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EXAMINATION OF THE AXIOMATIC FOUNDATIONS
OF A THEORY OF CHANGE. Ill

LAURENT LAROUCHE

THIRD PART*

§§1-3

§1. Description of the deductive system. In the contemporary scientific
literature we can find many variations of the first-order predicate
calculus. It is then necessary to select one of these which shall serve to
derive our propositions from our axioms. We shall use the first-order
predicate calculus by H. Hermes in his "Einfϋhrung in die mathematische
Logik" [13]. This calculus has the form of a calculus from assumptions.
Hermes describes a proof in his calculus as follows: "Ein Beweis im Sinne
eines Annahmenkalkuls besteht . . . aus einer endlichen Folge von Zeilen,
wobei jede Zeile aus endlich vielen Aussagen besteht, von denen die jeweils
letzte als die Behauptung und die vorangehenden als die Annahmen dieser
Zeile angesehen man von Ausgangszeilen (den Pramissen) ubergehen kann
zu einer weiteren Zeile (der Conclusio)", [13], pp. 34-35.

In the following presentation of the system of deductive rules, we shall
use the symbols "p", "σ" , "τ", and "a", "b", "c", and "Q", ( ί β " as
variables respectively for expressions, and individuals (momentaneous
subjects or properties), and predicates.

(A) Rule of self-affirmation

PP

(Rule without premisses) The rule allows to write the sequence pp for any
expression p.

*The first and second parts of this paper appeared in Notre Dame Journal of
Formal Logic, vol. DC (1968), pp. 371-384, and vol. X (1969), pp. 277-284, respec-
tively. They will be referred to throughout the remaining parts, as [I] and [II]. See
additional References given at the end of this part.

Received May 20, 1964
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(Ko) Rule for the introduction of the con junctor

. . . r
σ

. . . (T Λ σ)

Remark. The (eventually empty) beginning of sequences (or parts of their
beginning) will be reproduced symbolically by . . . respectively by .
The order in which the beginnings of sequences forming the premisses of a
rule appear in the conclusion, is arbitrary. Furthermore, it is allowed in
the beginning of a sequence to repeat any number of times the expressions
which already appear in it.

(Ki) First rule for the elimination of the conjunctor

• . • ( T Λ σ)

. . . T

(K2) Second rule for the elimination of the conjunctor

. • . ( T A σ)

. . . σ

(E) Rule of exhaustion

. . . τσ
Iτσ

. . . σ

(W) Rule of contradiction

. . . T
ΊT

. . . σ
(G) Rule for the elimination of the universal quantifier

. . . V a τ
. . . T

(Ga) Rule for the introduction of the universal quantifier

. . . T

. . .Vfli'

p r o v i d e d a i s n o t a f r e e v a r i a b l e in . . . .

(Si) R u l e of s u b s t i t u t i o n

. . . T

. . . σ '

provided Subst . . . τba cr.

(Subst . . . τba σ shall mean that σ is the expression obtained
from r by substituting a for b provided b is free for a in T, and that every
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part of . . . corresponds to its respective part of through substitution

of a for b.)

(I) Firs t rule for identity a - a

( φ Second rule for identity

T

b =α σ '

provided Subst τba σ.

(Ao) Rule for the pre-introduction of the disjunctor

. . . σp
rp

. . . (σvτ)p

(Ai) First rule of weakening of the disjunctor

σ

(σ v T)

(A2) Second rule of weakening of the disjunctor

σ

(T v σ)

(10) Rule for the pre-introduction of the implicator

. . .Ίσp
rp

. . . (σ -> τ)p

(11) Rule for the introduction of the implicator

σ r

- - - (σ -> r)

(P^) Rule for the introduction of the existential quantifier

σ

Ίaσ

(Pa) Rule for the pre-introduction of the existential quantifier

σr
3αστ '

provided a is neither free in r nor in .
In order to lighten the proofs we want to add here the following derived

rules of inference.
(SW) Rule of self-refutation

σΊσ
Ίσ
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(KS) Chain rule of the consequent

. . . σ

σ T

. . . T

(KPi) First rule of contraposition

σr

ΊrΊσ

(EA) Rule for the introduction of an additional assumption

στσ

(ZA) Rule for the elimination of the conjunctor between parts of the ant<
cedent

(σ Λ τ)p

σ τ p

(VA) Rule for the introduction of the conjunctor between parts of tl
antecedent

στp

(σ Λ τ)p

(SR) Rule of symmetry for identity

a - b b = a

(TR) Rule of transitivity for identity

a = b b - c a = c

(ER) First rule of substitution for identity

«i = a\ . . . ak = ak Paλ . . . ak P(h . . . a\

(Bl) Rule for the elimination of the implicator

- • - (σ -> T )

στ

(MP) Rule of Modus Ponens

. . . σ

- - - (σ ->• f )

. . . T

§2. List of the primitive notions and of the definitions together with t
axioms and propositions of the formalization.

Pn3.1. x ~ y \x and y are simultaneous.
A3.1.1 x~x
A3.1.2 x ~ y -* y ~ x
A3.1.3 x ~ y A y~ z —> x ~ z
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Pn3.2. x < y: x and y are genidentical and x is earlier in time than y.

A3.2.1 ix <x

A3.2.2 x < y -^Ίy < x

A3.2.3 x <y Λ y < z -* x < z

A3.2.4 x <z -> ly(x <y < z)

A3.3 x < y -*ix~ y

A3.4 J ί o < ^ i < ^ Λ 3 ' o < 3 ' 2 ^ o " 3 Ό Λ ^ ~ 3>2 ~> 3? 1 CVo < 3>i < 3>2 A

#1 ~ 3>i)

D 3 . 1 # ^ 3> =p/ ΛΓ < 3> v # = 3;

D3.2 Gxy =Df x < y v y < x

A3.5 ΛΓ! < y A x2 < y -^ Gx\x2

A3.6 Λ: < yx Λ ΛΓ < y2 -> Gyxy2

S3.1 Λ Γ < 3 ; - > G Λ Γ 3 ;

53.2.1 Gxx

53.2.2 Gary -• Gyx

53.2.3 Gjvy A G ^ -> GΛ;>2

53.3 GΛΓJ; Λi-'^irj;

53.4 Λ Γ ^ 3 ; Λ Ί Λ : = 3 ; - ^ ΊGΛ:^

53.5 ΊGΛ J; Λ Gyz -> ΊGΛ:^

53.6 xx < y Λ x2 < y Λ Xi ~ x2 ~* Xi = %2
53.7 ΛΓ < 3̂ 1 A x < y2 Λ yx - 3;2 -> 3 !̂ = y2

P n 4 . 1 . Δxa : x i s actual with r e g a r d to a.

A4.1 3aA#a

P n δ . l . Fxa:x is capable of α.

A5.1 Δxa -r* fxa

A5.2 Xi < x2 Λ FΛΓ2^ —* FxiOί

D5.1 PΛΓQί = D | Fxa Λ Ί AAT«

55.1 GxχX2 A AΛΓI^ Λ PΛΓ2« - > ~ I # I ~ X2

55.2 A^α Λ Pxβ - * Ί α = β

55.3 Pxa -> 3/3(AΛΓ/3 Λ Ί α = β)

55.4 ΛΓI < x2 Λ Ί AΛΓIQ? Λ Δx2a —» PΛΓIQ?

D5.2 V^ij^tf =D/ 3Ί < 3̂ 2 Λ A3;2o? Λ Vy(yi — y < y2 -^^ Δya)

55.5 V^i3;2« -> G^i3; 2

55.6 V^o3^2« A Vyλy2a -^Gyoy!

55.7 V3;0^2Qί A y0 < ^ x < ^ 2 —> Vyiy2o>

55.8 V^i3^« -* Py&

P n θ . l . MΛΓ^α:^ changes 3̂  to a.

A6.1 MΛΓ^Q; - * 3 ^ ^ ! ~ y Λ x <Xχ)

A6.2 M ^ α —* 33;O(# ~ yo * yo < y)

56.1 M i j α - * Ί Λ : ~ y

56.2 M ^ α A y0 < 3;x < 3; A y0 - ΛΓ -> 3^i(^i ~ yλ A ̂  < xλ)

56.3 MΛΓ^QJ A j ί < i 1 < i 2 Λ X 2 ~ 3 ) ^ ^ 1 ( ^ 1 ^ 3Ί Λ 3;i < 3̂ )

A6.3 hλxya -> Δya
A6.4 M ^ Q ! Λ X ~ y0 < 3^ < 3; —» Ί A3;χQ!

A6.5 hAxxya A Vλx2ya -* GxχX2

56.4 M ^ α —> 33;0(ΛΓ ^ 3̂0 A V ^ O ^ )

56.5 Vλxy2a A x ~ yi<y2 -• V^^α
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56.6 Mxya Λ Δxa -*iGxy

A6.6 hλxya Λ x < xx ~ yλ < y —> VAx^a

56.7 M xy2a A X < xλ <» yx < y2 -* Vyλy^x

A6.7 V ^ i ^ α -* 3ΛΓ 33; (pc ~ y Λ y1 <y <y2 Λ M*3?2'a)

56.8 Vyo&<**-> Ixilyi &i~ yi*yo^yi<y2 A M#i;y2aA

V3; (3̂ 0 ^ y < 3>2 - • Ί Ayα))

Pn7.1. B ^ α : A; has at most as large a share in a as y.

A7.1 B ^ α

A7.2 B#;yQ! Λ Byza -* Bxza

D7.1 Yixya =Df Bxya Λ ΊBj ΛΓα

D7.2 \xya -Df Bxya Λ Byxot

57.1 I W O T

57.2 WΛτyα-»ΊW^α

57.3 ΛNxya Λ W ^ α -• W ^ α

A7.3 Pjva Λ AJ Q; —>Wxya

A7.4 A^ α Λ Δya -* \xya

A7.5 M ^ α Λ Δza —> B̂ Λτα

57.4 Mx yα Λ P^α ~* Wzxa

57.5 M ^ α -> Ί Pxa

57.6 MΛΓj α ->ΊGΛΓ3;

57.7 iλxxy^Λ χ1 <χ - 3; <3; x ~* Ί G ^

57.8 M^i^i.α Λ X1 <χ ~ y <y± -> Wyxa

57.9 V j i ^ ^ 3 Λ : ly(x~ y Λ ^ < y < j ; 2 Λ MΛ ̂ Q ! Λ Ί G ^ 2 )

§3. Proofs of the propositions. We want to point out that in writing the

proofs we shall 1) treat the axioms, the definitions and the propositions as

if they were schemata, 2) use the definitions as follows:

Pi D2

where Dx =Df D2.

S3.1 x< y ->Gxy

Proof

1. x <y x <y (A)

2. x <y x<yvx=y (Al9 1)

3. x <y x<y (D3.1, 2)

4. x <Ly x ^ y v y <x (A1? 3)

5. x <y Gxy (D3.2, 4)

6. x <y->Gxy <li, 5)

S3.2.1 Gxx

Proof

1. x =x <l>

2. Λ Γ < Λ : V Λ ; = Λ Γ (A 2, 1)

3. Λ Γ < Λ ; ( D 3 . 1 , 2)
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4. x <x v x <x (Ai, 3)

5. Gxx (D3.2, 4)

53.2.2 Gxy-*Gyx

Proof

1. Gxy Gxy (A)

2. Gxy x<yvy<x (D3.2, 1)

3. x <y x <y (A)

4. x <y y<xvx<y (A2, 3)

5. # =y y =χ (SR)

6. # =3> y <X V y =X (A2, 5)

7. # = y y < * <D3.1, 6)

8. x =y y <x vx <y (A1? 7)

9. x<yvx=y y<xvx<y <A0, 4, 8>

10. x<y x<y (A)

11. x<y x<yvx=y (D3.1, 10)

12. χ<y y<x v x <y (KS, 11, 9)

13. y<x y<x (A)

14. y<x y<xvy=x (Ah 13)

15. y <x y<x (D3.1, 14)

16. y<x y<xvx<y (Ah 15)

17. # < ; y v 3 ; < Λ ; J ; < Λ Γ V ^ < 3 ; <A0, 12, 16)

18. Gxy y<x v x <y (KS, 2, 17)

19. GΛ J; G ^ (D3.2, 18)

20. Gxy — G ^ (li, 19)

53.2.3 GΛΓ3; Λ G J Λ; -» GΛΓ>2

1. ΛΓ < y x < y (A)

2. • y<z y <z (A)

3. x<y y<z x<y*y<z <K0, 1, 2>

4. x<y*y<z-+x<z (A3.2.3)

5. x <y y <z x<z (MP, 3, 4)

6. y = z x<y x<z (ERj)

7. x <y y <z v y =z x <z (Ao, 5, 6)

8. x <z ->Gxz (S3.1)

9. x<y y<zvy=z Gxz (MP, 7, 8)

10. z < y z <y (A)

11. x<y z <y x < y * z < y (Ko, 1, 10)

12. x<y ΛZ <y ->Gxz (A3.5)

13. x<y z<y Gxz (MP, 11, 12)

14. x<y y<zvy=zvz<y

Gxz (Ao, 9, 13)

15. x=y y<z x<z (ERX)

16. x=y y<z Gxz (MP, 15, 8)

17. x =y y =z x =z (TR)



392 LAURENT LAROUCHE

18. x=y y=z x<zvx=z (A2, 17)

19. x=y y=z x<z (D3.1, 18)
20. x=y y=z x<zvz<x (Ah 19)
21. x=y y=z Gxz (D3.2, 20)
22. x =y z <y z <x (ERX)
23. z <x ->Gzx (S3.1)
24. x=y z<y Gzx (MP, 22, 23)
25. Gzx -+ Gxz (S3.2.2)
26. x = y z <y Gxz (MP, 24, 25)
27. χ=y y<zvy=z Gxz <A0, 16, 21>
28. x=y y<zvy=zvz<y

Gxz (Ao, 27, 26)
29. y < x y < x (A)
30. y<x y<z y<XΛy<z (Ko, 29, 2)

31. y<XΛ-y<z-+Gxz (A3.6)
32. y<x y<z Gxz (MP, 30, 31)
33. y=z y<x z<x ( E R ^

34. y<x z<y z<y*y<x (Ko, 29, 10)
35. z<yΛy<χ->z<x (A3.2.3)
36. y<x z<y z<x (MP, 34, 35)
37. y <x y =z v z <y z <x (Ao, 33, 36)
38. y<x y = zv z <y Gzx (MP, 37, 23)

39. y<x y=zvz<y Gxz (MP, 38, 25)
40. y < x y<zvy = zvz<y

Gxz (Ao, 32, 39)
41. x<-yvx = y y<zvy=zvz<y

Oxz (Ao, 14, 28)
42. x<yvx = yvy<x y<zvy=zvz<y

Gxz (Ao, 41, 40)
43. Gxy Gxy (A)
44. Gxy x< y v y <x (D3.2, 43)
45. x^y x<y (A)
46. x^y x<yvx = y (D3.1, 45)
47. χ< y x<yvx = yvy<x (A1? 46)
48. y < x y < x (A)
49. y<x x<yvx = yvy<x (A2, 48)
50. x< y v y < x x<yvx = yvy<x (Ao, 47, 49)
51. Gxy x<yvx = yvy<x (KS, 44, 50)
52. Gxyy<zvy = zvz<y

Gxz (KS, 51, 42)
53. Gyz Gyz (A)
54. Gyz y< z v z <y (D3.2, 53)
55. ;y< z y^z (A)
56. y<z y<zvy=z (D3.1, 55)
57. y< z y<zvy = zvz<y (A1 ? 56)
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58. z < y z <y (A)

59. z < y y<zvy=zvz<y (A2, 58)

60. y < z v z <y y<zvy=zvz<y (Ao, 57, 59)

61. Gyz y<zvy=zvz<y (KS, 54, 60)

62. Gxy Gyz Gxz (KS, 52, 61)

63. Gxy A Gyz Gxz (VA, 62)

64. Gxy Λ Gyz -* Gxz (lly 63)

53.3 Gxy Λx~y-*x=y

Proof

1. x <y ->Ίx ~ y (A3.3)

2. ΛΓ <;y ΊΛΓ ~ y (Bl, 1)

3. x ~ y x ~ y (A)

4. A: < y x ~ 3> ΛΓ = y (W, 2, 3)

5. 3; <ΛΓ - ^ 1 3 ; - ΛΓ (A3.3)

6. y <x Ίy ~ x (Bl, 5)

7. Λ Γ - ^ - ^ ^ - Λ Γ (A3.1.2)

8. ΛΓ ~ 3; y ~ x (Bl, 7)

9. 3 ; < Λ ; x ~ y x = y (W, 6, 8)

10. * = 3; ΛΓ = y (A)

11. # = 3 ; # ~ ; y x=y (EA, 10)

12. x < y v x = y x ~ y x = y (Ao, 4, 11)

13. x<yvx=yvy<x x~y

x =y <A0, 12, 9)

14. G#;y Gxy (A)

15. Gxy x < y v y < x (D3.2, 14)

16. x < y χ<y (A)

17. x<y x<yvx=y (D3.1, 16)

18. x < y . x <y v x = y v y <x (Λh 17)

19. y <x y <x (A)

20. y <x x <y v x =y v y <x (A2, 19)

21. x < y v y <χ x <y v x =y v'y <x (Ao, 18, 20)

22. Gxy x <y vx =y vy <x (KS, 15, 21)

23. G x y x ~ y x = y (KS, 22, 13)

24. Gxy A x~y x=y (VA, 23)
25. Gxy * x ~ y ->x =y ζ\h 24)

53.4 x ~ y ΛΊX = y —> ΊGΛΓ^

1. GΛΓ3; Λ Λ: - 3; -^Λ: =3; (S3.3)

2. G#:y Λ I - J ; Λ; =3; (Bl, 1)

3. x ~ y Gxy x=y (ZA, 2)

4. Λ: - 3; 1 ^ = 3 ; ΊGΛ:^ ( K P I , 3)
5. x ~ y ΛΊX =y iGxy (VA, 4)

6. x ~ y ΛΊX =y -+ΊGxy (li, 5>
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53.5 iGxy Λ Gyz -*ΊGxz

Proof

1. Gxz-> Gzx (S3.2.2)

2. Gxz Gzx (Bl, 1)
3. Gyz A Gzx -^Gyx (S3.2.3)
4. Gyz A Gzx Gyx (Bl, 3)
5. Gyz Gzx Gyx (ZA, 4)
6. Gyx-^Gxy (S3.2.2)
7. Gyz Gxz Gyx (KS, 2, 5)
8. Gyz Gxz Gxy (MP, 7, 6)
9. G y* ΊG ry iGxz (KPU 8)

10. ΊGΛΓ3; Λ Gyz iGxz (VA, 9)
11. iGxy Λ G ^ -oGxz (li, 10)

53.6 xλ < y Λ x2 < y * Xi ~ %2 -* %ι = %2

Proof

1. xλ < y AX2 < y -* GxχX2 (A3.5)
2. Xi<y ΛX2<y Gxxx2 (Bl, 1)
3. χi<y χ2<y Gχ!χ2 (ZA, 2)
4. #i ~ Λ:2 ^ I ~ X2 (A)
5. ^i < ^ -̂2 <y Xi~ χ2

GX\X2 Λ ΛΓi ̂  Xz (K0, 3, 4)
6. GXχX2 Λ # i ~ x2 —> j^i = ̂ 2 (S3.3)

7. ΛΓI < 3; ΛΓ2 < y ^1 ~ X2

X ι = x2 (MP 5 55 6}

8. x± < y Λ x2 < y A Xi ~ %2 Xi = x2 (VA, 7)
9. xi< y Λ x2< y Λ Xi~ x2-> Xi = X2 (li> 8)

53.7 x < 3>i Λ ΛΓ < y2 Λ ^ X - y2 -> ̂  = 3;2

1. Λ; < ̂ 1 Λ X < y2 -» G ^ i ^ (A3.6)

2. ^ < 3 Ί Λ ^ < 3 ) 2 G 3^i3;2 (Bl, 1)

3. x<yλ x <y2 Gy±y2 (ZA, 2)

4. y1 ~ y2 yx - y2 (A)

5. x < yi x < y2 yi~ y2

Gyχy2 A y i ^ y2 <K0, 3, 4)
6. Gy!y2 Λ yi~ y2~* yi = y2 (S3.3)

7. χ<yi χ<y2 yi~ y2

yi = y2 (MP, 5,6)

8. x < yi * x < y2 * yi~ y2 yi = y2 (VA, 7)

9. χ<yi *χ <y2* y±~ y2-* yi = y2 <li, 8>

S5.1 Gxλx2 Λ A ^ α Λ P%2« -* 1^1 ~ ^2

Proof

1. G^iX2 A ̂ I ^ Λ Γ 2 —* Xi = ̂ 2 (S3.3)
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2. G I Λ Λ^I~^2 xλ=x2 (Bl, 1)

3. Gx\%2 Xi~ x2 Xχ=x2 (ZA, 2)

4. ^!=A;2 A ^ α Ax2a (ERi)

5. G # i # 2 AΛΓICU X!~ X2 Ax2a (KS, 3, 4)

6. Px2a Px2a (A)

7. P # 2 a FΛΓ2« * ΊAΛΓ2G! (D5.1, 6)

8. Px2a lAx2a (K2, 7)

9. Gx±x2 Axxa Px2a xλ~ x2

IX! ~ x2 (W, 5, 8)

10. Gx±x2 Ax±a Px2a ixλ ~ x2 (SW, 9)

1 1 . G # i * 2 Λ AΛ IQ! Λ PΛΓ2Q! 1 % ! - * 2 (VA, 10)

12. Gx!X2 A AxiOi A Px2a - o * ! - x2 (|1? n )

55.2 Δxa A Pxβ ->Ίa = β

Proof

1. AΛΓQ! A^rα (A)

2. PΛ β PΛΓβ (A)

3. Pxβ Fxβ ΛΊAΛΓβ (D5.1, 2)

4. P # β ΊAΛ β (K2, 3)

5. α=j3 AΛ α AΛΓβ (ER X )

6. A ^ α P^j3 α = ] 3 l α = β (W, 4, 5)

7. Ax a Pxβ la = β <SW, 6)

8. Ax a A Pxβ la = β (VA, 7)

9. Ax a A Px β -> l a = 0 (d, 8)

55.3 P Λ Γ G -• lβ(Axβ Ala = β)

Proof

1. Ajvβ Λ Pxa - > Ί α = β (S5.2)

2. AΛ /3 Λ P Λ ; « la = β <BI, 1)

3. AΛ /3 Pxa la = β (ZA, 2)

4. Axβ Axβ (A)

5. Pj*rα Axβ AxβAla=β (Ko, 4, 3)

6. Pxa Axβ 3β{Axβ Ala = β) <p£, 5)

7. PΛ O; 3βAΛ;β 3β(A^βΛlα = β) <Pg, 6)

8. 3βA*β (A4.1)

9. Pxa lβ(AxβAla=β) (KS, 8, 7)

10. Pxa -> 3 β ( A * β A la = β) (\1} 9)

55.4 x1 <x2 A lAxλa A Ax2a —> PΛΓiO;

Proof

1. Λ Ί < Λ Γ 2 Λ Γ ! < Λ ; 2 (A)

2. A i 2 α -> FΛΓ 2 G (A5.1)

3. A Λ ; 2 « Fx2a (Bl, 2)

4. Λ ; I < Λ : 2 A # 2 α xx<x2 A Fx2a (Ko, 1, 3)

5. xχ< x2 A Ψx2a -> Ψxλa (A5.2)



396 LAURENT LAROUCHE

6. xx < x2 Δx2a Ψxxa (MP, 4, 5)

7. ikXia lAx±a (A)

8. x1<x2 ΊΔxiOt kx2a F XiCt Λ Ί k x x a (Ko, 6, 7)

9. Xχ<x2 ΊΔxiCί Ax2a PxLa (D5.1, 8)

10. xi<x2 Λ Ί kxxa A Δx2a P x x a (VA, 9)

11. Xι< x2 Λ ikxxa Λ Δx2a -> P.xta (\h 10)

55.5 Vyiy2a -> Cy!y2

Proof

I. V3;i^2« V y i ^ α (A)

Vyiy^ y<y2-*ΊAya) (D5.2, 1)

3. Vyiy2<* yi<y2 (Kl9 l)

4. yi < 3̂2 - * G 3̂13̂2 (S3.1)

5. Vyiy2& Gyiy2 <MP,-3,4)

6. Vy1y2a->Gy1y2 (ll9 5)

55.6 Vyoy2ot Λ Wyxy2a -> G3̂ o3̂ i

Proof

1. V yo^α V ^ o ^ ^ (A)

2. V ^ o ^ Λ - ^ G ^ o ^ (S5.5)

3. V^o3^2« G ô3̂ 2 <MP, 1, 2)

4. Vyiy2<* Vyιy2a (A)

5. V^i^2« -• G^i3^2 (S5.5)

6. Vyiy2a Gyiy2 <MP, 4, 5)

7. G3^13^2-^ Oy2y± (S3.2.2)

8. V^i3^2« Gy2yλ <MP, 6, 7)

9. V3;O^2« Vyiy2<* Gy0y2 Λ Gy2yx <K0, 3, 8)

10. Ĝ o3̂ 2 A G ^ i ' - ^ G ^ i (S3.2.3)

II. Vy0y2a Vy!y2a Gyoyi (MP, 9, 10)

12. VyQy2a A Vyλy2a Gyoyλ (VA, 11)

13. Vy0y2a ΛVyxyza->Gyoyi <li, 2>

55.7 Vyoy2a * yo<yi<y2-> vyiy2o>

Proof

1. V y*y2a V y*y2a (A)
2. Vj/o^o 3̂o < 3;2 A Â aCϋ Λ

V3>i(3>o ̂  3Ί < 3̂2 - 1A 3>i<*) (D5.2, 1)

3. Vy0y2a Vyiiyo ^ y± < y2 -* π A w ) (K2, 2)

4. Vy0y2a y0^ yi< y2-*ΊAyia (G,3)

5. Vy0y2a yo^yi<y2 lAyxOi (Bl, 4)

6. 3̂ i = yT 3̂o < 3>i 3^o<3^f <ERi>

7. 3Ί = 3̂ f 3̂o < 3Ί 3Ό < Ϋ v- 3̂o = / (Ai, 6)

8. 3Ό<^Λ^<y-3^o<y (A3.2.3)

9. 3 ^ o < ^ i ^ i < y yo<y' (Bl, 8)

10. 3>o < y i y i < y y0 < y1 <ZA, 9)
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11. 3>o < 3 Ί yι<y' yo<y'vyo=y1 (Ai, 10)

12. yo<yi yi<y'v yi = y' yo<y'vyo=y <A0, 7, n>

13. 3^o<3^i yi<y'vyi=y' yo^y' ( D 3 . 1 , 12>

14. 3^i^ 3^τ 3̂ i ̂  3^τ (A)

15. 3 ^ i ^ 3^τ yi<y'vyi=y' ( D 3 . 1 , 14>

16. 3>o < 3Ί 3>i ^ 3 > f 3>o ̂  3;' (KS, 15, 13)

17. ^ τ < ^ 2 > t < ^ 2 (A)

18. yo<yi yi^y1 y1 <y2

J o ^ / Λ y <3>2 <Ko, 1.6, 17)

19. VyQy2a. yo^y'<y2 ~ιA;yτα <s£, 5>

20. Vy0y2a yo<yi 3>i^ y1 y' <y2

Ί A r α (KS, 18, 19)

21. Vyoy2a yo<yi yv^y'<y2

ΊAy'a (VA, 20)

22. Vyoy2a yo<yi yi ^ y' <y2-> ^Ay'a (\h 21)

23. Vy0y2a yo<y1 Vy'iyi ^ y' <y2 - "I A y'α) (Gyt, 22)

24. yyoy2ot yo<y2 A A;y2a (Ki, 2)

25. V y o ^ α A3;2Q! <K2, 24)

26. yi<y2 yi<y2 (A)

27. Vyoy2a yλ<y2 y1<y2*ky2a <K0, 26, 25)

28. Vy0y2a yo<yi yi<y2

yi<y2 *Δy2a ΛVy'iy^y1 <y2-*lΔy'a) <K0, 27, 23)

29. Vy0y2a yo< yi yi<y2

Vyiy2a (D3.2, 28)

30. Vy0y2a * y0 < yλ< y2 \Zy±y2a (VA, 29)

31. V3;O^2« A 3;o<^i < ^ 2 - * V^i3^2« Oi, 30)

S5.8 yy!y2ot -> P^IQ;

Proo/

1. vyiy2a Vyiy2oί (A)

2. V^i3;2α 3 Ί < ^ 2 A AyaQίΛ

vy(yi^'y <^ 2 - > iA^α) (D5.2, l)

3. v ^ i ^ α v^(^i^ y<y2->iΔya) <κ2,2)

4. V î3 2̂α j i < 3; O 2 ^ Ί A^α (G, 3)

5. Vyiy&<* y ι - y < y 2 iΔya (Bl, 4)

6. Vy! 3̂ 2α 3Ί ̂  3Ί < 3̂ 2 1A yta (Sζ\ 5)

7. Vyiy2a yi^ y± yi< y2

~\kyia <ZA, 6)

8. 3Ί = 3Ί (1)

9. 3 Ί < J i v 3 ^ i = 3Ί (A2, 8)

10. yi^ yi (D3.1, 9)

11. Vy1y2a yλ<y2 ΊAyia (KS, 10, 7)

12. V^i3;2α 3̂ i < 3̂2 A A^ 2 Q: (K1? 2)

13. V3;χ3;2α A3;2α (K2, 12)

14. V3̂ i3̂ 2« J i < y2 (Ki, 12)

15. A^2o;-> F3;2α (A5.1)
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16. \ίyiy2a Fy2a (MP, 13, 15)

IV. yx < y2 Λ Fy2a -> Fyλa (A5.2)

18. Vyiy2a J K ^ A Fy2a (Ko, 14, 16)

19. Vyxy2a Fy±a (MP, 18, 17)

20. Vy^a lAy^ (KS, 14, 11)

21. V y ^ α F ^ I ^ A l A ^ α (KO, 19, 20)

22. Vyxy2a Pyxa (D5.1, 21)

23. yyiy2a — P^IQ; (li, 22)

56.1 Mtf y α - > l # ~ 3;

Proo/

1. # < xλ -> ΊΛ: - xλ (A3.3)

2. * < * ! Ί x - xx (Bl, 1)

3. ΛΓi-y *i~3> <A>

4 . Λ Γ - 3 ; - ^ 3 ; - ' ^ (A3.1 .2)

5. x ~ y y ~ x (Bl, 4)

6. χi~ y χ~y *i~ yA y ~ χ (κ0, 3, 5)
7. xx~ y Λ y ~ x -> xλ~ x (A3.1.3)
8. Xi~ y x~y xx~ x (MP, 6, 7)

9. xx~ x-+x~ x.x (A3.1.2)

10. Xi~ y x~y x~Xt (MP, 8, 9)

11. xλ~ y x<Xj_ x~y Ίx ~ y (W, 2, 10)

12. xx~ y x<xλ Ίx~y (SW, 11)

13. Λ : 1 - 3 ; Λ Λ Γ < ^ 1 Ix - y (VA, 12)

14. Ix1{x1 - y Λ x < xx) ix - y ( P ^ , 13)

15. Mxya -tlx^X!" y Λ x <χj) (A6.1)

16. ΪΛxya Ix1{x1~ y * x KxJ (Bl, 15)

17. Uxya Ix - y (KS, 16, 14)

18. hλxya->lx~ y (\h 17)

56.2 fsAxya * y0 < yχ< y * yo~ x -> Ix^xx ~ y1 Λ X < xλ)

Proof

1. x2~ y ->y - x2 (A3.1.2)

2. χ2~ y y~x2 (Bl, 1)

3. x <x2 x < x2 (A)

4. x2~ y x<x2 y ~ X2ΛX <x2 (Ko, 2, 3)

5. 3>o < ̂ 1 < y A y0 - x y0 < y1 < y Λ 3;O - x (A)
6. 3>o < 3Ί < y A ^ < X2 Λ 3̂o ~ ^ =Λ y ~ ^2 -»

3 ^ ^ < ̂ 1 < ΛΓ2

 A yi ~ Xi) (A3.4)

7. 3̂o < 3̂ i < ^ A 3^o^^ X2~y x<x2

yo < yi < y * yo ~ x Λ y ~ X2 * x < X2

(Ko, 5, 4)

8. yo<yi<y A yo~ x χ2~ y % <χ2

3xχ(x < Xi < x2 A y1 - #1) (MP, 7, 6)
9. X < ΛΓJL < ΛΓ2 A yχ ~ χχ x < χχ < Λ;2 Λ y1 ~ χx (A)

10. x < #1 < #2 A yλ ~ xλ x < Xx < Λ;2 (KI, 9)
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11. x < x1 < x2 A yx ~ χ± x < xλ <Ki, 10)

12. X<X±<X2A y i ~ χx yλ~ X l <K2, 9)

13. 3>i~ x1-*x1~ yx (A3.1.2)

14. x <xx<x2*y1~ xx xi~ yi (MP, 12, 13)

15. x <Xi< x2 * yx~ xx χ1 ~ yx A X < xλ (Ko, 14, 11)

16. x<Xχ<x2 A3>!~ χ1 lxi{xi~ yi*x <xλ) (Pχv 15)

17. Ix^x <xλ<x2 Λ yj_~ Xj)

3#i(#i~ yi*x < # i ) (P^, 16)

18. 3̂o < y\ < y Λ yo ~ x χ2~y x <χ2

3 * i ( * i ^ I Λ K ^ I ) <KS, 8, 17)

19. yo<yi<y * yo~ x χ2~ y *χ <χ2

Ix1{x1 - h A K i i ) <VA, 18)

20. y0 < yx < 3; Λ 3;0 ~ x Ix2(x2 ~ y A X < ΛΓ2)

3 * I ( * ! ~ 3̂1 A ^ < A T X ) (P;τ

2, 19)

21. bAxya->lx2(x2~ y ΛX <x2) (A6.1)

22. M ^ α Ix2{x2~ y Λ ̂  < x2) <BI, 21>

23. VAxya yo<yi<y*yo~x

3#i(#i - 3̂ i A ΛΓ < xj) (KS, 22, 20)

24. bAxya * y0 < y±< y * yo~ x

3ΛΓI(^I- 3 Ί A Λ < ^ ) <VA, 23)

25. M ^ « Λ 3 ' o < 3 ) i < 3 ' Λ 3 ; o ~ ^ - >

3#i(# 1 ~ 3̂ i A ̂  <Λ:I) <II, 24)

S6.3 Yλxya Λ Λ < xλ < ΛΓ2 Λ ΛΓ2 ~ y -> 3 3 ; ^ ~ 3;x A 3^ < 3;)

Proo/

. 1. # ~ 3>o ^ - 3̂o <A)

2. yo<y yo<y (A)

3. ^^3^0 3>o < y x ~ y0 *yo<y <κ0, l, 2)
4. ^ <ΛΓI <x2 A AΓ2~ 3̂  ^ < I 1 < I 2 Λ ^ 2 - ' 3 ; (A)

5. x < # ! < x2 A x2 ~ y x ~ y0 y0 < y

x < xλ < ^ 2 A x2 <» y Λ x~ y0 *yo<y

<Ko, 4, 3)
6. x < x1 < ΛΓ2 A ;y0 < y A Λ; ~ y0 A ̂ 2 ^ y -»

3^i(^o < 3̂ i < 3̂  A ^ - ^ ) (A3.4)
7. ΛΓ < ΛΓi < * 2 A ̂ 2 - y x~ y0 yo< y

lyiiyo < yi<y *χi~ yύ <MP, 5, 6)

8. yo<yi<y A xλ~ y1 y0 <yx <y Λ χ r y± (A)

9. yo<yi<y *χi~ yi yo<yi<y <κi5 8>
10. 3̂o < 3̂ i < 3̂  A # ! ~ 3;x 3;x < y <K2> 9)

11. 3 Ό < h < 3 ) Λ ^ r 3 ) i ^i^3^i <K2, 8)

12. yo<yi<y * χi~ yi χi~ y± A y λ < y <κ0, 11, io>

13. ^ o < 3 Ί < ^ ^ - ^ i 33>i(*i~ y± A 3>I < y) (P^, 12)

14. 33̂ 1(3̂ 0 < 3Ί < y A ̂ 1 - 3̂ 1)

lyAxi~ yi Ayi<y) (Pyv 13)
15. x <x±<x2 ΛX2~ y x ~ yQ yo<y

*yi{χi~yi*yi<y) <κs, 7, 14)
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16. x < x1 < x2 Λ x2 ~ y x ~ 3>o A y0 < y

33>i(*i ~ 3Ί A 3Ί < 3>) (VA, 15)

17. # < ΛΓX < ΛΓ2 A x2 ~ y lyo(x ~ y0

 Λ 3>o < 3>)

33>i(*i~ 3 > i A 3 > i < : y ) <Py0, 16)
18. Mxya ^lyQ{x~ y0* yo<y) (A6.2)

19. Mx yα iyQ{χ~ yQ*yo<y) <BI, 18>

20. hAxya x < xλ < ̂ 2 A X2 ~ y

iyi(*i~ yi*yi<y) <κs, 19, 17>
21. M ^ α A x < ̂ x < χ2 Λ ΛΓ2 ~ 3̂

33>i(*i ^ i ^ i < 3 ^ ) (VA, 20)

22. MxyaΛx <X1<X2ΛX2~ y-+ iyi(χi~ yi*yi<y) ( Ί , 21)

56.4 M ^ α - * 33;0(Λ; - 3>0 A V ^ O ^ )

1. VAxya A ΛΓ ̂  y0 < j ; x < 3; -> Ί Â xCϋ (A6.4)

2. M ^ α A AT - ;y o <' j ; 1 < y lAy^ <BI, 1>

3. Uxya x - y0 yo^yi<y

lAyλa (ZA, 2)

4. M ^ α ΛΓ ~ y0

yQ^ yi<y ->πA^iα (i^ 3)

5. Mxya x ~ y0 Vyiiyo ^ y% < y -* l A ^ α ) (G y i, 4)

6. MΛΓj α - ^ A ^ α ! (A6.3)

7. M#3>α A3^α <BI, 6)

8. Mxya x ~ y0 Aya ΛVy^yo^ y1<y-*iΔy1a)

<Ko, 7, 5)

9. 3̂o < y yo<y (A)

10. MΛryo! x ~ y0 yo<y yo<y A A3;α Λ Vyi(yo^yi<y -*

lAyiα) <Ko, 9, 8)

11. M ^ « ^~3^o 3̂o < 3> V3̂ o3̂ α (D5.2, 10)

12. x ~ y0 x - 3;0 (A)

13. MΛΓyα ΛΓ-3^0 3̂o < y x~yo*Vy<>yoι <K0, 11, 12)

14. M ^ α Λ - ^ O 3̂O < y 33^o(^ ^ 3̂o A \fyoya) <Py0, 13)

15. Mx yα Λ; - ^ 0

 Λ 3̂o < ^ 33;o(^ ~ 3>o A V^03^α) (VA, 14)

16. YAxya Ίyo{χ ~ y0 * yo < y)

lyo(x~ yQ A Vj>o;yα) <P^, 15)
17. Mxya->lyo(x~ y0Λ yo<y) (A6.2)

18. ϊλxya lyo{x - 3̂o Λ 3̂o < y) <BI, 17)

19. M ^ α 33̂ o(̂  ̂ O A Vyoya) (KS, 18, 16)

20. Mxya -> 3^o( ̂  ~ 3 Ό Λ Vyoya) (l1? 19)

56.5 M i ^ β A x ~ 3;x < j ; 2 -» V î3;2Qf

Proof

1. Vy0y2a V ^ o ^ α (A)

2. V ^ o ^ ^ 3Ό < 3 ^ 2 A A 3 ^ 2 « A

V (̂3^o ^ 3̂  < 3̂2 -^ ΊA3;α) (D5.2, 1)
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3. χ~ yi χ~ yi (A)

4. y± <y2 yi< y2 (A)

5. x~ yo-> yo~ x (A3.1.2)

6. x~ y0 yo~ x (Bl, 5)

7. x ~ y0 x ~ yL y0 ~ x A X ~ yx (Ko, 6, 3)

8. y0 ~ x A x ~ 3̂ i -» 3>0~ 3>i (A3.1.3)

9. Λ - J O ΛΓ ~ y i 3Ό ~ 3Ί (MP, 7, 8)

10. V3?o3^2« 3̂ o < 3̂ 2 (K l 7 2)

11. Vy0y2<χ yi<y2 yo<y2

 Ayi<y2 (Ko, 10,4)

12. χ~yi y±<y2 x~ y0 Vyoy2a

yo < y2 A yλ < y2 A y0 - yx <κ0, 11, 9)

13. 3 ; O < ^ A ^ I < 3 ; 2 A 3 Ό ~ 3^1"*

3>o = 3>i (S3.6)

14. ^~^i y±<y2 χ~y0 v^o^α

3̂ o = 3̂ i <MP, 12, 13)

15. Vy0y2a yo=yi Vyiy2a <lyj, i>

16. ^ f ~ 3 Ί 3>i<3>2 ^ ^ 3 ^ o Vy<sy2oi
Vyiy2a (KS, 14, 15)

17. #~3>i 3̂ i < 3̂2 ^ - ^ O Λ V ^ M

V^I3^2« <VA, 16)

18. χ~yi yi<y2 iyo(χ ~ yo A Vyoy2ot)

Vyiy2a (P;;, 17)

19. Mxy2a -> 33;0(ΛΓ - y0 A Vy0y2a) (S6.4)

20. Mxy2a lyo(x ^ O Λ Vy0y2a) (Bl, 19)

21. M ^ 2 « ^ ~ 3Ί 3;i<3;2

Vy^aα (KS, 20, 18)

22. Mxy2a A x ~ y±<y2 Vyiy2a (VA? 21)

23. Mxy2a A x ~ y1<y2-»Vy1y2a (l 1 ? 22)

S6.6 M Λ : ^ CU Λ A ΛΓ« —> Ί G Λ ; ^

1. V^o3^Q! -> P3^o« (S3.8)

2. V ^ o ^ α P3>oα (Bl, 1)

3. V3;03;α! Fyoa AlAyoa (D5.1, 2)

4. V yo yα lA^oo: (K2, 3)

5. V3^03^0! -> G3>o:y (S5.5)

6. V3;O3^^ ^3;o^ (Bl, 5)

7. G yo y -• Gyy0 (S3.2.2)

8. V3^o3^« Gyy0 <MP, 6, 7>

9. Gxy Gxy (A)

10. Vyoya Gxy Gxy A Gyy0 <K0, 8, 9)

1 1 . G ^ Λ G ^ O - * G % (S3.2.3)

12. V3>o3>α Gxy Gxy0 (MP, 10, 11)

13. x ~ yo x ~ yo (A)

14. x ~ y0 Vyoya Gxy Gxy0 A.X~ y0 (Ko, 12, 13)

15. Gxy0 A x ~ y0 -+x =y0 (S3.3)
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16. x~y0 My0yoί Oxy x = yQ <MP, 14, 15)

17. x = y0 ~\Ayoa ΊAΛΓQ! (ER^

18. x = y0 Vyoya lAtfce (KS, 4, 17)

19. x~y0 Vyoya Gxy lAxa (KS, 16, 18)

20. Axa Axa (A)

21. Axa x ~ y0 Vyoya Gxy

iGxy <W, 19, 20)

22. Axa x ~ y0 MyQya iGxy (SW, 21)

23. Axa x ~ y0 A Vyoya iGxy <VA, 22)

24. Axa lyo(x - | O Λ V ^ O ^ ^ )

~\Gxy <P;;, 23)

25. M^oί-> 3;yo(#~ ^ 0 Λ VJ O^^) (S6.4)

26. Uxya lyo(x - j ; 0 A V^O3^«) <BI, 25)

27. Uxya Axa iGxy (KS, 26, 24)

28. Yλxya A A^ α ΊGΛΓ^ (VA, 27)

29. hλxya A Axa -* iGxy <ll5 28)

56.7 Mxy2a A X < xλ<» yx < ̂ 2 —> V ^ i ^ ^

1. M^3;2« A # < ΛΓi ~ 3̂ i < ̂ 2 —*

MΛ:I3;2« (A6.6)

2. MA?3;2CK A ΛΓ < x1 ~ yλ < y2

YAx1y2a <BI, 1)

3. Uxy2oί x<χ1 χχ~ y! yχ<y*

Uxiy2a <2A, 2)

4» ΛΓi'- 3;x χx~ yλ (A)

5. 3Ί < 3̂2 . 3?i < 3>2 (A)

6, ΛΓi-^x 3;!<3^2 Xi~ yi<y2 (Ko, 4, 5)

7» M j ^ 2 α Λ: < xx xλ ~ yλ yx < y2

Mxλy2a A xx~ y±<y2 (Ko, 3, 6)

8, ^Aχχy2a ^ χi^ y!<y2 ^\/yiy2a (S6.5)

9, Uxy2oι x <xt xi~ y±- y±<y*

Vyλy2a (MP, 7, 8)

10, M^αΛK^r^K^ VjΊ̂ α (VA, 9)

11. Mxy2a Λ x<X!~ y1<y2->

yyiy2oi (it, 10)

56.8 Vyoy2θί^> ix^y^Xi^ yx A yo< yx<y2 A M ^ ^ α A

Vy(yo^ 3̂  <3^2->iA3;Q!))

Proo/

I

1. v^o^2α yyoy2a (A)

2. V^o3 ;2« 3;o < 3;2 A A;y2α A

V3^(3^o^ 3̂  <3>2-»-lA;yG!) (D5.2, 1)

3. V3;o3^2« V yί y o ^ ^ J ^ - o A yα) (K2, 2)
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4. Xι ~ 3>i A y0 < yλ < y2 Λ M a r ^ a

#1 ~ 3>i Λ 3>o ̂  3>i < 3>2 A M #i;y 2a <A>

5. V ^ o ^ β * i ~ 3>i A 3>o < 3>i <3>2 A VAxxy2a

Xί~ yx * yo< yx<y2 * Mx^aA

Vy(yo^y<y2-^^ycί) <K0, 3 , 4 )

33>i(*i~ J Ί ^ O ^ ^ K ^ A M^!^2a A

vy(yo^y<y2-+i*ycb) (?yv 5)
7. V3;Ô 2« Xi~ 3Ί Λ 3̂o ̂  3Ί< ̂ 2 A M ^ ^ α

vM 3̂ 0 ^ y < y2 - π A 3; α)) ( p ; i ? 6)

8. V y o ^ α 33;i(^i- ^1 A . y 0 ^ 3 ; i<3 ; 2 A M ^ ! 3 ; 2 U ! )

3 Λ ; 1 3 3 ; I U 1 ' - 3Ί Λ 3Ό - h < ^2 Λ Mjv^a^A

Vy(3^o ^ 3̂  < 3̂ 2 - 1A 3̂  a)) (Pyi9 7)

9. Vyoy2<* 3# 133>i(*i~ 3̂ i A 3̂ 0 ̂  3̂ i < 3̂ 2 A M ^ ^ α )

3^i33 ;iUi ^ 3;i Λ 3̂ o ̂  3̂ i < 3̂ 2 A M t f ^ a Λ

V^o^^<3^2^iA3;α)) (Pi;, 8)

10. V yoy2& -> SΛΓXŜ Λ̂Γ! - J Ί ^ O - J ' K ^ Λ MΛΓ̂ aQ!)

(A6.7)

11. Vyoy2<x lxλ3;y1(x3.~ 3;i A 3;o ̂  3;i < 3̂ 2 A M ^ ^ α )

<BI, 10)
12. Vyoy2<* 3Λ:133;1(Λ:1 - ^ I ^ O ^ ^ < 3>2 A M x ^ 2 α A

Vy(yo^y<y2-+-ι*y<*)) <κs, 11, 9)
13. V^o3;2« -» SΛΓiSyi^! ̂  3̂ i A y0 < yL < y2 Λ MΛΓ̂ gQ; Λ

V3 (̂3^o^3^ < 3k-*ΊA;yα)) (|1? 12)

II

l. yo<yiA y±< y2~*yo<y2 (A3.2.3)

2. 3>o<:ViA3>i<y2 3^o<>'2 <BI, 1>

3. 3̂ o < 3>i 3 Ί < y 2 3̂ o < 3̂ 2 <ZA, 2)

4. 3^0=3^1 3Ί < 3>2 3̂ o < 3̂ 2 <ERi>

5. 3̂ o < 3Ί v 3̂ o = 3 Ί 3Ί < 3̂ 2

3̂ o < 3>2 (Ao, 3, 4 )

6. 3>o ̂ 3^i yo^yi (A)

7. yo^yi 3>o< 3̂ i v ] Ό = h (D3.1, 6)

8. 3>o ̂ 3^i 3̂ i < 3̂ 2 3>o < 3̂ 2 <KS, 7, 5)

9. 3>o^ yi < 3>2 3̂ o < 3̂ 2 <VA, 8)

10. vy(yo^y <y2~*~ϊΔya) vy(y<>^ y <y2 -* ΊA^α) (A)
11. MΛΓ^SQ! -> A;y2α (A6.3)

12. M Λ Γ ^ S G A3^2« <BI, 11)

13. M^i3;2Q! V^(3; O <3; <y2 ->lΔya)

Δy2a A Vy(yQ < y< y2 -> ΊAj α)

<Ko, 12, 10)

14. 3 ; o ^ 3 ; i < 3 ; 2 M ^ 2 α Vj;(3;o< 3; < y 2 - * Ί A J ; Q ! )

3̂ 0 < 3̂ 2 A Aj;2Qί Λ Vy(y0 < 3; < y 2 ->

Ί A y α ) <K0, 9, 13)
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15. yQ^yi<y2 Ux^y2a Vy(yo< y < y2 -^iΔya)
Vyoy2θi (D5.2, 14)

16. Xi~ yi yo^yi<y2 M ^ j 2 α V3;(;yo< y <y2 - o A yα)
Vy0y2a (EA, 15)

17. xy ~ yx Λ 3>0 < yλ < y2 Λ Uxxy2a A VJ;(3;0 < y < ;y2 -> Ί A y α)
yy0y2a (VA, 16)

18. 3;y 1 (#i~ 3̂ 1 Λ ^0 ̂  3Ί < ^2 A M ^ I ^ 2 « Λ ^ ( ^ 0 ^ V < y2 -• lA^ct))
V3>o3>2α ( P ; ; , 17)

19. 3^χ33;i(^i - 3̂ i A 3̂ o ̂  3Ί < ^ Λ M Λ : J 2 O Λ V3;(3;O < y <y2-* iky a))

Vy0y2a (Pi;, 18)
20. 3#i3} ; 1 (# 1 ~ 3̂ i Λ 3^0^ yi<y2 A M Λ Γ I ^ 2 « Λ ^ ( 3 ^ 0 - 3> < 3̂ 2 -•

1A^))-V^2 (ll9 19)

III

1. Vy0y2a <-> 3^ 133; 1(ΛΓI - 3̂ 1 Λ 3̂ o ^ 3̂ i < 3>2 A Mxχ3;2α A

V3;(3^o^3^ <3>2->~»A3;2)) <I, Π)

57.1 iW^α

Proof

1. \Nxya \Nxya (A)

2. Wxya Bxya* ΊByxa (D7.1, 1)
3. W ^ α B ^ α (K1? 2)
4. W π α Bxxa (Sy, 3)
5. W ^ α ΊB3>*α <K2, 2)
6. Wπα iBxxa (Sy, 5)
7. W**α ΊWxxa <W, 4, 6)

8. i W ^ α <SW, 7)

57.2 W ^ α - ^ i W ^ α

Proof

1. Wjrya W ^ α (A)
2. W ^ α B ^ Q Λ Ί B ^ α (D7.1, 1)
3. Wxya iByxa <K2, 2)
4. Ŵ Λrα W ^ α (A)
5. Wyxa B^αΛ "lB^α (D7.1, 4)
6. W ^ α Byxa (Kl9 5)
7. Wxya Wlyxa ΊWyxa <W, 3, 6)
8. W ^ α Ί W ^ α (SW, 7)
9. Wx yα - * l W ^ α <li, 8)

57.3 Wxya A Wyza-> Wxza

Proof

1. Wxya Wxya (A)

2. Wxya Bxya ΛiByxa (D7.1, 1)
3. Wyza \Nyza (A)
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4. Wyza ByzaAiBzya (D7.1, 3)
5. Ήxya Bxya (Kh 2)
6. Wyza Byza (Kh 4)
7. W ^ α Viyza Bxya A Byza (Ko, 5, 6)
8. Bxya A Byza -* Bxza (A7.2)
9. Wxya Wyza Bxza (MP, 7, 8)

10. Bzxa Bzxa (A)
11. Wxya Bzxa Bzxa A Bxya (Ko, 10, 5)
12. Bzxa A Bxya ->Bzya (A7.2)
13. Wxya Bzxa Bzya (MP, 11, 12)
14. Wyza iBzya <K2, 4)
15. Wxy a Viyza Bzxa iBzxa (W, 13, 14)
16. Yixya Vlyza ΊBzxa (SW, 15)
17. Wxya Wyza Bxza A ΊBzxa <K0, 9, 16)
18. Wxya Viyza Wxza (D7.1, 17)
19. WxyaAWyza Wxza (VA, 18)
20. WxyaAVtyza-^Vlxza Oi, 19)

S7.4 M xya A PZ a -> \Nzx a

Proof

1. hλxya A kza —> Bzxa (A7.5)
2. hλxyaAAza Bzxa (Bl, 1)
3. \Λxya kza Bzxa <ZA, 2)
4. M:ryα A^α B ^ α (S«, 3)
5. PxaA A ya ->Wxya (A7.3)
6. PxaAkya Wxya (Bl, 5)
7. Pxa Δya Vtxya (ZA, 6)
8. P za Ay a Wzy a (Sj, 7)
9. Pza Ay a B ^ α Λ i B ^ α (D7.1, 8)

10. Pza Aya iByza (K2, 9)
11. Bxza Bxza (A)
12. Mxya Aya Bxza ByxaABxza (Ko, 4, 11)
13. Byxa A Bxza->Byza (A7.2)
14. hλxya Aya Bxza Byza (MP, 12, 13)
15. M xya Pza Aya Bxza

ΊBxza (W, 10, 14)
16. bλxya Pza Aya ΊBxz a (SW, 15)
17. Pza Aya Bzya (Ku 9)
18. hλxya Pza Aya B zya A Byxa (Ko, 4, 17)
19. B zya A Byxa-> Bzxa (A7.2)
20. hλxya Pza Aya Bzxa (MP, 18, 19)
21. Mxya Pza Aya B zxa A iBxz a <K0, 20, 16>
22. Uxya Pza Aya Wzxa (D7.1, 21)
23. Mxya -> Aya (A6.3)
24. Uxya Aya (Bl, 23)
25. Mxya Pza \Nzxa (KS, 24, 22)



406 LAURENT LAROUCHE

26. Mxya A P za W zxa (VA, 25)

27. Mxya Λ Pza-> W zxa (\h 26)

57.5 M ^ α - * Ί P Λ : α

Proof

1. M x yo! Λ P^ce -+ W*#α (S7.4)

2. M*;yα Λ Pza V4 zxa (BI, 1)
3. M#;yα P^cn W ̂ cn (ZA, 2)
4. Mxya Pxa Ψi xxa <Sί, 3>
5. Ί W O T (S7.1)

6. Mxya Pxa iPxa (W, 4, 5)
7. Mxya Ί P Λ O (SW, 6)
8. Mxya -* iPxa (\h 7)

57.6 Mxya -*lGxy

Proof

1. Mxya ΛPza^Wzxa (S7.4)
2. M^ΛP^α W^α <BI, 1>
3. Mxya Pza Wzxa (ZA, 2)

4. Mx yα P^ o α W ^ o ^ <S*°, 3>
5. Myoya — Pyoa (S5.8)
6. VyQya Pyoa (BI, 5)
7. Mxya \ίyoya Wyoxa <KS, 6, 4>
8. Mxya Vyoya x = y0 Wxxa <|JO, 7)

9. G ^ o Λ ^ - 3 ) 0 ^ ^ = 3Ό (S3.3)

10. GΛΓ̂ O Λ ΛΓ - 3;0 ΛΓ = ̂ 0 (BI, 9)

11. GxyQ x~yQ x = y0 (ZA, 10)
12. M ^ α ΛΓ- y0 Vyoya Gxy0

)Nxxa (KS, 8, 11)

13. ΊΉxxa (S7.1)
14. Mxya x~ y0 Vyoya Gxy0

iGxy0 (W, 12, 13)
15. Mxya x~ y0 Vyoya

iGxyo (SW, 14)

16. V^o^^->G^o3^ (S5.5)
17. Vyoya GyQy (BI, 16)
18. Mxya x~ y0 \ίyoya

iGxyo Λ Gyoy <K0, 15, 17)
19. iGtf yo Λ G3>O3> -»iGxy (S3.5)
20. Mxya x ~ y0 \ίyoya

iGxy (MP, 18, 19)
21. Mxya x~ y0 Λ Vyoya

IGxy (VA, 20)
22. Mxya 3yo(#~ 3̂0 Λ V^o^Q?)

Ί G ^ (Py09 21)
23. M ^ α -• lyo{x~ yo A Vyoya) (S6.4)
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24. bAxya lyo(x ~ y0 A Vyoya) (Bl, 23)
25. Mxya ^Gxy (KS, 24, 22)

26. Uxya ->ΊGxy (\l9 25)

57.7 M^i^α Λ xx< x ~y <y1-^ iGxy

Proof

1. Mχiyi<* * χi^ x~ y <yx->
Wyxa (S7.8)

2. MΛα yiα Λ ΛΓI ^ x ~ y < ^i
Wyxa <BI, 1)

3. Mx^iα # i < # Λf~3; ^ < 3̂ i
W ^ α <ZA, 2)

4 . M # i ; y i G ! x ± < x x ~ y y < y x x = y
W O T < l* , 3 )

5 . Qxy A x~ y -» x = y (S3.3)
6. Gxy A x ~ y x = y (Bl? 5)
7. G ^ x ~ y x=y (ZA, 6)
8. VAxxyxOL xx<x x~y y <y± Gxy

Ήxxa (KS, 4, 7)
9. ΊWxxa (S7.1)

10. M ^ i ^ i α x±<x x~y y<yi Gxy
iGxy <W, 8, 9)

11. Uxxyxa x x < x x~y y < y λ

iGxy (SW, 10)
12. K/Uî iG! Λ ΛΓi< x - y <yx

ΊGxy <VA, 11)
13. Mxxyxa * Xi<x ~ y <yi-+

ΊGxy 0i, 12)

57.8 MΛΓI^IQ! A XΪ< x ~ y <yλ—> W ^ α

1. M ffi yiα Λ X ! < Λ Γ - 3; <yx -•
MΛΓ^IQ (Aβ.β)

2. M #i:yiα Λ ΛΓX <ΛΓ ~ y <3>i
M^yχα <BI, 1)

3. hAx±yxa x ± < x x~y y < y ±
Mxyλa (ZA, 2)

4. Xχ=x MxiyiOί VAxyλa <ERi>
5. M Λ Γ I ^ Q ; x ! < x v X i = x x ~ y y < y ±

M ΛΓ^Q! <A0, 3, 4)
6. Xχ^x Xχ^x (A)
7. ΛΓX<Λ; Λ;I<Λ; V XX =X (D3.1, 6)
8. hAx1y1a xt< x x~y y<yλ

\Λxyλa (KS, 7, 5)
9. hAxyλa A Pza -^Y^zxa (S7.4)

10. Mxyxa A P za Ήzxa (Bl, 9)
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11. Mxyxa Pza Wzxa (ZA, 10)

12. Mxyxa Pya Viyxa (S%9 11)

13. Mxxyxa xx< x x~y y < yx Pya

Wyxa <KS, 8, 12)

14. M^ij/iQ! Λ Λ : 1 < Λ : ~ 3 ; < 3 / 1 ^

MyyiOi (S6.7)

15. lλxxyxa Λ XX < x ~ y < yx

Vyyxa <B(, 14)

16. hλxxyxa xx<x x~y y<yx

Vyyxa <ZA, 15)

17. Mxxyxa A xx~y <yλ-+ Vyyxa <S6.5)

18. Mxxyxa Λ xx~ y<yx Vyyxa (Bl, 17)

19. Mxxyxa ^1^3^ y < yi

Vyyxa <ZA, 18)

20. xx = x x - y xx ~ 3; <ERi>

21. M#i3>iα ΛΓi = ̂  Λ : ~ 3 ; 3 ^ < ^ I

Vyyi<* (KS, 19, 20)
22. hΛxxyxa xx<xvxx = x x~y 3 ^ < 3 ^ i

yyyiot <A0, 16, 21)

23. M Λ : ^ ^ xx< x x~y y<yx

Vyyict <KS, 7, 22)

24. V^if l — Pya (S5.8)

2 5 . MΛΓ^iQ! ΛΓi^ΛΓ * ~ ; y y < y x

Pya (MP, 23, 24)

26. Mx1y1a xx^x x~y y<yx

Wyxa <KS, 25, 13)

27. bAxxyxa Λ X1 < x ~ 3; < j ; x

W ^ α <VA, 26)

28. M i j i a Λ xx< x ~ y < y!-*

Wyxa (\l9 27)

S7.9 Vyiy2a -> 3 Λ : 3 ^ ( ^ ~ 3 ; A 3 ; I ^ 3 ; < ^ 2 A M i y 2 a Λ ΊGΛΓ^2)

Proof

1. M ^ 2 Q ! M#3>2α (A)
2. M ^ 2 α -> ΊGxy2 (S7.6)
3. M ^ 2 a !GΛΓ3;2 (MP, 1, 2)

4. M ^ 2 α Mxy2aΛ ΊGxy2 <K0, 1, 3)

5. # ~ 3 > * 3 ; 1 < 3 ; < : y 2 ΛΓ - 3̂  Λ 3̂ i ̂  J ' < 3̂2 (A)

6. x ~ y * yx^ y <y2 M-χy2a

x ~ y A yx^ y < y2 * M^3;2Q! Λ ~\Gχy2

<K0, 5, 4)
7. x ~ y * yx^ y <y2 Mxy2a

3y(x ~y*yx<y<y2* VAxy2a Λ Ί G X 3 ; 2 )

<p;, e)
8. x ~ y Λ 3;x < y < 3;2 M ^ 2 α

3ΛΓ33>(# ̂ y ^ i - K ^ Λ M ^ 2 a Λ

1G^2) <Pi, 7)
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9. x ~ y Λ y1 < y < y2 Λ VAxy2a

3x3y(x ~ y Λ yλ<y < y2 Λ \Axy2a Λ

Π G ^ 2 ) (VA, 8)
10. ly(x~ 3 ; Λ 3 Ί ^ 3 ) < 3 ' 2 Λ Mλ^2o;)

3#33;(Λ;~ y Λ } Ί < 3; < y2 Λ MΛ:)'2Q! Λ

lGxy2) <Pfy, 9)

11. 3ΛΓ33>(Λ; ̂  j ' Λ ^ < 3) < ^ Λ M ^ 2 « )

3X3̂ (Λ: '-J'ΛJ ^ ^ ^ Λ M 2̂« Λ

lGxy2) <Pχ, 10)

12. V y i ^ α -* 3Λr3y(Λr - 3; A yλ < 3; < y2 Λ M^ 2 Qi)

(A6.7)

13. V^!3;2α lxly(x ~ y * yi^ y < y2 * Mxy2a)
<BI, 12)

14. V^i^β 3AΓ33;(ΛΓ - ^ Λ ^ < 3 ; < 3 ; 2 Λ M % α Λ

lGxy2) <KS, 13, 11)

15. V y i ^ α -» 3Λ:3^(^ - 3̂  Λ ^ I - 3̂  < ^2 Λ M λ ^ α Λ lGxy2)

<li, 14)
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