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A SUBSTITUTION FREE AXIOM SET FOR
SECOND ORDER LOGIC

NINO B. COCCHIARELLA

In what follows we present an adequate formulation of second order
logic by means of an axiom set whose characterization does not require the
notion of proper substitution either of a term for an individual variable or
of a formula for a predicate variable. The axiom set is adequate in the
sense of being equivalent to standard formulations of second order logic,
e.g., that of Church [1]. It is clear and need not be shown here that every
theorem of the present formulation is a theorem of the formulation given by
Church. It of course will be shown here, however, that each of Church’s
axioms are theorems of the present system and that each of his primitive
inference rules is either a primitive (and only modus ponens is taken as a
primitive rule here) or a derived rule of the present system.

The importance of obtaining an axiomatic formulation such as herein
described lies partly in the significance of reducing any axiom set to an
equivalent one which involves fewer metalogical notions, especially such a
one as proper substitution. However, of somewhat greater importance, it
is highly desirable that we possess a formulation of both first and second
order logic which can be extended without qualification to such areas as
tense, epistemic, deontic, modal and logics of the like. Now proper substi-
tution especially has been the main obstacle to such unqualified extensions
of standard logic, and we take it to be of no little significance that at least
for first order logic (with identity) a substitution free axiomatic formula-
tion has been provided.! The present system extends this earlier result to
the level of second order logic.?

A second difficulty in unqualified extensions of standard logic concerns
the form which Leibniz’ law, i.e., the law regarding interchangeability
salva veritate, is to take. Generally, in the extensions of standard logic to
modal logic, this law has been formulated in an unqualified form applicable
to all contexts, thereby lending credence to the questionable view that only
‘‘intensions’’ or the like can serve adequately as values of the variables for
such systems. In the substitution free formulations of first order logic
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cited, however, Leibniz’ law is axiomatically formulated only for atomic
contexts, and the qualified form or forms the law takes for contexts
involving non-standard formula operators is given in the statement of
metatheorems.® But again, it is a far different matter having such qualifi-
cations stipulated in the form of metatheorems as opposed to having them
built directly into the characterization of the logical axioms. As we have
said, it is desirable that the standard logical axioms for either first or
second order logic be so that axiomatic extensions of standard logic can be
made without qualification.® This desirable feature of the substitution free
formulations of first order logic mentioned is retained in our present
second order system.

§1. Terminology In what follows we shall take a language to be a set of
predicate and operation constants of arbitrary number of places. We
assume, for each natural number #, the existence of a denumerable
sequence of n-place predicate variables as well as a denumerable sequence
of individual variables. We shall speak of both predicate constants and
predicate variables of a language { as being predicate expressions of Q.
We note that a propositional constant or a propositional variable is a 0-
place predicate constant or variable, respectively. Where ¢ is a language,
we take the set of terms of @ to be the intersection of all sets I' such that
(1) every individual variable is in I, and (2) if » is a natural number,

€, ..., ¢-1are in T" and 6 is an n-place operation constant in ¢, then
5(C, . .., u-1)el’. We say that ¢ is an afomic formula of a language ¢ if
there are a natural number 7, an zn-place predicate expression 7 of Q, and
terms &, ..., £,-; of ¢ such that ¢ =7(&, . .., &-1). The set of formulas

of a language % is understood to be the intersection of all sets I" such that
(1) all atomic formulas of € are in T, and (2) ¢, (¢ — ), Ap@el when-
ever ¢, YeI' and u is an individual or predicate variable. By a ferm or
formula we understand a term or formula of some language. For con-
venience we shall use ‘@’, Y’°, ‘X’ to refer to formulas, ‘@’, ‘B’, %’ to refer
to individual variables, ‘r’, ‘p’, ‘o’ to refer to predicate variables, ‘¢’, ‘n’
to refer to terms, and ‘u’, ‘v’ to refer to both individual and predicate
variables. We say that ¥ is a genevalization of a formula ¢ if there are a
natural number »# and predicate or individual variables o, ..., t,-; such
that Y = Ao . . . Alip-1 .

We shall understand bondage and freedom of occurrences of terms,
individual variables and predicate variables to be defined in the usual
manner. Similarly, we presuppose the notion of a formula  being obtained
Jrom a formula ¢ by veplacing a free occuvrence of the term € by a free
occurvvence of the term m as having already been defined in the usual
manner. We say that i is obtained from ¢ by proper substitution of a term
¢ for the individual variable a if y is like ¢ except for having free occur-
rences of £ wherever ¢ has a free occurrence of a. Where ¢ is a formula,

a is an individual variable, and ¢ is a term, we identify <p[§], the result of
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(properly) substituting ¢ for a in ¢, with that formula  which is obtained
from ¢ by proper substitution of { for a if there exists such a formula y;
and otherwise <p[§
from ¢ by proper substitution of ¢ for a, we say that £ can be properly
substituted for a in ¢. Where » is a natural number, ag, . . ., Qp-1, Bo, « - - ,
Bn-1 are pairwise distinct individual variables, ¢ is a formula, &, .. .,
¢,-1 are terms, Bo, . .., Br-1 are the first z individual variables which do
not occur in ¢, &, ..., &.1, we define the vesult of the simultaneous
proper substitution of &, . .., -, for a,, . .., a,-,, respectively, in ¢, in

Qo . . . Op-y Q =11 [Bo -1
symbols <p[§o e 1], to be go[ 0]. .. [Bn—l] [Co]‘ .. [Cn-1] (where the

iterated applications of proper substitution are associated to the left) if
€o, - . . , &1 can be properly substituted for oy, . . ., @,.;, respectively, in

Qg . . . Oy
@; otherwise qo[ ° % ’:l = @. Regarding proper substitution of formulas

] is to be ¢. If there is a formula ¢ which is obtained

CO LIS Cn-l
for predicate variables, we adopt the definition given in Church [1], p. 192f.
However, we shall utilize the notation

(p[ﬂ(ao, ) 4, , a’n-x)]

in place of Church’s notation

é ﬂ(do, ey an_l)(l)l

W

For convenience we state here the following useful lemmas regarding
this notion of substitution. It is assumed in the statement of these lemmas
that n is a natural number, 7 is an n-place predicate variable, and

Qg, . . ., 0.y are pairwise distinct individual variables.
m(Qoy « + « 5 Qe
Lemma 1: If 7(&, . . ., -1 [ (2 o % 1)] # 7oy + + ., Cu-1), lhen
m(ao, . . . - Qo . . .0
W(Co,~--,§n-1)[ (@, 4,a,, 1)]=<p|:° % l]arwl Co, - - ., Ep-yCaN bE
@ CO « e Sp=1
properly substituted for a,, . . ., o,_,, vespectively, in ¢.
Lemma 2: If either B is an individual variable which does not occur free in
Y or, for some natural number kB < n, B = a, then (ABy) [n(ozo, ) W » On- 1)] =

mafe" o ).

Lemma 3: If o is a predicate variable distinct from n, and o does not occur

free in , then (Aog) [ﬂ(a"’ : ‘w' » On= 1)] = Ao(<p[ﬂ(a°’ ’ w ’ a”'l)]).

Lemma 4: If 0 is a predicate variable which has a free occurvence in {,

then (Ao@) [ﬂ(%’ ) 11/ ’ a"'l)] = Aoo.
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§2. Substitution Free Axioms for Second Ovder Logic In our statement of
the second order logical axioms and theorems to follow we shall utilize
some syntactically defined or abbreviatory notation for purposes of
perspicuity. Accordingly, where ¢, v are formulas and u is either a
predicate or individual variable, we set the following as (syntactical)
definitions:

(<> ¥) = (¢ = ¥) = (Y — 9))
Vug =1Ap1e

Definition: A formula 6 is a (second ovder) logical axiom if and only if
there are a natural number #z, individual variables aq, ..., @n-1, B, an
n-place predicate variable 7, a 1-place predicate variable o, a predicate or
individual variable p, terms ¢, 7, and formulas ¢, ¥, X such that 6 is a
generalization of one of the following formulas:

(A1) ¢ = (Y — 9),

(A2) (¢ = (¥ = X)) = (¢ = ¥) = (¢ = X)),

(A3) (=) = (Y — o),

(A4) Ap(e = ) = (Apo — Apy),

(A5) @ — Auo, where u is a predicate or individual variable which does
not occur free in ¢,

(AB) VT Aag ... Adp-y(m(ay, ..., ap-1)<>¢), where ao, ..., 0p-; are all
the distinct individual variables that occur free in ¢ and 7 is an
n-place predicate variable which does not occur free in ¢,

(A7) vB Ao(o(B) — o(t)), where B is an individual variable which does not
occur in ¢,

(A8) Ad(o() — o(n)) = (¢ — ¥), where ¢, ¥ are atomic formulas and ¥ is
obtained from ¢ by replacing an occurrence of ¢ by an occurrence of
1.

We shall have only one inference rule in the present system, viz.,
modus ponens. Proofs are understood in the usual sense of being finite
sequences every constituent of which is either a logical axiom or is
obtained from preceding constituents by an application of modus ponens.
Theorems are, of course, formulas for which there are proofs. We express
the fact that ¢ is a theorem by writing ‘~¢’.

We presuppose the notion of a tautology or tautologous formula without
going into the definition here.’® Because of (A1)-(A3) and the completeness
of sentential logic, we have the following theorem:

Theorem 1: If ¢ is a tautologous formula, then +o.

Where proofs are not given for the remaining theorems, it is under-
stood that they proceed in the standard fashion. We utilize our convention
of having specific groups of Greek letters for the different kinds of
expressions in what follows by not bothering to specify in each case the
kind of expression involved.
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Theorem 2: If ¢ and —(@ — ), then .
Theorem 3: If ¢, then - Apo.

Theorem 4: If y is obtained from ¢ by veplacing a free occurrence of ¢ by
a free occurvence of n, then +~ An(w(¢) = n(n)) —(p — ) and + An(w(t) —
M) = W — o).

Proof: Assume the hypothesis and let € be the language whose predicate
and operation constants are just those of ¢, {, or 1. Let I" be the set of
formulas ¢ of ¢ such that for all formulas ¢ of € and all terms ¢, n of Q, if
Y is obtained from ¢ by replacing a free occurrence of { by a free
occurrence of 1, then ~ An(w(¢) = 7(n)) = (¢ — ¢) and +A7T(@(E) — 7(n))—
(¢ — ¢). Tt suffices to show that every formula of ¢ is in I'. That all
atomic formulas of ¢ are in I is an immediate consequence of (A8).
Moreover, by Theorems 1 and 2, 1¢ and (¢ — X) belong to I' whenever
@, XeI'. Assume then that eI’ and that o, 0 are an individual and a
predicate variable, respectively. The proof of Theorem 4 is completed if
we show that Aap, Aopel. Assume therefore that X is obtained from Aa gy by
replacing a free occurrence of { by a free occurrence of 7 and that g is
obtained from Aoy by replacing a free occurrence of { by a free occurrence
of n. Then, by definition, there is a formula ¢' of £ such that X = Aa¢',
0 = Aog', ¢' is obtained from ¢ by replacing a free occurrence of ¢ by a
free occurrence of 7, and a does not occur in either ¢ or 7. Accordingly,

=AT(@(E) = m(n)) — (¢ — ") since @eT,
FAG[AT@(E) = 7(n)) = (0 — o")] and
FAa[Ar@(E) = 7(n) = (¢ — ¢")] by Theorem 3,
FAo An(m(§) = 7()) = (Aop = Ace') and
FAa An(@(€) = m(n)) = (Aap = Aag') by (A4) and Theorems 1 and 2,
FAT(@(Q) — m(n)) = AoAw(m(g) — m(n)) and
FAT@(E) = 7(n)) — Aa An(r(E) — n(n)) by (A5), and therefore
FAT(@(E) = 7(n)) = (Aop — Adg") and
FAT(m(E) — 1(n)) — (Aag — Aag') by Theorems 1 and 2.

By an entirely similar argument, + An(r(¢) — n(n)) = (Aoe' — Acp) and
F AT(@(€) = 7(n)) — (Aap' — Aap), and therefore Aagp, AogeT'. (Q.E.D.)

Theorem 5: If a does not occur in ¢ and  is obtained from ¢ by proper
substitution of € for a, then + Aagp — Y.

Pyoof: Assume the hypothesis. Then,

+ Am(r(@) = 7(€)) — (@ — ) by repeated use of Theorems 4, 1, and 2,
- /\a(-np — [0 = 1AT((a) — 11({’))]) by Theorems 1, 2, and 3,
FAa1y — [Aap — AavAn(m(@) —7(¢))] by (A4) and Theorems 1 and 2,
1y = Aaly by (A5),
FaAa An(r(e) — 7(¢)) — (/\aqa — z,b) by Theorems 1 and 2,
FaAaq An(r(a) — 7(¢)) by (A7), and therefore

FAap — Y by Theorem 2, (Q.E.D.)
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Theorem 6: If B is an individual varviable which does not occur free in ¢
and  is obtained from ¢ by propev substitution of g for a,then +Aap —
AByand + ABY — Aagp.

Proof: Assume the hypothesis. If @ has no free occurrences in ¢, then, by
definition, ¥ = ¢, and Theorem 6 holds trivially by (A5) and Theorems 1, 2,
and 5. Assume therefore that @ has free occurrences in ¢. Then a #
and, accordingly,

FAap =Y by Theorem 5,
- /\B(/\aw - z[/) by Theorem 3,
FAB Aagp — ABY by (A4) and Theorem 2,
FAagp = ABAag by (A5), and therefore
FAap — ABY by Theorems 1 and 2.

By a similar argument it is shown that + ABy — Aag. (Q.E.D.)

Theorem 7: Ifa is an individual variable which has no free occurrences in
0, B is an individual variable which does not occur in @, and | is obtained
from ¢ by veplacing each occuvrvence of a by an occuvrvence of B, then
o= Yand -y — @.

Proof: Theorem 7 is easily seen to hold by a simple inductive argument
using Theorems 1, 2, and 6. (Q.E.D.)

Theorem 8: If Y'is obtained from Y by veplacing an occuvrvence of ¢ by an
occurvence of @', ¢ — @' and @' — @, then =¥ — Y' and ="' — Y.

Proof: Assume the hypothesis and let € be the language consisting of all
the predicate and operation constants occurring in Y, ¢, or ¢'. Let I" be
the set formulas ¢ of € such that for all formulas ', ¢, ¢' of &, if Y' is
obtained from Y by replacing an occurrence of ¢ by an occurrence of ¢',
Fo — ¢' and @' — ¢, then Y — ' and ' — . By a simple inductive
argument using Theorems 1, 2, 3, and (A4)-(A5), it is easily shown that
every formula of ¢ is in I'. (Q.E.D.)

Theorem 9: (Rule of alphabetic change of bound individual variables):
If ais an individual varviable which has no free occuvvences in ¢, Bis an
individual variable which does not occur in ¢, @' is obtained from ¢ by
replacing each occurvence of a by an occurvence of B, and ' is obtained
Jfrom Y by veplacing an occurvence of ¢ by an occuvrence of ', then
Ry — W' and -yt — .

Proof: Theorem 9 follows trivially from Theorems 7 and 8. (Q.E.D.)

Theorem 10: If Y is obtained from ¢ by propev substitution of ¢for a, then
FAagp — .

Proof: Assume the hypothesis. If @ does not occur in ¢, then the desired
result follows from Theorem 5. Assume therefore that @ occurs in . Let
B8 be an individual variable which does not occur in either ¢ or in ¢, and let
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¢' be the result of replacing in ¢ each occurrence of @ by an occurrence of
B. Finally, let ¢' be the result of properly substituting ¢' for a in ¢. Then,

FAagp — ! by Theorem 5,
l—/\BE/\o«p - w') by Theorem 3,
FAB(Aagp — zp') - (/\cup - zp) by Theorem 5, and therefore
FAap =Y by Theorem 2.

(Q.E.D.)

Corollary: If o, then ‘-ﬁﬁ[‘g:l-

Proof: By Theorems 3, 10, and 2. (Q.E.D.)

§3. Proof of Adequacy We note at this point that Church’s first inference
rule *500, viz., modus ponens, is a primitive rule of the present system.
His inference rules *501-*503 are all derived rules here according to
Theorems 3, 9, and the Corollary to Theorem 10, respectively. Church’s
axioms 1505-1507 are, of course, all theorems here by (A1)-(A3). Every
instance of Church’s schematic axioms *508,, for each natural number #,
as well as his axiom {508, are easily seen to be theorems of the present
system by (A4), (A5), and Theorems 1 and 2. Church’s axiom 1509 is, of
course, an instance of our Theorem 10. It remains therefore to show that
each instance of Church’s schematic axioms *509,, for each natural number
n, is a theorem of the present system. The remainder of the (meta)
theorems shown here all lead to establishing this result in the form of
Theorem 16. :

We remark that Theorems 11, 12, and 16, and their development from
one to the other, are the obvious analogues of Theorems 4, 5, and 10,
respectively, and their development from one to the other. This is note-
worthy since the manner in which we justify our specification principle for
predicate variables (Theorem 16) parallels that in which we justify our
specification principle for individual variables (Theorem 10); and, ac-
cordingly, the novelty of our major result, viz., a substitution free axiom
set for second order logic, is derived from the novelty of this parallel
reasoning.

We remind the reader of our convention of having specific groups of
Greek letters for the different kinds of expressions, a convention we
continue to use in what follows. In addition, for the remainder of this
paper it will be assumed that » is a natural number, 7 is an z-place
predicate variable, and ao, ..., Q-; are pairwise distinct individual
variables.

Theorem 11: If ao, . . ., 0y_1ave all the individual variables that have free
occurvences in Y, then +ANdg... Ay (M, . . ., Guo)<>Y) = (@ —

((p[n(ao, : \P ’ a"‘l)]) and F Aoy . .. Aoy (m(@o, . . . , Gpoy) <> YY) —

(w[fr(ao, . ,\p , oz,,_l)] » (p).
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Proof: Assume the hypothesis and let 2 be the language consisting of the
predicate and operation constants occurring in ¢ or . Let I'" be the set of
formulas ¢ of € such that for all formulas Yy of &, if ap, ..., @,.; are all
the individual variables occurring free in ¥/, then

m(Qoy . . . , Op-
FAao. .. Aau-y(m(ao, . . ., tp-1)<>Y) — <<p—> qa[( ° v ” ‘)D
and
T(doy -« ., Ope
I_/\ao e Aan-l(ﬂ(ao, e e ey an-I)H\D) —_ <g)[ ( 0 w ” 1)] —)(p)_
It suffices to show that every formula of ¢ is in I'. Suppose ¢ is an
arbitrary atomic formula of &. Then ¢ = p(&, .. ., {-1) for some natural
number 2, some k-place predicate expression p of ¢, and some terms
o, . - ., Cx—y Of Q. If p # 7, then for all formulas v, (p[ﬂ(ao’ : ll/ ’ a"_l)] = @;
and therefore @eI’ by Theorem 1. Assume then that p =7 and that  is an
arbitrary formula of ¢ whose only free individual variables are q, . . .,
Op-y. Accordingly, 2 = nand ¢ =m(, . . ., {p-1). If (&0, . . ., Cp=1)
[ﬂ(a‘)’ ) ll/ ’ a”"l)] =7m(toy . .., {y1), then @eI' by Theorem 1. Assume
therefore that (&, . .., &-1) [ﬂ(am ’ '11/. ,a,,_,)] # m(&, . . ., C-1). Then,
Qgy « . . - C e Qe

by Lemma 1, (&, . . . , &u1) [ﬂ( o » On 1)] = zp[% %n 1] and

EU CO LI Cn-l
€o, . . ., Lu-1 can be properly substituted for a,, . . ., @,-,;, respectively, in
Y. Let By, ..., Bp-1 be the first » individual variables which do not occur
in ¢, &, ..., &-; and which do not belong to {ao, Ce ,a,,_l}. Then by

repeated application of Theorems 10 and 3, (A4), Theorems 1 and 2, and
(A5),

A ... Aoy (m(ag, ..., Gpo)<>Y) = ABo ... ABu-a <7T(5o, R Y
Qo Qp_y
L)L)
Moreover, by repeated application of Theorems 10, 1, and 2,

- ABo - .. ABpi (n(so, o B,,_l)ew[;zj [‘;::i])—» <1T(§0, e Epr) e
o)l @) )

But, by definition, w[;o] - [;"'1] [[?- .. .[c"'l] = u/[oé" T (é"'l] and
0 n—1 [ Co ] n-1 0+« Cn-1

therefore,

- ABo ... ABui (ﬂ(Bo, e B,,_I)pr[%] [a”'l])—» (n(co, T PN

BO Bn-l
Qg . . .0
w[to LA Cn-1]>'
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and, accordingly, by Theorems 1 and 2.
FAa. .. Adyoy (Mo, . . ., Gpo)e>Y) — (ﬂ(Co, N o A
Qg . . .0
o 50])
from which it follows, by Theorems 1 and 2, that @eI'. Since (71¢)

[ﬂ(ao, . .4/, a,,_l)] - ((p[ﬂ(ao, . .u;,a,,_ 1):I) and since (¢ — X)[ﬂ(ao, 4, \ O 1)] _

mao, . . ., a,,_l)] [W(ao, R an-l)]) [77(00, c ey an-1)]
- X or - X =
(o], » , or (¢ = %) ’
(¢ — X), then by Theorems 1 and 2, 1¢ and (¢ — X) are in I' whenever

@, XeI'. Assume now that eI’ and that y, o are an individual and a predi-
cate variable, respectively. It suffices to show that Ayp, AopeI'. Suppose

Y is a formula of ¢ whose only free individual variables are aq, . . . , 0,_;.
Then,
[ A"ao PRI Aan_!_ (W(ao, c ey d,,_l)<—>¢/) nd (QD — (p[‘”(ao, : ;l/. ’ a”_l)])
since el

FAY Aag. .. Ay (g, . . ., Op-1)<>Y) — (/\y(p -

/\y((p[ﬂ(a"’ ) .ll/. » On- ‘)]» by Theorem 3, (A4), and Theorems 1 and 2,
FAdy. .. Aapoy (m(ag, . .., Gp-y)<—>y) —

AyAag . .. ANayey (ml(ay, . .., - )<>Y) by (A5).

We note that either y does not have a free occurrence in ¢ or y = ¢;, for

some i < n. In either case, by Lemma 2, /\-y(q;[ﬂ(%’ : 'w‘ ,a,,_Q]) =
(AY‘P) [ﬂ(ao’ ) 11/ » G- 1)], and therefore

FAQg . .. Abpoy (mlao, . . ., op-)e>y) —
(/\wz - (Aro) [”(a"’ v ’a"'l)])'

By an entirely similar argument,

FAQo ... Adpy (m(ag, ..., Gy )e> ) —
<(/\‘)’¢) [w(ao, . W , a,,_,)] . /\'N’),

and therefore Ay@eI'. In regard to showing that AopeI’ we consider two
cases, depending on whether o =7 or o# m. If 0 =m, then, by definition,

(/\O(p) [ﬂ(%’ : ll/ » On- 1)] = Aog, from which it trivially follows by Theo-
rems 1 and 2 that AogeI’. Assume then that o# 7. If ¢ has a free
occurrence in y, then, by Lemma 4, (/\O‘qp) [17(010, ’ IP » On- 1)] = Adgg, from

which it follows by Theorems 1 and 2 that AogeI'. Suppose o has no free
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occurrences in ¢. Accordingly, by Lemma 3, (/\oq)) [n(ao ’ IP ’ a”'l)] =

/\0((0[”(%’ ) .ll/. ’ a"'l)]>. Furthermore,

FAGo . .. Atyey (1o, « . ., G )e>Y) = (w —»<p[”(°’°’ " ’“"")])

since @eT,
FAG Aag. .. Aa,_y(m(ag, ..., Q1<) —

</\0<p — (Aog) [”(%’ : -w- ; an-1)]>

by Theorem 3, (A4), and Theorems 1 and 2.

FAdg ... ANbpoy (m(ag, . . ., Qpey) ) —
Ao Adg ... Ny (g, . . ., @ya1)<>Y) by (A5), and therefore
FAdg ... Ay (@, . . ., Qpo)<>Y) —
(/\ ( [ﬂ(ao, ce a,,_ﬂ])
op — /\oq;) W by Theorems 1 and 2.

By an entirely similar argument,

|—Aa0 o« o . /\a”_l(ﬂ'(ao, “ e ey 01,,_1)<—->¢/) ed

((/\ow) [ﬂ(ao, . .w. ,a,,-l)] . Acr(p),

and therefore Acgel’. (Q.E.D.)

Theorem 12: If ao, . . ., Q,-1 ave all the individual variables that have free

occurrvences in Y, and m does not have a free occurvence in eithev y or in
R ce -

(p[ﬂ(do, v s Un 1)]’ then +Amg — w[ﬂ(ao, " , Op 1)]

Proof: Similar to the proof of Theorem 5, using Theorem 11 in place of
Theorem 4 and (A6) in place of (A7). (Q.E.D).

Theorem 13: FAwmo — o.

Proof: Let p be the first n-place predicate variable distinct from 7 and
which does not occur in ¢. Then

7T((\!O, LI ;an-l)]
AT — by Theorem 12,
¢ w[p(ao, LR ] Ap- 1) y
77(040, L] an-l)])
FAp AT — A
P ¢ P (q)[p(aoy sty an-l)
by Theorem 3, (A4), and Theorems 1 and 2,
FATQ — Ap AT by (A5),
W(ao; LR an- 1)})
FAT — A by Theorems 1 and 2
¢ P(fﬂ[p(ao’ L yan-l) y ’

mno(f e ]) = e[ ] e )

by Theorem 12 and therefore,
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FATQ — @ by Theorems 1, 2, and
m(@o, . . . ,an-l)] [p(ao “e an-l)]
the fact that ¢ = [ ’ ’ ’ . .E.D.
¢ ¢ p(a(), L] afl—l) ”(a(); soe ey aﬂ-l) (Q )
Theorem 14: If ao, ..., a,-; ave all the individual variables occurving

free in y, then +~Amp — (p["(ao, . zp ) Oln-l)].

Proof: Assume the hypothesis. If 7 does not have a free occurrence in
either y or in (p[ﬂ(%’ e ll/- ’ a,,_,)]’ then the desired result follows from
Theorem 12. If 7 does not have a free occurrence in ¢ but does have a free

. m(ag, . . . - . .
occurrence in go[( o W » On 1)] or if m has a free occurrence in

¢ but does not have one in <p[7T(ao, . lp , a,,_l)]

w["(a"’ o a,U » G- 1)] = ¢; and therefore the desired result follows from

, then, by definition,

Theorem 13. Suppose then that 7 has a free occurrence in both ¢ and

wla,, . . ., 01,,_1)] [ﬂ(ao, Ce a,,_l)]
I = ¢, then
(0[ v ® v @
o, . . . , Op-1)
AT — @ v by Theorem 13.

Assume therefore that <p[ﬂ(a°’ © tl/- ? a""l)] # ¢. Let p be the first n-place
predicate variable distinct from 7 and which does not occur in either ¢ or

Moy « « +  Opoiy)

and let Y' = ’ ’
v v w[p(do, ey O -1)
have a free occurrence in y'; and, furthermore, 7 does not have

a free occurrence in w[ﬂ(a‘” ‘V ’a"")], since the latter is in effect

(e e ) aven

]. Accordingly, by definition, 7 does not

- AT — (p["(a“’ . ll/' ) a”'l)] by Theorem 12,
-Ap </\7rqo - <p[ﬂ(a°’ ) a”'l] by Theorem 3,
mag, . . . 5 Ay
FAp </\77<p—’<0[( ° " 1)])‘*
(/\17 - [ﬂ(ao, e e ey an_l)]) [P(ao, c e ey an—l)] by Theorem 12
g y' m(@o, « « .+ 5 Up-1) ’
- ﬂ(ao, e e ey an-].)]) [P(ao, DY aﬂ'l)]
I—(/\W(P QD[ ‘I/' ﬂ(ao, R ari-l)

by Theorem 2, and therefore

AT — w[ﬂ(ao’ ’ 11/ ’ a"'l)] by definition. (Q.E.D.)
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Theorem 15: If X = ((Mao, . . . , Gpo1) <> 7o, . . . , Auy)) — ), then
'_(p[”(aO’ . ;(' > an-l)] — g)[ﬂ(aO) . ;Ij' ’ afl-.l)] and I_go[ﬂ(ao, LA ] aﬂ-l)] —

(o, « . -, Qyey) v
“’[ X ]

Proof: Theorem 15 is easily seen to hold by a simple inductive argument
using Theorems 1, 2, 3, and (A4). (Q.E.D.)

Theorem 16: +ATp — q)[ﬂ(%’ T a"'l)].

1%
Proof: Assume the hypothesis. Let Bo, . . ., Bp-1 be (without repetition) all
the distinct individual variables that are free in iy and that are not
members of {ag, ..., ,_;}. Let &, ..., §_, be pairwise distinct in-
dividual constants (i.e., O-place operation constants) which do not occur in
@ or . In addition, let X = ((m(@o, . . . , G- <> 7o, . . . , Apy)) —

a,l/[c" e ?" 1]) Accordingly, a,, . . ., a,_, are all the individual variables
0« G-t

occurring free in X. Therefore,

[77((10, ey aﬂ-l)-
X

AT — @ by Theorem 14,
Qoy . v ., Opy) |

AT = @ m :’ o ’B:;ll) by Theorem 15,
’J/[o co Ck-l]J

FABo ... ABi-1 (A?T(p - @ TT((YO, : .‘p' ’ a”-l)]>

by repeated application of (A5) and Theorem 2, and therefore,

F AT — <p["(a°’ : zl/ ’ a”")] by Theorem 10. (Q.E.D.)

NOTES

1. Such a formulation is given by A. Tarski in [2] and developed by D. Kalish and R.
Montague in [3]. The present author in [4] and [5] has also formulated a substitu-
tion free axiomatization of first order logic without ‘‘existential presuppositions.’’

2. Of course, when extending either first or second order logic to tense, epistemic,
deontic, or modal logic, qualifications in metatheorems regarding principles of
proper substitution will be required. Nevertheless, it is a far different matter
having such qualifications stipulated in the form of metatheorems than it is having
them built directly into the characterization of the logical axioms themselves.

3. cf. [4], lemma 4.27 (p. 108) and the discussion on page 106. The objections against
an unqualified, general version of Leibniz’ principle (or interchangeability salva
veritate) are applicable when certain special ‘‘opaque’’ contexts are involved, be
they modal or otherwise. But all such contexts are—or should be when properly
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5.

(1]
(2]

(3]

[4]

[5]

l6]

[71

formalized—other than atomic, their ‘‘opacity’’ being generated within the scope of
special formula operators. Atomic formulas, because they are atomic, will contain
no occurrences of such operators and consequently will uphold par excellence the
Leibnizian principle unqualifiedly.

. Examples of such unqualified extensions of standard logic can be found in [4], [6],
and [7].
cf. [2].
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