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AFFINE GEOMETRY HAVING A SOLID AS PRIMITIVE

THEODORE F. SULLIVAN

INTRODUCTION In this dissertation we consider the problem of con-
structing a system of geometry devoid of such geometrical primitives as
points, lines, and surfaces; and admitting as primitives only solids or
"chunks''. In other words can we start with some solid as a primitive
term and from there add appropriate axioms to obtain a geometrical system
equivalent to a well known geometrical system such as Euclidean geometry
or affine geometry ?

Part of the answer was given by A. Tar ski (in [8]) who solved the prob-
lem for ordinary Euclidean geometry. His solution was as follows:

(1) He begins with an axiomatization of the relation "A is part of B"
(This deductive system is due to Lesniewski (see [5]) and is called Mereol-
ogy (see Appendix A)).

(2) He adds to Mereology the primitive term sphere and uses only the
part relation and sphere to define the notion point-class and the notion of
equidistance among point-classes.

(3) Then he adds the ordinary axioms of Euclidean geometry (based on
point and equidistance as primitive—see M. Pieri [6]) replacing the primi-
tive terms by the defined terms above.

(4) Finally if we interpret sphere as open ball in ordinary Euclidean
geometry there is a bijective correspondence between point-classes and
points; and Tarski's system is equivalent to Euclidean geometry.

We shall consider a generalization of Tar ski's result in which we solve
the above problem for the class of affine geometries which are equivalent
to finite dimensional vector spaces over an ordered field.

This paper is the first part of a thesis entitled, "Contributions to the Founda-
tions of the Geometry of Solids," submitted to the Graduate School of the University
of Notre Dame in partial fulfillment of the requirements for the degree of Doctor of
Philosophy with Mathematics as major in June, 1969. The author wishes to express
his gratitude to his director Professor Robert Clay of the University of Notre Dame
for his advice during this research and to Professor Bolestaw Sobociήski of the
University of Notre Dame for his assistance while the author's director was on
leave.
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Our method of proof will be as follows: In section 1 we add the primi-
tive term parallelepiped to Mereology, define point-class and between for
point-classes, and add an axiom system for affine geometry (based on point
and between as primitive) with the primitive terms replaced by the defined
terms. In section 2 we show that every affine geometry which satisfies the
axioms given in section 1 can be given a vector space structure over an
ordered field (see Appendix B). This result will be used throughout the re-
mainder of this paper. In section 3 we interpret our system based on
Mereology into affine geometry. In the remaining sections we prove that
affine geometry is a model for our system. Thus in section 4 we show that
there is a bijective correspondence between point-classes and points of the
affine geometry by getting a geometrical characterization of each of the
terms used in defining point-class. In section 5 we prove that our corre-
spondence preserves betweenness for point-class and betweenness for
points and finally in section 6 we use the correspondence and the results of
section 5 to show that the axioms of our system are provable in affine
geometry. Since our system is constructed to be a model of affine geom-
etry the two systems are equivalent which is the result we wish to obtain in
this paper.

The notation we shall use in our proof is due to Peano-Russell. Each
conjunct is preceded by one or more dots which replace the use of paren-
theses. Each proof begins with a line which looks as follows:
PF [ ]:Hp( ) . D .where PF is followed by a quantifier containing a list of
variables which occur in the hypotheses followed by Hp( ) which indicates
the number of conjuncts which appear in the hypotheses followed by the
logical symbol for implication. While all other notation is explained in the
text we note here that the justification for each step of a proof is given at
the right margin after each step and the use of the symbol -•«- indicates that
the justification involves reasoning by contradiction.

§1. In this section we give a formal construction of our system (Stw,8).
Since we use the formal system of Mereology in which to express our sys-
tem a brief development of Mereology is given in Appendix A. However, in
order to read what follows in the section, it is sufficient to make the follow-
ing interpretations:

(1) Interpret "e\(B)" as "the power set of B".
(2) Interpret " ε " as "e" - the epsilon of set theory.
(3) Interpret "K\(a)" as "the union of members of a".
(4) Interpret " u " and " D " as the logical " o r " and "and" respec-

tively.

We shall be a little more precise about our interpretations in section 3.
In order to construct CUT,8) we begin with Mereology; add as primitive

the term parallelepiped (P); and then define point-class {DM6) and between
for point-classes (DM7) as follows:

DMl[AB]: : EXΊ(AB).=: .P(A) .P(B) :[D]:P(D) .Ώ.~φε(el(A) Π e\(B))
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We are defining the relation A is external to B iff A and B are
parallelepipeds and whenever D is a parallelepiped it is not true that D is
contained in both A and B. Figures (A) and (B) show two cases in the plane
when the relation holds while figure (C) show a case in the plane when the
relation does not hold (we remark that all our figures will be planar).

no rn^7

Fig. A Fig. B Fig. C

DM2[AB]: ETG(AJ3).Ξ. EXT (A 5 ) . P(Kl(e\(A) U e\(B)))

We are defining the relation A is externally tangent to B iff A is ex-
ternal to B and A U B is a parallelepiped. Figure (1) below shows a case
when the relation holds while figure (2) shows a case when the relation
fails because A u B is not a parallelepiped.

m ô
Fig. 1 Fig. 2

DM3 [AB]:: b\S(AB). = :P(A) .P(B) .~(Aεe\(B)) Λ [^EF] .'. EXΊ(EF).
ETG(£A). ETGtFA) .E εe\(B). jFεel(5): [GH]:P(G). P(ί7). Eεe\(G).
Fεel(G).Fε(el(A) n el(B)) .Ώ.Hεe\(G)

We are defining the relation (not symmetric) A is bisected by 5 iff A
and B are parallelepipeds; A is not contained in B; there exist parallele-
pipeds E and F such that £ is external to F, each is externally tangent to A
and each is contained in B; and for all parallelepipeds G and H such that E
and F are contained in G and if H is in A Π 5 then # is contained in G.
Figure (A) below indicates a case in which the relation holds while in figure
(B) the relation does not hold since His not in G.
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Fig. A Fig. B

DM4 [AB]:: CON(A£) . = . \ P ( B ) . P(A): [D]: BIS(A£>).=). BIS(£Z>)

We are defining the relation (not symmetric) B is concentric to A iff A
and 5 are parallelepipeds and every bisector of A is a bisector of B. In
figure (1) below the relation holds while in figure (2) the relation fails since
D bisects A but not B.

/

/—7 / \ D / Y~7 /
LJU / \ / /W/

Fig. 1 Fig. 2

DM5 [AB]:: EQV (AB) . = .\P(A). P(B): [EJF] :CON(AJE;) .CONOBF) . D.
-(EXT(FE))

We are defining the relation A is equivalent to B iff A and B are paral-
lelepipeds and whenever E and .F are such that E is concentric to A and F
is concentric to B then £* and F are not external. This will later mean that
the diagonals of A and B are all meeting in the same point.

DM6 [a]: : PNT(«). =.\ [gA].'. P(A): [B]:a(B) . = . EQV(BA)

We are defining a is a point-class iff α applies to all parallelepipeds B
which are equivalent to a given parallelepiped A. Later this will mean a
applies to all parallelepipeds which have the same center as A.
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DM7 [abd]:: BNTfeδrf) . = .'. PNT(α) . PNl(b) .PNl(d) .~(a = b).
~(b =d) .~(d=a): [ABDH]: P(fiΓ) .α(A) .δ(β) .d(D).

A εel(tf).£εel(tf).D.~(EXT(£#))

We are defining point-class b is between point-class a and point-class
d iff whenever a parallelepiped H contains a parallelepiped A of a and Z) of
d then H is not external to any parallelepiped B oϊb. Figure (A) illustrates
what happens when the relation fails to hold.

/&JU/
Fig. A

The next step to construct (Sί",8) is to give a set of axioms based on
point and between as primitives which are sufficiently strong to give us the
class of affine geometries ($Γ,g) where n =2, $Γ is a model for the given
axioms, and $Γ has a vector space structure isomorphic to %n where S is
an ordered field (in section 2 we prove such a structure for SΓ exists). In
the axioms below ptfa) is to be interpreted asα is a point while be\(abd) is
to be interpreted as b lies between a and d. We shall present the axioms
formally first and then give an informal description of them.

Al [abd]: bet (abd). =). p t ( α ) . pf(b). pt(d) . a ± b . b ± d . d k a
A2 [abd]: bet (abd). D.~(bet(Mα))
A3 [ab]: P\(a). pt(δ) .a±b.z>. [ 3d]. bet(αδrf)
DAI [abl]: : S ^ a b ) ^ . = :: P t ( α ) . p t (δ) . a ± b .: [d] .'.del

= : d-a . v .d = δ . v . bet (ίίαδ). v . bet (adb). v . bet (adb)
A4 [abefhh] :S1 (αδ)(Zi).S1 (ef)(l2). €̂ZX .feh.^.a el2

A5 [abefghh]: S1 (δβ)(Zi) .S1(/^)(Z2) .~(ei e Zj . ptfa).
bet (bef). bet (ego) . =). [gdf]. d e Z2 . bet (αdό)

iM2 [m/>0, ,pmS] ::Sm(po,... ,pm)(S).= : :m e{2,3,...}.
p t ( / > J . [ 3 T ] . S w - 1 ( ^ o , . . . , ^ . i ) ( T ) . - ^ 6 T ) : : [ p ] : :

ίeS.Ξ. .[3^oβo, . .,^«wQ-P/].'.{ft, . . . , 0 * } c

ί/)0j ,/>w} {«lj . . . ,«w}C{/>0, ,pm}
S " " 1 ^ ! , . , * * ) « ? ) . S"- 1 ( a x , . . . , α w ) ( P ) . {g0θo} c
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A6 [po,... fpk+iakPQR ]:ke{l9... ,n-l}.Sk(p0,... ,/>*)<&)
S f e + 1 fa, ,Pk+ΰ(Q) S 2 (poPk+ia)(P). D . [ 3 Wj .
S1(/>oδ)(Z).Z = PΠE

A7 [abdhP]:: S2 (abd)(P). S1 (βδXZj . D. . [3eZ] .\ έ?eP.
S 1 (^)(Z).ZΠ/ 1 =φ:[/Z 2 ] :/eP.S 1 (^/)ω.
Z2 Π Zi = ψ.D. Z2 = I

DA3 [abd]: col (abφ m = .[^efl].S1(ef)(l) .ael. b el. del
DA4 [abef]:: ab\\ef. = .\ [^gPhh] '.S2 (abg)(P). S1 (αδ)(Zχ).

S1 (ef)(l2) J2czP:l1ni2=φ.v.l1=h
A8 [abea'b'e']: co\(abe). co\(a'b'e') .eb'Wbe'.ea'Wae'.

-D.ba'Wab'
A9 [aa'bb'ee'p] : co\{aa'p). co\(bb'p). co\(ee'p). aka'.

b ^V.e^e'.abWa'b'.beWb'e'.Ώ.aeWa'e'
A10 [3/>0,... ,A,S] /. Sw(po,..., Pn)(S) :[α] : pt(α). D . αeS

We give now an informal description of our axiom system. Axioms Al
through A5 and A10 where n - 3 are the usual axioms of order for affine
geometry of space given in Forder [3] pp. 44, 45, 48, 60, and 65. In defini-
tion DAl we are defining Z as a line determined by two distinct points a and
b. In definition DA2 we are defining S as an m dimensional space iff there
are m + 1 points pθ9 ,Pm which determine an m-simplex (cf. the second,
third, and fourth conjuncts of the definiens) and a point belongs to S iff the
point lies on a line Z determined by two distinct points q0 and a0 which lie
on two sides P and Q of the m-simplex (P may possibly equal Q). Axiom
A6 is a statement of the fact that if we are given a &-space R, a. (k + 1)-
space Q, and a plane P such that P ={= R and R c Q then the intersection of P
and R is a line Z. Axiom A7 is just the parallel axiom for .affine geometry
as given in Forder [3] p. 139 ax. P. In definition DA3 we are defining co-
linear for three not necessarily distinct points α,b, and d while in definition
DA4 we are saying that the line lλ determined by α and b is parallel to the
line Z2 determined by e and/, axiom A8 is Pappus's axiom which ensures
that the points on a line form a field and not just a division ring. Axiom A9
is necessary only in the case n = 2. It is Όesargues theorem and in the
case n =3 it is provable from the other axioms (see Forder [3] pp. 155-7).

We conclude the construction of our system (Hw,g) by adding to
Mereology the above axioms and definitions as well as the definitions DM1
to DM7 where point is replaced by point-class and between for points is
replaced by between for point-classes.

§2. As we mentioned in section 1 we wish to show that if Hίn satisfies
axioms Al through A10 then it is possible to give ?Γ a vector space struc-
ture over an ordered field F. We proceed as follows: Axiom AlO gives us
n + 1 points p0, -.., Pn which generate 8W. We shall assume n - 2 for now
and then later we shall show how to extend our results inductively to the
case n > 2. Paragraph and page number references in this section refer to
Forder [3].

Gl [1P2I1I2P0P1P2] - S2 {popιp2)iPτ) S^popiHh).
S1(pop2)(h) [AlO,n/2,DA2,DAl]
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G2 [pi]: S1(pop)(l). 3 . Z forms an ordered field whose additive identity
is pQ and whose multiplicative identity is p [paragraph 23 p. 197]

G3 [pqlV]: S\pop){l). Sι(poq)(l'). 3 .1 is isomorphic
to V [paragraph 13 p. 191]

DGl [II']: 11 \l'.-. [ψbef]. S\ab)(l). S\ef){l') .abWef
G4 [ab]: : pt(β). pt(δ).~ (α = δ). D Λ [3Z] .*. SV>)(Z):

[e/Z'liS^e/KZO.αeZ'.fte/'.D.Z^ Z [paragraph 2 p. 97]
G5 [ZZ'Z"]:ZllZ'.ZilZ".D.ZllZ" [paragraph 2 p. 140]
G6 [ZZ'Z"]:Z|| Z ' . - ' ( Z | | Z " ) . D . ~ ( Z / I I Z " ) [G5]

G7 [U'abefgQy.SWd) .S\ef){l2) .S2(abg)(Q).
- ( z l l z ' ) . ( z u z r ) c ρ . D . [ 3 ί ί ] . ( z n r ) = W} [DGI9DA4,G4]

G8 [pqrp'q'r'Q]: S2(pqr)(Q). {/>',<?>'} c Q.
-(col^Vr'W.D.fgQ'l.S^Vr'KQO.Q' = Q [paragraph 14 p. 59]

G9 [p]:pe(P2-ttiUl2)) 3 .S2(A>/>i/>)(P2). S
2(pop2p)(Pz) [G8,DA3,Gl]

G10 - (Z1 | |Z2).(Z1UZ2)cP2 [DGi,Gi,ZM4,G4,ZM2,GI]

GiJ [/>] :iP£(A_- UiUfc)) . 3 .". [3^ZΓ] /. ̂ eP2.
S'ί/^XZ). (ini2) =φ : [eZ]: eeP2 . S'MίZ).
(ZΠZ2) = φ . D . Z = Z : geft . S '^Xz) . (To Zx) =
</>: [ β Z ] : ^ e P 2 . S \ e p ) ( l ) . ( i n i ^ = φ . Ό . l = T _ [A7,GP,Gi]

G i 2 [p] ::pe(P2- (ZiUZ 2 ) ) . 3 . ' . [ 3 Tz]: :/>€ Z. Z2 111. _
/ > e 7 . Z 1 l | ? . ( F u 0 c P a : [ Z ] : ί e Z . Z | | Z 2 . D . Z = Z:
/>€ Z.Z II Zx. =>. Z= 7 [Gi5,Z)GI ,ZM4,G4,GP,Gi]

G i 3 [IV]: Z | |Z 2 .Z ' | |Z 1 .D .~ (Z | |Z 1 ) 1 - ' (Z f | |Z 2 2 _ [G6,G12,G10]
G14 [p]:pe(P2-(l1Όl2)).^.[1xylΊ].pe lΛ2\\l.

ZΠZi = k}./)e7.ZillΓ. (7ΠZ2) = {;y}.# ±po.y ^Fpo [G7,G13,G12,G11,G1]
015 [p] ::pe (P2 - (ZiUZ2)). D .\ [3^] ΛΛΓe Zi .y e Z2 .

px I l̂ po py I l*/>o: [x'y'] -.x'eh y' el2.px'\ \y'p0.
pylUr/)0.3.^r =x.y' =y [G14,DA4,DG1,G4,G11,G1]

With lemma GI5 we are able to define a map a from P to the cartesian
product hy(l2 as follows (see figure 1 below):

l(p,po)iipeh
DG2 a(p)= I (po,p) if pel2

\ (x,y) if p € (P2 - (ZiUZ2)) where (x,y) is as given in lemma G15

h

I

!
^ Zi

Fig. 1
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Our next step is to show that a is a bijective (one-one and onto) map.
We do this by proving that there is a map β from l^ζl2 to P 2 such that
for all (x,y)e l^ζj2 we have a(β(x,y)) = (x,y).

G16 lxy]:xel1.yel2.x±po.y^po-^-~{xth)-~ (ytld [G7,Gl,Glθ]
G17 [xy]:xel1.yel2.x ^po y =l=/>o.=> .S2(p0py)(P2).

S2(pop2x)(P2) [G8,DA3,G16,Gl]
G18 [xy]::xe h.yehjX ^Fpo y ^po. Ό >\ \^qqTΪ\-\

qeP.SHqxKΊ) .(]M2) = φ : [el]^eeP2 .S1 (ex)(l).
IΠ12= φ.Ό.l = l\qeP2.$

ι{qy)(ϊ). IC\1X = φ:
[el]:eeP2.S

1(ey)(l).lΓ\l1 = φ.Z).l=l^ _ [A7yG17,Gl]
G19 [xy]>:xelltyel2 .x ^po.y ^p0. D : : [gZ7]: :xel .

hWl.yeΐ.hWΐ. (ΐuΊ) c P2 Λ [I ] Λ x e I . 11 \l2 . D .
Γ = / :jVeZ . Z | | Z l β D . Z _ = 7 [G18,DG1,ΏA4,G49G17,G1]

G20 [fiγ.]\\h.'ϊ\\l2.Ί\\l.'Dlλ\\l2 [G5,G1]
G21 [ Z T ] : / | | Z 1 # T | | Z 2 . D . - ( Z | | / ) _ [G20,Gi0,G2]

G22 \xy\^xt h.yel2 . Λ Γ ^ 0 ^ ^po D [ g ί Ώ ] Λre7.

Z 2 I I Z . ^ e T . Z 1 H Γ . (Γ(ΊZ) = {/>}./>€ (P2-(ZiUZ2)) [G7,G219G19,G18,G1]

G23 [xy]:xel1.yel2 .x kpo y ^Po =) •*• [g/>] •'-
pe{P2-{l1\J hi)./>Λrll^/>o ̂ I U p o : [5'] />^II^Po
/> l̂k/>o.3 ί' =ί [G229DG1,ΏA4,G4,G18]

With lemma G£3 we may define our map β as follows (see figure 1
above):

(xiίy=Po
DG3 β{x,y) lyίίx=ρ0

[piίx^po y^Po where p is as given in lemma G23

It is clear from lemmas G23 and G15 that a and β are defined such that
a(β(x,y)) = (x,y) for all (x,y) in Z x X z 2 .

Now, having shown that a is a bijective map, we may introduce a vector
space structure on U2 as follows: Let 8 = lχ and let y be the isomorphism
from Z2 to 8 which exists by lemmas G3 and G2. Then let σbe defined on
Pi by σ(p) = (x,γ(y)) where (x,y) = a(p). We have that σ is a bijective map
from P onto δ X δ Addition and scalar multiplication can now be defined
in P by p + q = σ~1(σ(p) © σ{q)) and tp - t-σ(p) where © i s coordinate-wise
addition in S X S and t-(x,y) = (tx,ty) for t,x,ye%. The remainder of the
vector space properties for P2 follow from the vector space properties of
δ X S over % and our map σ. For example, the additive identity in P 2 is p0

since σ"1 (po,po) = Po and p0 is the additive identity in g by lemma G2.
We now show how to extend our results to the case n> 2. Without loss

of generality we can assume n = 3 since by merely repeating the method
described below n - 2 times one obtains a vector space structure for Un

where n > 3. Figure 2 illustrates our method.
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h

p3 p2 Λ ^ l ^ ^ ^
τ^?^— h

^ Pi
Po

Fig. 2

G24 [ 3 P 3 Z 3 ] . S3(p0pip2ps)(P3) SHpopsHh) [A7,n/3,DA2]
G25 [p]: pe(P3 - (P 2 U Z 3)). D . [3Q] .S2(p0p3p)(Q) [DA2,G24,Gl]
G26 [p]: pe ( P 3 - (P 2 U Z3» => ^ Q ^ ] . S2(p0p3p)(Q).

S^PobHh.ϊ = (Q 0P2) .peQ= (ZUZ3) [G259A69P/Q9Q/P39R/pifG249Gl ]
G^Z [pQZ6]: : pe(P3-(P2 U h)) .S2(p0p3p)(Q). S ' ^ ϊ ί Z ) .

Z =Q n f t . p e ( Q - ( / U / 3 ) ) . D / . ( 3 ^ ] ΛΛΓ€ ϊ.yel3.
px Wypo. pyWxpo :[x'y'] xr e I . y' e l3. px'\ \y 'p0.
py'Wx'po. Z).x' = x.y' = y [G15,P2/Q,h/i,h/h,G26,G8,G24,G4,Gl ]

G28 [x]: xeift -Z 3). D . [3QZ]. S2(p0p3x)(Q). S '^o^ίZ) .
Z = Q Π P2 [Z>A2,Gi,-DAi,A6,P/Q,Q/P3,jR/ft,G5,G4,G^4]

Ĝ 5> [^QZ]:Λre (P2 -Z3) 3^eZ3.3; ^o.S2(/)o/>3Λ;)(Q).
S ^ y X Z ) . ? = Q Π P 2 . D . ^ e Z .x±p0 [DAl]

G30 [χyQΪ]::xe (P2-l3) .yel3. y±po.S
2(pop3x)(Q).

SHpoxKΪ). Z = Q ΠPa . D Λ [3/>] Λ/>e (Q-(Z U Z3)) =
P 3 - (P2 U Z 3 ) . px 113#o -pyWxpo: [p r]'-p' e ( P 3 - (P 2 U Z3)).

[G^3,P 2/ρ, Zi/Z, h/h,G29,G29,G8,G24,G4,Gl]

Lemmas G27 and G3tf allow us to define maps Έ from P 3 to Z1XZ2XZ3
and β from I?)(j2)(j3 to P 3 respectively such that:

1 {oί{po),p) iίpeh
Wp),Po) if pe P2

(a(x)9y) ifpe (P 3 - (P2 U Z3)) where x and y are as given
in lemma G27

{β(χί9χ2) iίy = Po
DG5 β(xi,X2,y) = I y if xλ = po a n d # 2 = po

[p if xλ ^po or x2 ^Fp0 where p i s de termined
by lemma G30 applied to β(xi,x2) and y
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Definitions DG5, DG4, DG3, and DG2 show that a is bijective since for
all (x1,x2,y) e hyC^yCh we have a(β(xl9x2,y)) = (xi9xz9y). We now introduce
a vector space structure on P 3 similar to the way it was done in the case
n = 2. We let σ be the bijective map from P2 to δ X δ which was defined
above and let γ3 be the isomorphism from Z3 to 8 which exists by lemmas
G3 and G2. Next we define a bijective map σ from P3 to δ X δ X δ by σ(p)
= (σ(xι,x2),γ3(y)) where (xi,x2,y) = (a(x),y) = a(p). Now we can define addition
and scalar multiplication as before where ©is now coordinate-wise addition
on δ X δ X δ and t (xl9x2,y) = (txl9tx2,ty). The rest of the vector space
structure goes through as before except we now use the vector space struc-
ture on δ X δ X δ and the map (ϊ. In this way we can extend our results to
all n > 2 where Pk, h is replaced at each stage by Pk+ulk+i i n lemma G24
and Pk-ι is replaced by Pk in lemma G25 where 3 = k = n - 1. This then
concludes our section 2.

§3. If we look at the construction of our system (Dlw,8) it is clear that it is
certainly a model for ($Iw,δ) since the axioms of (Un,τ$) were used to
obtain those of (3Rw,δ) Therefore, the burden of our proof is to show that
($Γ,δ) with the vector space structure obtained in section 2 is a model for
our system (Stw, δ) In this section we give the preliminaries for our proof:

(A) We use the following notations:
(1) n is a fixed natural number such that n = 2.
(2) 0 denotes either the additive identity of (Un,i$) or the additive

identity of δ
(3) 1 denotes the multiplicative identity of δ
(4) P,Q,Pt,Q'9PuQlfP'1,Qί,... denote parallelepipeds as defined in

definition DVP below.

(5) αo,bo,p,q,α;, b'9p'9q
r

9al9bupl9ql9a
f

ubl9plql9... denote points of «κ.
(6) S9Sl9S2,... denote sides of parallelepipeds as defined in defini-

tion DVS below.
(7) R9RUR2,... denote perimeters of parallelepipeds as defined in

definition DVR below.
(8) M,Ml9M2,... denote w-simplices as defined in definition DVM

below.
(9) H,ΉX,Ή2 , . . . denote halves of parallelepipeds as defined in defi-

nition DVH below.
(10) r9s9t9u9v9r'9s'9u

r,υr

9rl9sl9ti9ul9υl9rί9sί9tί9uί,vί9... denote elements
of the field δ

(11) i9j9k9l9ii9jl9khll9... denote natural numbers.
(12) <and i denote "less than" and " less than or equal" respectively

for elements of δ or for natural numbers.
(13) 0 < tl9..., tn< 1 denotes that each U (for 1 ^ i ^n) is such that

0 < U < 1.
(14)/:A -» B denotes / is a function whose domain is A and whose

range is B.

(B) We shall use the following definitions:
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DVP [ α o α i , . . . , anP]' P w ( α 0 , . . . , α w )(P). =. α i , . . . , αw are linearly
i n d e p e n d e n t . P = { a o + t ι a 1 + . . . + tnan \θ^tl9..., tn ^ 1 } .

DVP [P]: Pn(P). Ξ . [ g α 0 , . . . , α j . P w ( α 0 , . . . ,α w )(P) .

DVR [ α o O i , . . . , α w P # ] : R * ( α 0 , . . . ,α*P)(β) . =. P w ( α 0 , . . . , < ϋ

( P ) . Λ = { α o + f i α i + ... + tnan\[1j]:Λίjύn.t,je {0,1}: [ f ] :

2)FS [ α 0 , . . . , α w s / p ] : S w ( α 0 , . . . ,αwP)(S ) . = . P w ( α 0 , . . . , α j

( P ) . i € { 0 , l } . l i j i w . 5 / = {αo + ί i α i + . . . + ί,α β U;

= i:[k]:lύkύn.k ± j . Ώ . Q ί t k ^ l ]

In definition DFS we are saying S; is the 7th O-side (or7th 1-side) of the

parallelepiped P determined by α 0 , . . , αw. Figure 3 shows all the Sj sides

(in the case n = 2).

/

/

-v / α o + αi

Fig. 3

D 7 S [SP] :S%PHS) - . [ 3 α 0 , . . . , α w S / P ] . S w ( α 0 , . . . ,α w P)(5 | ) . S = SJ

DVM [ α 0 , . . . , QnM]: M w ( α 0 , . -. ,αw)(M) . = . α i , . . . , α w are linearly

independent. M = {a o +^ia!+ . . . + ̂ a w l o ^ ί i , . . . , tn = l .t±+.. . + tn=l}

DVH [ a 0 , . . , , a w i 7 ] : H w ( a 0 , . . .,aM)(F) . Ξ . Q I , . . . ,a w are linearly in-

dependent. H= { α o + ί i α i + . . .+ 4 α w l θ ^ 4 , . . . , fe^l . * ! + ^ 1 }

(C) The system (5Rw,g) shall be interpreted into the system (?lw,8) as

follows:

(1) interpret V as Pw in definition DVP

(2) interpret Aee\(B) a s PW(A). Pn(B) .AaB

(3) interpret K\(a) a s the union of sets Pn(A) where At a and we

have the implication [A] :Aεa.Z). P(A)

(D) If we apply the definitions given in (C) to our definitions DM1 to

DM7 we arrive at the following statements:

DV1 [AB]:: EXΊ(AB) . = . ' . Pn(A). P%B): [D]: Pn(D). D , ~ ( D C ( A Πΰ))

2>F2 [ A ^ ] : ETC CA5). =. EXT (AB) .^"(A U 5)
DV3 [AB]: : B\S(AB).-. : Pn(A). Pn(B) .~(A c B).-. \^EF].\

EXT (EF). ETG(EA). ETG (FA) .E c B . F C J5: [ G ϋ ] : P"(G).

P"(ίβ .ECG.FcG.Fc(AΠΰ).D.KG
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DV4 [AB]::CON(AB) . =.'. Pn(B) .Pn{A): [D]: BIS(AD). D. b\S(BD)
DV5 [AB]:: EQV (AB) .=.'. Pn(A). Pn(B): [EF]: CON(A£) . CON (BF).

Z).~(EX1(FD))
DV6 [a]:: PNTfa). =.'. [3A] Λ Pn(A): [B] :a(B). ^. EQV(EA)
Z>77 [ β M ] : : BNT(α^).=/. PNT(α). PNT(δ). ?NΊ{d) .-(a = δ) .-(ό =d).

(E) We conclude this section with the following remarks:
(1) In section four we show there exists a 1-1 and onto correspon-

dence σ from the set {a\ PNT(α)} onto the points of (CΛ,8) Then in section 5
our correspondence preserves the relation of Between (i.e. BNΊ(abd) .=.
[3ί]. 0<t<l.σ(b)=σ(ά)+t(σ(d) -σ(a)). Finally in section 6 we outline the
proof that the axioms of (Slw,8) are provable in (Hw,8) using the interpreta-
tion given in (C).

(2) To facilitate the reading of the proofs many lemmas are pre-
ceded by an informal statement of their content and a figure illustrating the
lemma in the case n = 2.

(3) We shall, where practical, omit the definitions DVP, DVP, DVR,
DVS, DVS, DVM, and DVΉ as reasons in our proof. Also we assume an ele-
mentary acquaintance with the theory of vector spaces.

§4. The main result of this section will be the following: [3σ] .σ : {a\ PNT(α)}
-* Hw.σis bijective.

Using lemmas LI to L4 we shall show in lemmas L5 and L6 that if we
have P w (α 0 , . . . ,αw)(P) then P is essentially uniquely determined by α 0,. .*. ,αw

where α0 is a vertex of P and all other vertices are obtained by adding any
number of the other vectors (with coefficient 1) onto αo We show this in
figure 3'.

αo+ αi + α2 >. bo+b2 v

αo+ α2 i -^ I η

/ °1 / / b 0 + b l / b 2 = C I 2

α0 L / L / b i = -α i
^ bo=ao+a1

Fig. 3'

Ll [αobo,...,QnbnPti, . . . , / „ ] : Pw(α 0,..., αn)(P).
Pw(b0,. . . , b j ( P ) . 0 < ί! < 1.0 ifa i 1 , . . . , 0 i t
^ l . b o = α 0 + tίa1 +...+ tnan.Ώ .tx = 0

PF [ α o b o , . . . ,α w b w P*!,..., tn]: Hp(5). D . [ g r i , . . . , r w $ i , . . . , s n ] .
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6) 0 ^ r ^ l , . . . , 0 ^ i l . I

7) OlSiΠ,...^^^.) LMA*J

8) α 0 + t2a2 + . . . + tnan \

= b o + r!bχ+ . . . + r β b». I M 2 3 4l

9) αo + α 1 + * 2 α 2 + . . . + * Λ j H > ^ * J
= bo + Sibi + . . . + swbw. /

10) α-i = ( s 1 - r 1 ) b i + . . . + (sn-rn)bn. [8,9]
11) α 0 + ίiQi + . . . + 4αw =

ti[(sχ - r j b i + . . . + (sw - rw)bw] [10,8]
+ bo + ̂ bj. + . . . + r w b w .

12) 0 = [ n + ί i ί s ^ r J l b ! + . . . + fa + ̂ f o - r j ] b w . [11,5]
13) n + ί^S! - r x ) = 0 , . . . ,rΛ + ^(s,, = rn) = 0. [12,3,6,7]
14) rx+ 4(^i- n) = (i - ^ J n + ^ i ^ ! , . . . ,

r» + ί 1 (s n -r Λ ) = (l-ί 1 )r > l + ί 1 s n . [3,6,7]
15) (1 -ίi)(ri+ . . . +rn) + t1(s1+ . . . +sn) = 0. [14]
16) n + . . . + r β = 0 . [15,3,6,7]
17) r 1 = 0 , . . . , r β = 0. [16,6]
18) bo = αo+*2θ2 + . . . + k α n . [8,17]

ίi = 0 [5,8]
L2 [ α 0 , . . . , α w b 0 , . . . , b w P ^ , . . . , tn]: P w (α 0 , . . . ,α»)(P).

P w ( b 0 , . . . , b w ) ( P ) . 0 < ί 1 < 1 . 0 ^ ί 2 ^ l , . . . , 0 ^ 4
= l.bo+bi =α 0 + ^ α ! + . . . + 4α w . Ώ. t1= 0

PF [ α o , . . . , α w b o , . . . 9bnPtι,..., 4] :Hp(5) . D . [ g n , . . . ,rnsl9..., sn].
6) O^r^l^.^O^r^l.O^s^l,..., \

O*snZl.
7) α o + ̂ α 2 + . . . + 4 α w = b 0 + ( l - r 1 ) b 1 I [ 1 2 3 41

+ r 2 b 2 + . . . + rnbn. j L ' ' ' J

8) α0 +αi + ί2α2+ . . . + 4α«
= bo + (1 - Si)bi + s2b2 + . . . + Snbn.

9) αi=(r i-Si)b i+(s 2 - r 2 )b 2 + . . . +(sw -r»)b». [7,8]
10) α o +ίiαi+ . . . + 4αw= ^ [ ( r x - s j b ^

(s2 - r 2)b 2 + . . . + (sn - rn)bn] + b 0 +
( l - r 1 ) b 1 + r 2 b 2 + . . . + r w b w . [9,7]

11) 0= [-r1 + t1(r1-s1)]b1 + [r2 + t1(s2-r2)]b2

+ ...+ [rn + t1(sn-rn)]bn. [10,5]
12) [-rx+t^r^s^ 0 . [ra + ί ^ -r 2 )]

= 0 , . . . , [ r w + ^ ( s w - r j ] = 0 . [11,6,3]
13) [-n + ̂ - s J ] = [n + ̂ ίSi-rJ] [12]
14) ( l - ί 1 ) [ r 1 + r 2 + . . . + rn] +t x [ ^ + . . . + sn] = 0. [12,13]
15) r 1 + . . . + r w = 0 . [14,6,3]
16) r 1 = 0 , . . . , r n = 0. [15,6]
17) b 0 + bi = α 0 + ί 2 α 2 + . . . + ^ α w . [16>7]

ί i = 0 [17,5]

L5 [αobo, . ,OnbnP]: P w ( α 0 , . . . , α w ) ( P ) . P w ( b 0 , . . . , bn)(P).

^ L3 ^oi j > ô«j , ί»« J. Uu , . . . , ί i B ) Λ » )
c{0, l } .b o = α o + ίoiαi+ + / o Λ . b o + bi
= α 0 + ^iQi + . . . + tmζχn,..., b o+ bn

= θo+ί»iαi+ . . . + 4wα« [Li (w times), L2(w2 times), l,2,-»*-]
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IA [ α o b o , . . . , anbnPtoi,.. •, ton]: P w ( α 0 , . . . , α«)(P).
Pw(bo, , bw)(P). {ίoi, . . , toJ c {0,1}. bo = α 0

+ ^ 0 1 ^ + . . . + * o e O p . D . { b χ , . . . , b w }

= { ( l - 2 ί O i ) α 1 , . . . , ( l - 2 U α n }
PF [ α o b o , . . . , anbnPt01,... ,ton]:: Hp(4). D :•:

Igίn, . . ., tln, . . ., tnl, . . ., 4«] .'
5) U n , . . . , ί i » , . . . , ^ i , . . . , f t » » } c { O , l } . \
6) bo + b ! = α o + ί n α ^ . . . + tlnan. I r o Ί

b o + b w = tnla1+ . . . + ί w w α w + α 0 . /

7) bi = ( i n - *Oi)αi + . . .+ (tln - ί o«)α«.

bw = (^1-^01)0!+ . . . + {tnn- tθκ)θn'' [ 6 , 4 ]

8) l^Λ^^,...,l^i^^ ) Γ 2 1

9) (tljrtoj1)±09...,(tnjn-tojn)±0. } L J

10) (tlh - toj) = ± 1 , . . . , fe/|t - ί0/w) = ± 1: [9,5,3]
ID (4/, -io7 l) * 0 . D . fr8/i - ί0 / l) = (ίi/, - tojl):

(tnil -tOj) 4= 0 . D . (ί w / l - *0/l) = (f 1/ - tojl).\ [5,3]

[3^] .
12) fe is the number of non-zero

coefficients of α 7 l in step 7. [7]
13) lίkύn. [12,9]
14) bo + b! + . . . + bn = α0 +

[Ό/1+*(fiy1-*o/1)]α / l+ [etc]: [7,11,12]
15) k*2.z>.[tojl+k(tlh-toji)]

f { f | θ £ f £ l } : [5,3]
16) k=l: [15,14,1,2,-**-]
17) <f2J1-toh) = 0,...,(tnJl-tOJi)=Q. [16,12]
18) Λ*Λ,. , Λ + i i . [17,9]
19) i i , . . ,Λ are all distinct. [12-ΠjJji i=l,...,n]
20) l j x , . . . , njB appear in (all) n

distinct columns as subscripts in
step 7: [19,7]

21) [ i j]: lgiS».12jS«.jφj < .D.
(ί,7 -toj) = 0: [20,12-17^/Λ *=1,...,n]

22) b^Cf^-fofcία/!.

bB = (ί iyB-/o;B)α,B. [21]
23) b1 = (l-2ί 0 / l)α/ 1,...,b« =

( l-2ί o />/ B . [22,9,5,3]
24) b x , . . . , bB are distinct:-: [2]

ft>!,..., b«}= {(1 - 2fol)α1, . . , (1 - 2f (jed [24,23,19]
L5 [αobo,. ,αBb»P]: P"(a0,.. .,an)(P).P"(bo,...,b«)(P).

o . \3t1,...,t*].{t1,...,tn}<z{0,l}.bo=a0 + t1a1

+ . . . + 4 α B . { b 1 , . . . , b B } = { ( 1 - 2 ^ ! , . . . , ( l - 2 ί B ) α B } \lA,L3\
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L6 [ α o b o , . . . , α n b B P ί 1 , ...,tn]: P w ( α 0 , . . . ,α«)(P).

{*!,...,*»} c{0, l } .b o = α o + ^ 0 ! + . . . + 4α w .

b 1 = ( 1 - 2 4 ) 0 1 , . . . , ^ = (l-2tn)Qn.Ώ.

P w ( b 0 , . . . , b J ( P )

P F [ α o b o , . . .9QnbnPtlf..., tn]:: Hp(4). D .*.

5) b x , . . . , bw a r e linearly independent. [I , 2 ,4]

6) [ s 1 , . . . , s w ] . b 0 + Sibi+ . . . + swbw = α o +

[ίx+ s ^ l - 2 ^ ) ] ^ + . . . + [ 4 + s w ( l - 2 4 ) ] α w : [3,4]

0 i ί 1 + s 1 ( l - 2 ί 1 ) ^ l , . . . , 0 ^ ί β + ^ ( 1 - 2 ^ ) ^ 1 : [2]

8) [sl9...,snγ.O*$L*l,...,Oίksn*l. = .
b o + s x b ! + . . . + s w b w e P : [1,6,7]

9) P= {bo+S!^^ .. .+snbn\θ^s1^lf... 90^sn ύl}.\ [8]

Pw(b0,...,bw)(P) [5,9]

With lemmas L7 - L17 we will show that the relation EXT (PQ) defined

by DV1 holds iff there is no point in the interior of P which belongs to Q.

Lemma L7 shows that if M is an ft-simplex all of whose vertices lie in a

parallelepiped P then M also is contained in P (see figure 4).

/

s ' M \ /

*. \ /

/

Fig. 4

L7 [αobo,...,OnbnpPM]: M w ( α 0 , . . . , o n ) ( M ) . P w ( b 0 , . . . ,bn) (p).

Ooep.αo + αi€ p , . . . , α 0 + α^ € P . p e M . 3 . p e p
PF [ α o b o , . . . , α w b w p P M ] : : H p ( 5 ) . Z ) . \

[gίoi 9 , ton , . , tnl 9 , tnn\ .".

7) αo = bo+ ^oibχ+ . . . + ίo«bw. Γ9 S 41

α o + αi= b o+ ί u b i + . . . + tlnbn. * ' '

Oo+ α w = bo+ tnlbι+ . . . + tnnbn'

[3r!,...,rj:
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8) 0Zrι,...,0ύrM.rι+... + rn*l.
9) p = α0 + n α i + . . . + rnθn . [1,5]

10) p = bo + tolb1+...+tonbn+
r1[(b0-σ0) + ίnbi+ .. .+ tlnbn] + . . . +
rn[(bo-Go) + tnlbλ +... + ί w w b w ] . [9 ,7]

11) p = bo + t01 bi + . . . + ίO:«b« +
^i [(-*oi bi - . . . -tOnbn) + ί n bi + . . . +
ii»b n ]+ . . . + rn[(-toίbj, - . . . -ίo,wbw)
+ 4 i b ! + . . . + 4 « b w ] . [10,7]

12) p = bo+ (toi+rίtn+.. .+rntnl-r1t01

- . . . -r»ίoi)bi + . . . +
(ίo«+ r i i i w + . . .+r,,fc»-riίo»-. -
r«ίon)bw. [11]

13) p = bo+ [tol + r1t11+...+rntnl-
( r i + . . . + r n ) ί O i ]b i+.. .+
[ίo«+riίiw+ . . . + rA«-(r i+. . .+r w )^Jb w . [12]

14) p = bo + [*oi(l-(ri+... +rn)) +
r1t11+...+rntnl]b1+...+
[to»(l-(ri+...+rn))+r1tln+ .. .+rntnn]bn. [13]

15) 0^tol(U(r1+.. .+rn))+ r1t11 +...

+ rein lO^io»(l-(n+. .+^»)) +
ri/ l w +.. .+rw4«. [8,6]

16) ίoi(l-(n+. + ̂ »))+Λiii+ +
rΛi = ίoi(l-^i+-..+^β) + ̂ i + . .
+ rw ίl,...,tOn(l-r1+...+ rn)
+ r1tln+.. . + rntnn^
toll - r 1 + . . . +rw) + r 1 + . . . + rn z 1.'. [8,6]

p e P [12,14,15,16]

In lemma LS we show that each ^-simplex M contains as a subset an n
parallelepiped (Figure 5).

Go + G2

bo+b2 L ^ ^ b o + b t + b . *

α0 / bo+ bx / ^ ^ ^ α0 + αx

Fig. 5
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L8 [α 0 , . . . ,α«Mp]:: M"(α 0,. . ., an)(M). z>.'.
[ 3b!,.. ., bnP].\ P^αobi,. . . ,b«)(P) : p e P . D.peM

PF [α o , . . . ,α B Mp]: :Hp(l) .D.\
[ 3 b 0 , . . . ,b w P]. .

2) b o =α o .b ι = - α 1 , . . . , b B = - α B . [1]

3) b j , . . . , bB are linearly independent. [2,1]
4) P"(b o , . . . ,b n )(P).α o eP: [2,3]
5) [ p ί 1 , . . . , t , ] : θ s ί 1 s i , . . . , o s t , s i .

p = b0 + ίχbi + .. . + 4 b B . 3 . p = α0+

n n n n

^ + . . . + ̂ s I + . . . + I = i : [2]
w n n n L J

6) p e P . D . p e M / . [5,1]
[gbo,..., bnP] . P w (b 0 , . . . , W(P): p € P . =). p eM [4,6]

Using L7 and L8 we formulate (L9,L10,Lll) an equivalent condition to
EXT (PiP2) which instead of requiring a parallelepiped Q to be contained in
PiΠP 2 requires an n -simplex M to be contained in Pi ΠP2. Figure 6 is to
be used with L9 and figure 7 is to be used with L10.

0 0+ Q2 yS ^2 y S / f

/ /T7 / / / M\/ /
/ α0 /αo + αi / / p2

Pj / Pi/_ /

Fig. 6 Fig.7

L9 [P1P2]: EXT (Pi P2). 3 . ~ [ 3 α 0 , . . . , α«Λf]. MB(α0,.. , α«)
(Λί).αo e Pi nP2.α o + aιePιΓ\P2>.. ,αo + On e
P j n P 2 _ _ [DV1.L8,-**-]

L10 [P.P^ : P^Pj). Pn(P2). ~ EXT {ptPύ . 3 . [ 3 α 0 , . . . , a«M].
M"(αo,...,αB)(A0 . M e (Pi ΠP2)

PF [PiP 2 ] . .Hp(3).D:
[3Qα0,. . , α B ] :

4) P"(αo,. .,«ϋ«3). N . , 1
5) Q c P i Π P , . l M > ; i J

6) aoe Q.ao + a1eQ,...,ao + aneQ. [4]

7) M"(αo,...,α«)(M). [4]
8) MCQ. [L7,4,6]
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9) M<ZP1^P2: [8,5]
[gαo,^.. ,αwM]. M w (α 0 ,.. . ,αw)(M).M (ZP1 ΠP2 [9,7]

Lll [P,P2].\ P^Pj. P*(P2). =>: E X T ^ P ^ .
~ ( [ 3 α 0 , . . . ,αwM] .M*(α 0 ,... ,cϋ(M) .M c P x ΠP2) [L9,L7;L10]

In LI2 we are saying if P is a parallelepiped, R is the perimeter of P,
p belongs to the interior of P (i.e. P-R), and q does not belong to P then
there is a point α which lies between p and q and αe R (see figure 8).

• ! • / P /
q / /

£ p I

Fig. 8

Li2 [αo,. . . ,αwpqPΛ]: Rw(α0,... ,αwP)(i?). pe(P -R).
-(qeP) .D.[ 3 α/].O<ί<l .α = p+ί(q-p).α€JR

PF [αo,...,αwpqPΛ]i:Hp(3).D:.:

| g S i , . . . , $ Λ , . . . , £*]'••••
4) 0 < S 1 < 1 , . . . , 0 < 5 « < 1 . I

5) p = α o + S ! α i + . . . + s w α w . j L ' J

6) q = α o + * i α i + . . . +tnan. \ r .-,
7) - ( O ^ ί x i l , . . . , 0 ^ 4 . ^ 1 ) : : ) L > J

Ig*i,...,fe]::
8) /I i f O i ^ ^ l

^^Jr1^1 if *i>i

1 ' i f θ ^ 4 ^ 1

. Ά i f ί » < 0 : : . t5'6]
|gί]. . "

9) f=mln {*!,...,**} [8]
10) 0 < ί < l . [9,8,4]
11) 0Ss 1+ίίf 1-s 1)si,...,0

ssi. + ί f t .-^Sl: [8,4]

[3i]:
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1 2 ) 1U=" 1 Γ8 7 41
13) st + Hti-sύe {0,1}. I L 8 ' 7 ' 4 J

[3α]
14) α = p + ί ( q - p ) . [2,9]
15) aeR: : [13,14,5,6]

[3αί]. 0< t < l.α = p + ί(q - p). αeR [10,14,15]

With LI3 we achieve half of the goal which was announced just prior to
L7; namely, we show that if Pi is a parallelepiped with perimeter R, P2 is
a parallelepiped, and p is a point in P2 Π (Px -R) then Pi andP 2 are not ex-
ternal. See figure 9.

H^TI 7
Fig. 9

L13 [ α o b o , . . . , α n b w p 1 p 2 β p ] : R w ( α 0 , . . . ,anPi)(R) -
P w ( b 0 , . . . , bn)(A). p e P2 Π (Px -Λ). D .~(EXT(Pi P2))

PF [ α o b o , . . . , α n b w PiP 2 J Rp]:: Hp(3). D :•: [ g ^ n , . . . , 4s«rJ \ \
4) αo = ̂ 1 α 1 + . . . + ίwαw. [1]
5) p = α o + S i θ i + . . . + snan. r q Ί

6) 0 < 5 1 < 1 , . . . , 0 < 5 W < 1 . L 1 ^ J

7) p = bo + r 1 b 1 + . . . + rnbn. Γ 9 q 1

8) O i n . ^ . . i O i r ^ i : : L ^ ^ J

Lg ί̂i,. . . 9 tin] \ I
9) lifsii.

10) b , ; - α o = ί ί i α i + . . + ftBαn.
 L ' J

11) b, =

(tί+til)a1+...+ (tn + tin)any: [10]
[gM<ί( ) M < / ] : . :

12) lSjSn.l*iίn.

ikί-rt) ifr, <l. [ 7 ]

13) u i = \ 2

[ " 2 i f ^ = 1

14) (fei/ ifί' '+ί' >0

^ =< 1 iitij +tj = 0. [11,5]

7^7 iitii+t,<0.
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15) Uij =1-1 if Uj + tj = 0. [11,5]

j^L if tij+tjKO.

16) UijίOύt/j . [14,15,6]

17) Oϊsj+ tyitij+ψsi [14,6]

18) 0 == Si + UijiUj + tj) § 1 : : [15,6]

|g<ί«/]::

19) lSz^w.
20) ί/= min \tlι,...,tln). [14,15]
21) M/ = min {u^, . .. ,Uin).
22) 0 S 8f + ti(tij +αy) S 1 . [20,14,6]
23) 0 S s , + u/fey +α, ) S1. [21,15,6]
24) p + t'ibi = α0 + (si+ tldi + 4 i))αi+

. . . + (s«+ί/fc+ fe,))α». [5,11]
25) p + w/b; = αo+ («i+ «ίfc + ί, i))<»i +

. . . + (si,+ ί/fe + ί/.))α«. [5,11]
26) p + ί/biβJ?!. . [24,22]
27) p + Mfb, e P j Λ [25,23]

irίl
28) lϊiSn. I

2 9 ) ίmin{ί/,Mi} ifr, < l . | [20,21,13,8]
' (max {u!,U;} ifr, = 1 . )

30) 0£r,+r/ίl. |
31) 0 § s, + r/(ί<7 +ί, ) g 1. i [29,20,21,14,15,6]
32) r! Ψ 0. ]
33) r'lbj.,... ,rB'b« are linearly

independent. [29,2]
34) p+rfb.-eίPiΠPa):

[30,31,1,2,5,7]

[3M]:
35) M"(p,^bi,...,rH'b«)(M). [33,5,2]

M<zP1ΩPa. [L7,35,34,3]

[3Q1._

37) Q c p i n p 2 : : ) [ L 6 ' 3 5 ]

~(EXT(P!P2)) [37,36]

In LJ4 we are saying if two points px and p2 belong to a parallelepiped
P then every point q between pi and p2 also belongs to P.

L14 [ α 0 , . . . .CMJiPaqίP]: P n ( α 0 , . . . ,αB)(P). Og t % 1.
P i e P . p a e P . q ^ p ^ ί(p2 - p j . D . q e P

PF [αo,...,α«pip 2qίP]:Hp(5).=).
[jSiti,..., sntn].
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6) O ^ S i ^ l . O ^ i l , . . . , 0 i s w ^ 1 .

7) px = α o + s 1 α 1 + . . . + s ^ α w . 1 [1,3,4]

8) p2 = α0 + t1a1+ . . . + £wαw. j

9) q = α0 + (si+tih- Si))αi+...+

(β« + Ktn'Sn))tXn. [5,7,8]

10) O^s1"ts1ύs1- ts1 + ttx = s± +

t(t1 - s x ) , . . . , 0^sn - tsn z sn - tsn +

ttn = Sn+ titn'Sn). [2,6]

11) 51+ #!-«!)= S!(l-O+ «!^(l-ί) +
ί = 1, . . . , Sn + t(tn- Sn) = Sn(l -t) + ttnύ

(1-0 + ί = l . [2,6]
qeP [1,9,10,11]

In our next lemma we refine L14 a little to say that if pi and p2 besides

being in the parallelepiped P also do not lie on the same side then if q is

between px and p2 we have that q belongs to the interior of P (i.e., qeP-R).

L15 [ α 0 , . . . ,anpiP2qtPR]: Rw(α0,... ,αwP)(R) .pieP.

p 2 €P.O< ί < l . q = P l + ί(p 2 -p 1 ) . '-[ g S ] .

Sw(αo,...,αwP)(S/).p1€S;.p2eS;).D.qe(P-i?)
PF [α o,...,αwp 1p 2q*Piφ:Hp(6).D.\

[ g M i , . . . , sjn].'.

7) Oύsι*l.θ*t1ύl,...,θύsnύl. \

0 S 4 S 1 [1,2,3]
8) p i = α o + 5 x 0 ! + . . . + $Aι. j
9) p2= α o + t1a1+.. . + ίwα n. /

10) q = α o + ( s 1 + ί ( ί 1 - s 1 ) ) α 1 + . . . +
(Sn+ t(tn-Sn))θn. [5,8,9]

11) qeP. [L24,l,2,3,4,5]
12) 0^Si+ ί ( ί 1 - s 1 ) ^ l , . . . , 0 ^ s » +

ίίt-sĵ l: [11,10,1]

13) Sj.+ tQj.-sJ = 0 . D . s 1 ( l - ί ) + tti=0: [7,4]

14) s 1 + ί if! - sx) = 0 . D. sx(l - ί) = 0 . ttχ= 0: [13,7,4]

15) Si+ίίίx-sJ = 0 . D . S 1 = 0 . ^ = 0: [14,7,4]

16) s^tfa-sj = 0.D.Pl€SΓ.p2eSί: [15,6]
17) - ( S i + ^ i - s ^ 0), . . . , ~ ( s n + t(tn-sn)= 0):

[16,6, -«-(w times)]

18) s 1 + ̂  - sx) = 1. D . 5 l ( l -*) + ttx = 1: [7,4]

19) s 1 + Z(ί1-s1) = l . D . s 1 = l . ί 1 = l: [18,7,4]

20) s 1 + # 1 - s 1 ) = l . i>.p1€SΪ.p aeSi: [19,6]

21) ~ ( s 1 + / ( ί 1 - s 1 ) = l ) > . . . , - ( s β + ί ( f c - S i ) = l ) .

[20,6,->«-^ times)]

22) 0 < 5 i + ^ 1 - 5 1 ) < l , . . . , 0 < 5 w +

t(tn-sn)<l. . [12,17,21]

qeP-R [22,11,1]
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Our next three lemmas show by induction that if all the vertices of a
parallelepiped Pi belong to a parallelepiped P2 then Px is contained in P2.

Lie [JPi P2 α 0 , . . . , α A , . . . , 4bobi Q]: P W(P2). P*(α0,..., α j (Pi).
{ίi,...,ί»} c{0,l}.b o = α o + ίiαx + . .+
4a w .b i e {(1 - 2*1)a1,..., (1 -24)0,}. {bo,bx} c P 2 .
P^bobjXQj.D. Qcp 2 [Li4]

L17 [ P L P 2 a 0 , . . . ,aΛb0,... ,b*p0,.. .9pk+1t1sl9.. ., ί^QQip]
.•.PW(P2). P

w(a 0,.. .,θn)(Pύ . tei,..., s«} c{0, l}.
l^&ia-l .po = a0 + Siai+ . .+ snan.
{Pi , . . . , Pik+J c {(1 - 2 ̂ )ai,. . ., (1 - 2sn)an}.
{po+ 5 ia x +.. . + sw'aw|{5ί,..., si) c { 0 , l } } c P2 .

P f e + 1(po,..., p*+1)(Qi) P eQx: P^(bo,..., bk)(Q).
bo = o0 + ί i a ! + . . . + tnQnAh,..., fe,} c{θ,l}.
{b 1 , . . . ,b f e }c{( l-2ί 1 )a 1 , . . . , ( l-2fe )a w } .D.Qcp 2 :
^.peP 2

PF [PiP2a0,...,Oflbo,..., b φ 0 , . . . , p ^ i S i , . -., USnQQip]
::Hp(10):D. .

[gβ.β'bobibibi,...,^^]/.

11) bo = p o , . . . ,bk = Pk \
12) Pfe(b0,...,b,)(Q2). I r n 4 , β l

13) bJ = po + p f c + 1.bI=p 1,...,bί = p*. I 12,3,4,5,6j

14) P%'0,...,bίKQ'). )
15) Q2CP2. [10,12,11,3,5,6]
16) Q' aP2: [10,14,13,3,5,6]

[ 3 » Ί , . . . , n + 1 ] :
17) osr1,...,n+isi. 1 Γ 4 8 9 1

18) p = po + >ΊPi+ +rk+1pk+1.j L , » J

la<iΛ]
19) qi = Po + r i P i + . . . + rfePfe.
20) q2 = Po+Pjfe+i + *ΊPi+ . +**p*. [17,8]
21) q,e(?2. [19,17,12,11]
22) q2eQ'. [20,17,14,13]
23) q i e P 2 . q 2 e P 2 . [15,16,21,22]
24) P=qi+n+i(q2-qi)/. [18,19,20]

peP2 _ [Li4,l,17,23,24]

L18 [p,.P2α0,..., α ,] : P"(P») P"(α 0 , . . . , α J ί P j .
{α0 + tlQl+... + fcαj{ίi,... ,4} c {0,1}} c P 2 . D .
P1CP2 [L16,L17]

We are now ready to prove the other half of what we said we would
show just before L7. Namely, we now show that if P± and P2 are parallele-
pipeds which contain a parallelepiped Q in their intersection then there
exists a point p belonging to P 2 Π (Pj -R) where R is the perimeter of Px.

IΛ9 [αoα'o,...,arjaίP1P2R]: R"(α0,...,OnP^R).Pn (αj,...,α£)(P2).
~EXT (PjP2). D. [3q]. q e P2 n (Px -R)
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PF [α oαΌ,... ,anaίP1P2R] : :Hp(3). D : :
[gb o , . . . ,b w Q]: :

4) Pw(bo,...,b,)(Q) 1 r Ί

5) Q c p x n p 2 : . J [1>*>όi

[^r1s1tx,...,rnsntn].\
6) Oίrl9...,rnύl.
7) 0*s1,...,suύl.

8) 0 ^ ^ , . . . , ^ = ! .

9) bo = αo + r1σ1+...+ rnan.

10) b o + - b i + . . . + - b w = α o + Sicu +

. . . + snan.
11) bo + b i + . . . +b« = α 0 + t1a1 +

. . . + tnOn .

12) ~ b i + ••• + o b w = ^ 1 " S l ^ a i + ••• +

(tn-sΛ)an. [",10]
13) r i + (ίi - Si) = S i , . . . , rn +

(tn-sn)=sn. [1,9,12,10]
14) r1+t1-2sL,...,rn+tn = 2sn: [13]
15) s1=0.Ώ.t1 = Ό,...,sn = O.D.

4 = 0: [7,8,14]
16) s 1 = 0 . D . ( ί 1 - S i ) = 0,..., s n = 0.

D(fc-fiJ = 0: [15]
17) {b i , . . . , bn} has dimension n. [1]
18) ~(si = 0 ) , . . . ,~(Sn = 0): [17,12,16,-4-]
19) s 1 = l . D . ί 1 = l , . . . , s« = l . D .

fc=l: [14,6,8]
20) s ^ l . D . f o - s J ^ O , . . . , sw= 1.

3.(4-^=0: [19]

21) ~ ( s 1 = l ) , . . . , - ( s l l = l ) . [17,12,20,-4-J

[3q]

22) q = bo + | b 1 + . . . + |b w . [4]

23) q e ί P i - i ? ) : : [22,5,1,10,18,21]
|gq].q€An(Pi-Λ) [23,22,4,5]

We now state as L20 the reduction of DV1 to the statement that two

parallelepipeds Pi and P2 are external iff there exists a point q in the in-

terior of one and which belongs to the other.

L20 [α 0 , . . .,uJPiP*R\.'. R w (α 0 , . : ., onPi)(R) PW(P2). D :
EXT(PiPa)

 Ξ.~([3q].q€P2 n^-R)) [LI9,LI3]

Our next step will be to show that if two parallelepipeds Pλ and P 2 are
externally tangent (DV2) then there exist vectors α 0 , . . . ,anoή and t < 0 such
that we have P w ( α 0 , . . . ,an)(Pi), P w ( α 0 , . . . , α«.iαί)(P2) and a'n = tan. We do
this using lemmas L21 - L29. In lemma L21 we show that if px belongs to
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parallelepiped P and pa does not then there exists a point q between pi and
p2 which also does not belong to P (figure 10).

/ * / "

P

Fig. 10

L21 [αo,...,αBp1p2P]:PB(αo,...,αB)(P).p1€P.~(p2€P).
=> Igqί] 0< t <l.q = p1 + ί (p2 - P l ) . ~ (qeP)

PF [αc .α^iPaP]: :Hp(3).r>: :
[jti, . . . ,t2n] '••'•

4) 0 £ ί 1 s i , 0 £ ί 8 £ l , . . . , 0 £ < t a _ I s i . I

5) p 1 = α 0 + ί i α i + ί 3 α 2 + . . . + ί 2 » - i α « . > [1,2]

6) p2 = α0 + h αi+ ί4<»2 + . + ί2»α»:: j

lai/MiMa]::
7) ie{2,4,...,2w}. I
8) i = ί - l : [ [6,1,3]
9) U > l . v . ί , <0: )

kti+\)-tj v

10) M-Vτ "
/ ' ' } [5,6]

[•^SιSι,s3Ssy.. . ,s2«-iS2«-iqiq2].".
12) qi= αo + 5 i α i + s 3 α 2 + . . . + '

13) q2 = α0 + siαi+ S3α2 + . . . +

SL On. \ I 2 ' 1 0 ' 1 1 ' 6 ]
14) qi=Pi+Mi(p2-Pi)
15) q2 = Pi + M2(p2-Pi)
16) Sj^tj +u1(ti-ti). [14,12,5,6]
17) sf = tj + u2(ti -tj): [15,13,5,6]
18) f; > 1 . D . (><«!< 1: [10,8,6,4]
19) ί, >l.D.S/>l: [16,10]

20) ft>l.=).~(q1eί0: [19,12,1]
21) ti < 0 . D . 0 < M 2 < 1 : [11,8,6,4]
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22) fe<0.D.5/<0: [17,11]

23) &<0.D.~(q 2 eP): : [22,13,1]

bq(|.q = Pi+ί(pa-Pi).~(q€JP) [9,20,14,23,15]

With LiP (and L26>) we show that if Px and P2 are externally tangent
parallelepipeds, Px is determined by the vectors α o , . . ,α w , p belongs to
P 2 - P i and the i t h coordinate "*/" of p with respect to {α 0 , . . . , α j , and
tj >l(tj<0) then the side S, (S;

9) of Px is contained in PiΠP 2 (figure 11
shows the case ί i > l ) .

/

Pi <\/s\ p /

/ P2 /

L /

Fig. 11

L22 [α 0, . . ,ojχ,..., tnJPlp2 S)P1P2]:Sw(α0,..., anPx)(S}).
E T G ( P 1 P 2 ) . p i e ( P 2 - P 1 ) . p 1 = a o + ^ i a i + . . . + 4a w .
tj > 1. p2 e Sj . =). p2 e (Px n P2)

PF [ d o , . . . , a A , . . . , 4iPiP2 5}PχP2] :•: Hp(6). D : :
[ 3 5 ! , . . . , s w ] : :

7) p2= ao+Siai + . .+ swaw. "j
8) 0 ^ s 1 i l , . . . , 0 i s ; . 1 i l . 0 i s / + 1 i l , I r i 6 l

. . . , 0 ^ s « ^ l . ( L ' J

9) sy = 1Λ /

[3Q]. .^

10) Pw(ζ>). J [ 2 ]

11) Q = P x U P 2 . J L J

12) PieQ.p 2eQ: [11,3,6,1]
13) [t]:O<t<l.^.tj +t(sj-tj) =

tj(l-t) + tsj > 1 : [9,5]
14) [qf]:O<f < l . q = pi + ί(p 2 -pi) .

D.-ίqePj: [13,3,4,7]
15) [ q ί ] : O < ί < l . q = P l + ί ( p a - P i ) .

D.qeQ: ["4,1,12]
16) [ q ί ] : O < ί < l . q = p i + ί ( p a - p 1 ) .

D . q e P 2 : [11,15,14]
17) P2eP 2:: [Z2J,l,3,16,-«-j

p 2 eP 1 ΠP 2 [1,6,17]
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L23 [a, , , . . . , α Λ , . . . >tnjPiP2S°P1P2] : S " ( α 0 , . . . ,αBPi)(S°).
ETG ( P i P 2 ) . Pie(P2 -Pi) pi= α 0 + * i θ i + . . . + tnan.
tj < 0 . p 2 e S ) ) . D . P 2 € ( P 1 n P 2 )

PF [α 0 , ...,aΛ,... ,4 jp ip 2 s ;P 1 P 2 ] :•: Hp(6). D ::
[ 3 Si,. . , s β ] : :

7) p 2 = α 0 + s 1 α i + . . . + s B α B . 1
8) O£s 1 s i , . . . ,ossy . 1 s i .oss / + 1 Si , I f l 6 ]

. . . , 0 S s , £ l . I
9) Sj = 0 . . J

[3Q]. ._
10) P"((2». Γ 1

11) Q = P i U P 2 . [ L J

12) PieQ.paeQ: J
13) [t]:O<t<l.D.tj +t(sj-tj) =

tjil-tXO: [9,5]
14) [qί]:O<ί<l.q = p 1+ί(p 2-p 1).

=>.~(qePύ: [13,3,7]
15) [qt] : 0 < ί < l . q = P l +ί(p 2 -p 1 ) .

D.qe <?: [L14,ί,12]
16) [qί]:O<J<l.q = p1+ ί(p2-Pi).

3 . q e P 2 : [11,15,14]
17) p 2 eP 2 : : [L2J,1,3,16,-M-]

p2£PiΠP2 [1,6,17]

We now summarize the result of the last two lemmas in our next
lemma by saying if Px and P 2 are externally tangent then there exists a
side of Pi contained in Pi Γ1P2.

L24 [PiP 2 ]: ETG(P!P2).D.[3S].SB-(PiHS).S (Zp^Pj
PF [ P I P 2 ] : : H P ( 1 ) . D : :

2) P 2 ' c P ! . D . ~ EXT(PiP2): : [1]

[3p]>:
3) pe(P 2 -Pi ) : : [1,2,—]

[ 3 α 0 , . . . , a»tι,... ,taj]::
4) P^α o,...,«U(Pι). [1]
5) p = ao + t1a1+...+ tnan [3,4]

7) ί / < O . v . ί y > l . . l ' ' J

[3Sy] ' . ,
8) S"(α o , . . . ,α B Pi)(s; ) . I r ]

9) tj > 1. D . i = 1: [ L J

10) ί / < 0 . D . ί = 0 : )
11) _ S|cP 1 nP 2 : . : [L22,L23,8,l,3,5,9,10,7]

[3s].s%p1Hs) S(z(pίnp2). [8,11]

Now we work on the uniqueness of having one side of Px contained in
P1C\P2 if P i and P2 are externally tangent. Our next lemma shows that if
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5 is a side of Pi and p belongs to Pi -S then if Px andP2 are externally

tangent and S c P2 ΠP2 it follows that p doesn't belong to P2 (since otherwise

Pi andP2 would not be external).

L25 [PiP2Sp]: ETG^P,). S^PiMS). pe(Px-S) .S c (p x np 2 ) .

D.~(peP2)
PF [PiP2Sp]::Hp(4).D:.:

[gα0,.. .,α»S/]: : m

5) S w (α 0 ,...,α w P!)(S)). \ r -,

6) S=SJ:: I L J

\^\tl9...9tn]::
7) q = α 0 +tχQ1+...+ tnOn.
8) ί / = i .

9) *i = - , . . . , £ / - i = £ . ί ; + 1 = 2 ? ^ w • [6]

_ 1_

" 2 *

10) q e S Λ '

I3Λ]. ' .
11) R w ( α 0 , . . . , α w P i ) ( i ? ) : [5]
12) peR.v.peiP^R): [3]

13) pe (Pi-Λ) .p€ Pa . =>.~ EXT(PiP2) : [LJ3,11,1]
14) p € Λ . D . ~ ([ 35;']Sw(α 0,..., α Λ (SJ).

peS/.qeSJ) : χ [7,8,9,3,10]

15) pe J R . p e P 2 . D . p + —(q-p)e

(Pi-R): [L25,ll,10,14,pa/q]

16) p e i ί . p € P 2 . D . p + - ( q - p ) €

P 2 : [Li4,ll,10,6,4]

17) peΛ.peP 2 .D.-EXT(P 1 P 2 ) : : [Li3,ll, 15,16,1]

-(p€P2) [1,12,13,17,-H

In L26 we state the uniqueness mentioned above. Notice that L21 means
P1ΠP2 = S.

L26 [PtPzSS^ : ETG(P!P2). S"4Pi)-(5). S^PzHSj) . 5 c P x ΠP2 .

S 1 C P 1 Π P 2 . D . S = Sx

PF [ P Λ S S J : H p ( 5 ) . D .

6) PxnP2=S. [1^5,1,2,4]

7) P i Π P 2 = S i . [L25,l,3,5]
S = SX [6,7]

In L27 we show that if two parallelepipeds Pi and P 2 a re externally

tangent then except for one vector they can be generated by the same set of

vectors, (see figure 12). We use L5 and L6 where n is replaced by n - 1.
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α o + α 2 O Q + α ! + α 2

/ cio /αo+ αi

Fig. 12
(we can use α o , α ί , α 2 to generate P 2 where α o , α i , α 2 generate Pτ)
L27 [Pt P2]: ETG (P x P 2 ) . D . [ g α 0 , - . . . , OΛί] P"(<>o , ,on) ( P j .

PB(α 0 an-»a'n){P*)

PF [ P 1 P 2 ] : : H P ( 1 ) . D : :
|gbobi,...,b.WS;sί]: :

2) Sn(b0,...,"bBP1)(S|). I
2 P^Kl'sΓ^^' [L,4,L,5,l,(2timeS)]
5) p 2 n p 1 = s | . /
6) S/ = ̂ (. . [4,5]
7) P"-1(bβ+<by,bi,...,b/_1,by+1,...,bJ(s;). [L6,2]
8) P"- 1(bJ+Zbi,bi,...,bj;.1 >b^.1,...,b^(5i):: [iβ,3]

kjα0, .. ,αB,p 0,.. ,p»]' :
9) αo = b0 + tby. >

10) αi = b 1 , . . . , α ί _i = b ; _1.
11) αy = (1 - 2ί)b,. \ [£6,2]
12) αy+i = b / + 1 , . . . ,αB = bB.
13) P"(αo,...,«O(Pi). /
14) P β - 1 (αo,. . . ,α 7 . 1 ,α 7 + 1 , . . . ,α«)(s; ) . [7,9,10,11,12]
15) po = b£ + lbk. \
16) Pi = bί,...,p*_i = bί_1.
17) pΛ-=(l-2Z)bί. j. [£6,3]
18) pA+1 = bj+ 1,..., pB = bB.
19) PB(po,...,pB)(P2). /
20) P"-ι(po. .P*-i.P»+i. VP»)(Sί) ' [8,15,16,17,18]

[3^1, , '*-i»ίk+l» » ί»]
21) fri,. , 4-iA+i, . , « J c {0,1}. '
22) α0 = po + ίi Pi + + tk-iPk-i

+ 4+ift+i+. +ί.P- I [£5,14,20,6]
2o; ί α i , . . . , α/-i ,α ; + i , . . . , On s -

{(l-2t1)Pl,...,(l-2tk_1)pk_1,
(l-24+ι)Pife+i,...,(l-2ίB)(pJ}: )

[gbo,. . . ,b B ] :
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24) bo = α o .
25) bx = αi, . . . ,by_ 1 = α/ _1.
26) by=p*. ϊ [1,6,23,22,19]
27) b / +i = α; + i , . . . , bw = an.
28) Pw(bo,...,bw)(P 2). '
29) P*(b 0 , . . . , bhl,bj+1,..., bw,by)(P2) [L6,28]

30) P w ( α 0 , . . . ̂ y-^αy+x,.. .,αw,by)(P2). [29,24,25,26,27]

3D P w ( α 0 , . . . ̂ y ^ α y + i , . . .,*9,*j)(Pi): : [L6913]
[ 3 α 0 , . . . , α w , α i ] . P * ( α 0 , . . . , α β ) ( P i ) . Pw(α0, • •, αw. xα£)(P a) [30,31]

We now prove, for later use, a variation of lemma L27 which says that
if α o , . . . , α n generate Pu P x and P 2 are externally tangent, and the side S%
of Pi equals the intersection P i Π P 2 then there is a point α£ such that
α 0 , . . . , αw-i ,α£ generate P 2 .
L2S [ α 0 , . . . ,αwPχP2 S^: ETGCP^). S w (α 0 , . . . ,α w Pj(Sβ.

Sw° c p 2 . D . [ 3 < | . P w ( α 0 , . . . , αw_! ,αi)(P2)
PF [α o , . . . ,α w P 1 P 2 S2] : :Hp(3) .D. .

4) 5° = P 1 Π P 2 . [l,2,3,L^i]
5) P^ίαo,...,^-!)^0): [2]

[gbo, . . . , bn,S'j] :
6) SB(bo,...,bBP2)(S/). I
7) S{cp,nft . I L 1 J

8) S / ^ P i Π P a . [-ί-21,7]
9) SJ = S%. [1,26,1,2,3,7]

10) Pκ-1(bo+ iby.bi,. . ., by.! , b / + 1 , . . . , bn)(S;'). [L6,6]
[ψ'l 9 > tj-1 tj+1 y 9 ί»J

11) α0 = b0 + ibj +t1b1 + . . . + >
t/_! by.x + ίy+1 b; + 1 + . . . + 4bw

12) {αi, . . . ,α w . 1 } = {( l-2ί 1 )b 1 , . . . , > [L5,10,5,9]
(l-2*y_>y_ 1,(l-2ίy+ 1)by+ 1,...,
(l-24)bw}. /

13) Pn-Ha0,.. .,au-ΰ(SJ). [L6,10,ll,12]
14) P w ( α 0 , . . . , α^xd - 2t)b; )(P a):. [L6,6,ll,12]

Igα l.p ίαc .^eu^cώίPa) [14]

We are now ready for the last stage in obtaining the characterization
for DV2, mentioned just before lemma L21. Namely, we show in lemma
L29 that if Px and P 2 are externally tangent and we have vectors α 0 , . . . , q«α^
such that P w (α 0 , . . .,αw)(Pi) holds and P"(α 0,.. .,αw_iα^)(P2) holds (such
vectors exist by L27) then there is a "t" such that α» =tan and t < 0 . Con-
versely, in lemma L30, we show that if α£ = tan and t < 0 then
Pw(α0, . , αw_iα«)(P2) implies that P 2 is externally tangent to P i .
L29 [ α 0 , . . . , αwα^P!P 2]: P w ( α 0 , . . . , αw)(Pi).

P ίαo,...,^.!,^)^).
ETG(P1P a).D:|3ί].α; = ί α l l . ί < 0

PF [α o,. . .,αwαiPiP 2];;Hp(3).D:.:
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4) αί=*iαi + . . . + i,an. [1,2]
5) α0 + . . .+α«-!+αή = α o + ( 1 + ί ] ) α i + . . .

+ (1+4_i)α B -i+4α». [4]
6) Qo + aί, = a0 + t1a1+ ...+ tnOni [4]
7) ί 1 >0.v . , . . . , . v . ί B - i>0.=>.

~[(αo+ . . . + α«_1+α^£P2]: [2,5]
8) ~ ( ί 1 > 0 ) . , . . . , . ~ ( 4 - 1 > 0 ) : [2,7]
9) ί 1 < 0 . v . , . . . , . v . ί B _ 1 < 0 . 3 . ~ [ ( α 0 + α B ) e P 2 ] : [2,6]

10) ^ = 0 . , . . . , 4 - i = 0 : [9,2,8]
11) ίB = 0.D.α« = 0: [10,6]
12) ~U«=0):: [11,2]

[gί]::
1 3 ) ~ ( ί = 0 ) ' I Γ6 10 121
14) αB = *αn.\ ) L 6 ' 1 0 ' 1 2 J

[ 3sSB]. .
15) s= min U,l}. [14]
16) S"(αo,...,O,Pi)(sS). I Γ 1 ,1
17) SScP^P,. I L 1 > ί ! J

18) SS=P x nP 2 : [L25,3,16,17]
19) ί > 0 . D . α o + s α « e P 1 : [1,15]
20) t >0.=>.α o + sα«€P2: [2,15,14]
21) ί > 0 . D . α o + s α » € P 1 Π P 2 : [20,19]
22) ί > 0 . D . ~ ( α o + s α B ) eS°: [16,15]
23) ~(ΐ>0). [18,21,22]
24) t<0:. . [23,13]

[gί] α B = ί α B . ί < 0 [14,24]
L30 [PiPaαo,... ,anbt]: PB(α 0,... ,α.)(fc). ί < 0 . b = ίαB.

P"(α 0,..., α».1b)(P2). D . ETG (Px P2)
PF [P 1 P 2 α 0 , . . . ,α B bί] : :Hp(4).D::

[3Λ]::
5) RB(α0,...,σBP1)(β): [1]
6) [s1t1,...,stttn] .Oίsnίl.Oίtnίl.

α 0 + ί i θ i + . + 4α B = α 0 + SiOi + . . .

+ sB_1αB.1 + s«b.D.s1 = <!,...,«„_! =
ί«.i.ft.= 0. [1,2,3]

7) P^PϋCfl. [5,6]
8) "flgql.qeίPi-ΛίnP,). [7]

9) EXKPiPa).'. [Z,i5,5,4,8,-*«-]

[3po,. .,p«Q].".
10) p0 = α 0 + tan.

ρ x = α i , . . .,pB_i = αB_i

ID l::tT' iwi
12) P n = ( - ^ b .

13) P"(P o, ...,μ.)«?): /

14) W .Ogί.s-^.D.-lsί.^ijsO: [2]
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15) [ ί , ] :0£A,£ ϊ ^.=>.0Sl + ί , ( γ - ί ) £ l : [14]

16) [t.].po+ί,p» = αo+[l+t^j 1 - ί )]b. [10,3,12]

"> [4]: ̂ SίBsi.D.ίsαi-ί)Sl-ί: [2]

18) [tn]:-f-Stn^1.^.0St + m-t)ύl: [17]

19) [tn].po+tnpn = ao + [t + tn(l-t)]an. [10,3,12]
20) QcPjUP.,: [13,10,1,4,16,15,19,18]

21) M O^ll.D.^ί^a [2]

22) [u1,...,un].a0+u1a1 + ... + unan =

Po = ulPl+ ...+un.lPn.1+ (jzf)p» [19,10]

23) P1cQ: [1,13,22,21,2]

24) M OSrSl.D.OS^-^Sr--: [2]
1 — t ΐ — 1

25) [ri,...,rn].a0 + r1a1+ ...+ rnan =

Po + r l P l + . . . + r w . l P n . 1 + ( [ ^ ) Pn [16,10]

26) P 2 c Q . [4,13,25,24,2]

27) Q=P1UP2:: [20,23,26]
EΊG(P1P2) [9,27]

Having given a relationship between the generating vectors of two ex-
ternally tangent parallelepipeds, we turn our attention to a characterization
of the definition of bisector (DV3). We want to show thatp 2 bisects Px iff
there is an H such that we have H w (α 0 , . . . , aw)(tf) and H = Px nP2 for a suit-
able choice of generating vectors α 0 , . . . ,αw of P±. This will be the object
of lemmas L31 - L38. In lemma L31 we show that if two parallelepipeds Qi
and Q2 are externally tangent to the same side of parallelepiped P then Qλ

and Q2 are not external (figure 13).

/ Q2 / Qi An P/

Fig. 13
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L31 [αo,...,anPQιQzS%]: S B (α 0 , . . . ,αnP)(s2). ETGCPQJ.
ETG(P^) .PnQ 1 = S ° . P n ^ = SB°.3.~(EXT(Q1Q2))

PF [ α 0 , . . .,QnPQiQ»S^\Λ Hp(5). D :
\&Jbίtt'R]ι

6) P"(αo,...,α».1b ),)(Q ι). [L2S,1,2,4]

8) ί<0. L^5,6,1,2J

9) P"(αo,...,α.- 1bί)«fc). [L28,l,3,5]

10) W=ί 'α B . 1 ΓL25 9 131
11) ί ' < 0 . ) LL29,9,MJ

12) R"(θo,...,α..1b,Λi)(«). [6]

la ri
13) S = | m α x { ί , ί ' } . )

1 I s [ M 1 ' 6 ]

14) p = α o + 2«"i+ ••• +-2αB_! + yb n . j

15) p = αo + | α 1 + . . . + | α B . 1 + p b i . [14,13,10,7]

16) 0<7<1.0<f,<l . [13,11,8]

17) p e Q i - Λ . [14,16,12,6]
18) peQ2: [15,16,9]

~(EXT(Qi,Qa)) [Li5,12,9,17,18]

Our next lemma says that under suitable hypotheses the four parallel-
epipeds P1P2Q1Q2 have relative positions such as is shown in figure 14.
Note that the hypotheses form part of the conditions necessary for P2 to
bisect PxiDVΞ) and as the figure indicates these hypotheses are enough to
guarantee that P2 contains at least "half" of Px but they are not sufficient
to force P2 to contain exactly "half" of P i .

Γ"- ^ βp+β2 P

α0+ b2 / / A )yo0+ αχ

Fig. 14
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L32 [P, P2 Q1Q2]: ETG {P1Q t). ETG (P1Q2). ί^{Q1Q2). P*(P2 )•
Qi c p 2 . & c p 2 . ~ ( P ! C p 2 ) . D . [ 3 α 0 , . . ,αBbib2].
P κ ( α 0 , . . . , α B ) ( P i ) . {αo + fxαi+ . . + ίBαβ I{ίj.,.. .,*»}
c {0 ,1} .-(^=1.4 = l ) } c P 2 . P β ( α o , α 1 , . . . , α B - 1 , b 1 ) ( Q 1 ) .
P*(α o ,b 2 ,α 2 , . . . ,α B )(<? 2 )

PF [PiP, <?!<?,]: :Hp(7). p . \
[gPθ> •• ,pnSiS2SjSkSnSn] .'.

8) P"(po, .P»)α>i> . [1]
9) S%P±{S1).S''(po,...,pnPύ(Sί). I

10) S^S'j. \ [L21,L20,ί]
11) S1=P1(λQ1. )

12) SiCPa. [11,5]

13) P"(p0 + ipj,plt..., p/_i,p/+i,... ,pn,

(l-2i)p/)(Λ). [^6,8,9]
14) S"(p0 + ippPi, . , p,-i,P/+i, •••,?„,

(l^Opj-PiXSi). [13]
15) S 1 = S°. [10,9,14]
16) S"±PιHS2). \
17) S ^ . .pΛKsί). [ L 2 i > L 2 5 > 2 ]

19) S2= Pi Π Q2 . j

20) pw(p0 + Zp^,pi, . . . , p^-i, . . . , p«(l- 2Z)pΛ)
( P J . [^,8,17]

21) Sn(p0 + ipkίPu ?Pfe-i>Pfe+i> •• >P«>
(l-2J)pAP1)(s2). [20]

22) S2=S°n. [18,17,21]
23) S 2 c P 2 : [19,6]
24) S2=S1.D~(EX1(Q1Q2)): [1^5,14,1,2,11,15,19]
25) Sj = Si'1. D . P x c P 2 : [LiS,4,8,18,10,17,9]
26) j ^ . [25,24,18,10,3,7]
27) Pw(p0 + φ ; + Zp A ,p ! , . . . , p/-! , p y + 1 , . . . , p^-i,

pk+1,..., pw,(l - 2f)py ,(l - 2 l)pk)(Pd . [L6,8,9,17]

28) Pw(po+ίp; + φfe,Pi,.. .,Py-i,P;+i,.. .,P^-i,
p Λ + 1 , . . . ,pw,(l -2Z)p,,(l -2i)Pi)(Pd : [^,27]
[gβoj >α«bib2 ] :

29) αo = Po + ip; + lpk-ai= (l-2Z)pA.

0 2 = P l . , . . . , . α ; _ l = P -2 O; = p,_l .

O/+1 = P + l . , . . . , . Qk-1 = P/fe-1 0 ^ =

Pi+i, . . ,α»_i=p».αB= (l-2i)p ; . [8,9,17]
30) P"(α o , . . . ,α β ) (Pi) . [L6,8,9,17,29]
31) S"(α o,...,αβP 1)(s2). [29,14]
32) P"(α o,...,α 1,-i,b 1)(Q 1). [L28,l,31,15,12]
33) PB(α0,α2 , . . . , an,a1)(P1)J [£6,30]
34) S"(αo,αa,...,α.,α1P1)(SU). [29,21]
35) P"(α o ,α 2 , . . . ,α B ,b 2 )(Q 2 ) . [L28,2,34,22,23]
36) P*(α o ,b 2 ,α 2 , . . . ,cϋ(Q 2 ) [ΛVP,35]
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37) { α o + ί i α i + . . . + * B α J U 1 , . . . , 4 j c
{ 0 , 1 } . - ( ^ = 1 . ^ = 1)} c P 2 ; . [35,32,5,6]

[ 3 α 0 , . . . , αwbib2]. P w (α 0 ,..., αJ(Pi).
{a0 + tιoι+ . . . + 4 α J U , . . . , U c { 0 , l } .
~(t±= 1.4 = 1)} c P2. Pw(α0,.. .,<!,-!,»>!)((?,).
Pw(αo,b2 , α 2 , . . . ,αw)«?2) [30,36,33,35]

In lemma L33 we show that if parallelepipeds Qi and Q2 are externally
tangent to "adjacent" sides of parallelepiped Pi then there exists a paral-
lelepiped P 2 containing Ql9 Q2, and exactly "half" of Pλ. Figure 15 illus-
trates L33.

\ ^ v ^ αo+ 02

αo + b2\ \ αo ^̂ v̂X o0 + α1

Po+P2\r—* T ^ \ P O + P I

^ ^ ^ ^ P 2 \

Fig. 15

L33 [PiQi Q2Qo,. ,α w bib 2 ] : P M ( α 0 , . . . ,αw)(Pi).
P w ( α 0 , . . . ^ . i ^ K Q i ) . Pw(α0, b 2 , α 2 , . . . ,αn)(Q2).
ETG(PiQi) ETG(PχQ2) . D . [ g P o , . . . , p w P 2 ^ ] .
Pw(po, , p«)(P2). QiCP 2 .Q 2 c P 2 . H n ( α 0 , . . . ,αwP x)
(Jή.PxΠPz =H

PF [Pi Qi Q a α 0 , . . . ,α^bi fe ] : . :Hp(5) . D : :

[ 3 ^ ] : :
6) s <0. * \

» b

M < 0 θ B [WAS, 4,5]

9) b 2 = wαii : /

[gPo> >Pn\:"
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10) po = α o + ̂ αi + (1 -u)an. \

11) Po + Pi = α o + ( l - s ) α i + s α w . I [7 9 11

13) p2 = α 2 , . . . ,pw-i = α β H L . /

14) P l = (l~s-u)σ1+ (s + M-l)αΛ. [10,11]

15) p w = ( s + ̂ - l ) α κ : : [10,12]

16) P w ( P o , . . . , p w )(P 2 ): [10,12,13,15,1]

17) [ r i * i , . . . , r Λ ί » ] : α 0 + r i α i +

. . . + r«-iαw_i + rnuan = Po +

h Pi + + *»P» ^
r x = M + tx{\ - s-u) .rns = (1 -u) + tλ

(s + u-1) + tn(s + u-l): [16,1,7,9,10,12,15]

18) [r j . f i, . . . , r « / « ] : α o + r i α i + . . . +

r w - i α w _ ! +r w wα w = p o + fiPi + . . . +

/ -Λ / y l " M / TnS+U-l-t^S + U-l) . r Ί

ί«P« —>. £i = 3 f« — ^ i

19) [ n ί i , . . . , r w ^ ] : a 0 + r i a ! + . . . +

r » - i α , , - i +rnsσn= p o + ί i P i + . . . +

tnpn.0^rl9...9rn ύl.Ώ.0ztlf...,tn

ύl: [17,18,7,1,16]

20) Q i C P 2 : [19,18,16,2]

21) [riti,.. .,rntn]:a0 + r1ua1+ r 2 α 2 + . . . +

rnσn = po+ i i P i + . . . + i»p». D . r ^ =
M + ίχ(l -s - it) .rn = (1 - M ) + t1(s+ u - 1) +

fcίs+tt-l): [16,1,7,9,10,14,15]

22) [ r i / i , . . . , r n ί w ] : α 0 + riMαi + r 2 α 2 + . . . +

rnQn = Po + ίiPi + . . . + tnpn^Λχ =

rλu-u _ rn+ (u-1) -t1(s + u -1)

(1 - s-u)' n s + w - 1

UJLHizL. [ 2 1 ]

23) [ r i ί i , . . . ,riΛ]:α0 + nwαi + r 2 α 2 + . . .

+ rnσn = po + hp1+ ...+ tnpn.0Zrl9

...,rnzi.Ώ.0ϊtlf...,tnZl: [22,6,8,1,16]

24) Q 2 c p 2 : [23,22,16,3]

25) [ritl9...9 rJn]: α 0 + n α i + . . . + rnσn =

Po + h Pi + . + 4p«. 3 . n = M +

*i (1 - s - w) . r 2 = i 2 , . . . , rw_χ = 4_! . rw =

(l-Mί + fe + O ί s + M - l ) : [1,16,7,9,10,14,15]

26) [rih,. . . , r Λ / J : q o + n α i + . . . + rwαw =

po + ίi Pi + + 4p«. =). rΣ + rn = 1 +

tn(s+u-l)Zl.\- [25,6,8,1,16]

[gi/]. .

27) H^αo,...,^^)^). [1]

28) P1ΠP2(ZH. [1,16,26]

29) α0 + αx = po + (zrzJ^)p1. [10,14,15]
\i ~ s - u/
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30) αo + αβ = p o + ( _ J _ y .
31) Qo + Qιe (PifΊP2). [1,16,29]

32) αo + αwe (P 1 ΠP 2 ) : [1,16,30]

33) [ r 2 , . . . , r w . 1 ] : O ^ r 2 , . . . , r r t . 1 ^ l .

3 . α o + r2α2 + . . . + rβ_iα,,-i =

P o + (^7ΓΓ)P 1 + r 2 P 2 + +

r * - i P * - i +

( 1 , s _ M ) P * : [10,15,12,13,1]

34) [r2 , . . . , ru-x]: 0 ί r 2 ,. . ., rn^ ^ 1.

D . α0 + r2α2 + . . . + rn-\*n-\ e

(PiΠPa)': [1,16,33,6,8]

35) [ r 2 , . . . , r M _ 1 ] : O ^ r 2 , . . . , r w - 1 ^ l .

^.[gboM].bo = αo + r 2α 2 + . . . +

rn-i*n-i M2(b0αiα2)(M) . M e t ? ! n ? 2 ) :
[L7,34,16,l,32,31]

36) Hd(P1ΠP2). [35]

37) P 1 Π P 2 = F : : [35,28]

[3Po, , PnP2H]. Pw(po, , pJ(P2>. β i C P a .
<?2 c P2 . H

w ( α 0 , . . . , <xnPi)(H) .P1ΠP2=H [16,20,24,27,37]

Our next lemma says that if parallelepiped P2 contains one point p

more than "half" of parallelepiped P1 then it contains a parallelepiped Q

more than half (see figure 16).

Fig. 16

L34 [ α 0 , . . . ^bxbzpPiPa Qx Q2 H] : PW(P2). P w ( α 0 , . . . ,αw)(Pi).

P w ( α Ό , . . . , αβ_i, bi)(Qχ). P w ( α 0 , b 2 , α 2 , . . . ,an){Q2).

Q1CP2. Q2 C P L . H w ( α 0 , . . . , αwPi) (H). p e ((P1 Π P2) - H)

. D. [3Q] .p e Q. PW(Q). QC ((p2 DP,) -H)

PF [α 0, . ^^bibapPi P2QiQ2H]\ jHp(8). D :•:

[ 3 n, . . . , r w ] : :
9) p = α o + n α i + . . . +rnan. )

10) O ^ n , . . . , ^ ^ , [ [2,8]
11) r 1 + r w > l : : j

[3Pi, ,pJ
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12) P i = α o + α i . \

13) pa = do + Qi + <fe , . . . , Pn-i = α0 + I r .
α i + α w _ i . j L J

14) pΛ = α0 + α»Λ /

lgqi> >α»] "

15) qi= | ( p i - p ) , . . . ,q« = | ( p w - p ) : [12,13,14,9]

16) [ s i , . . . , s J : s 1 q i + . . . + snqn =

0 . D . s x (p - pi) + . . . +
Sn(p-9n) = 0: [15]

17) [ s i , . . . , s « ] : s i q i + . . . + snqn = 0 . = ) .

S i ( r i - l ) α i + S i r 2 α 2 + . . . + « i r w α w +

S 2 ( r i - l ) α i + s 2 ( r 2 -D<*2 + 5 2 r 3 α 3 + . . . +

s 2r»αw + s 3 ( r i - l )αi + s 3 r 2 α 2 +

5 3 (r 3 - l ) α 3 + s 3 r 4 α 4 + . . . + s3rnan +

snriai + s w r 2 α 2 + . . . + s w r w _ 1 α w _ 1 +

sn(rnΊ)on=0: [14,12,13,14,9]

18) c u , . . . ,α« a r e l inear ly independent: [2]

19) [si,..., sn]: Sιqx + . . . + snqn = 0 . D .

(si + . . . + s w )r x = S x + . . . + s w _ x .

(si + . . . + sw)r 2 = s2,..., ( s i + . . . + sn)rn = sn: [ 1 M 7 ]

20) [ s i , . . . , s Λ ] : s i q i + . . . + snqn = O . D .

(si + . . . + s w )(r x + rw) = Sχ+ . . . + 5W : [19]

21) [ s i , . . . , sn]: s1q1 + . . . + swq« = 0 . D .

Si + . . . + s» = 0: [20,10]

22) [ s i j . . j S ^ r s i q ! + . . . + snqn = O . D .

S l = 0 , . . . ,sn = 0: [21,19]

23) q Λ , . . . , qn a r e l inear ly independent: [22,15]

24) [s1,...,.sn]:0*s1,...,sn*l.

s 1 + . . . + s « ^ l . D . p + S i q ! + . . . +

s^qw = α o + r i + - { ( s ! + . . . + sn^) -

(si + . . . + s w ) r i l α i + r 2 + - { ^ -

(s i + . . . + s w )r 2 } α 2 + . . . + [ r w + - { s w -

(si + . . . + sn)rn}]an: [15,9,12,13,14]

25) [s1,...,sn]:0Zsl9...,sn*l.

Si +... + sn ^ 1. D . 0 < r ! +

-{(si + . . . + sw-χ) - (si+ . . . + s»)ri} ^ 1.

0 < ^ + ^ίsw- ( s ! + . . . + sn)rn] ^ 1. l < n +
! z

r« + «{(si + . . . + sn) - (sx + . . . + sJiri + rn)}
2 !

^ 2.0 i r 2 + - {s2 - (sx + . . . + sn)r2},..., r w . i
1 z

+ -{sw-i - (sx+ . . . + s > W β l } i 1: [10,11]
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26) [sl!...,sn]:OSs1,...,sn S l . s 1 + . . . +
sn S l . D . p + S i q ^ . . . +s«qHe (Px - # ) : [24,25,2,7]

27) P l e P 2 , . . . , p B e P 2 . p e P 2 . [12,13,14,3,4,5,6]
28) p + q 1 e P 2 , . . . , p + q B e P 2 . p e P 2 . . [LI4,1,15,27]

[3M\
29) M"(p,q1,...,qn)(M). [Z>VM,8,23,15,12,13,14,2]
30) M cp2. [L7,29,1,28]
31) M c ((P2 n p j - # ) . [30,26]

la<?].
32) P"(Q). ]
33) Q CM. \ [iS,29]
34) p € Q. )
35) _ Qc((P2nP,)-ff): : [33,31]

[3Q].pe Q.P"(Q).Qc ((P!np2)-^) [35,34,32]
Next we use the previous lemma to show that if a parallelepiped Q con-

tains more than "half" of parallelepiped Pt and contains two parallel-
epipeds <?i and Q2 which are externally tangent to adjacent sides of Px then
Q does not satisfy the last conjunct of bisector (see DV3 and figure 17).

Fig. 17

L35 [PίQQίQ2Hpao,...,anbίb2\:Pn{ao,...,an){Pί).
P κ(α 0, . . . ,an.M){Qi). P"(αo,b 2 , α 2 , • ,ακ)(Q2).
P"(<?). ETG (<?! P x ) . E T G ^ P J .Qx cQ.Q2cQ._
H"(α 0,. ., OHP!) (iί). p e ((Q n Pi) -H).?. [3EF]Pn(E).
P"(F).QίcE.Q2<zE.F<ZP1nQ.~(F<zE)

PF [P1QQ1Q2/fpα0,...,αBb1b2]::Hp(10).3. .
[3E].:_

11) P"(£). \
12) QiCB. I r,,,t,ufil

13) Q2CE. \ [L35,l,2,3,5,6]
14) P 1 Π£=fl Γ : j

15) P%F).
16) F c ((Px Π Q) - Iϊ).
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17) peF. [1,34,11,1,2,3,10,12,13]

18) ~(peE). [10,14]

19) ~CFc£).\ [17,18]

[^EF]. Pn(E). Pn(F) .Q1aE.Q2c:E.FczP1nQ.

~(F<zE)

Our final lemma, before obtaining our geometric characterization of

the definition of bisector (DV3), says that if Qx and Q2 are externally tangent

to adjacent sides of Pλ; and P 2 contains Qxand Q2 then P2 contains at least

half of P i .

L36 [P1Q1Q2P2Ha0,... ^ b o b j : Pn(P2). P β ( α 0 , . . . ,αw)(Λ).

P w ( α 0 , . . . ,αwbi)(Q!). Pw(α0,b2 , α 2 , . . , αn)(Q2).

Q i C P 2 . Q2 c p 2 . Hw(α 0,. . .,σnPi)(H). ^ . F c p 2 n p 2

PF [PiQ 1 Q 2 P 2 i7α o , . . . ,α w b o b 1 ] : :Hp(7) .D. .

8) ^^..^..J O â̂  .^^l.D.

[gbobib2M].b0 = α o +ί2α 2 + . . . + ̂ -iCU-i.

bi= α o + α i . b 2 = αo + αw.M2(b0,bi,b2)(M).

McCPiΠPa): [2,L7,2,L7,1,3,4,5,6]

9) [ίx, . . . , 4 ] : 0 ̂  ί2,..., U * 1 .h + tn% 1. D .

αo + ί i α i + . . . + tnan e (pxΓ)P2).\ [8]

F c P x Π P a [9]

We now prove that P 2 bisects Px iff P 2 contains exactly half (in the

sense of DVΉ) of P x . Each implication is given as a separate lemma.

L37 [PiP2]: BIS(PχP2). D . [ 3 α 0 , . . . , α.bib, Q,Q2H].

P w ( α 0 , . . . , αJCPj . P w ( α 0 , . . . , α ^ ^ b J ί Q i ) .

Pw(α0,b2 ,α2 , . . . , αw)(Q2). EΊG(Q1P1). ETG(Q2 P x ) .

QiCP 2 . Q2(ZP2. H w (α 0 , . . .,anPι)(H).P1 ΠP2 = J7

PF [ P 1 P 2 ] : : H P ( 1 ) . D : . :

[ 3 Q I Q 2 ] : :

2) EXT(Q!Q2). >

3) EXTίQiPi).

4) ETG(Q2P!). > [I>V"3,1]

5) Q i C P 2 .

6) Q 2 c p 2 : : /

[3α0> ,α«bib2 ] : :

7) Pw(α0,...,cϋ(P1). )

8) P w ( α 0 , . . . , On-iM)(Qi) [ [L32,l,2,3,4,5,6]

9) Pw(α 0,b 2,α2,...,αw)(Q 2)Λ )

[ 3 ^].\

10) Hβ(αo,...,α»Pi)0y). [7]

11) Hd(P1ΠP2): [L36,l,7,8,9,5,6]

12) [p]:pe ((P2 Π P x ) - F ) . D.

-(BISίPj.β)): [L35,7,8,9,l,5,6,3,4]
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13) P1ΠP2 = H: : [12,11,1]
[ g α 0 , . . . , αBb!b2 QiQ2 H]. P " ( α 0 , . . . , αβ)(Pi).
P " ( α 0 , . . .,an.1b1)(Qi) P"(α o ,b 2 ,α 2 , . . . ,α B )(<? 2 ) .
ETGίQiPj). EJG(Q2P1). Q1CP2.QzcP2 .
H"(α 0 , . . . , αBPi)(ff). P1n_P2 = H [7,8,9,3,4,5,6,10,13]

L38 [P 1 P 2 Q 1 Q 2 //α 0 , . . . ,α B b 1 b 2 ] :P B (P 2 ) .P B (α 0 , . . . ,α B )(P 1 ) .
Pκ(α0, . , Qn.^diQd • P"(αo,b2 ,α 2 , . . . ,α B )(Q 2 )
ETG (QjPx). EΊG(Q2P1).Q1 CP 2 .Q 2 c P2 .
H"(α o , . . . ,α B P 1 ) (F) .P 1 nP 2 = ff.D.β|S(P1P2)

PF [PiP2<?i<?2#α0,..., αBbib2] :•:Hp(10). 3 : :
11) - ( P i C P a ) . [1,2,10,9]
12) PB(α0,...,αB,b2)(<?2). [Z)FP,4]
13) P"(α0 , α 2 , . . . , α^αiXPi):: [DVP,2]

[3st]::
14) s<0. 1

!« ?'<T" [ ,̂2,3,13,12]
17) b2=ίαr. j
18) [titί, . . . , 4 ^ ] : α o + ̂ iαi + . . . + /„_!+ α w -i

ί»bi= a o + i i b 2 + ̂ a 2 + . . . + i»aw . =>.

tnsan = U.tίta1=t1: [2,15,17]
19) [t1t'1,...,tnti]:O*t1jtί,...,tn,tiύl.

ao + ί iai + . . . + 4-iaw.i+ 4bi =
a0 + t[b2 + t2O2+ . . . + ^ a w . 3 . tn = 0.
« = 0.^= O.tί =0 / . [18,14,16]

I3Λ1Λ2]/.

20) R^ac .^a^iΛβiXΛi). [3]
21) Rw(a0,b2 , a 2 , . . . , a w Q 2 ) ( ^ 2 ) : [4]
22) [p]:pe(Q1nQ2).Ώ.pe(R1ΓiR2): [4,3,19,21,20]

23) -([3q] .qe(Q2Π(Q1-JR1)))Λ [22]

24) EXKQiQa): __ _ [U9,23,20,4]
25) [EF]:Q1OE. Q2cE.Fc P^P* . Pn(E). Pn(F).

Ώ.FczHciE: : [10,9,^6^/^,2,3,4,5,6]
BIS(PΛ) [1,2,3,4,7,8,11,24,25]

We can combine lemmas L33 and L38 to obtain:

L33 [PiQ 1 Q 2 α 0 , . . . ,αw,b xb 2]: P w (α 0 , . . . ,an)(Pi) ."
P κ ( α 0 , . . . , α^-^biXQi). P w ( α 0 , b 2 , α 2 , . . . , αw)(Q2).
ETG (QjPi). ETG(Q2P!) . D . [ g ^P 2 ] . BΙS(Pift).
H w ( α 0 , . . . , α w P 1 ) ( / O . P i Π P 2 = ^

Next we give a characterization of the definition of concentric (DV4).
Here we want to show that if two parallelepipeds are concentric then they
have the same center. In lemma L40 we show that any bisector of Pi con-
tains the center of P±. We then go on to show that only the center of Pλ is
contained in the intersection of all the bisectors of Pi .
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L40 [ P ! P 2 α 0 , . . . , α j : BIS(p1P2). P w (α 0 , . . .,αw)(Pi). =).
1 1

α o + 2 α i + ••• + 2Qn eF>2

PF [ P 1 P 2 α 0 , . . . , α w ] . \ H p ( 2 ) . D :
[gt fαΌ,. . . ,^] :

3) Hn(a'o9...,a'aP1)m. \
4) H=P1ΠP2. \ [L37,\]
5) P β(αδ,...,cώ(A). )

6) αi + | α ί + . . . + |αi€i5r. [Wtf,3]

7) αS + | α i + . . . + | α i e P 2 . [6,4]

[3S1,...,«»].
8) { S l , . . . , s J c { 0 , l } . \
9) αό = αo + SiOi + . . . + s w α w . I , ^

10) { α ί , . . . , α ; } = { ( l - 2 s 1 ) α 1 , . . . , ( l - 2 s l i ) | L L 5 ? 2 ? 5 J

11\ 1 1 .

1 1 ) α o + 2 c i + ••• + 2 On = °'0 +

[ S l + | ( l - 2 s 1 ) ] α 1 + . . .+ [sβ + | ( l - 2 s j ]
a'n = α 0 + g α i + . . . + - α w : [8,9,10]

α o + 2 Q l + ••• + 2 Q w € j P 2 i11*1]

In lemmas L4i, L42, L43, L44, and L45 we examine five cases where a
point p of parallelepiped Pλ does not lie in the "center" of Px and show in
each case that there is a bisector P2 of Pλ such that ~(peP 2). Then in
lemma L46 we show that if two parallelepipeds are concentric then their
centers are equal. In the following "bi, . . .,β, , . . . , bw" denotes that all
objects b i , . . . , bn are to be considered except b, .

L41 [ P i p α 0 , . . . , a n t l 9 . . . , t n i j ] : l ύ i ύ n Λ ί j ί n . i ^ j .
U + tj > l . P w ( α 0 , . . . ,αw)(Pi) .p = α 0 + t1σ1+.. .+
tnan. p e P x . 3 . [ 3 P 2 ] . BIS(PχP2) . ^ ( p e P 2 )

P F [Pi p α 0 , . . . , Onh ,...,tnij].\ Hp(7). D :
8) P w ( α 0 , . . . , 3 , , . . . , α w α / ) ( P 1 ) . )
9) P w ( α 0 , . . . , 8 y , . . . ,cwi;)(Pi) [ [L6,S]

10) P w ( α 0 , α / , . . . , a ί , a / , . . . , α w , α ; )(P 1 ) : j
[3Q1Q2]:

11) Pw(αo,...Λ , .>α«>-α/)tei). [5]
12) ETGtPiQi). [L30,S,ll]
13) Pw(αo,...,α, , . . . , α w , - α , )(Q2). [5]
14) ETG(P!Q 2 ) . [L30,9,13]
15) P w ( α 0 - α , , α i , . . . , § , , . . . ,α w )(Q 2 ) . [L6,13]

16) B I S ί P Λ ) .
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17) H"(α o ,α<,αi , . . . ,a h 5 ; , . . . , α^αyPj (ff). j

18) PιΠP2=H. )
[L39,10,ll,15,12,14]

19) -(pe(P2nP1)). [18,17,6,4]

20) ~ p e P 2 : [19,7]

[ 3 P 2 ] . BIS(PΛ) ~(peP 2) [16,20]

L42 [ P 1 p α 0 , . . . , α ^ 1 , . . . , 4 ί ; ] : l S ί 2 w . l S 7 %n.i±j.

U + tj > l . P B ( α 0 , . . ,α n ) (P 1 ) .p = a0 + M i + . . . +

ί B α 1 , .pe i\ .3 .[ 3 P a ] .BIS(P 1 P a ) .~(pePj

PF [Pipα 0, , α Λ , . . . , tnij]: :Hp(7) . 3 : - :

[gb 0 , . . . , b B ] : :

8) bo = α o + α, + α ; . I

9) b 1 = α 1 , . . . , b < , b / , . . . , b , , = α1,. [ [1,2,3,5]

10) b, = -α, .b, = -α,. '

11) P"(bo,...,bB)(P 1). [8,9,10,5,3]

12) P B (bo,...,b, ,...,b n,b, )(P1). 1

13) P"(bo, . . . ,b / , . . . ,b w b / ) (P 1 ) . [ [L6,lί]

14) P"(bo,b i,b 1,...,b i,bj,...,bB,b i)(P 1):: )

b β i β a ] : :
15) P B (b 0 , . . . ,b, , . . . ,b B α I )(Q 1 ) . 1 Γ5 11 8 9 101
16) P»(b o , . . . ,b ; , . . . ,b H α y )((? 2 ) . I L5.11.8A10]

17) P"(bo,α ί,b1,...,b, , . . . ,b β )(Q a ) . [L6,16]

18) EΊG(P1Q1). [L30,12,10,15]

19) ETGiPjQa).*. [L3O,13,10,16]
[jPzH].-.

20) BIS(PXP2).

21) H"(bo,b/,b1,...,b<,by,...,b,,

b, P,)(ff).

22) P1ΠP2=H.

[L3P,14,15,17,18,19]

23) P2 n Pj =

{α0 + r ^ i + . . . + riάi + . . . + rjQj + . . . + rnaπ + (1 -r, )

α, + (l-rj)α,ΊθSr, .OSr, .r,- + r, S l . O S r i S l , . . . ,

f<, f/ , . . . ,θsr l ,£ l } : [22,21,8,9,10]

24) [r r , ] : 0gr, . 0 Sry. r, + ry S 1 . =3.
(1 -r/)+ (1 -r7) = 1: [simple computation]

25) ~(p€(PaΠJ»ι)) [23,6,24,4]
26) ~(peP 2): : [25,7]

[ 3P 2]. BISίPΛ) .~(peP2) [20,26]
L43 [P1pa0,...,aJ1,.. .,tnij] . i s i ίn.lϊj £ « . i + j .

*< < | ί< + ίy = l P"(α0, ,αB)(Pi) .pePj.

p = α 0 + M i + + tnan. 3 . [ q P 2 ] BlSίPiPa).

~(peP 2 ) .
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PF [Pjpoo, . . . , ( ! „ * ! , . . . , £ , # ] : : H p ( 8 ) . = > : :
[gbo, . . , b n ] : :

9) bo = do + α, ^ 1
10) b i = α 1 , . . . , b , , . . . , b Λ = α». I [1,2,3,6]
11) b; = - α ( . )
12) P " ( b o , . . . , b J ( P i ) . [6,9,10,11]
13) P B ( b 0 , . . . , b i , . . . , b B b ί ) ( P 1 ) . )
14) P n (bo,. . . ,by, . . . ,b n b;)(P 1 ) . I [L6,12]
15) P"(bo,by»bi»---fb<,b/ bwb,)(Pi):: j

16) P"(b 0 , . . ,b, , . . . , bndtKQi). I r« l o o i n i i i
17) P^bo,...,b/f...fb.-α,)tea) ) L6,lW0fll]

18) P ' ί b c - α / , ^ , . . . , b, , . . . , K)(Q2). [L6,1Ί]

19) ETGίPxQj. [1,30,13,11,16]
20) ETGίί^Qa)/. [L30,14,17]

[ 3 P 2 ^]. # .
21) BlStoϋ). A \
2 2 ) H w (α 0 ,α 7 , α i , . . . ,αo 1 [ L ^ ) 1 5 > 1 6 ,18,19,2O]

α ; , . . .,σn,c\iPι)κH). I

23) (P1ΠP2=H). )

24) Pi Π i^ =

{α 0 + ̂ 0 1 + , . . . , + r , _ 1 α z _ 1 + (1 -r, )α, +

r i + 1 o i + 1 + ... + rnon\θ^ r{ .O^Tj .Yi +Tj ύl.

0 ^ r ^ l , . . . , 0 ^ r w ^ l } : [23,9,10,11]
25) [ r ί r y ] : r ί + r ; . i l . ( l - r ί ) < - 5 . 3 .

1 1r j ^ o" r/ ̂  o" [simple computation]

26) [nr/]:r, + r, £ 1. (1 - r , ) < | . 3 .

( l - r < ) + r / < l : [25]
27) ~(pc(P 1 nP a )) [24,26,8,5]
28) ~ ( P 6 P 2 ) : : [27,7]

[3P2].BIS(P1P2).~(p€P2) [21,28]
L44 [ P 1 p α 0 , . . . , α « ί 1 , . . . , ί B y ] : l S i g w . l s j sn.i±j .

U > | . ί , + ίy = l .P β (α 0 , . . . ,α B ) (P 1 ) .pe P ^

p = α o + ίiβi+ ••• + ί»αB.=).|gPa].BIS(P1P2).
-(pePa)

PF [Pipα0, ,aJr,... ,Uj] \ iHp(8). D : :
[gb0, . ,bB] :•:

9) bo = αo + α ;. \
10) b 1 = α 1 , . . . , b y , . . . , b B = αn. [ [1,2,3,6]
11) b7 = -α,. j
12) P"0> o , . . . ,bJ(P 1 ). [6,9,10,11]
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13) P"(bo, . . . ,b , , . . . ,M>, )(Pi ) . I Γ W 1 2 I 2 31
14) p-ίbo,...,^,...,^^^). I L ,̂12,l,2,3j
15) P"(bo,b,fb1,.. ,bi,b/,...,bji)<)(P1):: [L23,12,1,2,3]

[3Q1Q2}::
16) P B (b 0 , . . . ,b I , . . . ,b B -α, )(Q1). I rβ 12 9 10 i l l
17) P«(b o , . . .Λ,. . . ,b w ,α,)(Q 2 ) . I [M2,9,10,H]
18) P"(bo,αy,b1, .,b, ,...,b«)«?,). [£6,17]
19) ETGίPiQi). [L30,13,16]
20) ETG(PiQ2).'. [150,14,17,11]

[ 3 p 2 #]
21) BIS(J>Λ). j
2 2 ) H (αo,αy,. . . ,α < ,α/,. . . , 1 [ L 5 5 , 1 5 , 1 6 , 1 8 , 1 9 , 2 0 ]

αB,α, PJ(H;. I
23) P1Γ\P2= H. )
24) P!nP2 =

{α0 + rxbi + . . . + r ; _!b;_i + (1 -r,)b; + r ; + 1b ; + 1 +
. . . + r^lOSrί.Ogry.r,- + r/Sί.O^r^l,...,
O ί r B ί l } : [23,9,10,11]

25) [nr,]:^ >- .r , +r ; i l .D.ry<2-.

(1 -Yj) > —: [simple computation]

26) h r , ] : ^ > | . r , +r y 1 1 . 3 .

r, +(l-ry)>l: [25]
27) ~(pe(P ιnP,)). [24,26,8,5]
28) ~(peP2): : [27,7]

[jP2].B\S(P1P2).-'(peP2) [21,28]
L45 [ P ι P ] : PB(Pt) .-(pePi). 3 . [3P2]. BlSίP^.-CpeP,)

P F [ P I P ] ; . ; H P ( 2 ) . 3 ; ;

[ g qα 0 , . . . ,α^ϊ];;
3) R"(αo,...,αBP1)(R). [1]

4) q = α o + 2 « Ί + • • • + 2 a " : - : t 3 ]

[ 3 M]: :
5) 0</<l. I
6) pi = p+<(q-p). I [112,3,4,2]

7) PιeR:: )

| g ^ i , . . . , ί . ] : :
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8) 1 ίi in.

9) lίjίn.

10) i±j:

11) U + tj>l.v.U + tj < 1 .

U + tj = l . f e < | . v . ff+ ί/ ' '•7'3 '

= l . f c > | :

12) p! = α o + ίiQx+. .+ 4α»/. ;

laAl. .
13) BISίPΛ). 1
14) ~(pieA). J

[L41,L42,L43,L44,8,9,10,il,12,Ί,3]

15) q e P 2 : [L40,13,3,4]

16) p e P 2 . = ) . p i e P 2 : [Li4,3,15,5,6]

17) ~ ( p € A ) i ! [16,14]
[3P2].BIS(P1P2).-(peP2) [13,17]

L46 [PΛαobo, ,αwbw]: CON (P&). P w (α 0 , . . . ̂ J ί P j .

Pw(b0,...,bw)(P2). 3 . 0 0 + ̂ ! + . . . + | α w = b0 +

1 1
g b x + . - . + j b .

PF [PiP 2 α o b o , . . . , anbn] :•: Hp(3). D :•:

4) [ p ] : ~ ( p e P x ) . D .~(pe Π{Q| BIS(PiQ)}): : [L45,2]

5) [ p ] : : p e P 1 . p Ψ α 0 + ̂ α i + -1" 2 α « D '
[ g ί i , . . . , 6 ι y ] . # .

1 ^j^n.

fe + tj < 1. v . U + tj > 1. v . U + tj = 1.

U + t j = l . t i > - :

p = α 0 + f A + . . . + ίwαw: : ;

6) [ p J r p e P i . p ^ α o + g α i + . + ^ 3 -

~(pe nίQlBISίPiQ)}): [L4l,L42,L43,L44,b,2]

7) α0 + | α x + . . . + | α w e n{Q\ BISίPΛ)}. [L40,2]

8) ao + | a ! + . . . + |a w = n{Q| BISίPxQ)}. [7,6,4]

9) bo + | b ! + . . . + |b w eΠ{Q|BIS(P 1 Q)}: : [L40,l,3]

a0 + 2 ^ + + 2°n = b o + | b l + * ••+ \ b n t 9 ' 8 ]
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We now consider our definition of equivalence (DV5) and we will show
that two parallelepipeds are equivalent iff they have the same ' 'center".
One way is easy and we state it in lemma L47.

L47 [ Λ f t α o b o , .. ,α«bw]: P*(α 0 , . . . , an)(Pύ .
Pw(b0, ., bw)(P2) .~(EQV . ( P Λ ) ) . 3 .

~[(αo + | α 1 + . . . + | α . ) = (bo + | b 1 + . . . + |b1.)]

P F [ P i P 2 α 0 b 0 , . . , onbn].'. Hp(3). z> :

[3Q1Q2]:

4) C O N ί P i Q j . I
5) CON(P 2 Q 2 ). [ [3]
6) EXT(Q1Q2). )

[gαόbό,•«., αήbή-R].
7) P^αJ,...,^)^). ) r ,
8) R ί i(W>...,WQa)(β). ί L 4 > 0 J

9) αj + g-αί + + 2 α« = α° + 2 Q l +

. . . + | α n . [145,4,1,7]

10) bJ + | b ; + . . . + | b ; = b o + | b 1 +

. . . + | b w . [L45,5,l,8]

11) α& + | α i + . . . + | α i i (Qa -Λ). [LI3,8,7,6,—]

12) bS + | b i + . . . + | b i € ( Q a - Λ ) . [8]

13) α o

/ + | α i + . . . + | α ^ b i + | b i +

. . . + | b i : [11,12]

αo + 2 α i + + 2Qn ^b° + 2 b l + ' "+~2bn [ 1 3> 9> 1 0]

The other direction is not so easy and our method is as follows: As-
sume Pi and Qx are parallelepipeds which do not have the same center.
Using lemmas L48-L51 we can show that there exist parallelepipeds P[ and
Qί such that P[ has the same center as Pl9 Q { has the same center as QL
and PιΠQ[= φ. This is not enough, however, to violate the definition of
equivalence because P[ and Ql are not necessarily concentric to Pλ and Qx

respectively (see figure 18 below). So we prove further (Lemmas L52-L54)
that we can construct parallelepipeds Q 2 and Q 2 contained in P x Π P[ and
Qi ΠQί respectively such that Q2 is concentric to Px and Q'2 is concentric
to Qi Now because Q2cP[ and Q 2 cQί we also have Q2

nQ2= Φ and there-
fore Q2 and Q2 are external. This gives us a contradiction to the definition
of equivalence (DV5) and so we can conclude Pi and Qi are not equivalent.
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Fig. 18

Lemma L48 is just a formal statement of the fact that given four dis-
tinct points p ! , . . . , p 4 in Un there exists an affine transformation/(c/.
Appendix B) such that /(pj = p3 and /(p2 ) = p4 •

IAS [ p l P a p 3 p 4 ] : Pi Ψp2 p3 4= p4 => [ 3 / ] •/: ϋ w - 0".
/is an affine transformation, /(pi) = Ps /Cpa) = p4

[Artzy [l],p. 88]

Our next two lemmas follow immediately from the definition of linear
and the fact that independent vectors are mapped by linear maps into inde-
pendent vectors. Therefore no proofs are given.

L49 [Pθo,.. ,α»/]:/: Un -* SIW. / is an affine transformation.
P w (α 0 , . . . ,αJ(P) .D.[ 3 b 0 , . . . ,b w Q].

P w ( b 0 , . . , bn)(Q). f(P) = Q ./(α0 + | α x + . . . + |α f f) =

, 1, 1.
b o + 2 b l + + 2 w

L50 [PQf]: PW(P). Pn(Q) .PΠQ = φ. / is an affine transformation.
^ ./ (P)n/(Q) = 0

Lemma £5i is the first step mentioned above, namely, if Px and Qi do
not have the same centers then there exists P{ and Q[ such that Pi and Q[
have the same centers as Px and Qi and P[ Π Qί = φ.
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L51 [PPΌo, , α w b 0 , . . . , b j : P w ( α 0 , . . . ,α«)(P).

P w ( b 0 , . . . , bn)(Pr) .Oo + ̂ α x + . . . + - α w 4= b 0 + g^i

+ ... + | b β . D . [3 Q Q ' α J , . . . , α ί b i , . . . , b£].

P w ( α i , . . . , α ί ) ( β ) . P w (bJ,..., bί)(Q') α0' + -^αί + ... +
Ί 1 ^ Λ

2 αi = α0 + g Q l + * * * + 2 Q w ' b° + 2 b ί + ' " + | b " =

bo + | b 1 + . . . + | b w . Q Π Q ' = 0

PF [PPΌo, , α w b 0 , . . . , bn] / .Hp(3). D :

ΓgPo, ,p«qo,.. . ,q w PiP 2 ]^

4) po = 0.
5) p ! , . . . , pn are n linearly independent vectors.
6) q0 = 2 P l .
7) qi = qo + P i , . . ,qw = qo + p».
8) q x , . . . , qn are w linearly independent vectors. >

[Definition of O.β]

9) Pw(po, ..,P«)(^i). [^VP,4,5]
10) P w (q 0 , . . . ,q w )(P 2 ) . [D7P,β,7,8]
11) P x n P 2 = ψ. [10,9,4,5,6,7]

[3/]
12) /: a w -> a.β.
13) / is an affine transformation.
<i*\ J 1 1 \ 1 1
14) /^Po + £ p i + . . . + 2 P«j = Oo + g α i + 2On'

1 Kv ,/ 1 1 \ . 1 . 1 .

15) f\c\o + ̂ q i + - + ̂ j = b ° + 2 b l + " * 2 nl

[L4δ,ll,9,10,3]

[gW'αJ,.. . , α X , . . . , bi]. Pw(αi, . . . ,αί)(<3).

Pw(bJ,.. .,bί)(Q0 .αi + | α [ + . . . + \oί =

1 1 ., 1., 1 . ,
α0 + g α i + ' ' * + 2 Q w ° + 2 ^ + ' " + 2

bo + | b 1 + . . . + | b w . Q Π Q ' = φ

[L45, L50,9,10,ll,12,13,14,15 ]

Lemma L52 says that if Pi is a parallelepiped and Q is a parallelepiped
constructed in a special way (to be concentric to Pi and arbitrarily small)
then Q is, in fact, concentric to Pi, i.e., every bisector of Pi is a bisector
of Q (see figure 19).
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<^p ///Kp ' 'P /

NΓCΪO ~^>

Fig. 19

L52 [PiPQαo,..., α«q 0 , . . . , q»ίp]: P*(α 0 , . . . , αjί f t) .

Pw(qo,. , q«)(Q). 0 <t < \φ = a0 + \θi +...+

2a« qo = p +*(a o -p) .q i=*a i , . . .,q« = ίa«.

BIS(P!P).D.BIS(QP)

PF [P1PQaoqo,...,awq«ίp]: :Hp(7).D: :

8) [rs]:r + s i l . = . ( | ( l - d + rA + ( |(1 -ί) + sA i l : [3]

9) [ r ] : 0 ^ r . D . 0 i i ( l - ί ) + r ί : [3]

z

10) [r]:rZimΏ.hi-t)+rtίl\:\ [3]

[ g ai , . . . ,a ) ;b 1 b 2 Q 1 Q 2 F]: : :
11) P"(aJ,.. .,ai)(Pi).
12) P"(aJ,...,ai. 1,b 1)«?i).
13) P B (aί,b a ,a^,. . . ,aί)(Q 2 ).
14) ETGCQiP!). I Γr?7 7l
15) ETG(Q2Pl). ( ίL37'Ίi

16) QiCP.
17) Q 2 C P .
18) H"(αJ,...,αίPi)ftΓ).
19) p 1 n p = # ; :

ΓgSi, . . . , s j
20) {si,...,$.}c{0,l} \
21) αί = αo + s i α ! + . . . + sBα». I

22) {αί,...,α;} = {(l-s 1)α 1,..., f L^5,l,ll]

(1 - s»)αj. j
23) p = α6 + | α ί + . . . + | α ; ; [4,20,21,22]

[gWiMa]:
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24) Wi<0. \

26) ^ < 0 . I [1^,11,12,13]

27) b̂  = ̂ α ί : : /

[gqό,. ,q»] •••
28) qό = qo + S ! q i + . . . + ^

s«q« I ΓOΠ i l l
29) q ί = ( l - 2 s 1 ) q 1 , . . . , q ; = ( l Z ° ' U J

(l-2sB)qB. j

30) P"(qi,...,qί)(Q). [L6,28,29,ll]
3D qi = p + ί(αj-p). } , ,
32) qί = ί α i , . . . , q ; = ί α ; : ) 128,29,4,5,6]
33) [qr1}...,rn]:q =qi + rxqί

+ . . . + rnqί. D .

q = αό + r ( l -/) + nί lαί + . . .+

[ |(1 -ί) + rnt\a'n :: [31,32,4,5,6]

[gff^]::

34) H"(qJ,...,qίQ)(F1). 1 r ,
35) H"(αJ,.. ,«#>1)(ffa). ) l 3 ° ' 1 1 J

36) HiCH*: [33,8,9,10]
37) [q]:qe(Q-P).=).~(qeff1): [36,19,--]
38) PΠ £ = # ! . - . [37,36]

[QίQ'.l .
39) P"(qS,...,q;-i,b1)«?ί) 1 [30 25 27 291

40) P"(qJ,ba,qί,...,q4)(Qi). j [30,25,27,29]

41) ETG(QJQ). [L30,30,24,2 5]

42) ETG(Q'2Q): [L30,L6,3O,24,27]
43) [q]:qeQί q = qo + r x qi + . . . +

rn-ι<\'n-i + r β b i = α £ + | ( 1 - * ) + » " ! * L j

+ . . . + [|(l-i)+r,_Ji]a;-1 +

[I(1 - ί) + rnMl ίja;. | (1 -1) + r,ux t S 0.

D.qeίί: [18,19,39,3,24,9,10,8]
44) [q]:qeQ2'.q =qί, + r1b2+r2q2

+ . . . + rBq̂  = aί, + \j(l -t) + r1u2, tjaί

+[|(l-ί)+r,ί]ai+...+

[|a-ί)+rB<laB.|(l-ί)+>'1M2ί£0.

D.qeF: [19,18,40,3,26,9,10,8]
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45) [q] : qeQί q = qΌ + rίq'1+...+

rn-iqή-i + rj*i = α£ + l^ί 1 -t) + n ψί

rnuxt < 0 . D . — (1 - ί) + rw%ί > ^ i .
z

q e ^ : [12,24,25,9,10]
46) [ql' qeQi q = qό + rλb2 + r 2 q 2

+ . . . + rwqi = αό + k ί l -*) + r^ t\o[

+ ...+[|(l-i)+rei]ai.|(l-i) +

q e Q 2 : [13,27,26,9,10]
47) Q/cp. [45,43,16]
48) %cp;: [46,44,17]

BIS(QP) ' ' [L38,7,30,39,40,41,42,47,48,34,38]

In lemma L53 we show the existence of Q2 and Q2 mentioned above.
We shall make use of the fact that the cardinality of {(tι,..., tn) I Ui, . . . , tn}
e {0,1}} is 2n (see step 8 in proof of lemma L53).

L53 [ P 1 P 2 α 0 b 0 , . . . ,α w b j : P w ( α 0 , . . . ,oJ{Pd Pw(b0, , bw)(P 2).
1 1 . 1, 1,

α 0 + g α i + + 2°n = bo + -gbi + . . . + - b w .

=>. [gQ] Pn(Q). Q c p 2 n p x . C O N (P&)
PF [Pi B α o b o , . . . , αwbw]:.! Hp(3). D : :

[gΛppo^.^Pa^.J i
4) Rw(b0,...,bwP2)(i2).

5) p = α o + gQi + •• + 2°n'

6) p ! = α o + α i , . . . , p Λ = α o + α n . [1,2]

7) Po = α o .

8) {Pj\θίjύ2n-1} = {α0 + M i + . . . + U I
{*!,...,*,} c{0,l}}: : ;
[gS0,..., s2«_1]: :

9) 0 < s o , . . . , s 2 W _ 1 < l . I

10) p + s o ( p o - p ) e P 2 , . . . , I [LI4,4,5,3,-«-]
P +52 W .1(p2«.1-p)€P2 : : j
[gίpό, . . . , p 2

w - i q o , . . . , q « Q ] -
11) ί = mίn {so, >S2»-i} [9]

12) 0</<l. ]

13) pS = p + / ( α o - p ) , . . , > [6,7,8,11]

pί«_i = P+*(p 2 «_ 1 -p). )
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14) {pi,. . . j p ^ J c f t Π A .'. [Li4,12,13,l,2,5,10]
[gqo,... ,qΛ].".

15) qo = pό \
16) qi = pί-pό> I r1fi1(- i q r f i 7 i

Λ _n/ n/ / [16,15,13,5,6,7]
17) qi=talf...,q»=tan' f

[3Q]:
18) P w (qo, . . . ,qJ(Q) . [17,16,1,11]
19) {q o+ iiq x + . . . + fcq»I

{*!,...,*w}c{0,l}} =
ίpJ,...^^}. [17,15,13,8]

20) Q c P i Π A . [L18,l, 2,18,19,14]
21) [P]: BlSίPiP).D.

BIS(QP)::
[L52,l,18,12,5,17,15,13]

[3Q].PW(Q).QCP1ΠP2.CON(P1Q) [18,20,21]

We now have enough information to show that if P1 and Qx do not have
the same center then they are not equivalent. We do this in our next
lemma.

L54 [PiQiαobo,... ,αwbw]: P w (α 0 , . . . ,α«)(Pi).

P w (b 0 , . . . , bJ(Qi) .α 0 + 2αi + + 2°n ^ b o + 2 b l

+ . . .+ |b w .D.-(EQV(P 1 Q 1 ))

PF [PiQiαobo,...,αwbw]ΛHp(3).D:
[^PίQίoo,... , α ί b ό , . . . ,bή]'

4) P"(αi,...,αί)(Pi) ^
5) P"(bj,.-..,b0«?ί).

6) αJ + | α ί + . . . + | α i = α o + - | α 1 + . . . + | α . . I [L 5i,l,2,3]

7) bi + |bί + . . .+|b;=bo+-|b 1 + . . . + | b B .

8) pj n Q[ = φ .

9) PB(Q2).
10) Q a C P ί Π P j . [1,53,1,4,6]
11) CON(P!Q2). )
12) P"(Qi)
13) QzCQίnQj. I [L53,2,5,7]
14) CON(QiQi). )
15) Q2ΠQ'2 = <j>. [8,10,13]
16) EXT(Q2Q'2): [1,12,15,9,12]

-(EQVίPxQj)) [10,13,15]
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Summarizing IA7-L54 we have:
L55 [ P h o e b e , . . . ,αwbw] Λ P w ( α 0 , . . . ,αβ)(Pi).

P w ( b 0 , . . . ,b»)(Qi). D : α 0 + ̂ 1 + + ^ α « = bo +

| b i y f . . . + | b w . = . EQVίPiQi) [L47,L54]

We turn now to the construction of our function σ from [a\ PNT(α)}to
E w . Essentially each a is mapped to the center of one of the parallelegrams
P such that we have a{P). The choice of P is arbitrary because of what we
proved about "EQV".

L56 [a]:-: PNT(α). D : : [3p] Λ [ P α 0 , . . . ,αn] Λ P w ( α 0 , . . . ,α Λ )(P) .

D : α(P) .= . p = α 0 + £ <*i + + τfn

PF [ β ] : : H p ( l ) . D Λ

[3<a- -,
2) PW(Q): \ Γ D i r β l l

3) [P] :α(P).- .EQV(PQ): } WVb9i\

[gqo,.. . , q j :
4) Pw(qo,...,q«)(Q). [2]

laPl
5) p =qo+ 2°l i + ••• + ^ » Λ [41

[ P α o , . . . , α j : P w ( α 0 , . . . ,α β )(P). D :α(P) . = . p =

α 0 + 2 α i + - + 2α« [L55,3,4,5]

L57 [3σ].σ:{α| PNT(α)} -> « w .σ is bijective
PF 1) [β]: : PNT(α). D : : [ g p]. ' . [ P α 0 , . . . , α j . * .

P w ( α 0 , . . . , on)(P) .Ώ:a(P). =. p = α 0 + | α i + . . . + | α w : : [L50]

2) [ f l ]: : PNT(α). D: : [ 3 β]: :α(Q) / . [̂ W]
[3σ]. .

3) [αPαo, . , α j : PNT(α). Pw(α0, . ,α«)(P).

Λ(P) . D . σ(α) = α0 + g Qi + + 2 P w ' σ

is a function [1,2]
[αδ]:PNT(α).PNT(δ).β + 6 . D . [ 3 P Q ] .

-(EQV (PQ)) .α(P) .α(Q): [Z>F6]
5) [αδ]: PNT(α) .PNT(δ) .a ±b.^.

[3PQpo,. . ., pwq0, . . , q J . P"(p0, . . . , Pn)(P).

P w ( q 0 , . . . , q*)(Q). α(P). b(Q). q0 + | q i

+ . . . + gq» + Po + g Pi + + ^ P « : [L55,4]

6) [ab]: PNT(α). PNT(δ). a ^ b .=). σ(a) ±σ(b): [5,3]

7) [p]:pe Zn.Ώ.[#0al9.. .,0nPQ].Qi, ..,
On is a basis of Slw. P w (0,αi , . . .,Qn)(P). g

is an affinity . g(-oλ + ... + - α J = p ,g(P) = Q : [L48,L49]



54 THEODORE F. SULLIVAN

8) [p]:pe r .D.[ 3 «]PNT(α).σ(α) = p . . [3,L49,Ί,L6]
[3σ].σ : fa |PNT(«)}-> Un.σ is bijective [8,6,3]

§5 Having constructed our function σ we show in this section that it pre-
serves betweenness in the following sense: BΊN(abd) iff there exists
0 <t < 1 and σ(b) = σ(a) + t(σ(a) - σ(a)). We shall show first that if a, b, and
d are distinct point-classes and we have ~(BΊN(abd)) then there does not
exist a t such that 0<t<l and σ(a) +t(σ(d) -σ(a)) =σ(b). Then we shall
show in lemmas L59 to L63 that if three distinct points p, q, and p' are
such that there is no t for which we have q = p + t(p' -p) and 0 <£ < lthen
we have ~ BTN(σ"1(p)σ"1(q)σ"1(p/)). We shall use the notation L57 to refer
to the construction in the proof of σ as well as to the statement of the
lemma.

L58 [abd]: PNT(α). PNT(δ). PNΊ(d).d± a.bka.dkb.
~(BTN(αM)).D.~([ 3 ί]0< t< l.σ(b) = σ(a) + t(σ(d) -σ(a)))

PF [abd]':':Ήp(l).o:':

8) a(Pύ. \
9) b(P3).

10) d(P2). I r M 4 , f i 7 l

11) P W ( Q ) I VDV7Λ>2,*A>τ>,v>Ί\
12) P x U P2 c Q.

13) EXT(P3Q):: '
[3αobodoqo>. >αwbwdwqw#]::

14) Pn(ao,...,an)(Pi). \
15) Rn(bo,...,bnP3)(R). I n 2 3 8 9 10 111
16) P w (do, . . . ,d w ) (P 2 ) . [ L1,2,3,8,9,1O,11J
17) Pw(qo,...,q«)(Q).'. )

[3α'b'd']/.

18) α'= αo + g (Q l +•••+<*«)• ̂

19) b ; = b 0 + k b ! + . . . + bw). > [14,15,16]

20) d f = d 0 + | ( d ! + ... + dw). ,

21) α' = σ(a). [L57,18]
22) b ' = σ ( δ ) . [L57,19]
23) d' = σ(d): [L57,20]
24) [ ί ] : 0 < ί < l .b ' = α ' + ί ( d ' - α ' ) .

D . b ' € ( Q Π ( P 3 . Λ ) ) : [12,19,15]
[t]:O<t < l .b ' = α ' + ί ( d ' - α ' ) .
=>.~(EXT(PSQ)): : [Li 3,15,24]

- [ 3 ί ] . 0 < ί < 1. σ(6)= σ(α)+ t(σ(d) -σ(α))) [25,13]

Our next lemma is illustrated by figure 20.
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/ P ί / / P* / / b /

Q Ps

Fig. 20

L59 [αbd/]:d ± α . f > l . b = α + ί (d-α) . ^ .[^PίP2P3 Q].
(σ"1(α))(P1). (σ^ίdWCPa). (σ'\b))(p3). Pn(Q).
P i U P 2 c Q . EXT(P3Q)

PF [ α b d ί ] : : : H p ( 3 ) . D . : . j
[ 3 b u . . . , b w ] : . j

4) b i , . . . , bn forms a basis for EIW. [Definition of «"]

[3αiα2]i j

5) αi = bi + - ( b 2 + . . . + b«). I

1 w
6) α2 = 2b1 + - ( b 2 + ... + b B ) : ; J

la«]: :

7) « = min{i I e - 1 ) } . [2]

8) u + 2<\(t+ M + 3 ) : : [7,2]

la^ί P i <?'];;

9) P"^b l f bi b»)cPJ)

10) P"((2-a)bi,2κb l fba,...,b«)(P8 '). ' [4,7]

11) p " ^ b w ( I + «) bx , b a , . . . , b»)«?'). ,

12) P i u P ^ C Q ' : - : [9,10,11,7]

[3α7^]: :
13) L is a linear transformation, "j
14) [p]./(p)=α' + L(p). I ΓL4S5 6 11
15) /(αχ)=α. I I^S,5,6,1J
16) / ( α 2 ) = d : : /

[ 3 pq]::

17) p = | ( ί + « + 3 ) b 1 . ί

18) q = ( ί - a - l ) b 1 . j [ 2 ) 4 ' 7 ]

19) p + | q = (l + ί ) b ι . ' . [17,18]

[ 3 α 3 ]. .
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20) α3 = p + | q + | ( b a + . . . + b j . [17,18,4]

21) α 3 = α i + * ( α 2 - α i ) . [20,9,10]
22) /(α3) = b: [14,15,16,20]

la«]:
23) P w ( p , q , b 2 , . . . , bM)(/ς). [17,18,4]
24) Q'ΠP^φ. [23,11,8]

[1P1P2P3Ql
25) Pi=/(P;). \
2 6 ) Λ=/(Pί) I ΓL43 9 10 11231
27) P 8 = / ( P ί ) . I L ̂ ,9,10,11,23]
28) Q = /«?'). /
29) (σ^ίαMtPi). [£F6,L57,9,5,25, £43,15]
30) (σ-^dMίPa).

[£F6,L57,10,6,26, L49,16]

31) ( σ - 1 ^ ) ) ^ ) .
[Z>F6, £57,23,20,27, IA9,22]

32) PiUPaCQ. [14,25,26,28,12]

33) Q Π P 3 = φ .

[L50,13,14,ll,23,24,27,28]
34) EXT(P3Q):.: [L26>, 33]

[3Pi P2 P 3 β] Λσ'1 (αίXPx). (σ"1 (d))(ft).
(σ-'fcWίP^ . PW(Q). Px UP2 CQ. EXT(P3Q) [29,30,31,32,34]

If we replace bλ by -bx, ί by k I, and negate step 7 we have a proof of
the following lemma, (see figure 21).

/

b / / α / / d /

/ / Pi / / P2 /

Q

Fig. 21

L50 [αbdί]:d 4 = α . * < - l . b = α + ί(d -α) . D .[1P1P2P3Q].
(σ-^αWίPj . (σ" 1(d))(P 2). ( σ " 1 ^ ) ) ^ ) . PW(Q)
P I UP 2 C Q. EXt(P3Q) [L59]

In our next lemma we shall use the theorem given in Artzy [1] p. 88
that given any two triples of non-colinear points there is an affinity which
maps the first triple to the second triple. We shall refer to this theorem in
the proof below by using the notation (LT). The lemma is illustrated by
figure 21'.
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Λ77I7
Q

Fig. 21'

L61 [abάt]:. te F. D.~(b= α+ ί(d-α)): 3 . [3PiP2P3Q]
P"((?). (σ"1 (α))(P,). (σ-1 (d))(P2). (σ"1 (b))(P3).
Pj U P2 C Q. EXT (P3Q)

PF [αbdί]: :Hp( l ) .D: :
[gbi , . . . ,b n ] : :

2) b 1 } . . . , bB is a basis for »".'. [Definition of «"]
[3PίP2'P3Q']. .

3) PB(0,b!,..., b«)(Pί). \
4) PB(b1,b1,...,bB)(P^). I r ,
5) P"(2bi,,b1,...,l)J(Pί) I L J

6) P"(0,2b 1 ,b a , . . . ,bJ(Q'). /
7) PίϋPίcQ'. [3,4,6]
8) P 3 n Q ' = 0: [5,6]

[ 3 αiα 2 α 3 ] :

9) α i = | ( b 1 + . . . + b B ).

10) αβ. = b 1 + | ( b i + . . . + b,0. • [2]

11) α s = 2b» + -(bi + . . . + b B ). >

12) [ ί ] . ~ ( α 8 = α ι + ί ( α a - α 1 ) ) . [9,10,11,2]
[jOi'/L].

13) L is a linear transformation. >
14) [p] ./(p) = α' + L(p).
15) /(αi) = α .
16) -/(α2) = d .
17) /(as) = b.

[LT,12,1]
18) P 1 =

19) P — f(P') I
20) P2

3 = / ( P I K ί [L4S,13,14,3,4,5,β]

21) Q = /(Q') J
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22) PxUPaCQ. [14,18,19,21,7]
23) P3Γ)Q = φ. [14,20,21,8]
24) EXT(P3Q). [L20,23]
25) (σ'^cOXPi). [DV6,L57,3,9,18,L49,15]
26) (σ'1(d))(P2). [DV6,L5794,l0,l9,L49,l6]
27) (σ-1(b))(P3)^ [DV6,L57,5,ll,20,L49,Π]

[ 3 PiP 2 P 3 Q]. PW(Q) (σ-1 (α))(Pχ). (σ"1 (d))(P2).
( σ " 1 ( b ) ) ( P 3 ) . P i U P 2 c Q . EXT(P3Q) [25,26,27,22,24]

L62 [αbdt ]:α = b . v . d = b . v . d = α.=>.
~(BTN(σ"1(α),σ"1(b),σ"1(d)) [L57,DV7]

L63 [αbdf]:~ [ 3 ί ] . 0 < ί < l . b =α + ί ( d - α ) ) . D .
-'(BTNjσ-^α^σ-^b^σ'Md)) [L^,L6i,L62]

§6 In this final section of this paper we indicate how the construction of
our function σ and the results of the previous section may be used to show
that the interpretation of the axioms for the system (ϊtw,8) into the system
($Iw,g) are provable in Un. As examples we consider the axioms A2r, A3',
and A4r (and DAI') where A2\ A3', and A4r are obtained from A2, A3, and
A4 (and DAl) respectively by replacing pt by PNT and bet by BTN. We shall
show that the interpretations of A2', A31, and A4r into $Γ are provable in
lemmas L64, L65, and L66 respectively.
L64 [abd]: BΊN(abd). D ,~(BTN(fafa))

PF [αδ<|::Hp(l).D.\
2) a±b. I
3) b±d. \ [DV7,1]
4) d ± α . j
5) σ(a)±σ(b). )
6) σ(b) ±σ(d). [ [L57,DV7,1,2M
7) σ(d)±σ(α).\ j

8 ) 0<ί<l. ί r , 9 m / 7 1 Ί

9) σ(δ) = σ(β) + ί(σ(d)-σ(α)). J IU>WVS,L,-~\

10) σ(Λ = σ(b) + (l -f)(σW - σ ^ ) ) : t 9 ^ ]
11) [/']:σ(d)-σ(6)+ί'(σ(fl)-σft))o.

r = (l-i): [5,6,7,8]

12) l " 7 < 0 [ 8 ]

13) ~(y].0< t<l .σ(d)= σ(b)+ t(σ(a) -σ(b))).'. [10,11,12]

~(UN(abd)) [L63,13, L58]

L65 [ab]: PNT(α). PNT(δ) .a±b.Ώ .[ 3d]. BTNfoδΛ
PF [βδ]:Hp(3).D.

4) σ(b) = σ(a) + |(σ(d) -σ(α)). [^57,1,2]
BTN (αδrf) [L58,3,4, -»•-]



AFFINE GEOMETRY 59

L66 [abefl^' SHabHh) .S^efHh) e eh fe h.

[ α ^ / Z 1 Z 2 ] : : H p ( 4 ) . D / .

5) blN(eab).v . B T N ( α e δ ) . v . ZΊN(abe).v.a =e .v.a = b:
[ZMI',1,3]

6) B T N ( / α δ ) . v . B T N ( α j f δ ) . v . B T N ( α δ / ) . v . / = e . v . / = δ:
[ZIAI',1,4]

7) / + * : [2]
[3*1*2]:

8) ί i Φ / a - )
9) σ(e) = σ(a)+ ίi(σ(&)-σ(α» . i [L63,5,6, — ,7]

10) σ(/)=σ(έd+ ί2(σ(δ)-σ(fl)). )
11) σ(a) = σ(e) + (-tλ\ (t2 -fJXσtf) -σ(e)): [9,10,8]
12) blN(aef). v . blN(eaf). v . BΊN(efa). v .

a = e.v .a = f .'. [L5S,11,7, -••-]
ael2 [ΏAlr,2,12]

APPENDIX A

We shall present here a brief development of the deductive system of Mereology

due to Lesniewski [5]. We note that much of what follows may be found in Clay [2],

Mereology may be considered as a formal system based on Ontology (see [4]) in

which the relation "A is part of B" (A ε pr(B)) is taken as primitive and we have the

following axioms:

Nl [AB]: A ε pr (B) O ~(Bε pr(Λ))

N2 [ABDY.A ε pr(B) B ε pr(D) -Ώ A ε p r φ )

N3 [AB]: A ε pr(5) O B ε B

DN1 IAB];.A ε e\(B) - =:A ε A :A = B - v Ά ε pr {B)

DN2 [Aa].\A ε K\(a) >= :A ε A :[D] :D ε a O >D ε el(Λ) :

ID]: D ε el(A) .ΌΛ^EF]Έ ε a F ε e\(D) -F ε e\(E)

N4 [ABa]: A ε K\(a)B ε M(a) Ό-A=B

N5 [Aah A ε a D'[^B]'B ε Kl(«)

It has been proved (see Tarski [8 ] p. 341 note 2) that Mereology is equivalent to a

complete Boolean Algebra without 0. Also other primitive terms for Mereology have

been given (see Sobociήski [13]) such as [ABD]: A ε B^D.= .A εKI(eltB) Π el(Z>)).

Finally another axiom system for Mereology is given in [9],

APPENDIX B

We give here the definitions of vector space, linear transformation, linearly in-

dependent, basis, the definition of an affinity and the definition of an ordered field.

DL1 An ordered tuple (V, F) is a vector space over the field F iff there exist opera-

tions + and such that:
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(1) (V,+) is an abelian group and 0 denotes the identity element
(2) r v = v r ε V is uniquely defined for all r ε F and v ε V
(3) r (v+w) = r v +r« w for r ε F and v, w ε V
(4) (r +s) v = r v + s v for r, s ε F and v ε V
(5) (rs) - v = r . (s v) for r, s ε F and v ε V
(6) lv = v for 1 the identity of F and v ε V

DL2 L is defined to be a linear transformation if there exist two vector spaces
(which may be equal) (V, F) and (W, F) such that:
(1) L: V -> W
(2) L is bijective
(3) L(rv +sw) = r L(v) + s L(w) for all r , s ε F and v, w ε V

DL3 In a vector space (V, F) a set of vectors Vχ»...,vw ε V is said to be linearly

independent iff whenever rΓvi + . . . + rnvn = 0 for r l t . . . ,rn ε F then r i = . . . =

rn = 0

J9L4 In a vector space (V, F) a set of vectors Vj.,..., v^ ε V form a basis for (V, F)
iff \ιλ ,. . . , v« are linearly independent and for all v ε V there exists rx ,... , rn ε
F such that v = ri Vi + . . . + rn v«

Z>L5 A function / : V -> V is called an affinity iff there exists a vector a ε V and a

linear transformation L: V -» V such that/(v) = a + L(v) for all v ε V

DL6 A field F is said to be ordered if there is a linear ordering < on the elements
of F such that a <b implies a + d < b + d for all a >b ,d ε F and such that if 0 is
the additive identity of F and we have β.ε F , J ε F , β > 0, and b > 0 then we
have ab > 0.
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