination. The more dynamic view of a process of
change, hence of a special case of change, was deliberately excluded in
order to avoid unnecessary complication in our formalization. We now
refocus our attention on this, in order to assure ourselves that the general
results which we have so far obtained are in no way invalidated.

Thus we are concerned here with the formalization of the concept of
"change" in the sense of actualization. "To become changed" or " to be
in the act of changing" is a process, a transition from an initial state to a
final state. A thing is in the act of changing if it is on its way to its goal
(the final state); thus it has "abandoned" its initial state and is in a
progressive actualization towards the final state.

In the formalization thus far we have lacked a primitive notion,
introducing and thus allowing for a certain topology on the states, which
would express the concept of this progressive actualization of the bearer of
change towards its final state. The primitive notion1 which expresses this
idea says;

1. The * indicates the introduction of new primitive notions, axioms, etc.
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P n 4 . 1 * α <β: a and β are typidentical, in that a precedes β; i.e.: that
which is being changed by actualization to a determined final
state reaches, in this actualization, the state a before the
state β; conversely, if β is identified as the final state, this
is reached after a.

What are the properties of the relation "<"? Let us take the example, say,
of a litre of water whose initial state is 10° of heat and whose final state
is 15°. Both states are typidentical, and the 10° of heat precedes the 15°.
Between the two lie an infinite number of states (or a finite number,
depending on the solution given in reality to the problem of the continuum).
The states stand in the relation "-<" to one another. A consideration of
these facts suggests to us that the relation "-<" is an irreflexive, asym-
metrical, transitive and dense relation. These formal properties necessi-
tate the following axioms:

A4.1.1* Ίa i a

The relation is irreflexive; i.e. a given state is certainly typidentical with
itself, but it cannot give rise to any change in the sense of an actualization.

A 4 . 1 . 2 * a <β-+Ίβ4a

The relation is asymmetrical; i.e. for no pair of states does the relation
apply in both directions. In any given change only one direction comes into
question.

A 4 . 1 . 3 * a -< β*β <Ύ -* a < γ

The relation is transitive.

A4.1.4* a < γ -» 3β (a -< β « γ)

The relation is dense; i.e. it follows from a < γ that there exists a state β
such that a < β and β •< γ. The primitive notion " in actu" remains un-
changed, as does Axiom 4.1.

P n 4 . 1 Axa: x is actual in a.
A4.1 3α AΛΓQ!

Given that two states are in the relation "<", the question comes to mind
as to whether a momentaneous subject can be simultaneously actual in both.
As we understand the concept "actua l , " this cannot be the case. From this
arises the axiom:

A4.2* a < β-^ Ί(ΔxaΛΔxβ)

Parallel to D3.1, D3.2, A3.5 and A3.6 we posit:

D4.1* a <β =Dfθi < βvαf = β

a 4 β means: a and β are typidentical, so that a precedes β, respectively,
is equal to β.

D4.2* Ίaβ =Df<*άβvβ<a
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Tab means that a and β are typidentical. This defined relation is called the

relation of "Typidentity."

A 4 . 3 * a<Ύhβ< γ-+ Taβ

A4.4* a -< βΛ«-< γ—* Tβa

With the help of Definition 4.2* it may be demonstrated that the relation of

typidentity represents an equivalence relation, i.e. it is reflexive, sym-

metrical and transitive.

S4.1.1* Taa (The relation is reflexive)

S4.1.2* Taβ -> Ύβa (The relation is symmetrical)

S4.1.3* TaβΛ Tβγ -* Taγ (The relation is transitive)

Parallel to S3.6 and S3.7 we can derive two further theorems:

S4.2* a « yΛβ -( γΛΔxaAkxβ — a = β

S 4 . 3 * a •< β*a •< γΛΔxβΛkxγ -> β = γ

In §5 it was shown that there are cases in which change takes place

momentaneously. Typical examples of this are changes concerning states

which are "singular." The concept "singular" may be defined as follows:

D4.3* Sen =Df Vβ (Tαβ — a = β)

Sa means: a is singular.

Primitive notion 5.1, Axioms 5.1 and 5.2 as well as the defined notion

5.1 are here applied as in §5:

Pn 5.1 Fxa: x is capable of a

A5.1 kxa —» Ψxa

A5.2 x1 < x2 Λ Fx2ct —> FxiOt

D5.1 P#α: -Df F̂ Q!ΛΊAΛ:α (x is potential in a)

Thus all presuppositions have been given, in order that the defined notion of

change in the sense of actualization may now be formalized.

D5.2* KVyλy2a =Df yλ<y2A Ay2a Λ 3β (β < a Λ A^iβ Λ

V^ CVi < y < ̂ 2 -* 3y (β < y < α Λ Ayy)) A

Vyx (β < 7! < a — 33?' (3^ < y' < y2 Λ A ^ V I ) ) Λ

iiγJy'Ίy'" fa <y" < ynt <y2*β<γ2<oiΛ

A/V 2 AA3;"V 2 ))

K\ίy1y2oί means: The subject represented by yλ and y2 has been the bearer

of a continuous change towards a in the time interval of existence of 3^ and

y2; in the change, β is the initial state and a the final state, so that a and β

are typidentical; in any given Now of the time interval the subject (without

any "discontinuity") is drawing nearer to its final state by the acquisition

of a new state.

D5.2* gives the conditions of a (monotonic) continuous change in the

strong sense. We could ignore the condition

Vn (β<γi<oι-ly1(y1<yt<y2Λ A/ri))
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and nevertheless still speak of change in the sense of actualization. In this
way "discontinuities" in the actualization would be allowable. The typical
example of a momentaneous change may be defined as follows:

D5.3* MV y ^ α =Df yx < y2ASa ΛAy2aλVy (yx ^y <y2 — iAya).
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