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AFFINE GEOMETRY HAVING A SOLID AS PRIMITIVE

THEODORE F. SULLIVAN

INTRODUCTION In this dissertation we consider the problem of con-
structing a system of geometry devoid of such geometrical primitives as
points, lines, and surfaces; and admitting as primitives only solids or
‘‘chunks’’. In other words can we start with some solid as a primitive
term and from there add appropriate axioms to obtain a geometrical system
equivalent to a well known geometrical system such as Euclidean geometry
or affine geometry ?

Part of the answer was given by A. Tarski (in [8]) who solved the prob-
lem for ordinary Euclidean geometry. His solution was as follows:

(1) He begins with an axiomatization of the relation ‘‘A is part of B”
(This deductive system is due to LeSniewski (see [5]) and is called Mereol-
ogy (see Appendix A)).

(2) He adds to Mereology the primitive term sphere and uses only the
part relation and sphere to define the notion point-class and the notion of
equidistance among point-classes.

(3) Then he adds the ordinary axioms of Euclidean geometry (based on
point and equidistance as primitive—see M. Pieri [6]) replacing the primi-
tive terms by the defined terms above.

(4) Finally if we interpret sphere as open ball in ordinary Euclidean
geometry there is a bijective correspondence between point-classes and
points; and Tarski’s system is equivalent to Euclidean geometry.

We shall consider a generalization of Tarski’s result in which we solve
the above problem for the class of affine geometries which are equivalent
to finite dimensional vector spaces over an ordered field.

This paper is the first part of a thesis entitled, ‘‘Contributions to the Founda-
tions of the Geometry of Solids,’’ submitted to the Graduate School of the University
of Notre Dame in partial fulfillment of the requirements for the degree of Doctor of
Philosophy with Mathematics as major in June, 1969. The author wishes to express
his gratitude to his director Professor Robert Clay of the University of Notre Dame
for his advice during this research and to Professor Bolestaw Sobocifiski of the
University of Notre Dame for his assistance while the author’s director was on
leave.

Receied June 19, 1969
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Our method of proof will be as follows: In section 1 we add the primi-
tive term parallelepiped to Mereology, define point-class and between for
point-classes, and add an axiom system for affine geometry (based on point
and between as primitive) with the primitive terms replaced by the defined
terms. In section 2 we show that every affine geometry which satisfies the
axioms given in section 1 can be given a vector space structure over an
ordered field (see Appendix B). This result will be used throughout the re-
mainder of this paper. In section 3 we interpret our system based on
Mereology into affine geometry. In the remaining sections we prove that
affine geometry is a model for our system. Thus in section 4 we show that
there is a bijective correspondence between point-classes and points of the
affine geometry by getting a geometrical characterization of each of the
terms used in defining point-class. In section 5 we prove that our corre-
spondence preserves betweenness for point-class and betweenness for
points and finally in section 6 we use the correspondence and the results of
section 5 to show that the axioms of our system are provable in affine
geometry. Since our system is constructed to be a model of affine geom-
etry the two systems are equivalent which is the result we wish to obtain in
this paper.

The notation we shall use in our proof is due to Peano-Russell. Each

conjunct is preceded by one or more dots which replace the use of paren-
theses. Each proof begins with a line which looks as follows:
PF[ J]:Hp( ).>.where PF is followed by a quantifier containing a list of
variables which occur in the hypotheses followed by Hp( ) which indicates
the number of conjuncts which appear in the hypotheses followed by the
logical symbol for implication. While all other notation is explained in the
text we note here that the justification for each step of a proof is given at
the right margin after each step and the use of the symbol —« indicates that
the justification involves reasoning by contradiction.

§1. In this section we give a formal construction of our system (R”,).
Since we use the formal system of Mereology in which to express our sys-
tem a brief development of Mereology is given in Appendix A. However, in
order to read what follows in the section, it is sufficient to make the follow-
ing interpretations:

(1) Interpret ‘‘el(B)’’ as ‘‘the power set of B’’.

(2) Interpret ‘€’’ as ““¢’’ - the epsilon of set theory.

(3) Interpret ““Ki(a)’’ as ‘‘the union of members of a’’.

(4) Interpret ““U’’ and “*N’’ as the logical ‘‘or”’ and ‘‘and’’ respec-
tively.

We shall be a little more precise about our interpretations in section 3.

In order to construct (R”,§) we begin with Mereology; add as primitive
the term parallelepiped (?); and then define point-class (DM6) and between
for point-classes (DM7) as follows:

DM1[AB]: : EXTAB).=:.2(A).2(B) :[D]: (D) .o.~(De(el(A) N el(B))
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We are defining the relation A is external to B iff A and B are
parallelepipeds and whenever D is a parallelepiped it is not true that D is
contained in both A and B. Figures (A) and (B) show two cases in the plane
when the relation holds while figure (C) show a case in the plane when the
relation does not hold (we remark that all our figures will be planar).

DM2 [AB]:ETGMAB).=. EXTAB). P(Kl(el(4) U el(B)))

We are defining the relation A is externally tangent to B iff A is ex-
ternal to B and AU B is a parallelepiped. Figure (1) below shows a case
when the relation holds while figure (2) shows a case when the relation
fails because A U B is not a parallelepiped.

(77 [

Fig. 1 Fig. 2

DM3 [AB]::BIS(AB).=:P(A).P(B).~(Acel(B)).".[3EF].". EXT(EF) .
ETG(EA) .ETG(FA) .Ecel(B). Feel(B) :[GH]:P(G) .P(H) . Ecel(G) .
Feel(G) .He(el(A) n el(B).>. Heel(G)

We are defining the relation (not symmetric) A is bisected by B iff A
and B are parallelepipeds; A is not contained in B; there exist parallele-
pipeds E and F such that £ is external to F, each is externally tangent to A
and each is contained in B; and for all parallelepipeds G and H such that E
and F are contained in G and if # is in A N B then His contained in G.
Figure (A) below indicates a case in which the relation holds while in figure
(B) the relation does not hold since H is not in G.
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Fig. A Fig. B

DM4 [AB]:: CON(AB).=..2(B).P(A):[D]: BIS(AD).>. BIS(BD)

We are defining the relation (not symmetric) Bis conceniric to A iff A
and B are parallelepipeds and every bisector of A is a bisector of B. In
figure (1) below the relation holds while in figure (2) the relation fails since
D bisects A but not B.

/7]

Fig. 1 Fig. 2

DM5 [AB]::EQV (AB).=..P(A).P(B):[EF]:CON(AE) .CON(BF) .>.
~(EXT(FE))

We are defining the relation A is equivalent to B iff A and B are paral-
lelepipeds and whenever E and F are such that E is concentric to A and F
is concentric to B then E and F are not external. This will later mean that
the diagonals of A and B are all meeting in the same point.

DM6 [a]:: PNT(a).=..[34] .. P(4) :[B]:a(B) .=. EQV(BA)

We are defining a is a point-class iff a applies to all parallelepipeds B
which are equivalent to a given parallelepiped A. Later this will mean g
applies to all parallelepipeds which have the same center as A.
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DM7 [abd]:: BNT(abd) .=.. PNT(a) . PNT(®) .PNT() .~(a=b).
~(b=d).~(d=a):[ABDH): P(H) .a(A) .b(B) .d(D).
Acel(H).Deel(H).>.~(EXT(BH))

We are defining point-class b is beifween point-class a and point-class
d iff whenever a parallelepiped H contains a parallelepiped A of ¢ and D of
d then H is not external to any parallelepiped B of . Figure (A) illustrates
what happens when the relation fails to hold.

avs

[L1LT )

Fig. A

The next step to construct (R®”,§) is to give a set of axioms based on
point and between as primitives which are sufficiently strong to give us the
class of affine geometries (2”,§) where » 22, %” is a model for the given
axioms, and %" has a vector space structure isomorphic to §” where § is
an ordered field (in section 2 we prove such a structure for u” exists). In
the axioms below pt(a) is to be interpreted as a is a point while bet(abd) is
to be interpreted as b lies between a and d. We shall present the axioms
formally first and then give an informal description of them.

A1 [abd]: bet(abd) . >. pt(a) . pt(8) . pt(d) .at b.b+ d. dta

A2 [abd]: bet(abd) . .~ (bet(bda))

A3 [ab]:pt(a) .pt(d) .a®b.o.[3d]. bet(abd)

DA1 [abl]:-:5*ab)(@) .=::pt(a) .pt(®) .atb ..[d]..del
‘=:d=a.v.d=b.v.bet(dab).v .bet(adb).v.bet(adb)

A4 [abeflils] :5' (@b)(11) .S (ef)l2) . e€l, . fel, . D.acel,

A5 [abefglila]:S" (be)(1y) .$M(f2)(12) .~ (@ e ly) . ptla).
bet (bef) . bet (ega) . >. [Eld] .delz . bet(adb)

DAZ2 [mpoy -y pmS]: 18" (Poy s vy Pm)(S) =1 :mef2,3,...}.
pt(m) [371.8" 7 Bos -+ 3 P (T) .~ € T) 2 :[p] : :
peS.= 3900, + - ., Gman@Pl] " Aqr, .. .,qn}C
{poseeospmb-lasy...;antTipoy...,pnk
" Mq1y ., @) Q) .S @y, - . . ,an)(P) . {goao} C
(P U Q). (qao(l) .pel.qotao
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A6 [poy. - pe410kPQR]:E e {1, . ..,n-1}.5%po, .. ,ps)R).
sk+t (Po, v ’pk+1)(Q) .8 (popk+1a)(P) . :).[; bl] .
$'(pod)(1).1=PNR

A7 [abdl,P)::S* (abd)(P).S" (ab)(1) . D.". [zel] . e P.
$'(ed)(1). 1N 1, =¢{fl,]: feP.S" (df)(La).
l2 N l1=¢.3.l2 = l

DA3 [abd]: col(abd) .=.[5ef1].5" (ef)(1) .ael. bel. del

DA4 [abef]: :abllef.=. . [3gPl11,] . §° (abg)(P) . §* (ab)(1y).
S'(ef)(ls) . l,cP:l NIy =¢.v. =1,

A8 labea’d’e’]: col(abe) . col(a’b’e’) . eb’ [loe’. ea’llae’.
o.ba'llab’

A9 [aa'db'ee’p] : col(aa’p) . col (bb’p) . col (ee'p). ata’.
btb.ete.abllat. vellve.>.aellae

A10 [3p0y.. 305518 (Poy ..., p)S):[a] :pt(a) . D.aeS

We give now an informal description of our axiom system. Axioms Al
through A5 and A10 where » = 3 are the usual axioms of order for affine
geometry of space given in Forder [3] pp. 44, 45, 48, 60, and 65. In defini-
tion DA1 we are defining / as a line determined by two distinct points a and
b. In definition DA2 we are defining S as an m dimensional space iff there
are m + 1 points pg, . ..,pn which determine an m-simplex (cf. the second,
third, and fourth conjuncts of the definiens) and a point belongs to S iff the
point lies on a line ! determined by two distinct points ¢, and a, which lie
on two sides P and @ of the m-simplex (P may possibly equal @). Axiom
A6 is a statement of the fact that if we are given a k-space R, a (¢ + 1)-
space @, and a plane P such that P 4+ R and RC Q then the intersection of P
and R is a line I. Axiom A7 is just the parallel axiom for affine geometry
as given in Forder [3] p. 139 ax. P. In definition DA3 we are defining co-
linear for three not necessarily distinct points a,b, and d while in definition
DA4 we are saying that the line I, determined by a and b is parallel to the
line I, determined by e and f, axiom A8 is Pappus’s axiom which ensures
that the points on a line form a field and not just a division ring. Axiom A9
is necessary only in the case n=2. It is Desargues theorem and in the
case n 23 it is provable from the other axioms (see Forder [3] pp. 155-17).

We conclude the construction of our system (%”,§) by adding to
Mereology the above axioms and definitions as well as the definitions DM1
to DM7 where point is replaced by point-class and between for points is
replaced by between for point-classes.

§2. As we mentioned in section 1 we wish to show that if %" satisfies
axioms Al through AIO then it is possible to give %" a vector space struc-
ture over an ordered field F. We proceed as follows: Axiom A10 gives us
n + 1 points py, ..., p, which generate %”. We shall assume % = 2 for now
and then later we shall show how to extend our results inductively to the
case n > 2. Paragraph and page number references in this section refer to
Forder [3]. :

Gl  [3B:lilapo prpa]-S” (popipa) (P2) . S (popr)(Ly).
S (pop2)(12) [A10,n/2,DA2,DA1]
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[p1]:5*(pop)(1) . .1 forms an ordered field whose additive identity

is po and whose multiplicative identity is p [paragraph 23 p. 197]
[pq21"]: $*(pop)(1) . S*(pog)(l’) . ©. 1 is isomorphic
tol' [paragraph 13 p. 191]

[22']:2ll27 .=. [gabef]. " (ab)(1) . S (ef)(1") .abllef
[ab]::ptla).pt(d) .~ (@=b).> .. [31] .. S*(ab)(1):

lefl’]:S*(ef)(1") .ael” .bel’ .. 1"=1 [ paragraph 2 p. 97]
[l oy s ol [paragraph 2 p. 140]
(a1l .~ allery .o ~@ ) (G5]
[11'abefsQ]: S (ab)(1) .S (ef)(1,) .S (abg)(Q) .

~lr)y.tut)cQ.o.[3d]. (1 n 1) = {d} [DG1,DA4,G4]

(pard'q'v'Q]:8*(par)(Q) . {p',q’, 7'} CQ.

~ (col(p'q'r")) . 2. [3Q].S*(p'q'r)(Q) . Q" = @ [paragraph 14 p. 59]
[p): pe(Pe - (11U15)) . 5.5 (popip ) (P2) . S*(popep ) (P2) [G8,DA3,G1]
~ L) (LUl cp, [DG1,G1,DA4,G4,DA2,G1]
[pl::pe(P-(1,UL)) ... [3?17127] . qePs.

$'(pg)(1) . (IN12) = ¢:[el]: e P> . S (ep)(1).

(INly) =¢ .D.1=T:qeP, .S pg)(1).(IN1) =
¢:[el]:eep,.SMep)(1).(INl) = ¢.D.1=T [A7,G69,G1]
[p]::pe(Pa- (1,U1)). o [3lT]: s pel. 1o T,

pel . LIT.(TUD cpy:[1]:pel. tlll,. 0. 1=1T:

pel Ul 1=T [G13,DG1,DA4,G4,G9,G1]
[@: e, vl o~ g) . ~@llzy) [G6,612,G10]
[p): pe(Pe - (1, U12)) . D [qxylT] . pe 1.2,117.

InL={x}.pel . ullT. GN12) = {y}.x ¥ po.y £ po [G7,G13,G12,G11,G1]
[p]::pe(P-(1,UL2)) . D [gxy] o xely yela.

pllypo. pyllepe: [x'3']: 5" €1, .9 €ly .oy po.

2y lx"po.D.x" =x.9" =y [G14,DA4,DG1,G4,G11,G1]

With lemma G15 we are able to define a map o from P to the cartesian

product ZIXlz as follows (see figure 1 below):

(pypo) if p €l,

DG2 a(p) = | (po,p) if pel,

(x,9) if p € (B - (1,U1,)) where (x,y) is as given in lemma G15

I

x U
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Our next step is to show that o is a bijective (one-one and onto) map.
We do this by proving that there is a map g from 1;){lz to P> such that
for all (v,y) ¢ 1, X1, we have a(B(x,y)) = (x,y).

G16 [xy]:xel,.yels . X%po.v¥po.D.~(xels).~ (yely) [67,G1,G10]
G17 [xy]):x€ly.yela.x +po.9 ¥ po.D .5 (popy)(P2) .
8% (popax )(P2) (G8,DA3,G16,G1]

G18 [xy]::xe l]_.y(flz X :Lpo.y 4:[70-:).'. [3?]527].'.
qeP.S'gx)(1) .(INly) = ¢:[el]:eePy .S  (ex)(1).
INl,=¢.D.0 =1:GeP,.SHP)(D) . TNl = ¢:
[el]:eeP, .S (ey)(?). 1Nl =¢.D.1=1 [A7,G17,G1]
G19 [xy]:-:xell.yelz.x¥po.y%po.:)::[;,—ﬁ]::xef.
LI yel . LIT.Qulcp, (1] xel 1llE,. o,

1=T:yel . Ull1,.0.1=1 [618,DG1,DA4,G4,G17,G1]
Gzo [17): U1, U, . TII7. o142, [65,61]
Gz1 [11]:7111. Ui, 5.~ @l17) [620,G10,G1]

G22 [xylixeli.yels. x¥po.y ¥po.D.[gpl1].xel.

LIT.yeT. 5,117, 00Ty = {p}.pe (P, - (1,UL.)  [67,G21,G19,G18,G1]
G23 [xy]:xel,.vels .x ¥po.y $po.D [3p] -

pe(Pa-(LUR) . pxllypo. pyllapo: [p7]:p'x I 3po.

p'yllxpe.o.p" = p [G22,DG1,DA4,G4,G18]

With lemma G23 we may define our map f as follows (see figure 1
above):
x ify =po
DG3 Bx,y) { ¥ ifx = po
pifx *po. y#po where p is as given in lemma G23

It is clear from lemmas G23 and G15 that e and B are defined such that
a(Bx,y)) = (x,y) for all (x,y) in Zl)<l2.

Now, having shown that a is a bijective map, we may introduce a vector
space structure on %’ as follows: Let § =/, and let ¥ be the isomorphism
from I, to § which exists by lemmas G3 and G2. Then let 0 be defined on
P, by o(p) = (x,y(»)) where (x,y) = a(p). We have that o is a bijective map
from P onto §)§. Addition and scalar multiplication can now be defined
in Pby p+g=0"((p)®0o(g)) and #p = t-0(p) where @ is coordinate-wise
addition in {EX% and ¢-(x,y) = (&x,ty) for tx,y€F. The remainder of the
vector space properties for P, follow from the vector space properties of
g E over § and our map 0. For example, the additive identity in P, is po
since 0™ (po,po) = po and p, is the additive identity in § by lemma G2.

We now show how to extend our results to the case n> 2. Without loss
of generality we can assume # = 3 since by merely repeating the method
described below # - 2 times one obtains a vector space structure for %”
where z > 3. Figure 2 illustrates our method.
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I3
p
y ! :
— : A 1,
|
bs | p, : i
| x
= "
D1
Do
Fig. 2
G24 [3P3 s] - S(P0P1P2P3)(P3) Sl(pops)(lg) [A7,n/3,DA2]
G25 [p): pe(Ps- (R UL3).D.[3Q].5 (Popap)(Q) [DA2,G24,G1]

G26 [p] pe(P-(RU 1) . 2. [3QI6].5*(popsp)(Q) .

$'(pod)(D).1 = (@ NPy). PEQ—(lUls) [G25,46,P/Q,Q/ Ps,R/ P;,G24,G1 |
G27 [Ple] 1pe(Py- (R UTS) . s? (pop s Q) . 5 (Pob)(l)

1=QNnP,.pe(@-(TURK). o fawy] - xel.yels.

prypo Py”xpo [x y] x’el Yy els.px’ ||y bo-

2’ llxpo. 2.5 = x.y’ =y (615, P./Q,1/1,12/1s,G26,G8,G24,G4,G1 ]
G28 [x]:xe(ps - 13) 5.[3Q1]. 8 (po s 1)(Q) . $*(pox) (D) -

1= QNP [DA2,G1,DA1,A6,P/Q,Q/Ps,R/P>,G8,G4,G24]
G29 [xyQi):xe (Po-1s).yels. 9 % po. S (popsx)(Q) .

‘(pox)(l) 1=QnP.o.xel.x+po [pAI1]
G30 [nyl] xG(Pz 13). yfls yJFPo S(Popsx)(Q)

§'(pox)(1) . 1= QNPy.D " [3p] . pe (Q-(TU L)) =

P3 (PgUl;;) px”yi)o pyllxpo [p] p G(Pa (PZ UZ3))-

p'xllypo. p'yllxpo. 5. p" =p )
(G23,P,/Q,1:/i,1,/15,G29,G29,G8,G24,G4,G1]

Lemmas G27 and G30 allow us to define maps @ from P; to l1Xl2Xl3
and B from ZIXngl 3 to P; respectively such that:

(Ol(Po ),P) if pe l3
DG4 a(p) = | (alp),po) if pe Py
(alx),y) if pe (P3-(P; U I5)) where x and y are as given
in lemma G27

_ Blay,x2) if 3 = po
DG5 Blxy,x,y) = v if x, = poandxz = po
p if x, #po or X =|=po where p is determined

by lemma G30applied to B(x,,x2) and v
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Definitions DG5, DG4, DG3, and DGZ2 show that @ is bijective since for
all (x1,%,y) € L)1 X1; we have a(Blx1,%2,9)) = (*¥1,%,5). We now introduce
a vector space structure on P; similar to the way it was done in the case
n =2. We let ¢ be the bijective map from P, to § )& which was defined
above and let y; be the isomorphism from Z; to § which exists by lemmas
G3 and G2. Next we define a bijective map G from P; to §X 8X% by o(p)
= (0(x1,%2),7v3(y)) where (x,,%,y) = (a(x),y) = a(p). Now we can define addition
and scalar multiplication as before where @is now coordinate-wise addition
on FXFXE and - (x1,%,9) = (tx1,%,ty). The rest of the vector space
structure goes through as before except we now use the vector space struc-
ture on I FHF and the map 5. In this way we can extend our results to
all »> 2 where P, [ is replaced at each stage by Py+i,[,,, in lemma G24
and P, is replaced by P, in lemma G25 where 3=k =n - 1. This then
concludes our section 2.

§3. If we look at the construction of our system (R”,§) it is clear that it is
certainly a model for (%”,§) since the axioms of (%”,§) were used to
obtain those of (R”,§). Therefore, the burden of our proof is to show that
(u”,%) with the vector space structure obtained in section 2 is a model for
our system (R”,§). In this section we give the preliminaries for our proof:

(A) We use the following notations:
(1) n is a fixed natural number such that » 2 2.
(2) 0 denotes either the additive identity of (¥”,§) or the additive
identity of .
(3) 1 denotes the multiplicative identity of §.
(4) P,@,P',Q',P:,Q,,P,,Qi,... denote parallelepipeds as defined in
definition DVP below.
(5) ao,bo,p,9,a’, b',p",q’ ,a1,b1,p1,91,a1,01,p141 , - . . denote points of ¥”.
(6) S,S1,S,, ... denote sides of parallelepipeds as defined in defini-
tion DVS below.
(7) R,R1,Rz, ... denote perimeters of parallelepipeds as defined in
definition DVR below.
(8) M,M;,Mz, ... denote n-simplices as defined in definition DVM
below.
(9) H,H,,H;, ... denote halves of parallelepipeds as defined in defi-
nition DVH below.
(10) 7,s,t,u,0,%",8" ;u', 0" ,71,51,t1,U1,01,71,S1,83,41,01, « . . denote elements
of the field §.
(11) i,5,k,1,41,j1,k3 01 5 - . . denote natural numbers.
(12) <and =denote ‘‘less than’’ and ‘‘less than or equal’’ respectively
for elements of § or for natural numbers.
(13) 0< #,..., £,<1 denotes that each # (for 1= i =#) is such that
0<¢ <1.
(14) f:A - B denotes f is a function whose domain is A and whose
range is B.

(B) We shall use the following definitions:
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DVP [aeay,...,a,P]:P™ao,...,a,)(P).=.q,,...,aq, are linearly
independent. P = {ao+£,01+...+4,0,10=¢;,...,8 S1}.

DVP [P]:P*(P).=.[300,. .., 0n]. P"(a0, . . .,a,)(P).

DVR [aeq,,...,a,PR]:R™(do, - ..,a:P)(R).=.P™(ao, - ..,a)
(P). R={ao+t,ay+ ...+ 4,0, |[35]: . 15j5m. 4,5€ 0,1} :[4]:
1sisn.i4j.D.05t =1} ,

DVS [ao,...,0a,5;P]:S"(@o, . ..,a,P)(Sj) .=. P"(ao, .. .,a,)
(P).ie{0,1}.15j=n.5} = {ap+t a1+ ...+ 5,0, | 2
=i:[k]:15ksn.k+j.2.05t <1}

In definition DVS we are saying Sf is the jb 0-side (orjt 1-side) of the
parallelepiped P determined by ao,...,a,. Figure 3 shows all the S; sides
(in the case n = 2).

Qo

Qo+ Ay

Fig. 3

DVS [SP]:5%P}(S).=.[300, - - -,asS;P]. 5" (@0, . . ., a,P)(S)) . S = S}

DVM [ao, - --,a,M]:M%(ao, . ..,a,)(M).=.a,,...,qa, are linearly
independent. M = {ao+ tay+...+ 40, |0St,..., 651 .41+, ..+2, =1}

DVH [ao,-.,,a,H]:H @0, ...,a,)(H) .=.qa,,...,q, are linearly in-
dependent. H = {ao+hay+...+408,1056, ..., 6,51 6+ £,51}

(C) The system (®%”,%) shall be interpreted into the system (4”,§) as
follows:
(1) interpret 2 as P” in definition DVP
(2) interpret Acel(B) as P(4).P(B).ACB
(3) interpret Kl(a) as the union of sets P"(4) where Aga and we
have the implication [A]:Aga.D.P(4)

(D) If we apply the definitions given in (C) to our definitions DMI to
DM?7 we arrive at the following statements:

DV1 [AB]::EXT(AB) .=.".P"(4).P(B):[D]:P"(D).>.~(Dc(A NB))
Dv2 [AB]: ETG(AB).=. EXT(AB).P"(A UB)
DV3 [AB]::BIS(AB).=::P"(4) .P"(B).~(ACB) .-.[3EF].".
EXT(EF) . ETG(EA) . ETG(FA) .E C B. FC B:[GH]: P"(G) .
PH).ECG.FCG.HC(ANB).D>.HCG
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DV4 [AB]:: CON(AB) .=.".P"(B).P"(A):[D]: BIS(AD).>. BIS(BD)

DV5 [AB]::EQV(AB).=.".P"(A).P"(B):[EF]: CON(AE) . CON (BF).
>.~(EXT(FD))

DV6 [a]::PNT().=.".[34]..P(4):[B]:a(B).=. EQV(BA)

DV7 [abd]:: BNT(abd).=.". PNT(@). PNT(d) .PNT@).~@=0).~(b =d).
~(d=a) :[ABDH]:P"H) .a(A).b(B).d(D) . ACH.DC H.>.~(EXT(BH))

1l

(E) We conclude this section with the following remarks:

(1) In section four we show there exists a 1-1 and onto correspon-
dence o from the set {al PNT(a)} onto the points of (4”,%). Then in section 5
our correspondence preserves the relation of Between (i.e. BNT(abd) .=.
[;t].0<t<1.o(b)=cr(a)+t(o(d)-o(a)). Finally in section 6 we outline the
proof that the axioms of (R”,%) are provable in (2", §) using the interpreta-
tion given in (C).

(2) To facilitate the reading of the proofs many lemmas are pre-
ceded by an informal statement of their content and a figure illustrating the
lemma in the case # = 2.

(3) We shall, where practical, omit the definitions DVP, DVP, DVR,
DVS, DVS, DVM, and DVH as reasons in our proof. Also we assume an ele-
mentary acquaintance with the theory of vector spaces.

§4. The main result of this section will be the following: [30] .o : {al PNT (a)}
- ¥”.0is bijective.

Using lemmas LI to L4 we shall show in lemmas L5 and L6 that if we
have P"(do, . ..,a,)(P) then P is essentially uniquely determined by ao, . .. ,a»
where a, is a vertex of P and all other vertices are obtained by adding any
number of the other vectors (with coefficient 1) onto a,. We show this in
figure 3’.

Qo+ a1+ dz bo+b2x

by+ b,

Fig. 3’

L1 [aoboys...,a,b,Pty, ... t,]:PMao,...,a,)(P).
P™(bg,...,b)(P).0<t;<1.05¢,21,...,058,
Slbo=0o+ hiby+...+ha,.D.6, =0
PF [acbe,...,00,Pt1, ..., t,]:Hp(5) . D.[371, ., #aS1, - -5 S,].
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6) Oérlél,...,OEr,,él.]
) 0ss,=1,...,0=ss,=1.
8) Qo + Lotz + ...+ L0y
=ho+ 7iby + ...+ by,
9) Oo + Oy +E20z + ... + L0,
=bo+ Sib; + ... + Sybas.
10) a; = (S, =7)by + ... + (S, =-70)b,.
11) Qo+ 5,05 + ...+ La, =

bl(sy-7)by + o+ (s, - %)ba]
+bo+¥iby+ ...+ by

12) 0=[ri+t(s1-7) by + oo + [¥u+Ei(Sy =70) 00
13) Vy+t(S,-7) = 0,...,7 + ty(s,=7%)=0.
14) ri+ (s, -n)=0A-t)n+ts,...,
Vp+1(Sy =)= (1 = £)7, +1,S,.

15) 1-2)y+ ... +7)+t(s1+ ... +5,) = 0.
16) Y1+ oo +7, =0,
17) 7,=0,..., 7=0.
18) bo=0o+ls02 + ...+ L,0,.

t,=0

[aoy«es@uboy ... buPli, ... 1] P @0, ..., a.)(P).
P"(bo,...,b,)(P).0<¢,<1.05¢,=1,...,0=5t,
S1lbot+b; =ap+ a1+ ...+ Ha,.D. £,=0

[doy v es@ibo, ..o ybyPtyyees, L]:HDP(B) . D [qry, e e oy #uS1,y e

6) 0s7,51,...,059,51.05s,=1,...,
O=ss,=1.
7 Oo+250z + ...+ La,=bo+ (1 -71)b;
+ Vb + ...+ by,
8) Oo +01+F202 + ...+ 0,
=bo+ (1 -s)by+ szba+ ...+ syby.
9) 01=(7’1'S1)b1+(32 -r2)ba+ ... +(Sn'7’n)bn-
10) Qo+ B0+ oo + Lty=t[(ry -s)by +

(s2=72)bz +. ..+ (Sy-74)bn] + bo +
(1 '71)b1+7’2b2+ et Vyby.

11) 0= ['7’1+t1(’i’1'31)]b1+[7’2+t1(32-Tz)]bz
too.ot [7’,,+t1(8n "Vn)]bn~

12) [-71+ 8(ry -8)]= 0. [ra+ (s, -73)]
=0,...,[7n+ ti(s,-7,)] =0.

13) [-ri+8(r-s)] = [7’1+t1(31‘7’1)]

14) (A-t)[ri+re+ oo+ v,) +E [s+...+5,] = 0.

15) Vi+ oot 7, =0.

16) 71=0,...,7, =0,

17) bo+by=ag +#202+ ...+ £,0p.

t,=0

[adboy -5 absP]: P a0, ...,a,)(P) . P be,...,b,)(P).
D°[3t017°°"tom-"’tﬂﬂ]-{tn;'°°9t1n7"',trm}

c{0,1} .bo=qp + tosOy+ . . oo+ LynOpn.bo + b,y

= Qg+ Lty + oo + lpQny e, bot by

13

(1,2,3,4]

[1’2)3’4]
(8,9]
[10,8]

[11,5]

112,3,6,7]

[3,6,7]
[14]
[15,3,6,7]
[16,6]
(8,17]
(5,8]

,sn]‘
(1,2,3,4]

[7,8]

[9,7]
[10,5]

[11,6,3]
[12]
[12,13]
[14,6,3]
[15,6]
[16,7]
[17,5]

=g +Lni@1+ « o o + Lunln [L1 (n times), L2(#® times),1,2,~<]
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14 [Gobo, <oy ObePloy, ..., to,,]:P"(qo,, .o ,Gn)(P)-
P"(bo, ..., b )(P) . Ator, ..., ton} 10,1} .bo = ao
+10101+ oot t0y0p.D. {by,...,b,}
= {(1 '2t01)q1: ) (1 'Zton)qn}:

PF [acho, - -, 0,0,Ptors..-ston]::Hp(4).D:
[gtu,.. ';tln’ ...,tnl,...,tnn]Z'Z
5) {tirs e e estin s evestpryenn, tant ©{0,1}.
6) bo+b1=. Qo+ 21101+ « o o+ 1,0, .

bo+ by=t, 0+ ... + L,,0,+ Go.
) b, = (¢, - todar+ .. o+ (ty - ton)an.

b = (tpy - toar+ « o o+ (4,,- to)a,
[3d1se-esinli:

[£3,1,2]

[6,4]

8) 1=j,=m,...,15j,=n. 2]
9) (t1j = toj) ¥ 0, ..., (tuj, - Loj,) + 0.
10) (t1i1 - tojl) =+1,..., (t”fn - tojﬂ) =+ 1: [9,5,3]
11) (j, ~toj,) # 0. (taj, ~to;) = (tyj, - toj):
(tj, ~toj) £0.2. (tj,~toj) = 1, - toj,)-" [5,3]
[3%] -~
12) k is the number of non-zero
coefficients of a; in step 7. [7]
13) 12k =n [12,9]
14) bo+by+...+b,=a0+
[toj,+ R C1j, ~toj)]a;, + [etc]: [7,11,12]
15) k32.3.[t0i1+k(t1i1-t0,‘1)]
¢ {tlose=1}: [5,3]
16) E=1: [15,14,1,2,~¢]
17) (Cajy = toj) = 0, ..o, (njy = o;) = 0. [16,12]
18) Jo ¥ giseeerdntine [17,9]
19) Jise.-,jn are all distinct. [12-175,/5; i=1,...,n]
20) 141, ..., nj, appear in (all) »
distinct columns as subscripts in
step T: [19,7]
21) [4):12isnasjsnjtj.o.
(t;j ~to;) = O: [20,12-174, /j; i=1, ... ,n]
22) b=, ~toj)ay, -
bn= (tlin -to]'n)ajn- [21]
23) by=(1-24;)aj,,...,bs =
(1-2t4)a;,. [22,9,5,3]
24) by,...,b,are distinct:-: [2]
bi,...,bt={(1-2tp)ay,..., 1 -2¢)a,} [24,23,19]
L5 [Gobo, eeey G,,an] ; Pn(do, e ,a,,)(P) . Pn(bo, ooy bn)(P) .
D. [gtl, .o -,tn]-{t,l, P .,tn} C{O,l}.bo'—-‘ Qo + thl
+ovit B0y by, .., bt = {(1-28)ay,. .., (1-2t)a,} [14,L3]
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L6  [aoboy..«yQbuPtyy ... tz]:P™ao,...,a)(P).
{t1,...,ta} c{0,1} . bo=do + £1Q,+. . . + £,0e
b;=(1-2%)az,...,bp=(1-2t)a,.>.
pn(bO,---,bn)(P)

PF [daobo,...,a,b,Pt1,...,1,]::Hp(4).D.".

5) by,...,b,are linearly independent.

6) [S1ye..,Snl.bo+Sibi+ oo+ Spby=ao+
[ti+ s -2t)]ar+ oo+ [En+ Su(1 -28,)]ay:

7 [S15...,8,]:058;51,...,0Ss,51.=,
0=t,+5,(1-2t)=1,...,054,+ s,(1-28,)=1:

8) [s1s---58,]:05=1,...,05s,51.=,
bo+ S;b;+ ...+ S,bye P:

9) P={bot+S;by+...+8,b,/058,51,...,05s, =1}.".
P"(bo, ...,b,)(P)

15

[1,2,4]
[3,4]
(2]
[1,6,7]

8]
(5,9]

With lemmas L7 - L17 we will show that the relation EXT (PQ) defined
by DV1 holds iff there is no point in the interior of P which belongs to @.
Lemma L7 shows that if M is an n#-simplex all of whose vertices lie in a

parallelepiped P then M also is contained in P (see figure 4).

A
7
-\
Ve
7/ M \
A |
P

Fig. 4

L7 [Gobo, . -,annPPM]:M"(Go, .o .,Gn)(M). p”(bo, e ,bn) (P).
QoEP.Co+A1€Py...,0o+0, EP.PpEM.D.peEP
PF [Gobo,. ..,Q,,b,,pPM]:ZHp(S).D.'.
[3tors <+ estonseevsturyeneslun]. .

6) 0Stoy=1,...,05t0,51,...,0% £,
<1,...,05h, <1.
7) Go=b0+ t01b1+ ---+tonbn-

Qo+0;= bo+ t11b1+ T tlnbn-

Co+ dr= bo+ fmbi+... + tunbn
[;"’1,- vy Valt

[2,3,4]
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8)
9)
10)

11)

12)

13)

14)

15)

16)

pepP

THEODORE F. SULLIVAN

0=71,...,057, .71+ oo+, = 1.
p=ﬂo+ 7101+ oo + V0.
p=bo+tobi+ ... +loubu+
71[(bo-0Q0) + £11by+ oot Eryby] + ol +
Vo[ (bo-ao) + ty1by +. ..+ Eynbs].
p=bo+t01b1+... +t0:nbn+

71 [(~tor by =« .o ~Loubu) + E1iby+. .+
Lubn]+ o oo + 7 [(<tor by = . . . ~Lomby)

+ byby+ ..+ Luba].

p=bo+ (for+71lu+.. +¥plny-71t01
’...—Tnt01)b1+...+

(t(m'l' 1’1t1n+...+7ntnn-7'1ton“...-
Vnt(m)bn.

p =bot [Bor+71ti+. . +¥ulyy -
rit.o.47,) by Jba+. .+

[ton+71tin+ « oo + Valun= 1+ . o o 47 pn]by.

p =bo+ [ta(1-(ri+...+7,)) +
Vil + oo+ Vpbpr]by+. o+

[ton1-(ry+ ... +7)) + 71t 1+ oo o +Vnlnn]by.

0=5to(1=-(ry+...+7,) + ¥ty +...

4 Yl 0 to (1= (4. ..+ 7)) +
Yilip+ oo o+ Valune

toa(1-(7i+ .o 470) 47 b+ oo o
Vubp1 Slor (L =714 .o o +V0) + 71+ ...
+¥n Sl 00, k(1 -7yt oo o+ %)

+ ¥l t oo o+ VilanS

boll =714 0o 4V + Vi o+ ¥ =100,

(1,5]

[9,7]

[10,7]

(11]

[12]

[13]

(8,6]

[8,6]

[12,14,15,16]

In lemma L8 we show that eachz-simplex M contains as a subset an »n
parallelepiped (Figure 5).

bo + b,

do

b0+ b1+ bz

Qo + dy
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L8 [dgy...,a.Mp]::M(aq,...,a)(M).D.".
[3b1;~ . .,an]... Pn(dobl, . ..,bn)(,P):pEP.D.pGM
PF [ag,...,a,Mp]::Hp(1).D.".
[3bo, ..., b.P].".

1 1
2) b0=00.b1=qu,...,bn=’ﬁﬂn. [1]
3) bi,...,b,are linearly independent. [2,1]
4) Pn(bo, ey bn)(P) .COp€ P [2,3]
5) [ptiy ..., ta]:0=t,51,...,052, =1,

p=bo+ tibi+...+&br. D.p=do+

t—101+...+ﬁun.05t—1,...,0§ﬁ.
n n n n
t 1, 1
Sty Syt =L [2]
6) peP.D.peM.". [5,1]
[abo,o--,an]-..Pn(bo,...,bﬂ)(P)IPGP.D.pGM [4,6]

Using L7 and L8 we formulate (L9,L10,L11) an equivalent condition to
EXT (P, P;) which instead of requiring a parallelepiped @ to be contained in
P,NP, requires an z-simplex M to be contained in P, N P,. Figure 6 is to
be used with L9 and figure 7 is to be used with L10.

P

M

P,
P,y

Fig. 6 Fig.T

L9 [Py P:]: EXT(P, B).D.~[300, .. .,0,M].M™@o, . ..,q,)
(M).ao€ PLNP.do+ A €P1NPsy...,00+0y€
PLNPs _ [-DV-Zs LS:_H_]
L10 [P,P,]:P"(P,).P"(P2).~ EXT(P, Py .D.[300,...,0,M].
M™(ao,...,a)(M) .M C(P,NB)
PF [P;P:].".Hp(3).D:
[HQQO,-"yqn]:

4) Pﬂ(ﬂo, ey G”)(Q) .

5) Q CP,NP,. (1,2,3]

6) Qo€ @.0g+ 0 €Q,...,00+0a, € Q. [4]
[3M].

7) M”(ao; - - - , as)(M). (4]

8) M CQ. [L7’4’6]
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9) MCP,NP,: [8,5]
(390, - . - s anM]. M (@q, . .., @) (M). M CP, NP, [9,7]

Li1 [P, R]..P%(Py).P"(P).D: EXT(P, P;).=.
~ (a0, . .. ,8.M] .M (a0, . . .,0,) (M) .M CP, N P,) [L9,L7;L10]

In L12 we are saying if P is a parallelepiped, R is the perimeter of P,
p belongs to the interior of P (i.e. P-R), and q does not belong to P then
there is a point a which lies between p and q and ae R (see figure 8).

P

Fig. 8

L12 [do,...,a,pqPR]:R (@0, ...,a,P)(R).pe(P-R).
~(@eP).>.[at].0<t <l.a=p+t(q-p).aeR
PF [do,...,a,pqPR]::Hp(3).D::
(31« sSutryone,tn] e

4) 0<31<1,.-.,0<sn<1. [12]
5) P=0o+8S101+...+ Spln. ’
6) q=0o+f101+... +L,0,.

3

7) ~ (054,21, ..., 05 t,,§1)::} [1,3]

[akl,-",kn]::
8) 1 if0=¢, =1
_ 1-81 .
kl-Jt—l_sl if£,>1
S .
57, i4<0
1 if0sts1
1-s, .
k,,—< s, ift,>1
ks,,s:‘t,, if 4,<0:: [5,6]
1.

9) t=min {ky,...,kn} [8]
10) 0<t<1. [9,8,4]
11) 0=s+t{,-s)=1,...,0

Syttt -s)s1: [8,4]

[32]:
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12) 151 =n.

13) s+ H(t; - ;) e {0,1}. [8,7,4]
[3a].

14) a=p+tq-p). [2,9]

19 aeR:: [13,14,5,6]

[30t].0<t<1.ﬂ=p+t(q_p).ueR [10,14,15]

With L13 we achieve half of the goal which was announced just prior to
L7; namely, we show that if P, is a parallelepiped with perimeter R, P; is
a parallelepiped, and p is a point in P, N(P; - R) then P; and P, are not ex-
ternal. See figure 9.

L13

PF

7z

Fig. 9

[Cl»obo, e ooy b P Po Rp]: R”(Go, ceay Q,,-Px)(R) .
P(bo,..., b)(B).pe P N (P -R).D.~(EXT(P, B,))
[GObO’ . ee,Qsb,P1 P2 RP]E HP(3) D [; LhS171, « o - tnsrﬂ’n] .:

4) ao=t1q1+...+t,,a,,. [1]
5) P=Co+ SQ1+...+ Syly. [1,3]
6) 0<s;<1,...,0<s, <1. ’
n p=bo+7ibi+...+ %b,. [2,3]
8) 057 =51,...,057,51:! ’
[3ti1s oo stin]:
9) 15 isn.
10) bi ~ao= tj1Og+...+5,0,. [1,2]
11) b; =
(Er+tidan+. oo+ [ +tip)agse: [10]
[quitifuii ]
12) 15j =n.15¢ =n.
%(1 -r;) if 7; <1, 7]
13) u; = 1
- E if Y = 1.
1-si . .
14) Gy b1 >0,
t} = 1 if ;j +4 =0, [11,5]
-Sj

if &; + ¢ <0.
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15)

16)
17)
18)

19)
20)
21)
22)
23)
24)

25)

26)
27)
28)
29)

30)
31)
32)
33)

34)

35)

36)
37)

THEODORE F. SULLIVAN

- Si .
ti+ b .
tij+ti if 4ij + ]>0
u;j =4 -1 if t;j+ 14 =0.
1-sj . )
tij+ t] if t;]+ t] <o0.

uij =0 =4} .
0=sj+ tftij+t)=1
0=sj+ u,-,-(ti,-+ )s1::
[gtiui] -
157 =n.
t = min @,,..., 0}
w! = min (%1, ..0,tink
0=s; + t,"(tij +G]') =1.
0 = sj +ult;+aj) =1.
p+tib; =ao+ (sy+ t/(t; + ti))ar+
eeot (S,,+ t,’(t; + tin))an-
p+ulb; = do+ (sy+uflt; +¢;1))a,+
et (sn"' tz!(ti + tin))uno
P +ti'bi€P1.
p+uib;eP;. .
[31’1’]

1sismn
’ = [min {tru;} if 7; <1. }
i max {ui’,u,-} ifr; = 1.
0=r;+7{ =1.

0= Sj +’V,-’(t,'j+tj) =1.

r! 0.

riby,...,7sbs are linearly
independent.

p+7ib;e(P,NP,):

A

[3M]:
M (p,7ibs,y ..., 7 b)) (M) .
MCP,NP;.
(3Q]._
P(Q .
Q C.Pl N P2 ;'E
~(EXT (P, B))

[11,5]

[14,15,6]
[14,6]
[15,6]

[14,15]

[20,14,6]
[21,15,6]

[5,11]
[5,11]

[24,22]
[25,23]

[20,21,13,8]

[29,20,21,14,15,6]

[29,2]

[30,31,1,2,5,7]

(33,5,2]

[L7,35,34,3]

[L6,35]
[37,36]

In Li14 we are saying if two points p; and p. belong to a parallelepiped

P then every point q between p, and p. also belongs to P.

L14 [do,...,0:p1P2qtP]:P (a0, ...,a,)(P).0S¢=1,
P1€P.peeP.q=p1+ Hpz-p1).D.q€eP
PF [Clo, o ooy UnP1pP2 th] : Hp(5) e D

[381t1, s Sntn]'
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6) 0ss, 21,054 =1,...,05s, =1,

0= £,=1.
7) P1 =0+ S;05+...+ S0y, [1,3,4]
8) Pz=Co+,0;+ ...+ %0,
9) q=do+ (sy+#(ti-s))ag+...+

(Sn + Htn- s0))ap. [5’7,8]
10) 0=5,-1s, S8~ 18+ th= s+

tt,-S)y ..., 058, 18, S S - 1Sn +

bty = Syt Wiy- ). [2,6]
11) Si+ Hty-8y) = s, (1 -8) + th,=(1 -£) +

t=1,...,8, +t(t,-8)) =s,(1-t) + th, =

(1-t) + t=1. [2,6]

qeP [1,9,10,11]

In our next lemma we refine L14 a little to say that if p; and p; besides
being in the parallelepiped P also do not lie on the same side then if q is
between p, and p: we have that q belongs to the interior of P (i.e., qe P-R).

L15 [ao,...,ap1p2qt PR]: R"(ao, . . - GP)R) .preP.
peP.0<t<1.q= p1+t(pz P1) [35]
$"(do, . - -, a,P)(S)). ps€ S} pzeS’) 2.qe(P-R)

PF [do, - - - ,GuP1P2 QZPR] : : Fp(6) . 5.
[asltls-°°’s'lt"]'.‘

7 0ss,51.054=1,...,0=s,=1.
0=f=1. [1,2’3]
8) P1=Og+ S;Qy+...+ Sn.
9) P2=Co+ 505 +. ..+ 1,0,
10) q=ao+ (Sy+2(t-s))ag+...+
(sn+ Uty = sp))atn. [5,8,9]
11) qe P. [L14,1,2,3,4,5]
12) 0ss;+ Ht-s))=1,...,05s, +
H(fy-5a)=1: [11,10,1]
13) Syttt -s) =0.D.8,(1-t)+1t,=0: [7,4]
14) Syt -5)=0.>.8(1-1) =0.H,=0: [13,7,4]
15) S+t -5)=0.D.5=0.£,=0: [14,7,4]
16) s;+t(t-8) =0.D.p1€Sy.p2 €St : [15,6]
17) ~(Sy+E(t,-5)=0),...,~(Sp+ Ht, - S4) = 0):
[16,6, »—(n times)]
18) Si+ Ut -s)=1.0.8(-1)+ th=1; [7,4]
19) s+ Ht,-s)=1.D.8=1.¢=1: [18,7,4]
20) s+ Hty-s1)=1.D.pyeSt.p €S: [19,6]
21) ~(sy+ it -8)=1),...,~(s,+ Ht,-su)=1).
[20,6,~@ times)]
22) 0< s+ Ht;-81)<1,...,0<s,+
t{ts- 5)<1.. [12,17,21]

qe P-R [22,11,1]
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Our next three lemmas show by induction that if all the vertices of a
parallelepiped P, belong to a parallelepiped P, then P, is contained in P,.

L16 [Py P:oy.eeyQulyy...,t,bob, @]:P"(P,). P™(aoy - ..,a,) (Py).
{tr, ..ottt clo, il bo=ao+ tiay+...+
ta,.bre {(1-2t)ay,...,(1-28)a,}. {by,b} CP.
Pi(boby)(Q).D. QC P, [L14]

Li7 [P;,_Pzﬂo,- ..,anbo,...,bkpo, ..'.,pk+1t181,.. .,tnSnQle]
CPH(B) . PYao, ..., 0)(Py) . {S1, .. ., Su} C{O,1}.
1sks=n-1.po=0p+ S1a1+ ...+ SyQy.
{pI’"°’pk+1}C{(1'231)01)°°°’(1'23n)an}-
{po+ siay+...+ siaxl{s},...,s;} c{0,1} c ..
Pk-H(po, ce ey pk+1)(Q1) P 6Q1 H Pk(bo, ceey bk)(Q).
bo=ao+ 1Oy +.eot bln.ty, ..., 4} C{0,1}.
{bl,...,bk}C{(l-ztl)al,...,(l'ztn)an}.:). QCPz:
D.peP;

PF [Plpzqo,...,ano,...,bkpo,...,Pk_'_ltlsl,...,t,,SnQle]

:1Hp(10):D.",

[3@:Q"bobbbybi, . . ., bb}]. .

11; bt;a(= PO;--',';k=)Pk-
12 P(bo, . . . , bi)(Q2).
13) bb = Po+ Pyys-DL= Prse-«rbh = Pie (2,3,4,5,6]
14) P*(bs, . . ., bI(Q").
15) Q, CP,. [10,12,11,3,5,6]
16) Q' CP,: [10,14,13,3,5,6]
7 [3”1,--~,7k+1]:
1 0=71,.00y7p1=1.
18) P=Pot+7iP1*.eeeot Yet1Pri1e } [4,8.5]
[3%42]'
19) q1=po+ 71P1t .« « + ViPke
20) G2 =Po + Ppi1+71P1+e - - + 7Pk [17,8]
21) GreQs. [19,17,12,11]
22) q2€Q". [20,17,14,13]
23) G1€Ps .2 €P; . [15,16,21,22]
24) P =di+ 712 -q0) " [18,19,20]
peP, [L14,1,17,23,24]
L18 [P1P200, cee ,d,,] : ﬁn(Pz) . P"(ao, e ,ﬂn)(Pl) .
{ao+ tyay+...+ thapl{ts, ..., t} c{0,1}} c P,. D.
P,CP, [L16,L17]

We are now ready to prove the other half of what we said we would
show just before L7. Namely, we now show that if P; and P, are parallele-
pipeds which contain a parallelepiped @ in their intersection then there
exists a point p belonging to P, N (P, -R) where R is the perimeter of P;.

L19 [ao@b,...,0,0:,P1 P2 R]:R @0, ...,a,P)(R). P" (a5, ...,a7)(P,).
~EXT (Plpg) D, [gq] .qe€ B n (Pl -R)
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PF [ao@b,...,0,0,P; P R]:*:Hp(3).D::

) [;bo,...(,b,,Q]:: @
4 P"(bo,...,b)(@
5) QCPNPs:. } [1,2,3]
[risiti,s e ey ¥uSala].".
6) 0=7y,...,7 =1, 1
7) 05Sy,...,8, =1.
8) 0st,...,ta =1,
9) bo=do+ 71Q1+.. .+ 7,Q,. L
10) bo+%b1+...+%b,,=ao+slu1+ [5,1]
ee ¥ S0,
11) bo+by+ ... +b,=ao+ 10y +
weo + InGy.
1 1
12) §b1+...+§bn=(t1-31)01+...+
(ts - sn)ay. [11,10]
13) Y1+ (F1=81) = Spyeuey ¥nt
(£,- $u) = Sn. [1,9,12,10]
14) Vit b1=28,0uey¥y +1n=28y,: [13]
15) $,=0.D2.4,=0,...,8,=0.D.
t, = 0: [7,8,14]
16) $,=0.D.(t,-51)=0,..., 8,=0.
Ot - s) =0: [15]
17) {bs,...,b,} has dimension z. [1]
18) ~(51=0),...,~(s,=0): [17,12,16, ]
19) §;=1.D0.5=1,...,8,=1.D.
ty=1: [14,6,8]
20) $1=1.D0.(¢ - s)=0,..., sp=1.
O.(t, - s)=0: [19]
21) ~(sy=1),...,~(s,=1). [17,12,20, -]
)
1 1.
22) q=bo+ §b1+ et Eb”' [4]
23) ge (P -R):: [22,5,1,10,18,21]
[za]-qeP. N (P, -R) [23,22,4,5]

We now state as L20 the reduction of DVI to the statement that two
parallelepipeds P; and P, are external iff there exists a point q in the in-

terior of one and which belongs to the other.
L20 [ao,...,8,P1 PaR].".R%ao,...,a,P)(R).P(P:).D:
EXT(P, P2) .=.~([3q] . q e P N(P, -R)) [L19,L13]
Our next step will be to show that if two parallelepipeds P, and P, are
externally tangent (DV2) then there exist vectors ao, ..., a0, and # <0 such
that we have P™ao,...,a,)(P), P™ag,...,a,_;6,)(P;) and a} = ta,. We do
this using lemmas L21 - L29. In lemma L2I1 we show that if p; belongs to
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parallelepiped P and p» does not then there exists a point q between p; and
p= which also does not belong to P (figure 10).

P

Fig. 10

L21 [doy---,0sP1P2 P]:P™ a0y - .. ,0,)(P).preP.~(paeP).
D.[3at].0< ¢t <1.q =pi+t(p2-ps) .~ (qeP)
PF [ao,.-.,0,p;p2 P]: :Hp(3).D::
1y - - - st2n] et

4) 05£,51,05¢,51,...,054,_,51.
5) pP1=Co+ tiay+ LAz + oo + by Ay [1,2]
6) P2=Co+ Lo+ E40a+ oo+ Ep0,1 0
[y87u,uz] : :
7 ie (2,4, ...,2n).
8) j=i-1: [6,1,3]
9) t; >1.v.1 <0:
2e -4
10 mETTE
1 ’ ] [5,6]
P
11) Uz = t,' -tj N
[33131,3335, oo esS2m-188n-1q162] .
12) qi= 0o+ S;0;+ Sgla+...+
S2n-10n .
13) gz2=0o + Sid;+S3Aa+... +
shia,. [2,10,11,6]
14) q1= p1+%1(pz - P1)-
15) Q2 = P1+ %2(p2 - p1)-
16) si=t +u(t; -1). [14,12,5,6]
17) st =t +uy(ti -tj): [15,13,5,6]
18) t>1.0.0<u,<1: [10,8,6,4]
19) t;>1.0.85>1: [16,10]
20) i >1.05.~(q.eP): [19,12,1]

21) t <0.5.0<u,<1: [11,8,6,4]
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22) £<0.5.s/<0: [17,11]
23) £;<0.D.~(geeP):: [22,13,1]
[zafl.q = p1+i(p2-p1).~(qe P) [9,20,14,23,15]

With L19 (and L20) we show that if P; and P, are externally tangent
parallelepipeds, P, is determined by the vectors ao,...,a, p belongs to
P,- P, and the j® coordinate ‘%>’ of p with respect to {ao,...,a,}, and
i >1(4j<0) then the side S}(S)) of P, is contained in P, NP, (figure 11
shows the case £, >>1).

P, q Si op
a0+al P2
)

Fig. 11

L22 (0o, .«.sQutyy .oy tjpipaS; PiPe]:S"(a0, . . ., 0,P1)(S}).
ETG (P, P3) .py€(Pa- Py) .pi=@o +11Q1+. .. + L,d,.
4 >1.paeS}. D.pae(P N Py)
PF [do,...,Qut, ..., bjpipeSj P1P] - Hp(6). D::
PR B

7 P2=0Og+S10;+...+ S0y,
8) 0=s;51,...,055;,51.055;;,,51,
...,0Ss, 21, ’ ] [1,6]
9) Sj = 1.
3Q]."-_
10) P"Q). } (2]
11) Q=P,UP;.
12) P1€Q.p2€@: [1173’6,1]
13) [1]:0<£<1.D. 4 +1(sj-1) =
ti(1-1) +tsj >1: [9,5]
14) [qt]:0<t<1.q=py+t(p2-pi) .
5.~(qe Py): [13,3,4,7]
15) [qt]:0<t <1.q= py+ tlpz - ps)-
D.qeQ: [L14,1,12]
16) [qt]:0<t<1.q=pi+ tlp2-p).
5.qePs: [11,15,14]
17) PP [L21,1,3,16, -]

p""GPln'Pz [1:6,17]
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L23 [@o,.-s0ntyy e, 6jP1PeSiPiP2]: S (@0, .. . ,a,P)(S)).
ETG (P1P2) .p1e(Pa-Py) .py= o + 101 +. . .+1,0,.
i <0.p2eS7.D.p2e(PyNPp)
PF [do,..+s0nty ... ,LjpipaS;PiPs]:+: Hp(6) . D::
[351,-..,80]:

T P2= 0o+ S10;+...+ S,0y,.
8) 0=s=1,...,0= Sj_1§1.0§ S]'+1§1, [1,6]
...,05s, =1,
9) sji=0.".
[3]."._
10) P"(Q). 2]
11) Q =P1 Ul)z.
12) P1€Q@ .p2€Q:
13) [£]:0<¢<1.D.t +t(sj-t;)=
ti(1-9<o0: [9,5]
14) [qt]:0<¢<1.q = py+t(pz -ps) -
O.~(qe Py): [13,3,7]
15) [qt]:0<t<1.q = p;+t(pz-py)-
D.qe @: [L14,1,12]
16) [qt]:0<#<1.q =p1+ Hpz-py) -
S.qePs: [11,15,14]
17) pzeR:: [L21,1,3,16,—«]
p2€PLN P [1,6,17]

We now summarize the result of the last two lemmas in our next
lemma by saying if P, and P» are externally tangent then there exists a
side of P, contained in P, N B.

L24 [P,P;]: ETG(P, B).>.[35].5%P,}(S) .S c (PynPy)
PF [P, P:]::Hp(1).D::

2) PyCP,.D.~ EXT(PPy):-: (1]
zp]::
3) pe (Pz -Py:: [1,2’_’"']
300, TR CPRELY Ll
4) P™(do, .- ., a.)(Py). [1]
5) p=0o+li0;+...+10, [3,4]
6) 15j=n:
7 ;i<0.v.4i>1.. (3,5,4]
[357] s .
8) S"(ao, - - . ,a,P)(S)) . (4]
9) ti>1.D.i=1:
10) ti<0.25.i=0:
11) _ S} cPNP,:.: [L22,L23,8,1,3,5,9,10,7]
[55]1.5%P}(S) . S c(P,NPy). [8,11]

Now we work on the uniqueness of having one side of P; contained in
P,NP, if P, and P are externally tangent. Our next lemma shows that if
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S is a side of P; and p belongs to P; -S then if P, and P, are externally
tangent and S C P, N P, it follows that p doesn’t belong to P, (since otherwise
P, and P, would not be external).

L25 [P,P,Sp]: ETG(P,P;).S%P}(S) .pe(P,-S).SC (P NPy).
D. N(PGPZ)
PF [P, RSp]::Hp(4).D:
[3“0’ ,q,,S ]

5) $@o, - -+, 0 P)(S) . } (2]
6) S=Sj::
fyttir - 1]
i) q=0p+ii0y+...+ by,
8) ti =1.
1 1 1
9 i=greotin=g G geb 4 [6]
_1
=3
10) geS.".
GRr]..
11) R™(ag, - - -, 0,P)(R) : [5]
12) peR.v.pe(P,-R): [3]
13) pe(Pi-R).pe Py.D.~ EXT(P, Py): [L13,11,1]
14) peR.D.~(3S; 1500, . . ., a,Py) (S)) .
peSi.qeS: [7,8,9,3,10]
15) PER.peP.O.p+5 (q pe
(P,-R): [L15,11,10,14,p/q]
16) peR.pePz.D.p+%(q-p)e
Py [L14,11,10,6,4]
17) peR.pePy.D.~EXT(P P)::  [L13,11,15,16,1]
~(peP>) [1,12,13,17,-]

In L26 we state the uniqueness mentioned above. Notice that L21 means
P1 ﬂPz =S.

L26 [P, P,SS,]:ETG(P,P,).S%P}S).S%P)(S,).SCP,NP;.
S CPNP.D.5= 5
PF [P.P.SS,]:Hp(5).D.

6) P,NP,=S. [L25,1,2,4]
7) P10P2= Sl- [L25,1,3,5]
S=8, [6,7]

In L27 we show that if two parallelepipeds P; and P, are externally
tangent then except for one vector they can be generated by the same set of
vectors, (see figure 12). We use L5 and L6 where 7 is replaced by 7 - 1.
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Uo+ Ay

Up+ Oy + Ay

| / /
do G+

Fig. 12

(We can use do,a] ,02 to generate P, where a,,0;,a; generate P;)
L27 [P, P]:ETG(P, Ps).D.[300,...,0:0,].P" (a0, ...,0,) (P).

P00y« « 5 Qpeg,00)(Pa)
[P, P:]::Hp(1). D

PF

2)
3)
4)
5)
6)
7)
8)

9)
10)
11)
12)
13)
14)
15)
16)
17)
18)
19)
20)

21)
22)

23)

[bobs, . . ., babiSiSi] -2
§"(bo, . ..,b,P)(S7).
§"bs, ... ,baP)(Sh) .

P1 n Pz = S;.
P, NP;=Sf.
Sj = Sf.

Pn_l(bo+ ib,‘,bl see ey b,‘_l ’bi+l’
P" Y b+ 1bL,b], ..., bj_, sbi+1,
oy -+ -y AP0y - -+ s Palt

Qo = bo + 2b,.

a, =by,... »Gj-1 = bi-l'

a; = (1 -Zi)bj .

Qj41 = b]-+1,... s, = bn.

P_n(ao, ey an)(Pl)-

-1
pP” (Go,...,(li_l,qi+1, e

po= by + 1bg.

pk+!~ = bl,’.+1’ ceesPr = b;.
P™(poy- - -, Pu)(P2) .
P" (o5 - - + » Ph1 sPh+15 -

[Eltu RS /ST SO ,tﬂ]

{tly-“, lem1sbpgrs - -

.o

W

[L24,L25,1,(2 times)]

) [4,5]
. ba)(S)). [L6,2]
S bI(SH) :: [L6,3]
L [L6,2]

,a)(S) . [7,9,10,11,12]

. [L6,3]

*

,p)SD .. [8,15,16,17,18]

;,,}c {o,1}.

do = Po + tipr+ oot Bm1Praa
+ lpp1Prtrt e o o+ Py

{01,...,G,‘_l,q,‘.u,...,a,,}:

[L5,14,20,6]

{(1- 2t1)P1 geeey (1- 2t _,) Pr-1>
(1- 2841 )Pryay -+ > (1-28)(po)}:

[gbo, .o .,bn]:
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24) bo =do.

25) b1=01,...,b1‘_1=di-1.

26) b; = pz. [L6,23,22,19]
27) b]-+1=a]~+1,...,b,,=a,,.

28) P™(bo, - . ., bu) (P2).

29) P"(bo, ey bj-ubj-}.l" L) bmb]')(Pz) [L6928]
30) P"ao,..., [+ FERYY. PRRTPPI a.,b))(P).  [29,24,25,26,27]
31) P”(QO; P IS TL PRSP -,umdi)(Pl):': [L6713]

[390, . - -5 ana;]. P00, . . ., @) (P1) . P™(a0, - - -, Onr 0p)(P2)  [30,31]

We now prove, for later use, a variation of lemma L27 which says that
if ap,...,qa, generate P,, P, and P, are externally tangent, and the side Sy
of P, equals the intersection P; NP, then there is a point @, such that
Oo, . - .50y ,0;, generate P,.

L28 [do,...,a,P; P:Sy]: ETG(P, Ps). S (a0, - . .,a,P1)(SH).
S7 CPy.D.[3a5]. PX@o, . . ., Gpey ,00) (P2)
PF [do,...,a,P; P;Sp]::Hp(3).D.".

4) Sy=P,NP;. [1,2,3,L21]
5) P"-I(Go, ooy qn-l)(82) : [2]
[gbo,...,bn,sﬂl .
6) §"(bo, . - -, baP2)(S]) . ] .
7) S;cP,NP; . [1]
8) Si=P,NP,. [L21,7]
9) S} = 5. , [L26,1,2,3,7]
10) P Hbo+ ibj,by, ..., bjo1,bit1y ..., ba)(S)). [L6,6]
[5tisecestjmrtipnyeenstal.
11) do =bo+ibj +f by + ... +
Lioabjoy+ bbb ..+ b,
12) {01 ey “n—l} = {(1 - 2t1)b1 ey [L5110:5:9]

(1 -2 ti-l)bj-].’(l - 2t]'+1)b]'+1 geeey
(1-2t,)b,}.

13) P"aq, . .., an-1)(S]) . [L6,10,11,12]
14) P™(dos . - -y Ay (1 - 20)b) (Py): . [L6,6,11,12]
[30,’,] . Pn(ao, LA ﬂn..l,d,/,)(Pz) [14]

We are now ready for the last stage in obtaining the characterization
for DV2, mentioned just before lemma L2I. Namely, we show in lemma
L29 that if P, and P, are externally tangent and we have vectors ag, ..., a,a5
such that P™(ao,...,a,)(Py) holds and P*(ao,...,d,_;1a.)(P,) holds (such
vectors exist by L27) then there is a ‘“#’’ such that a, =¢a, and # <0. Con-
versely, in lemma L30, we show that if aj,=t¢a, and ¢ <0 then
P™do, . .., ds-1a7)(P2) implies that P, is externally tangent to P;.

L29 [do,...,a,05P; P2]: P (a0, ...,a,)(Py).
P™(aoy - - « 5 Qno1,05) (P2).
ETG(P,P,).D:[5t].arn = ta,.2 <0

PF [ao,...,0,a,P1P2]: tHp(3).D:e:
[atl, . °;tn] o
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PF

4)
5)

6)
7)

8)
9)
10)
11)
12)

13)
14)

15)
16)
17)
18)
19)
20)
21)
22)
23)
24)

[Pnguo,..
[HR]

5)
6)

7
8)

10)

11)
12)
13)
14)

THEODORE F. SULLIVAN

Or =1101+...+ 4,0y
Qo+ +oot Qnogt 07 = Ao+ (14 )ag+ ...
+ (1+ tn-l)qn-l"' 5,0y .
Qo+ 0Qn=0o+l10;+ «oot L,0n:
L>00v.,.eey.v.8,.,>0.D,
~[(ao+ « oot Qpoy+an) e Pa]:
~@>0) ., ..., ~(t,21>0):
<O v.yueeyov. 8, 1<0.D.~[(ao+ @) eP2]:
t=0.,..0,28,.,=0:
th=0.D2.a0,=0:
~(t=0)::
[3¢]::
~(t=0).
q,’;-‘-tan-.. }
[3sS2].".
= min {t,l}.
5”0, . - ., @, P1)(SD. }
SscP,NP;.
Sy=P,NP,:
t>0.D.00+ 80, € Py
t>0.0.a0+ S0, € Py
t>0.D.00+ sa, e PyNP;:
t>0.5.~(ao + Sa,) €Sy:
~(t>0).
t<0:.:

[3t].a7 =ta,. <0
L30 [P, Pag,...,a:b¢]: P ao,...,a,)B).<0.b = ta,.
P™ (0o, ...,0,-0)(P:) .2 .ETG(P, P,)

[3po, -

.,0sbt]:-:Hp(4) . D

R™(do, ...,a,P)(R):
[Sif1y++vySnta]:0=8, 1.0 =4, =1.
Ao+ £10i+ «oot 5Oy = Qg+ S$10; + ..
+ 8,10, +Ssb.D.S =8, ...,8,.,=
tn.i- tn=0.
P,NPCR.
N([gq]°q e (P,-R)NPp).
EXT (P, Pp) . .
Y M)
Po = 0o + ta,.
P1=0Q15¢.0,Pp-1=Cp1.
Pr = (1 't)an-
Po = 0o + b. +
Pn = (lt_t) b.
P"(pos ..., p)@):

1-¢

[t,]:05t, ng—l.a.qgt,,(-t—);o:

[1,2]

(4]
(4]

[2,5]
(2,7]
[2,6]
[9,2,8]
[10,6]
[11,2]

[6,10,12]

[14]

[1,2]

[L25,3,16,17)
[1,15]
[2,15,14]
[20,19]
[16,15]
[18,21,22]
[23,13]
[14,24]

[1]

[1,2,3]

[5,6]

[7]
[L19,5,4,8,~<]

[1,2,3]

(2]
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t

15) [t,,]:Oétnéz_—l. 0=s1 +tﬂ<1 t)él. [14]
-t
16) [t:].po+ tapn=ap + |1+ tn(l )]b [10,3,12]
17) [%.]: T l“t" 1.D0.8=4(1-¢) S1-¢: [2]
18) [tn]:ttTlit $1.5.0 5t + b(1-8) =1: [17]
19) [20].po + tapn = Ao + [t + tu(1 = 1)]a,, [10,3,12]
20) Q CPUP,: [13,10,1,4,16,15,19,18]
:0su< Lt ocu-t o
21) [u].O_u_l.D.t_lf(l_t)_l. [2]
22) [#1y0eythn] Qo+ %0y + ..+ UQp=
-t
Po = UsPi+ - oo + Upyy Pumy+ (;‘”Tt)p,,. [19,10]
23) P,CQ: [1,13,22,21,2]
ir-1) _
< <
24) [rl:057=1.5.05 T _t - [2]
25) [iyeees?p] 0o+ 71014 oot 700, =
t(r,-1
Po+71P1+ oue +VyoyPpart (—(1—_15—)-> Pa- [16,10]
26) P, CQ. [4,13,25,24,2]
27) Q=P,UP,:: [20,23,26]

Having given a relationship between the generating vectors of two ex-
ternally tangent parallelepipeds, we turn our attention to a characterization
of the definition of bisector (DV3). We want to show that P, bisects p, iff
there is an H such that we have H"(ao,...,a,)H) and H = P, N B, for a suit-
able choice of generating vectors qo,...,0, of P;. This will be the object
of lemmas L3I - L38, In lemma L3I we show that if two parallelepipeds @1
and €. are externally tangent to the same side of parallelepiped P then @,
and @; are not external (figure 13).

Fig. 13
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L31 [ao,...,8,PR1Q252]:5 (@, - . .,a,P)(Sa) . ETG(PQ)).
ETG (PQ) . PNQ,=S3. PNQ=S3.D.~(EXT(Q,Q2))
PF [ao,...,0,P@,Q2S,]. . Hp(5).D:

6) P™ (0o, -+ + 58,1 b (@), [L28,1,2,4]
7) b, =ta,.
8) <0, [L29,6,1,2]
9) P"(Oo, veeyOpay b,',)(Qz ). [L28:1:3’5]
10) b, =t'a,. }
L129,9,1,3
11) ¢’ <0. [£29,9,1,3]
12) R™(@o, - - - 5 8p-1 0@ (R). [6]
[asp]-
13) S = % max {£,'} .
[8,11,6]
14) =aq +la + +—1c| +3p
P 0 2 1 s 2 n=-1 t n e
1 1 s
15) P=o+ 50+ ..+ 50 +3bs. [14,13,10,7]
16) 0 <t—s<1.o <5< [13,11,8]
17) peR; -R. [14,16,12,6]
18) pe@y: [15,16,9]
~ (EXT(Q;,&2)) [L13,12,9,17,18]

Our next lemma says that under suitable hypotheses the four parallel-
epipeds P;P,Q; . have relative positions such as is shown in figure 14.
Note that the hypotheses form part of the conditions necessary for P, to
bisect P;(DV3) and as the figure indicates these hypotheses are enough to
guarantee that P, contains at least ‘‘half’’ of P, but they are not sufficient
to force P, to contain exactly ‘‘half’’ of P;.

Fig. 14
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L32 [P, P, @@ ]:ETG(P,Q,) . ETG(P; Q). EXT(Q,Q5,) .P"(P,).
Ql CP2~Q2CP20~(P1CP2)-D-[300,...,anlbz].
P™(Qloy v ey 0,)(Pr) {00 +E101+. oo+ L0, [{t, .o oytn)
c{0,1} . ~(t1=1.t,=1)} CPy. P™(do, 01, .. - ,0p-1,b; ) @ 1) .
P"(0g,bz ,02,...,0,)@Qz)
PF [P P, @Q2]::Hp(T).D.".
(3005 - -+ spnS1525/5.8:5 1] "

8) P(Ros - - - » o) (Py). , [1]
9) §P)-(S)) . S™(po, - - - , PLPI(S)).

10) $,=5;. [L21,L20,1]
11) S1=PiNQ;.
12) S,CPh. [11,5]
13) Pﬂ(po + ZPJ,pl geeey pi‘l’pi+1’ P ,pn,

(1-20)p,)(P). [L6,8,9]
14) §"(po +iPjsP1y -+ s Pj-1sPj+1s + + 3 Pus

(1 -2d)p; PL)(Sn). [13]
15) S,= Sh. [10,9,14]
16) S4P}S,). }
i;; ;g(fosg : B 7pnP1)(Sk) . [LZ],LZQ,Z]
19) Se=P;NQ;.
20) P"(po + LprsPrs«+«sPh=1s+++5 Pul-20)p)

(Py) . [L6,8,17]
21) S”(Po + lPk,Pl 3eee s Pr-15Pk+15 e+ 3Pn»

(1-21)pP)(SD) . (20]
22) Sz=Sh. [18,17,21]
23) S,cP,: [19,6]
24) Sp=8,.0.~ (EXT(Q,@:)): [L26!14,1,2’11715’19]
25) Si=SI™. 5. P Ch: [L18,4,8,18,10,17,9]
26) j4E. [25,24,18,10,3,7]
217) P™(po + ipj + IPksPrs -+ s Pim1sPjat s+« + s Ph-15

Pitis« -+ sPus(l - 2i)Pi:(1 -2 Z)Pk)<P1) . [L6:879’17]
28) P"(Po +7:P]' + lPk;Pu ceesPja1sPjt1s 0 e s Pe-1y

o5 PR apn;(l -2l )Pk,(l = 21)P])(P1) : [L6,27]

[300, e ,anlbz ] .
29) do = po+ ipj + lpp.ay = (1-20)p,.

d2 =p1.,...,.0,'_1 =Pj-2.4; =Pj-1-
j41% Pjgleyeney e Op-1= Ppo1 - Op =

Phts + ooy Ona1= Pp-Cn = (1 -20)p;. (8,9,17]
30) P™(do, .. .,a,)(P,) . [L6,8,9,17,29]
31) $"@o, . . . ,0,P)(Sy) . [29,14]
32) P™ 0oy« .5 0,-1,b)(Q1) . [L28,1,31,15,12]
33) P™(00,0z 4. .., ana)( Py, [L6,30]
34) $™(ao,0z2, . . ., an,0; P)(Sp) . [29,21]
35) P"(co,0z2 5 . . . , 0b2)(Q2) . [L28,2,34,22,23]

36) P”(Go,bz 50250 ,dn)(Qz) [DVP!35]
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37) {ao+ tray+...+ tyanl{ty, ..., ta} C
{0,1}.~(¢,=1.t,= 1)} CP,.". [35,32,5,6]
[300, voe ,an1b2] . P"(uo, see ,Gn)(Pl) .
{ao +tyay+ ..o+ Laul{t,..., .} {0,1}
N(t1= l.tn = 1)} ch. P”(ao, oo eylyay ,bl)(Q1)-
P™(aobz 02 5 -« - , @) (Q2) [30,36,33,35]

In lemma L33 we show that if parallelepipeds @, and @: are externally
tangent to ‘‘adjacent’’ sides of parallelepiped P; then there exists a paral-
lelepiped P, containing @,, ., and exactly ‘half’’ of P,. Figure 15 illus-
trates L33.

Po

P,

Fig. 15

L33 [P1Q1 Qz [ P ,anl b2] . P”(Go, ces ,Gn)(Pl).
pn(do, e eeylpa1 ,b1)(Q1) . P”(Go, b2,02,. .. ,dn)(Qz) .
ETG(P.1 @) . ETG(P1Q2).D. [gPo, .« .,pnP2 H].
P (poy s pn)P2) . @ C P .Q2C P .H" (A0, ...,a,P1)
(H). P,NP2 =H
PF [P1@:1Qz200,...,0,b,b;]:-Hp(5) . D!

[3”3]3 :
6) s <0.
7 b,= sa,.
8; u1< 0. [L29,1,2,3,4,5]
9) by = uay :-:

[apo, -..,p,‘]:':



10)
11)
12)
13)
14)
15)

16)
17)

18)

19)

20)
21)

22)

23)

24)
25)

26)

27)
28)

29)
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Po= o +uay + (1 -u)a,.
Po+ p1 = 0o + (1-s)a; + sa,.

Po + Pn = 0o + 40y + SAj. (7,9,1]
P2 =02, ...,Pp-1 =qn_1°
pr=(1-s-wa;+ (s+u-1)a,. [10,11]
prn=(s+u-1a,:: [10,12]
[3P2]::

P"(Poy ..., p)(P2): [10,12,13,15,1]

[Fatys oo s¥ntn]iao+7ia;y +
et PuoyOpoy + #pUG, = Po +
LiP1+ eee +upPn.D.
vizu+t,(1-s-u).rps =1 -u)+1t,
(s+u-1) +t,(s+u-1): [16,1,7,9,10,12,15]
[(#1t1yens¥nln]iGo+71Q1+ oo+
Vn-10yo1 + VpUOy, = Po+ E1Pr+.. ..+
Yi-u VuS+u-1-1(s+u-1)
e = .
1-s-u S+u-1
[Patiy ooy rutn] Qo+ 710+, .o+
Vn=10noy + ¥pSU, = Po + L1Prt.. o+
bapn 071,000, ¥, S1.D.054,, ..., &
=1: [17,18,7,1,16]
Q,C Py [19,18,16,2]
[71t1y .oy ¥uln ]G0 + VU0 + 720z + . .. +
Vnlp = Po+ L1Pr+ oot lupn. DV U =
u+t,(1-s-4w.7,=(1-u) +t,(s+u-1) +
s+ u-1): [16,1,7,9,10,14,15]
[71t1, ..o ?uty] @0+ 7ua + 7202 + ... +
VYnQp = Po+ LiPr+.e..t bpp. Dty =
viu-u vyt -1 -t (s+u-1)

lnpn'D'tl—_-

[17]

(1—s—u)°t"_ s+u-1 -

Vp+ur; =1

Sru-l [21]
[71t1y o ooy ¥l 100 + 7100y +7202 + ...

+ ¥lp = Po+ LiPpr+ oo ot bpn. 057,

ey # S1.D.054, ... 4y =1 [22,6,8,1,16]
Q:CPhs: [23,22,16,3]

(7181, valn]iGo + 71@1 + o0+ 7,0, =

Po+tipr+ .o+ pu. D1 =u+

L(l-s=-u) v =tla,uee,Vpoy = lyay ¥y =

(1-w) + (t+t)(s+ u-1): [1,16,7,9,10,14,15]
[71tsy ooy Vuln]iqo + 7101+ oo + 740y =

Po+ lipr+ee et bipn. D ¥+ 7 =1+

(s+u-1)=1.". [25,6,8,1,16]
[HH]..O "
H(ao,...,a,P:)(H). [1]
P,NP, CH. [1,16,26]

1-
ao+a1=po+<1_s”_‘u)pl. [10,14,15]
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30)

31)
32)
33)

34)

35)

36)
37)
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_ u
00+Qn-Po+<s+u_1)P1-

Qo + ;€ (P]_ ﬂPz).
do + Qg€ (PxﬂPz)Z

[72,cees¥p1]:057, .00, 7,151,

D.Co+ 720z + ouot ¥po1Opay =

p0+(—1;+—1;—_—]—.) Pi1t+7z2P2 +...+

Y n=1Pn-1+ (_1—_8—-—14) Pn:

[7250 ey ¥n=1]:0 =73, 00, 7oy =1,

D.Uo+ %202 + oo + ¥p_1Q,.1 €
(PlnPZ):
[72yeeey¥na1]:05ra, o0, 7y =1L
D.[gboM].bo = @0 + 7202 +. ..+

[1,16,29]
[1,16,30]

[10,15,12,13,1]

[1,16,33,6,8]

Vp=10p-1 - M?(boazaz)(M) . M C (P, N P2):

Hc(P,NPy).
P NPy=H::

[apo,.. .,pnPZH].P”(po, ---,pn)(Pz)-QICP2°
QzCPz.Hn(qo, . .,d,,Pl)(H).Plﬂpz =H

[L7,34,16,1,32,31]

[35]
[35,28]

[16,20,24,27,37]

Our next lemma says that if parallelepiped P contains one point p
more than ‘‘half’”’ of parallelepiped P, then it contains a parallelepiped @
more than half (see figure 16).

Fig. 16

L34 [ao,...,0,b,b2pP, P> Q: Q2 H]: P"(R) .P"(@o, - . - ,a,)(Py) .
P”(ﬂo, e ooy an-l, bl)(Ql) . Pn(QO,bQ,Oz PR ,Gn)(Qz) .

1 CPh.QCP: . H0,...,a,P)H) .pe (P,NE)-H)

-2.[3Q].peQ.P"(Q.Qc (P NP - H)
PF [ao,..-,0:b1b2pP; P,@1Q:H]::Hp(8).D::
(3715070 ]
Pp=GCo+ 70Uy + ...+ 7,0,.
0 V1,000, =10
i+, >1::

9)
10)
11)

[3p1, .

cesPalit

[2,8]



12)
13)

14)

15)
16)

17)

18)
19)
20)
21)
22)

23)
24)

25)
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P1=Co+ d;.
P2=00+01+a.2,...,p,,_1 = 0o +
ay+ dp-g .
Pr=0o+d,. .
Iéql,. .-,Gn].'.
1 1
q:= E(Pl'P), ey e = E(pn'p): [12713’14’9]

[s1yece,8nlis1Gi+.e.+ S,qn =
0.0.s1(p-p)+...+
Salp =pn) = 0: [15]
[S1yeeeySpliS1q1 +eeet Sugn=0.D.
S1(r1-1)a1+S1 7202+ . ..+ S17x0p +
Se(ri=-1)a1+Se(#a=1)as + Sa #7303 +...+
Sa¥nln + S3(7y - 1)ay + S37203 +
S3(#s-1)as + S37404+ o .. + Sz 70y +

(2]

Sp¥101 + Su¥alz +...t S¥p 10, q+

$,(7n - 1)a, = 02 [14,12,13,14,9]
d;,...,0, are linearly independent: [2]
[S15e-2s8n]i81q1 +.vut Sgn=0.D.

(S1+.eet Sp)V1=S1+uuut Spg.

(SiFeeet S)¥2 =82y0eey(Situit 8)7, = Syt [18,17]
[S15.e.s8p):81G1 +euut S0, =0.D.
(si+.eet SHIL+7,) = S1+ oo+ Syt [19]
[S1yeevsSn]iS1G1+ee.+ Sugn=10.D.
S1+...+8, =0 [20,10]
[S19evesSpliSiQr+eeo+ Sq,=0.D.
$1=0,...,s,=0: [21,19]
q:1,...,q, are linearly independent: [22,15]

[S1500.,8,]:058,,...,8,=1.
Si+...+8=1L.D.p+Siqr+ ... +

1
$,0n = do +[71+ E{(sl+' voF Spo1) -
(s1 4.0+ s,,)rl}]al + l:rz + %{sz -

(sp4...+ Sn)’i’z}](!z R L -

2
(s1+...+ s)7na,: [15,9,12,13,14]
[S15:0458,]:0581,...,8,=1.

S;+.e..+85,51.0.0<r, +

1
5{(sl+. e+ Spay) -(,sl+' Lo+ st 1.

1
0<ry+ lsu=(sat. . 4807} S 1. 1<+
1
vatgllsit. it sn) = (sp+e. +8)(r+ 7))
1
520575+ Sl = (sutentsdralyen ey 7

1
+'2-{sn_1-(31+...+s,,)1fn_1}§1: [10,11]
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26) [S15e-e38n]:0SSy,.00,8p S8+ v +
Sp S1.D.p+S1Gy+ ... +Spue (P -H): [24,25,2,7]
27) PrePs,...,pu€Py.pePs. [12,13,14,3,4,5,6]
28) P+adi€Pz,...,p+d,ePz.peP;. . [L14,1,15,27]
[3M]:
29) M™(p,q1s - - - »Gn) (M), [DVM,8,23,15,12,13,14,2]
30) M CP,. [L7,29,1,28]
31) M c((P, NPy) -H). [30,26]
[HQ]'_
32) P"(@).
33) Q C M, [L8,29]
34) pe@.
35) _ Qc((PnPy-H):e: [33,31]
[3Q].pe @.P"@). QC ((P.NP;) -H) [35,34,32]

Next we use the previous lemma to show that if a parallelepiped @ con-
tains more than ‘‘half’”” of parallelepiped P, and contains two parallel-
epipeds @; and @, which are externally tangent to adjacent sides of P, then
@ does not satisfy the last conjunct of bisector (see DV3 and figure 17).

Fig. 17

L35 [P1QQ1Q:Hpdo,...,d,bbs]: P @0, ...,a)(Py).
E”(ﬂo, eeey Oy bl)(Ql) . Pn(ao,bz 302, ... ,Gn)(Qg).
P"Q).ETG(Q, Py .ETG(Q:P) .Q, C Q. Qs C Q-_
H"(ao,...,a,P)(H).pe (@ nP,) -H).>.[3EFIP"(E).
P(F).Q.CE.Q,CE.FCP,NQ.~(FCE)

PF [P,QQ, @:Hpay,...,ab;b,]::Hp(10).D.".

3E]..
11) P"(E).
12) QCE.
13) Q:CE. [L33’1:2’3’5,6]
14) P,NE=H:
[3F]: _
15) P"(F).

16) Fc(PNnQ-H).
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17) peF. [L34,11,1,2,3,10,12,13]
18) ~(peE). [10,14]
19) ~(FCE).". [17,18]
[3£F].P"(E) .P"(F) .Q:CE.Q,CE.FCP,NQ.
~(FCE)

Our final lemma, before obtaining our geometric characterization of

the definition of bisector (DV3), says that if @, and @, are externally tangent
to adjacent sides of P,; and P, contains @;and @, then P, contains at least

half

L36

PF

sens

L37

PF

of p,.

[P1Q,Q: P Ha, ..., a5bob,]: P*(Py) . P™(@y, . . . ,a,)(Py) .
P”(Go, e eey anl)(Ql) . Pﬂ(ao ,bz W2y 0oy qn)(QZ) .
Q.CP;.Q>CPs.H 0o, ...,a,P)(H).D.HCP, NP,
[P1@,Q2P3 Hdg, ..., ,a,b0b,]: : Hp(7).D. .
8) [tay...ytua]:0Sts, ... t,_,S1.5.

[gbobibe M].bo =g +120z + oot byoy@yey

b= 0o+ a;.by = ag + A, . M* (o, b1 ,b2) (M) .

McC(PiNP,): [2,L7,2,07,1,3,4,5,6]
9) [ty «e.ortn]:0Sty, .., tyS1t,+4,51.D.

Qo+ HQy+...+ ha, e (PLNP,). . [8]

HCPiNP, [9]

We now prove that P, bisects P, iff P, contains exactly half (in the
e of DVH) of P;. Each implication is given as a separate lemma.

[PLP:]:BIS(PPz). D.[300, .. .,0,b1b2 @, Q2 H].
Pn(ao, vee,a)(Py) . P”(ao, ey On1,b)(@Q)) .
Pn(ﬂo:bz U2 5 00 0y Qn)(Qz) . ETG(lel) . ETG(QZ Pl)
Q,CP:.Q:CP;.H(ag,...,a,P)(H) .P,NP, =H

[P.P;]::Hp(1).D:-:
[3Q1Qz] N

2) EXT(Q,Q2).

3) EXT(Q,Py).

4) ETG (Q2Py). [DV3,1]

5) Q,CP;.

6) Q2CPy::

[300, .o ,Gnvblbg ]2 :

7) pn(qo, o ,ﬂn)(Pl) .

8) P"(doy -« + 5 0y1,b1)(@Qy) . [L32,1,2,3,4,5,6]

9) P”(Go,bz 702,"~,an)(Q2)-.-

l3H].".

10) H(ao,...,a,P)(H). [7]
11) Hc(P,NP,): [L36,1,7,8,9,5,6]
12) [pl:pe (PN Py -H).D.

~(BIS(P,R)): [L35,7,8,9,1,5,6,3,4]
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13) P;NPy=H:.:
[300, e ,anlbz Q1@ H] . Pn(do, ooy Gn)(Pl) .
Pn(ao, ce ,an_lbl)(Ql) . Pn(ao,bz,dz g oo
ETG(Q,P) . ETG(Q2P).Q:CP2.Q>CP;.
Hn(qo,- . .,anI)(H)c P10P2=H

P™(Goy e« 5 Aye1b1)(@1) . P™(a0,b2 ,02, ... ,,)(@2).
ETG(Q,P) .ETG(@,P) .Q, CP,.Q,C P;.
Hn(Cio: .ve,0,P)H) . P.NPy=H.D.BIS(P,P)
PF [PP2@@:Hdg, . ..,a,b.b2]::Hp(10).D::
11) ~(P1C Pz).
12) Pﬂ(“o, s o0y Gmbz)(Q 2) .
13)  P"(do,0z, .- -,0n0a)(Py) 2

[3s]::
14) s<0.
15) b,=sa,.
16) t<0.
17) o= 10y ¢
18) [atl, .o stuth @0+ 2101 +ou ot Epoy+ Gpey

tiby=ao +tiba+#iaz+ ...+ 5a, . D.
t,sQ, =1, . tit0; =1,

19) 7 R 7 Y\ =T TS W 123
Oo+ 01014, eet by Oyoy+ Gby=
Ao +tiby+t302+ ... +20,.2.1, =0.
1, =0.t,= 0., =0 .",

[JR.R2].".
20) R"(Aoy -« - - » Une1,b1@ ) (RY).
21) R(do,b2 0z, . . ., 8,Q2)(Rz):
22) [pl:pe (@ NQ).D.pe(RNR,):
23) ~( [gq] .qe(Q2N(Q-Ry))) .~

24)  EXT(Q:Q2):

25) [EF]:Q,CE.Q,CE.FCP,NP,.P"E).P"(F).
[10,9,L36,P,/E,2,3,4,5,6]
[1,2,3,4,7,8,11,24,25]

S>.FCHCE::
BIS(P,R)
We can combine lemmas L33 and L38 to obtain:

L39 [P1@,@200,...,0,b:b2]: P (a0, ...,a,)(Py).
P"(ao, . .., an-lybl)(Ql) . P™(ao sP2,02,..., a,)(Q2) .
ETG (@ P)) . ETG(Q2Py) . D.[3HR:]. BIS(P.P) .
HYao,...,a,P)(H) .P,NPy= H

. ’an)(Qz) .

[12,11,1]

¥ [7,8,9,3,4,5,6,10,13]
L38 [P,P;Q,Q:Hay,...,a,bibz]: P"(P;). P (aq,...,a,)(P,).

[1,2,10,9]
[DVP,4]
[DVP,2]

[L29,2,3,13,12]

[2,15,17]

[18,14,16]

[3]

[4]
[4,3,19,21,20]
[22]
[L19,23,20,4]

Next we give a characterization of the definition of concentric (DV4).
Here we want to show that if two parallelepipeds are concentric then they
have the same center. In lemma L40 we show that any bisector of P; con-
tains the center of P;,. We then go on to show that only the center of P, is

contained in the intersection of all the bisectors of P;.
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L40 [PiPdo,...,0,]:BIS(P,B).P (@0, ...,a,)(P).D.

+l + +l P
do 201 oo Zane 2
PF [P,Prdp,...,0,].". Hp(2).D:

[jHab, - - .,0,]:

3) H™(ab, ...,a,P)H).
4) H= PiNP,. [L37,1]
5) P*(ab,...,an(P) .
6) a{,+%a{ +. ..+%q;,eH. [DVH,3]
N 1,
) a0+§al+...+§qneP2. (6,4]
[381,...,811].
8) {s1,...,s,0 cf0,1}.
9) Oh=0Co+S810; + ...+ Sply.
L5,2,5
10) ol ... ai = {(1-28)ay, ..., (1-2s,) [£5,2,5]
a,h
1 1 ,
11) Qo+ 5 Qp+ ...+ 50, =05+
1 1
sl+§(1-2s1) Oyt oot s,l+-2—(1—23n)
, 1 1
Up=Co+ 50+ ...t o0y [8,9,10]
1 1
Ao+ 20+ ... +=0y€P; [11,7]

2 2

In lemmas 141, [42, 143, L44, and L45 we examine five cases where a
point p of parallelepiped P, does not lie in the ‘‘center’’ of P, and show in
each case that there is a bisector B of P, such that N(pePz). Then in
lemma L46 we show that if two parallelepipeds are concentric then their
centers are equal. In the following ‘‘b;, ...,Ei,...,b,,” denotes that all
objects by, ...,bsare to be considered except b;.

L4l [PipGoy -+« Ontiyee oyl 11565015 j Sn.itj.
b +4 >1.P" Aoy, 0n)(P).p =do+t10;+. ..+
taOn.p € Py.D.[3P] . BIS(PP) .~ (pePy)

PF [PipQoy .« sOntys---styij]. . Hp(7).D:
8)  P™0oy.--504y--.,0,0:)(P1).

9)  P"ao,...,8;,...,0,a;)(P). [L6,5]
10)  P™@o0,0;, .. .,8;,0;,...,0,0;)(P):
[ngQz]i
11) Pn(qo, e ,&,v g oo y0py -d]')(Ql) . [5]
12) ETG (P,Q,) . [L30,8,11]
13) P oy vy Qiye ey -a;)(@z). [5]
14) ETG (P,Q3) . [L30,9,13]
15) P™0o-0j, Q1,000 ,0;,...,0,)@Q02). [L6,13]
[3P2H].

16) BIS(P,P,) .
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17) Hn(a(nui’c'l:-- .,a,-,a,-,..-,an,a,-Pl) (H)']
18) P,NP, =H.
[L39,10,11,15,12,14]
19) ~(pe (PN Py)). [18,17,6,4]
20) ~peP,: [19,7]
[3P2]. BIS(P,P;) .~ (peP) [16,20]
[PipGo, vy Oplsy e tnif]:1Sisn 157 Sndd j.
b+t >1.P"ag, ..., 0)(P)).p=0o+ 110+ ... +
w0y P € PL.D.[3P2]. BIS(P1P:) .~ (pePy)
PF [PipOo,«--sQnlys...,tsij] i Hp(7).D:e:
l3bo, ... ,ba]:e
8) bo = Go + @; +4;.
9) by =0a1,...,b5bj,...,b,=a,. [1,2,3,5]
10) b; = -a; .b,’ = -dj.
11) pn(bl); ] Pn)(Pl) . [879,1075:3]
12) P (boy .+« yDiy .y bubi)(P).
13) P"(bos - -sbj, . .5 bub)(Py). [L6,11]
14) P"(bo,bj,b1, ..., bibj, ... ,byb)(Py)
) [':]QLQZ] : ( “ @)
15 P"(bo,...,bi,...,b0:)@1).
16) P"(bo, ..., bj,--.,b:0,)Q2) . } 15,11,8,9,10]
17) P"(0o,0j,015 ..., bj...,0(Q2). [L6,186]
18) ETG (P,Q1) . [L30,12,10,15]
19) ETG(PQ2). . [L30,13,10,16]
[3P:H].".
20) BIS(P.P,) . o
21) H*(bo,bjsby s ..., b;sbjy ... by,
b;P)(H) .
22) P,NP, =H.
[L39,14,15,17,18,19]
23) P,NP, =

143

{do+7105 +.0 o+ 758 + oo+ 7j0j +. o+ Vp0,+ (1-7,)
a,+ (1-7)a;l057;.057.7; +7;S1.0S7,51,...,

FiFise..,05 7,51} [22,21,8,9,10]

24) [rirj1:0=7; .0=7j.7i+7; S1.D.
(1-7)+(Q-9))21: [simple computation]
25) ~(pe(PaNPy)). [23,6,24,4]
26) ~(pePy) :-: [25,7]
[3P2]. BIS(P1P;) .~ (peP,) [20,26]

[Pipdoy - esOulsy.. lnif]i15isn1Sj s nitj.
1 " '

t,’ <‘2’ .t,’ + l/ =1.P (ao,..- ,a,,)(Pl).pePl.

P =Co+ 0y + ...+ p0,. D[R P2 ] BIS(P,P).

N(PEPz)-
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ey Oubiyene,byij]i i Hp(8) . D 2o

[E1-TY 4
9) bo = ao + a;. R
10) by=d1,.00ybiyece,by=ay. [1,2,3,6]
11) bi = =U;.
12) P(boy «« .+, ba)(P). [6,9,10,11]
13) P"(bo,...,lg,',...,b,,b,-)(Pl).
14) P™(bos e esbjyess,bub))(Py). [L6,12]
15) p”(b07b]')b1;'-°,bz”bi"'-7bmbi)(P1) ol
| [3Q1Q2]:(: . (@)
16 P"(boyeseybiyeee,bna;)(Q).
17) P”(bo,...,B,‘,...,Abn-u,‘)(Qz) [6,12,9,10,11]
18) P"(bos=0j,b1y vy bjyeee,b)(@2). [L6,17]
19) ETG (P,Qy). [L30,13,11,16]
20) ETG (P,Q.).". [L30,14,17]
P:H].".
21) BIS(P,B).
22) H™(01o,0;,015 « « + , 05
1, s PO, [L39,15,16,18,19,20]
23) (PN P, =H).
24) PPNB =
{ag+7101 4,000, +7; 00,0+ (1-7)a; +
Vit1Oi41+ ...+ r,,a,,l 0=7;.0=7.7;+7;=1.
0=7,51,...,057, 51} [23,9,10,11]
25) [Vi’rj]:'ri+riél.(l-'r,-)<—2-.3.
¥; > % 7; < —;—: [simple computation]
26) [rivi]:r; +r,~§1.(1-r,~)<%.3.
(1-7;)+7; <1: [25]
217) ~(pe(P,NP,)). [24,26,8,5]
28) ~(pePy) i [27,7]
[3P:]. BIS(P,R) .~ (pePy) [21,28]
I44 [PypQo, ... Qntyy ... taij]: 15050155 sn.i$j.
t; >§. ti+t =1.Pao,...,a,)(P).pe P,.
p=0o+ L0+ ... +1p0p. D.[;Pz]. BIS(P,B) .
~(pe B)
PF [P1pQo,-««,0nfis... 53] Hp(8).D::
[gbo: N
9) bo=ao+aj.
10) by=01,...,bj,...,b, =0, [1,2,3,6]
11) b; = -qj.
12) P"(bg, ..., b, (Py). [6,9,10,11]
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13) P"(bo, ..., b;, .., bdb))(Py). }
14) P (bo, -+ ,Bi s - 1, byb)(P,). [£6,12,1,2,3]
15) P"(bo,bj,by, ..., bisbj, ..., bb)(Py): [L19,12,1,2,3]
16 P"(bo,...,bi,...,bu-0; 1.}
1) P(bos - - 1By -« - 3Bt} (Qu). [6,12,9,10,11]
18) P"(bosajsbyy .. sbjy ..., b)(@2). [L6,17]
19) ETG (P,@,). [L30,13,16]
20) ETG (P,Q2) . . [L30,14,17,11]
[3P=H].".

21) BIS(P.P).
22) H”(uo,u,',...,ai,&,',... N

anarbI ). [L39,15,16,18,19,20]
23) PNP;=H.
24) Pl HPZ =

{ao +1’1b1 + .. .+'r"_1b]'_1 +(1 -'V])b,"' 7’,‘+1b]'+1 +
R 7,;b,,|0§r,».0§1’,-.r,- + 721051 =1,...,

0s7,=1}: [23,9,10,11]
25) [rir,-]wi>—;—.ri+rj§l.:>.1',~<;—.
(1-7)> %: [simple computation]
26) [rivi1:v; >-;—.r,- +7; £1.D.
7 +(1-7)>1: [25]
27) ~ (pe(P,NPy)). [24,26,8,5]
28) ~ (pePy):-: [27,7]
[3P:]. BIS(P,B,) .~ (pe P2) [21,28]

L45 [Pyp]:P™(Py).~(p ePy).D. [3P2]. BIS(P,BR).~(peP,)
PF [Pyp]:-:Hp(2). D::
[gqao, e R

3) R"(do, - - -, 0, PY(R). [1]
1 1
4) G=Go+ g8 + .o 50,0 [3]
[pat]:
5) 0<t <1,
6) Pr=p+ t(q 'P)- [L12;3,4’2]
) preR::

[gijtl,...,tn]::



8)
9)
10)
11)

12)

13)
14)

15)
16)
17)
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A 1IA
<.
L

O, ek ek
xR

H—
<. .

i+t >1.v.ti+ t <1,
ti+tj = 1.ti<%.v. i+ i

1
=1.¢4 >2.
PL=0o+ LO+...+ Loy .
GP:].".

BIS(P.P,) . }

N(Plﬁpz)-

45

[L41,L42,043,L44,8,9,10,11,12,7,3]

qe b
peP.D.pr1eP;:
N(pEPz)“

[3P:]. BIS(P.P:) .~(pe P2)

[L40,13,3,4]
[L14,3,15,5,6]
[16,14]
[13,17]

L46 [PiPsdgbg, - . . ,a,b,]: CON(PyP;) . P™(@o, .. ., 0n)(Py) .

PF

P™(boy -+ -, bu)(Pa) . . o+ ~ag+. ..+ &

9 20n=b0+
lb+ +lb
2 1T e 2 n
[Plpgaobo,...,anbn]:':Hp(3).D:':
4) [pl:~(peP).>.~(pen{QIBIS(P,Q)}) ::
1
5) [p]::pePl.p4=qo+§al+...+%an.3.'.
lat, - .-, bif].".
1=i=n.
1<jsn.
i%7:
L+t <l.ov.ti+ti>1.viti+t =1,
ti<l.v.
2 1
L+ti=1.4 >§2
P=Co+ QA +...+ La,::
6) [p]:pePl.p¥ao+%al+...+%an.3.
~(pen{QIBIS(P,Q)) :
1 1
7) Qo+ 501+t S0, n{QIBIS(P,Q)}.
1 1
8) Qo+ 5Ci+...+ 30, = N{QIBIS(PQ)}.
1
9) bo+ 3bu+ ... + 2b, e N1QIBIS(PQ)}:

2

1 1 1 1
Go+§dl+...+'2—0,,=bo+-2-b1+...+§bn

[L45,2]

(2]

[L41,042,143,144,5,2]
[L40,2]

[7,6,4]
[L40,1,3]

[9,8]
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We now consider our definition of equivalence (DV5) and we will show
that two parallelepipeds are equivalent iff they have the same ‘‘center’.
One way is easy and we state it in lemma L47.

L47 [PyPagbg, ... a0, : P (@g, ..., an)(Py).
P"(bo, . .-, bn)(Ps) .~ (EQV . (P,P,)).D.

1 1 1 1
N[(qo+ Foit. .t Ea,,) = <b0+—2-b1+.. s Eb,)]

PF [Plpzaobo, ceey ann]Hp(3) O

[3@1Q:]:
4) CON(P,Q,) .
5) CON(P;Q2) - [3]
6) EXT(Q,Q-) .
[yabbs, . .., aibiR].
7 P (ab,...,an(Q) .
’ 5
8) R"(b, . . .,biQ:)(R) . [4,5]
9) Qb+ i+ ..+ sa) = G + 2ag+
o 2 1T e e 2 n 0o 2 1
et -;.u,,. [L46,4,1,7]
, .1, L, 1
10) bo+§ 1+...+§bn=bo+§b1+
ceot %b,,. [L46,5,1,8]
11) ag + %u1+. ot %u;, $(@s-R). [L13,8,7,6,~«]
12) b6+-;—b;+...+%b;,e(Qz-R). [8]
1 1 1
13) ag+-2—u;+...+§a;,4=b;,+§b;+
cet %b;, : [11,12]
1 1 1 1
ao+§a1+...+§un¥bo+-2-b1+...+Eb,, [13,9,10]

The other direction is not so easy and our method is as follows: As-
sume P; and @, are parallelepipeds which do not have the same center.
Using lemmas L48-L51 we can show that there exist parallelepipeds P; and
@1 such that P; has the same center as P,, @7 has the same center as @
and P; NQj= ¢. This is not enough, however, to violate the definition of
equivalence because P; and @] are not necessarily concentric to P, and @,
respectively (see figure 18 below). So we prove further (Lemmas L52-154)
that we can construct parallelepipeds @. and @3 contained in P; N P; and
@; NQ; respectively such that @, is concentric to P, and % is concentric
to @,. Now because @, C P} and Q4 C Q] we also have @ N Q3= ¢ and there-
fore @2 and @; are external. This gives us a contradiction to the definition
of equivalence (DV5) and so we can conclude P; and @, are not equivalent.
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Q1
Q}
o
P
Py

Fig. 18

Lemma L48is just a formal statement of the fact that given four dis-
tinct points p;,...,ps in U” there exists an affine transformation f(cf.
Appendix B) such that f(p,) = p; and f(pz) = ps-

148 [pipzpspal:py #p2-ps ¥ pa-2.[3f].fr 0" ~ ",
fis an affine transformation. f(p.) = ps.f(pz) = pa
[Artzy [1],p. 88]

Our next two lemmas follow immediately from the definition of linear
and the fact that independent vectors are mapped by linear maps into inde-
pendent vectors. Therefore no proofs are given.

L49 [Pao,...,0q,f]:f: 94" = %”. f is an affine transformation.
P (0o, ..., a.)(P).D.[gbo,...,bsQ].
n 1 1
P(bo, . . ., ba)(Q) . /(P) = Q.f(ao+§a1+...+—2—a,,> _
1 1
b0+ 2b1+...+§bn

L50 [PQf]:P"(P).P"(@).PNQ=¢. fis an affine transformation.
S.fA(PNfQ) =¢

Lemma L51 is the first step mentioned above, namely, if P, and @, do
not have the same centers then there exists P; and @; such that P; and Q|
have the same centers as P, and @, and P; NQ; = ¢.
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L51 [PP'dgy...s0uboy...,bs]:P" (@oy-..,an)(P).
1 1
P"(bo,...,bn)(P) G0+ =0y + ... + 59 £ b, +—;—b1

+ ..

2

1
«+5by. 0. [3QRaG, . .., aibb, ..., br].

2

ne ’ 21 ’ ’ ’ 1 ’
P(Go;---,ﬂn)(Q)-P(bo,--',bn)(Q)-Go""'ch tooot

2

1 1
bo+§b1 +...+§bn.QﬂQ’=

2

1 1
50z =do + 50; +...+lan.b6+‘;‘bi+---+ Lbs =

2 2

2

PF [PP'dg,...,0b0,...,b,].".Hp(3).D:

4)
5)
6)
7)
8)

9)
10)
11)

12)
13)

14)

15)

[EIPO:* . '7pnq0""san1-P2]:

po =0.
P1,.-.,pPn are n linearly independent vectors.
qo = 2p; .

1 =do+Pi1y:--qn =qo + Pn-
di1,...,9~are n linearly independent vectors.
[Definition of "]

P™(poy - - - s pu)(P) . [leﬁ,4,5]
P"(qo, - - - q)(Py) . [DVP,8,1,8]
P,NP; = ¢. [10,9,4,5,6,7]
l3/)

frua” - un,

f is an affine transformation.

1 1 1
f(%+'2'q1+-..+§qn)=bo+§b1+... b

[148,11,9,10,3]

f( N PN +lp,,)—a ila 4., 1q
Po 2P1 s 2 = Qo 2 1 -..2 n .
1 .
27"

3RQQas, ..., b, ..., bi]. PHaj,...,a)(Q).

1 1
P"(b},...,b)@") .ab+=al +...+ —ay =

+l + +l b'+21b’+ flb’—
do 201 eee 20,,. 0 2 1+... g Pn =
1

bo + 2b1 +...+%bn. QNY =¢
[L49,L50,9,10,11,12,13,14,15]

Lemma L52 says that if P, is a parallelepiped and @ is a parallelepiped
constructed in a special way (to be concentric to P, and arbitrarily small)
then @ is, in fact, concentric to Py, i.e., every bisector of P, is a bisector
of Q (see figure 19).
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Fig. 19

L52 [PPQdo, ..., 0nGos - -, dntp]: P (a0, ..., a,)(Py).

P"(qoy.+-,9n(Q .0<t<1p =ao+ %al oot

1
30n-do=p +1@o-p).ar=tar,...,q.=tas.
BIS(P,P).>.BIS(QP)

PF [Ppodqu,“"qnqﬂtp];'ng(7)-:)§

8) [rs]:r+sél.z.(%(1-t)+rt>+<%(1-t)+st>§1: [3]
9) [r]:o;r.a.o%u-t)wt: 3]
10) ['r]:rél.:).—;—(l-t)+yt§1§:§ [3]
[306, PPN ,Q;blszleH] ; : E

11) P™ab,...,an(Py) .

12) Pn(qf), ey qr'z-ubl.)(Ql) .

13) P™(ab,ba as, ... ,a:)(@a2).

14) ETG (@PY).

15) ETG (Q2P)). ( [L37,7]
16) Q,C P.

17) Q,C P.

18) H (@b, ...,0,P)H) .

19) P.NP=H::

[3319“-; sn];';

20) {s1,...,s.} c{0,1}
21) A= +S10; + «o0 + S0y,

22) @l,...,a5 = {(1-s)as,..., [£5,1,11]

(1 - syaut.
1 1, .
23) p=do+ Eai et aa; B [4,20,21,22]

[qaus]:
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24)
25)
26)
27)

28)
29)

30)
31)
32)
33)

34)
35)
36)
37)
38)

39)
40)
41)
42)
43)

44)
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u, <0.
Z:Z’;l°‘"‘ [L29,11,12,13]
by =wuay:e:
[qu’ .. ’qn]
qo =qo+ S1q:+...+
SnQn- 20,11
qi= (l‘zsl)qu"',q;l= [ ’ ]
(1 '2sn)qn-
P"(qb, .- -,9)(@). [L6,28,29,11]
qo=p + tlas-p). l
qi=tai,...,qn =tay: (28,29,4,5,6]
[q71s---57]:q =q6+ 714}
oot Vplp. D
q-= [ (1- t)+'rl]al+
[ (1-3) +r,,]un i [31,32,4,5,6]
HIHZ
ﬂ
(qo, s qn@)(HY) - }
30
H'(@j, - . ., a,P)(Hy) - [30,11]
H,CH,: [33,8,9,10]
[q]:qe(@-P).D.~(qeH,): [36,19,—«]
PNQ=H,.". [37,36]
[Q1Q%]. .
P Q6 -+, qn-1,b1) Q1) . }
30,25,27,29
Pn(q(’))bZ )qz’,v-qu;l)(Q;)- [ ’ ’ ’ ]
ETG(Q1Q). [ L30,30,24,25]
ETG (Q4Q): [L30,L6,30,24,27]
[d):qe@i.q=qo+ 71qi+...+
Vn-1Qn_1 + ¥nb1=ag + [%(1 -+, t]q;
+..0+ [%(1 -t) +’r,,_1t:|G;_1+
[%(1 -+ r,,ult]a;,.—;-(l -1)+ vou t 2 0.
S.qeH: [18,19,39,3,24,9,10,8]

[q]:qeQf.q=q5 +7riba+7293

... +1’,,q,’,=06+[%(1-t)+ 1’1”2t]ﬂi

+[—;—(1-t)+ rgt]aé et

[% (l-t)+rnt]arlz-§(l-t)+ Yluztio.

S.qeH: [19,18,40,3,26,9,10,8]
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45) [a]:qe@i.q=qi+7iqi+...+
Y pe1Gn-1 + ¥uby = do + [%( 1-t)+n t]q;
1 1
tovet =@ -8)+ vy tlas. = (1-2) +
2 2
Vo b <0.D.%(1 -0 + vyt >u .
qeQ:: [12,24,25,9,10]
46) [q]:qe@2.q=q6+ 7 by + 7203
et Tugh = A+ [%(1 D+ 7 t]ai
oo+ E(l -1)+ 'r,,t]q,’,.%(l -0+
Vol <0.D.§(1 ~1)+ Vs > u, .
qeQ;: [13,27,26,9,10]
47) QCP. (45,43,16]
48) Qs CP:: [46,44,17]
BIS(QP) [L38,7,30,39,40,41,42,47,48,34,38]

In lemma L53 we show the existence of @:; and @s mentioned above.
We shall make use of the fact that the cardinality of {(¢,,..., %) {t,, ..., t:}
€ {0,1}} is 2" (see step 8 in proof of lemma L53).

L53 [PIPZGObO,“'7unbn]:Pn(ao,...,qn)(Pl).Pn(bo,...,bn)(Pz),
1 1 1 1
ao+’2_01+...+§un=bo+—2bl+.‘.+.§b”.
5.[3Q].P(Q).Q C P,N P,. CON (P,Q)
PF [P Bacbo,...,0,b,] i Hp(3) . D!t

[HRPPO, R ’pzﬂ-1] .

4) R’(bo, ..., b.R)(R).
1

5) P=Cot g+ ..+50.
6) P1=Co+01y.+,Pp=0o+0Cy. ( [1,2]
7) Po =dp-
8) {pjl0sj=2"-1} = {ao + t10, + ... +2,0,]

{ty,...,t. cl0,1}}:-:

[3309'-',32"-1]:':
9) 0<Spy... 8, <1.
10) p+Solpo-ple Pay.. ., [L14,4,5,3,~+]

P +SynPon_,-plePai:
[3¢pbs - - - Ps7_1 G0, - -+ Q@] 22

11) t= min {SO,..-,szn__l}. [9]
12) 0<t<1.
13) po=p+tlao-p)y---» [6,7,8,11]

pin_y =P +t(pyn_, - p)-
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14) {po, ... Pyl CPIN P [L14,12,13,1,2,5,10]
[qus v sqn] -
15) do = Po-
16) = pi-ph,---
2:1 _ ﬁz_‘:’a’. [16,15,13,5,6,7]
17) q1=ta1,...,qn =10y:
[3Q]:
18) P"(qos - - - ,9)(Q) . [17,16,1,11]
19) {qo+ Hidy+ ...+ bqn |
{ti,...,tatc{0,1}} =
{P(’), . "’pz’”-l}' {17;15:13’8]
20) QCP,NP;. [L18,1,2,18,19,14]
21) [P]:BIS(P,P).D.

[3R].P(Q).QC P,n P, . CON(P,Q)

BIS(QP)::
[L52,1,18,12,5,17,15,13]
[18,20,21]

We now have enough information to show that if P, and @, do not have

the same center then they are not equivalent.

lemma.

L54 [P1 Qldob‘o, ces ,ann] : Pn(ao, .o

We do this in our next

- an)(Py) .

P"(bo,...,b,)(Q1) .a0 + %ul oo+ %a,, $bo+ %bl
bt 2by D~ (EQV(PQY)
PF [Plquobo, P ,ann]...Hp(3) D
[GPiQ1as, ..., aib5, ..., bs]:
4) P™ab,...,a)(P}). )
5) P(b5, .. ., br)(Q1).
6) q6+—q’1+...+la’=ao+la +. .+la. L
2 2°n 2t 2°n [L51,1,2,3]
7) {,+%b{+...+%b,’,=bo+—;-bl+...+%bn.
8) PiNQi=¢.
[1R=@4].
9) P (Q2).
10) Q2 CPiNP;. [L53,1,4,6]
11) CON(P1Q2) -
12) PMQ3)
13) Q:CQ{NQ,. [L53,2,5,7]
14) CON (@,Q5%).
15) Q:NQL=¢. [8,10,13]
16) EXT(Q2 Q%) : [L19,15,9,12]
~(EQV(PQy) [10,13,15]
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Summarizing L47~-L54 we have:
L55 [PlQlaobo, [ ,Cl,,b,,] . P”(Go, e ,ﬂn)(Pl).
P”(bo,...,bn)(Q1) .D: dp + %al ... +%a,, =bo +
%bl Ao+ %b,,.z. EQV(P,Qy) [L47,L54]

We turn now to the construction of our function ¢ from {alPNT(a)} to
U”. Essentially each a is mapped to the center of one of the parallelegrams
P such that we have a(P). The choice of P is arbitrary because of what we
proved about ‘“EQV”’.

L56 [a]:- : PNT((I) LDl :[ap]...[PGo, “ee ,a,,] L Pn(ao, ce ,qn)(P) .
1
D:a(P).=.p = a0+lu1 +eoot+—a,

2 2
PF [a]::Hp(1).D..

)
2 P™(Q) :
3) [P]:a(P).=.EQV(PQ): } [DVe6,1]
[aqo, e ,qn]:
4) Pn(CIo, co ey qn)(Q) . [2]
[3P]~
1 1 .
5) P=Got i+ - +50-" [4]
[Pao, ...,a,]: P"(ao,...,0,)(P).D:a(P).=.p =
Oo + %al o+ %a,, [L55,3,4,5]
L57 [30].0:{al PNT(a)} ~ " .0 is bijective
PF 1) [a]:-:PNT(@).>::[3p].".[Pao,...,an.]. .
P (0o, ...,a,)(P).D:a(P).=.p =a, +%q1 +... +%a,,:: [L56]
2) [a]:-:PNT(a).D::[3€Q]::a(@).". [DV6]
[30'].'.
3) [aPao, - - - ,a,): PNT(@) . P"(ao,. . .,a,)(P).
a(P).>.o0(a) = ao+%ul + ...+%p,,.o
is a function [1,2]
[ab]:PNT(a) .PNT(d).a +b.2.[3PQ].
~(EQV(PQ)) .a(P).a(Q): [DvE]
5) [ab]: PNT(a) .PNT(D).a +b.D.
[EIPQPO, «evsPrfos .- :qn] . P”(Po, LR Pn)(P) .
P05 - -, 4)(@) . a(P) . b(@) . 4o + 3
+...+%q,,4:po+%p1+...+%p,,: [L55,4]
6) [ab]:PNT(a) .PNT(b).a +b.>.0(a) +o(b): [5,3]

7) [p]l:pe ¥".D.[380ay,...,0,PQ].qy,...,
o, is a basis of 4”.P"(0,a;,...,0,)(P). g

is an affinity . g(%al R %a,) =p.g(P)=Q: [L48,149]
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8) [p]l:pe u”.>D.[3a]PNT(a).0(@) =p.". [3,49,7,L6]
[3o].0 :{a|PNT@)} > u”.0 is bijective [8,6,3]

§5 Having constructed our function ¢ we show in this section that it pre-
serves betweenness in the following sense: BTN (abd) iff there exists
0 <t <1 and o) =cfa) + t(c(a) - ola)). We shall show first that if a, b, and
d are distinct point-classes and we have ~(BTN(abd)) then there does not
exist a ¢ such that 0 <¢<1 and o) +¢(old) -o@)) = (). Then we shall
show in lemmas L59 to L63 that if three distinct points p, q, and p’ are
such that there is no ¢ for which we have q = p + #(p’ -p) and 0 <¢ <1then
we have ~BTN(~'(p)o~*(q)o~*(p’)). We shall use the notation L57 to refer
to the construction in the proof of o as well as to the statement of the
lemma.

L58 [abd]:PNT(a).PNT().PNT(@).d+ a.ba.dt b.
~(BTN(@dd)) . >.~([3¢]0 < t< 1.0(d) = ola) + t(o(d) -0 (a)))
PF [abd]: Hp(7).D:-:
GPPRPQ]:-:

8) a(Pl) .
9) o(Py) .
1(1); %(,%))‘. [Dv7,1,2,3,4,5,6,7]
12) PLUPRC Q .
13) EXT (P3Q) ::
[gaobodoqo, ceey a,,b,,d,,q,,R]: :
14) P*(ag,...,0,)(Py).
15) R™(bo, - - - , bnP3)(R) .
16) P"(do, .. .. dn)(By) . [1,2,3,8,9,10,11]
17) P*(doy---,9:)(Q) ..
[ga’b'd']

18) a’=ao+%(al+...+oﬂ).
19) b'=bo + %(b1 +...4by). [14,15,16]
20) d’=do+%(d1+...+d,,).
21) a’ =ola). [L57,18]
22) b’ =c0). [L57,19]
23) d’ =o(d): [L57,20]
24) [t]:0<t< 1b' =a +t(d -a’).

5.b'e (@ N(P;-R)): [12,19,15]

[t]:0<2<1b"=a’ +t(d -a’).

5.~ (EXT(Ps Q)) :-: [L13,15,24]

~ [3t].0 <t < 1. 0(b) = o(@) + t(o(d) -0(a))) [25,13]

Our next lemma is illustrated by figure 20.



AFFINE GEOMETRY 55

Fig. 20

Ps

L59 [abdt]:d+a.f>1.b=a+ t(d-a). D.[3P P, Ps Q).
@™ Ha)(PY) . (07 Hd)(P2) . (071 (b)) (P3) . P"(Q) .
P,UB C Q.EXT(PRQ)
PF [abd#]:::Hp(3).D.i-!
[gbsy .., bali.

4) bi,...,b,forms a basis for u”. [Definition of %]
[zo10:]: :
5) al=b1+%(b2+...+b,,).
) [4]
6) 02=2b1+§(b2+...+bn)3'3
[3e:-:
a1
7) = mln{z, S -1} [2]
8) u+2< %(n u+ 3) 1 [7,2]
(PiPsQ']::
o1 ,
9) P (‘z'bu bn ey bn>(P1)
10) P"((2 - )by, 2uby, ba, ..., b,)(P3). [4,7]
1 3
11) P"(Ebl, (§+ u)bl,bz,...,b,,)(Q’).
12) PLUPLCQ’:-: [9,10,11,7]
[30'fL]:-:
13) L is a linear transformation.
14) [p].f(p) =a’ + L(p).
L48,5,6,1
15) f(01)=0- [ Lt A ] ]
16) flaz)=d::
[gpq] o
17) p=é—(t+u+ 3)b, .
18) q-= (t_ U- ]_)bl . [2’417]
19) p+ %q =(1+1)by .. [17,18]
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20) a3 =p +%q +%(b2 + ...+ by). [17,18,4]
21) as= a;+ taz -ay) . [20,9,10]
22) flag) = b: [14,15,16,20]
[3P4]:
23) P™(p,q,bz .- -, by)(P5). [17,18,4]
24) QN P; = 0. [23,11’8]
[3P. P P; Q.
25) P, = f(P}).
33; iz ;;gz; [149,9,10,11,23]
28) Q= f(Q).
29) (c*(@)(P). [DV6,L57,9,5,25,149,15]
30) @A) (P2) .
[DV6,L57,10,6,26, 149,16]
31) @ (L) (Py) .
[DVs6, L57,23,20,27, L49,22]
32) P,UP,CQ. [14,25,26,28,12]
33) QNPy=¢.
[L50,13,14,11,23,24,27,28]
34) EXT(P4Q) i+ [L20,33]
[3P. P PsQ]. (0™ @) (PY) . (6™ () B) .
@™ (0))(Py) .PYQ) . P,UP, CQ.EXT(P;Q) [29,30,31,32,34]

If we replace b, by -b;, ¢ by l|¢l, and negate step 7 we have a proof of
the following lemma. (see figure 21).

A

Fig. 21

L60 [abdt]:d+a.t<-lb=a+t(d-a).D.[3P, P PsQ].
@™ @) (P . (o™ (d)(P2) . ™ (b))(P3) . P™(Q).
P1UP;CQ.EXT(PsQ) [L59]

In our next lemma we shall use the theorem given in Artzy [1] p. 88
that given any two triples of non-colinear points there is an affinity which
maps the first triple to the second triple. We shall refer to this theorem in
the proof below by using the notation (LT). The lemma is illustrated by
figure 21" '
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°Q
Q.

Fig. 21’

L61 [abdt]..te F.O.~(b=a+#(d-a)):D.[3P, PP Q].
PQ). (0™ @) (P . (0~ (d)(PR) . (¢~ (b))(Ps).
P,UP,CQ.EXT(P4Q)

PF [abd{]:-:Hp(1).D::
[3b1,...,b,]::

2) by, ...,b, is a basis for #%".". [Definition of ‘"]
[FPIPPiQ']. .
3) P"(0,by, ..., ba)(P}) .
4) P"(by,by,...,ba)(PL). 2]
5) P"(2by, by, - . ., bu)(P}) .
6) P™(0,2by b3, - - ., bu) (') .
7) P,UP; CQ. [3,,6]
8) PiNQ =¢: [5,6]
[30102 03]2
9) ar=1lby+...vby).
10) G = byt 2oyt ...+ by, [2]
11) c|3=2b,,+%(b1+...+b,,).
12) [t].~(as=a;+ taz -ay)) . [9,10,11,2]
[aqu].
13) L is a linear transformation.
14) [p].f(p) =a + L(p).
15) fla) =a.
16) Fla) = d.
17) flad) = b.
[LT,12,1]
18) P,=
f(P).
1 = ;) .
23; 11223 4&; . [£49,13,14,3,4,5,6]

21) Q= fQ).
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22) P,UP,CQ. [14,18,19,21,7]
23) P;NQ=¢. [14,20,21,8]
24) EXT(P3Q). [L20,23]
25) @™ @)(Py) . [DV6,L57,3,9,18,149,15]
26) = (d)(P,) . [DV6,L57,4,10,19,L49,16]
27) @~ (b))(Py) ¢ ¢ [DV6,L57,5,11,20,L49,17]
[3P1 P2 P5Q].P"(Q) . (7" (@))(Py) . (0™ (d))(Py) .
(™ (b)) (Ps) . P,U P, C Q. EXT(P;Q) [25,26,27,22,24]
L62 [abdt]:a=b.v.d=b.v.d=a.D.
~(BTN (o™ (a),0 "t (b),0~* (d)) [L57,DV7]
L63 [abd?]:~ [3¢].0<¢<1.b=a +#d-a)).D.
~(BTN)o "' (a),0 " (b),0 " (d)) [L60,L61,L62]

§6 In this final section of this paper we indicate how the construction of
our function ¢ and the results of the previous section may be used to show
that the interpretation of the axioms for the system (R”,%) into the system
(%”,§) are provable in %”. As examples we consider the axioms A2', A3',
and A4’ (and DA1') where A2', A3', and A4' are obtained from A2, A3, and
A4 (and DA1) respectively by replacing pt by PNT and bet by BTIN. We shall
show that the interpretations of A2', A3', and A4’ into ¥” are provable in
lemmas L64, L65, and L66 respectively.

L64 [abd]: BTN(abd) . D .~ (BTN (bda))

PF [abd]::Hp(1).>.".

2) aib.

3) bid. [DV7,1]

4) d#ta.

5 ala) +0(0).

6) o(b) +o(d). [L57,DV7,1,2,3,4]

7 o(d) fo(a) ..

| L] e

8 0<t<1.

9) o) m o) + e -a@) . | [263,077,1, ]
10) o) = o(b) + (1 -)lol@) -a(6)) : [9,8]
11) [t']:0@) -0(®) + t’' (o(a) -0 (b)) .D.

v~ (1 LN,
t _1( -2): [5,6,7,8]
12) 1-5<0. (8]
13) ~([gt].0< t<1.0(@) = o(d) + tlo(a) -a(®))).". [10,11,12]
~ (BTN (abd)) [L63,13, L58]
L65 [ab]:PNT(a).PNT(b).a b .>.[3d]. BTN(abd)
PF [ab]:Hp(3).>.
[3d].
4) o(b) = ola) + -;—(c(d) o). [L57,1,2]
BTN (abd) [L58,3,4, »«]
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L66 [abeflilz2]:S'(ab)(11) .S ef)(Is) e €lz. fe ;.
D.a Elz
abefl 2] :Hp(4).D. .
5) BTN(ead).v.BTN(aed).v.BTN(@be).v.a=e.v.a=5b:

[DA'Z ,71’3]
6) BTN(fab).v.BTN(afdb).v.BIN(@bf).v.f=e.v.f=b:
[DA17,1,4]
N fie: (2]
[3¢:82]:
8) b ¥,
9) o(e) =a(a) + t,(0(®) -0l@a)). [L63,5,8, —+,1T]
10) o(f) =a(a) + t2 (0(d) -o(a) .
11) a(a) = a(e) + (-t,1 (¢, -t )0 () -0(e)) : [9,10,8]
12) BTN(aef) . v . BIN(eaf) . v .BTN(efa) . v .
a=e.v.a=f.. [L58,11,7, —»«]
acel, [DA17,2,12]

APPENDIX A

We shall present here a brief development of the deductive system of Mereology
due to Le$niewski [5]. We note that much of what follows may be found in Clay [2].

Mereology may be considered as a formal system based on Ontology (see[4]) in
which the relation ‘“A is part of B’’ (4 € pr(B)) is taken as primitive and we have the
following axioms:

N1 [AB): A € pr(B)-D-~(B £ pr(d))

N2 [ABD]: A € pr(B)-B € pr(D)-D-A & pr(D)

N3 [AB]: A¢ pr(B)-D-B¢ B

DN1 [ABl-.Acel(B)-=:A€A:A=B-v-A¢g pr(B)

DN2 [Aal..A € Kl(@)-=:A e A:[D]:Dea-D-D¢ el):
[D]: D € el{d) -D-[3EF]-E € a-F € el(D) -F £ el(E)

N4 [ABal: A€ Kl(@-Be Kl(@ -D-A=B

N5 [Aal: A g a-D-[3B]l-Bt Kl

It has been proved (see Tarski [8]p. 341 note 2) that Mereology is equivalent to a
complete Boolean Algebra without 0. Also other primitive terms for Mereology have
been given (see Sobocifiski [13]) such as [ABD]: A € B)XD.= .A Kl (el(B) N el(D)).
Finally another axiom system for Mereology is given in [9].

APPENDIX B

We give here the definitions of vector space, linear transformation, linearly in-
dependent, basis, the definition of an affinity and the definition of an ordered field.

DL1 An ordered tuple (V, F) is a vector space over the field F iff there exist opera-
tions + and * such that:
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(1) (V,+) is an abelian group and O denotes the identity element
(2) v-v=v.7 gV is uniquely defined for all ¢ F andve V

3) r-(il+w) =y.v+r-wforrgFandv,wegV

@4) r+s).v=7v-v+s-viorr,s eFandv eV

®) (rs)-v=7r.(s-v) for »,s € Fandv £V

6) 1v =v for 1 the identity of F and v e V

DL2 L is defined to be a linear transformation if there exist two vector spaces

(which may be equal) (V, F) and (W, F) such that:

1) L: VoW

(2) L is bijective

@) L@wv +sw)=7-L(v) +s-L(w)forallr,s e Fandv,weV

DL3 In a vector space (V,F) a set of vectorsv,,...,v, € V is said to be linearly
independent iff whenever »jv; + ... +7,v, =0for »;,...,7, e Fthenr;=...=
Yn =0

DL4 In a vector space (V,F) a set of vectors v;,..., v, € V form a basis for (V, F)

iff vy,..., vy are linearly independent and for all v g V there exists 7;,...,7, €
F such that v =7jv; + ...+ 7, Vy

DL5 A function f: V — V is called an affinity iff there exists a vector a ¢ V and a

linear transformation L: V — V such thatf(v) =a + L(v) for all v ¢ V

DL6 A field F is said to be ordered if there is a linear ordering < on the elements

(1]
(2]

(3]

4]

[5]

(6]

(71

of F such that ¢ < b implies g +d <b +d for alla,b,d € F and such that if 0 is
the additive identity of F and we have a € F,b € F,a > 0, and b > 0 then we
have ab > 0.
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