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RELATIVE STRENGTH OF MALITZ QUANTIFIERS

STEVEN GARAVAGLIA

In this paper I will solve a problem concerning Malitz quantifiers
which was posed in [ l] . Before stating this problem I will introduce some
notation which will be used in the proof. If X is a set then c(X) is the
cardinality of X and [X]n is the set of w-element subsets of X. Sn is the set
of permutations of {l, 2, . . ., n}. If 3ί is a structure 1311 denotes the
domain of 31. If ^ is a first-order language, -C(|3ί|) is the result of
adjoining to <£ one constant symbol for each element of |3l|. No distinction
will be made between elements of 1311 and the constant symbols denoting
them. Variables will be denoted xu x2, . . ., yly y2, . . ..

Now let <£ be any first-order language. For each n and each infinite
cardinal a a language JCa is obtained from £ by adjoining the quantifier Qn

a

with the following interpretation: ty^Qn

axγ . . . xnφ(xu . . ., xn) if and only
if there is a set X c |3I | such that c(X) ^ a and for all distinct au . . ., an in
X, tΓh<ρ(«i, . . ., an). Malitz and Magidor [2] and Badger [l] have estab-
lished many deep and interesting results concerning these languages. In
[1], page 91, Badger gave a list of unsolved problems about the languages
«̂ α. There he raised the question whether JC^+1 is a proper extension of <£%.
In this paper I answer this question affirmatively for all n ^ 1 and all a > ω
by exhibiting two structures 31 and 53 of the same similarity type such that
31 and 53 satisfy the same sentences in jCa but do not satisfy the same
sentences in Jtf*1.1

Let n be any fixed positive integer and let a be any fixed uncountable
cardinal. £ will be a first-order language with equality whose only
nonlogical symbol is an (n + l)-ary predicate symbol R.

Definition 1: If 31 is an ^-structure, γ is a finite subset of 1311, σe Sw+1, and
tl9 . . ., tn+1eγ u {#i, . . ., Xk, 3>i, . ., y j t h e n σ(tl9 . . ., tn+ι) is the (n + 1)-
tuple U σ ( l ) , . . ., tσ(n+ι)) and σR(tl9 . . ., 4+i) is the *C( 1311)-formula R(tσ{ι),

. , ίτ(«+i))

1. For α = coi, this result was obtained independently by Andreas Baudisch under the assumption

Oωi
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Definition 2: Suppose 5ί is an -^-structure, y is a finite subset of |5l|, and
1 ^ m ^ n. An m-type p over y is a set of JQ{ 151 I)-formulas such that

(1) all elements of p are of the form τR(xσ(ι), . . ., xσ(j), au , «»-/+i)
where l ^ j ^ m , σeSm, τeSn+l9 and <z1? . . ., «Λ.7 +i are distinct elements
of y,
(2) if l ^ j ^ m , τeSn+u σeSm, τ'eSn+u σ'eSm, and τR(xσ(1), . . ., # σ ( / ) ,

«!, . . ., Λ«-7 +I) ep then T'-flfo/d), . . ., Λrσ/(y0 , au . . ., «n.y +1) e/>.

Definition 3: Suppose 51 is an ^-structure, y is a finite subset of |5f I, and
1 ^ m ^ n. A proper m-type p over y is a set of -£( |5I |)-formulas such that

(1) all elements of p are of the form τR(xu . . ., #OT, au . . ., αΛ.OT+1) where
T e Sw+1 and al9 . . ., an-m+i are distinct elements of y,
(2) if T e Sw+1, T ' e SΛ+1, and τ β ( ^ , . . . , xm, al9 . . . , αΛ-Λ +i) e /> then r 'Λ^i, . . . ,

Xm, au - , an_m+ι)ep.

Clearly, a proper m-type p is just an m-type in which all of the
variables xu . . ., xm occur in every formula in p.

Definition 4: If 51 is an -f-structure, y is a finite subset of |$l|, p is an
m-type over y, and bl9 . . ., bme |9ί| then (ft^ . . ., δ j realizes £ if and
only if

51 hτΛ(&σ(i), . . . , &σ(/), «i, . . . , «w-/+i)«-» τi?(^σ ( l ), . . . , * σ ( / ) , α1? . . . , an_j+1) e p

for all 1 ^ j ^ m, T € SΛ+1, σ € Sw, and α1? . . ., αw_; + 1 e y.

These notions are all borrowed from the customary model-theoretic
definitions of type, realization, etc. It can be shown that types as they have
been defined here correspond exactly to quantifier-free types in the usual
sense with respect to a certain first-order theory. But it does not seem to
simplify the exposition to use this fact so I will just ignore it.

Now I proceed to construct two j£-structures 5Ϊ = (A, i?21) and 53 =
(B, R®). First, for each β < a a structure 5lβ = (Aβ,R

 β) will be constructed.
Let Ao = {1, 2, . . ., n + l}, Λ*° = {σ(l, 2, . . ., n + 1) |σe Sn+ι}. If β is a limit
ordinal let Aβ = U Ah, R%$ = \JR^. If β = δ + 1 where δ is even, then let aβ

be any element such that aβjίAd and let Aβ = Aδ U {β }̂ and

RΆβ = ^ δ U {a(ax, . . ., any aβ)\σeSn+1, au . . ., ane As Λ as Φ at}.

Now suppose that β = δ + 1 where δ is odd. For each finite subset y of A§
and each w-type p over y let Xγtp be a set of cardinality a such that
Xv,p ΠAs = 0 and if y Φ γ' or p Φ p' then Xγ>p Π x|/^/ = 0 . Let Aβ = ASΌ
U -Xy7?. For each n-tuple (blf . . ., bn) of distinct elements of Xγ>p let

/>(&!, . . ., bn) = {τ(δσ ( 1 ), . . ., δσ( ; ), au . . ., α»-/+i)l
τΛ(#σ(i), . . ., ^σ(y), «!, . . ., α Λ . ; +1)e/>}.

Let
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R^ = Λ*δ U U U {P(bu . . ., b.) \bu . . ., bne X$ιp A bs Φ bt).

Finally, let 21 = (A, R*) where A = U A* R*= U i ^ β .
β<a β<~a

$8 is constructed in a similar manner. For each m < ω a structure Wm

®m= (Bm, R*™) will be constructed as follows. Set Bo = {l, 2, . . ., n +
1}JR*° = {σ(l, 2, . . ., n + l ) |σeS n + 1 } . If » w has been constructed, then for
each finite γ ^ Bm and each rc-type p over γ pick a set Xy,"̂ 1 of cardinality a
such that Bm Π Ϊ ^ J = 0 and if γ Φ γ' or p Φ p' then X ^ 1 Π X ^ / = 0 . Let
Bm+ι = Bm U U Xy t 1 . Define />(&!, . . ., bn) as before and let

Ύ'P

R*m+1 sR*mΌ\J\J{p{b . . ft ) | 6 . # 5 W 6 ^ Λ δ s ^ 6,}.

Finally, define « = <£, ^ ) where JB = 1 1 ^ , ^ = U K*m.

It is important to make four simple observations about these struc-
tures:

(1*) ifδ<β<a then $ίδ c $|β and if m < k < ω then Wm c 53fe;

(2*) ifw\=R(al9 . . ., an+ι) then%\F A α s ^ «/ and if S&^Rib^ . . .,δΛ + 1)

then^V A δ s ^ &/;

(3*) ifβ<a,β = δ + l where δ 25 odd, γ is a finite subset of A§ and p is an
n-type over γ then each n-tuple of distinct elements of Xγ,p realizes p, and
an analogous statement holds for 33;

(4*) both R% and R^ are symmetric, i.e., ifσeSn+1 and%\=R(ali . . ., an+ι)
then%\F<jR(aγ, . . ., α^+1) and if 9^R(bl9 . . ., bn+1) then&t=σR(bl9.. .,bn+1).

These statements are all proved by quite simple inductive arguments.
Using these facts, I can now prove the following lemma which contains the
easy half of the main result of this paper.

Lemma 1 $lt=Qα+1#i . . . xn+1R(xu . . ., xn+1) fl^SNΊQf1 xγ . . . xn+ιR(xu

. . - , Λ Γ » + I ) .

Proof: By construction of 51, if β = δ + 1 where δ < a is even then Aβ =
Ah U {aβ}. Let X = {aβ\ β < a, β = δ + 1, δ even}. Then c(X) = a. Any (n + 1)-
tuple of distinct elements of X has the form σ(aβ , . . ., <Z/3W+1) where βλ <
. . . < βn+ι, βi = δi + 1, δf even for i = 1, . . ., n + 1, and σe Sn+1. The set
{aβl, . . ., aβr} is contained in A%n+ι since βλ < . . . < βn < δw + 1, so by con-
struction of W σ(aβι, . . ., βj3n+1) e Λ*. This proves that f l N Q ? 1 ^ . . .

Now suppose that XC B, c(X) = a, and for all distinct bu . . ., bn+ι e X
φ\=R(bu . . ., bn+1). Since ω < a there must be some m such that XΠ
(Bm+ι - Bm) is infinite. Let bl9 . . ., bn+1 be distinct elements of i n (Bm+1 -
Bm). By our assumption ^β\FR(bu . . ., bn+1). Suppose that (bly . . ., bn+1) e
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R m+1. Then there must be some y c Bm, an w-type p over y, and distinct
elements c1? . . ., cn in X ^ 1 such that £(6^ . . ., &n+i)€/>(c1? . . ., cn). But
if R(tu . . ., tn+1) ep(cl9 . . ., cn) then at least one of the U must be an
element of y. This is an immediate consequence of the definition of an
n-type. Since γn{bu . . ., bn+ι}= 0, it must be that (bl9 . . ., bn+ι) jίR*m+1.
But by observation (1*), » m + 1 c « so (δ1? . . . , ^ + 1 ) / Λ β , i.e., © h π ^ , . . .,
δw +i). This is a contradiction. Therefore no such X can exist, i.e.,
fJNΊQΪ 1 " 1 *! . . . Xn+iR(*i, , * β +i). Q.E.D.

Now we move on to the more difficult part of the proof: showing that
$1 and 93 satisfy the same sentences in «,£*. I adjoin two O-ary predicates
T (" true") and F ("false") to *C and give them the obvious interpretation in
any structure. They can be regarded as defined terms with the defini-
tions T = V#i(#i = xγ) and F = 3xι{xι Φ xγ). This expanded language is
called -C(T, F).

Lemma 2 To each formula <ρ(yl9 . . ., yk) of -C(T, F)S with free variables
among yl9 . . ., y^ one can effectively associate a quantifier-free formula
Ψ(yi, , yk) °f -C(T, F) with free variables among yly . . ., yk such that

H ^ v ? ! . . .vyk[φ{ylf . . ., yk)<r+ψ{yl9 . . ., yk)]

and

» N v^i . . . vyk [<p(yi,..., yk)*^ Ψtou •> yύl

Proof: By using induction on the length of the formula, the proof can be
reduced to the consideration of two special cases.

Case 1: Suppose φ(yu . . ., 3>&) Ξ 3xxη(xl9 yl9 . . ., 3 )̂ where 77 is a conjunc-
tion of atomic formulas and negations of atomic formulas in ^(T, F).

(a) If xλ = yj or y^ = xγ is a conjunct in 77 for any j then it is easy to see that

%\r\fy1... vyk[Bxtf(*i, yi, ., yk)<-*Φi/yj, 3Ί, . . , y*)]

and

®NVyx . . . VyktexMxi, yi, . , ^ )<^^Ui/^; , 3̂ i, . . ., Λ)]

where r\{xjy^ yl9 . . ., 3̂ ) is the result of substituting^- for every occur-
rence of xγ in η(xu yl9 . . ., yk).

(b) Suppose that there is no j such that yj = xx or ΛΓX = ̂ ; is a conjunct in 77.
Let Δ be the smallest set of quantifier-free formulas of -C(T, F) satisfying
the following rules:

(1) T e Δ
(2) p(yu . . ., 3>fe)eΔ where p(yl9 . . ., 3;̂ ) is the conjunction of all the
conjuncts in 77 which do not contain xγ

(3) if σe Sn+1, j > 1, and σR(xu . . ., xl9 yiγ9 . . ., yin_.) is a conjunct in 77, or
if xx Φ xλ is a conjunct in 77, then F e Δ .
(4) if σeS w + 1 and σR(xu yίv . . ., yin) is a conjunct in 77, then Λ y s Φ

y%t e Δ
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(5) if T! e Sn+ι, τ 2 e 5W+1 and both τjl(x» 3^, - , 3>*w)
 a n d Ίr2R(xlf yh, . . . , yjn)

are conjuncts in η, then V ( Λ yis Φ yjλ e Δ.

Let ψ(yl9 . . ., yk) = A μ ί j Ί , . . ., 3fc). Then I claim that 51NV3Ί . . .
VyJ^Tjί* ! , y!, . . ., y*)^Ψ(yi» •> Λ)] a n d » NVy! . . . V^t^^r^Ui, yx,
• •> 3k) ̂ -^ Ψ(3Ί> •> yk)]> The proofs for 51 and 53 are essentially identical,
so I will confine my attention to 51. So suppose that (al9 . . ., ak) is any
β-tuple of elements of A, and suppose that 5ί N 3xγη(xl9 alf . . .,ak). Then
for some aeA, W\=η(a, al9 . . ., ak). For each μ e Δ I will show that
5lhμ(#i, . . ., cik). Any μ in Δ must be placed there according to one of the
rules (l)-(5). So I consider each rule in turn. If μ = T then there is nothing
to prove since 51 NT is always valid. If μ(yl9 . . ., yk) = p(yl9 . . ., yύ then
since p is a conjunction of conjuncts in η and 511= 77(0, al9 . . ., ak) we have
5Jf=p(<z1, . . ., β&). μ cannot be put into Δ according to rule (3) since in that
case either xγ Φ xγ or something of the form σR(xlf . . ., xl9 yiγ, . . ., y, w . ; )
(σe Sn+1, j ^ 1) would be a conjunct in η. It would follow that either 5(N a Φ
a, which is impossible or 2It=σfl(α, . . ., a, d{v . . ., ain_ ) which is im-
possible by observation (2*). Next suppose μ arises via rule (4). Then
μ = A yis Φ y%t and for some σe Sn+1, σR(xl9 yiχ, . . ., yin) is a conjunct in

η. Therefore 5lN=σi2(α, a{ , . . ., ain) and by observation (2*), this implies
that 51 N Λ cii Φ CLit. Finally suppose μ arises from rule (5). Then μ is

sΦt s ι

of the form V ( A y%s * yjή and for some τ x e Sn+1, r 2 e Sn+1 both TιR(xu yiγi

. . ., yίn) and iτ 2Λ(#i, yjl9 . . ., yjn) are conjuncts in η. Hence 5IhTi#(α, aiγi

. . ., ain) and 51 N lτ2R(a, ajv . . ., α/w). By observation (4*), i?21 is sym-
metric, so {aiί9 . . ., « i j Φ {ah, . . ., ajn}. By observation (2*) α^, . . .,ain

are distinct, so in fact \aiχ, . . ., «,-„}£ {«;i, . . ., α/n}. Therefore there is

some s such that a%si\a^l9 . . ., Ojn}. This implies that 5ll=Vί A ais Φ aΛ.

Conversely, suppose 51N Λμ(fli, . . ., ak). I will show that W\=3xiη(xί9

al9 . . ., ak). Let γ = {alf . . ., a^. Pick some δ < a such that δ is odd and
y c 4 Let p= {τR(xσd)9 aiγ9 . . ., ain)\σe Sn, τ e Sn+1, and for some τ f e
Sn+ι τrR(xlf yιv . . ., yin) is a conjunct in 77}. I claim that p is an rc-type
over γ. First, if τR(xσ(ι), aiv . . ., ain) e p for some τ e Sn+ι, σ e Sn then by
definition of p τrR(Xι, y ι^ . . ., 3>;w) is a conjunct in η for some τ f e Sw+1 and
hence, again by definition of p, τ"R{xσn(l)9 aiγ, . . ., cnn) ep for any τ" e Sn+ι

and σ" € Sn. This shows that p satisfies the second condition in the definition
of an w-type. Now suppose again that τR{xσ{ι), aιv . . ., cnn) e p. Then for
some τr eSn+ι, τrR(xu yiγ9 . . ., yin) is a conjunct in η. Hence A yis Φ

yi eΔ. Then since 51N Λμ(« i , . . ., ak) we have 5IN A a{ Φ air This

proves that /) satisfies the first condition in the definition of an w-type.
Take any w-tuple (cl9 . . ., cn) of distinct elements of X$*p. By observa-

tion (3*), (cu . . ., cn) realizes p. I claim that %)?r\(cu,au . . ., ak).
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I consider each conjunct in η separately. For conjuncts in 77 which do not
contain xx it is sufficient to note that they are also conjuncts in p, and since
pe Δ we have by assumption, 5lhp(#i, . . ., «*). Also, by hypothesis, 77 has
no conjunct of the form xλ = y^ or yj = xl9 If xγ Φ yj or yj Φ xx is a conjunct
in 77, then % N cλ Φ a,j (31N α7- Φ cx) since cλ e A%+1 - Ag but α7 e Ag. Nothing of
the form σR(xl9 . . ., xl9 yiγ, . . ., yin_j) where σeS w + 1 and j ^ 1 can be a
conjunct in 77 since if it were then FeΔ and so we could not have 51 h
Aμ(«!, . . ., ak). For the same reason xx Φ xx is not a conjunct in 77. A

conjunct of the form xλ = #! is trivially satisfied. If τR(xlf yiγ, . . ., yin) is
a conjunct in 77 where τeSn+ι, then ?-#(*!, α^, . . ., din)ep and since
(ci, . . ., cw) realizes p, we have %^τR(cu aiχ, . . ., ain). If r eSw+i, j ^ 1
and lτR(xu . . ., ΛΓi, yi19 . . ., ̂  w_; ) is a conjunct in 77, then $1 ̂ I T R ^ , . . .,
cu aiv . . . , ain^) by observation (2*). Finally suppose ΊτR(xu yiv . . ., yίn)
is a conjunct in 77. I claim that τR(xu aiγ, . . ., «/„)//>. If it were in p, then
there would have to be some σeSw + 1, τ'eSn+ι, and j l 9 . . ., j n such that
a/?(^!, yjv . . ., y/w) is a conjunct in 77 and τR{xu a^, . . ., ajn) is identical
with τR(xu aiv . . ., ain). That would imply {α/]L, . . ., ajn} = {aiv . . ., ain}.
But since both σR(xly yjv . . ., yjn) and lτR(xly yιv . . ., yin) are conjuncts

in 77, we would have V ( Λ yjs Φ yiΛ e Δ and hence $11= V ί Λ «/s Φ aΛ . That

means that {α7i, . . ., ajn}φ{aiv . . ., «%}• T n i s contradiction proves that
rR{xu aiv . . ., ain)jίp. Then since (clf . . ., cw) realizes p, we have 211=
lτR(cl9 div . . ., din). This covers all possibilities, so we have proved
%i\=η(cl9 au . . ., ak) and therefore 51 N 3^77(xl9 alf . . ., ak).

n

Cdse 2: Suppose φ(yl9 . . ., yk) is of the form Q Λ . . . xn V m(xu . . ., ΛΓ«,

3?i, . . ., 3>&) where each 77̂- is a conjunction of atomic formulas and nega-
tions of atomic formulas in ̂ (T, F). For each 1 ̂  i ^ m I define Δf to be
the smallest set of quantifier-free formulas in -CO", F) satisfying the
following rules:

(1) T e Δ ;
(2) Pi e Δ t where p{ is the conjunction of all the conjuncts in 77̂  which do not
contain any of the variables xl9 . . ., xn

(3) if σR(xJ9 . . ., #/, Xiv . . ., xis, yis+1, . . ., yift_h) is a conjunct in 77,- for
any j , σ e Sn+ι and h ̂  1, or if anything of the following forms: Xj = x^ (j Φ h),
yj = xh, Xh = yj, Xj Φ Xj is a conjunct in 77/, then F e Δ t

(4) if T e Sn+l9 σeSn, U ^ w a n d τR(xσ(l)} . . ., xσ(h), y%l9 . . ., ^W_A+I) i s a

conjunct in 77/ then

s ^ yisφ yhe ^i
ltζs,~t^n-h+ϊ

(5) if τ e S w + 1 , σeSn9 τ' e Sn+l9 σ'eSnl^ h^n a n d b o t h τR(xσ{l), . . ., xσ{h),

y i v . . ., 3%W.Λ+1)
 a n d iT'R(Xotil), . . ., xσ>(h), yjv . . ., yjn.h+1) a r e c o n j u n c t s

in 77/ then
n-h+l/n-h+i \
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Now I claim that

21 NV^ . . . Vyk\QaXι . . . XnN ηi(xίf . . ., xn, 3>i, , ?*))
m / M

< - > y ( A μ ( y i , . . . , Λ ) J

and

53 t= Vyx . . . V ^ J Q ^ . . . Λ J V r/iUi, . . ., xn, yl9 . . ., yk)J

Again I give the proof only for $ί since the proof for 33 is virtually identical.
Take any fc-tuple (al9 . . ., ak) of elements of A and suppose first that

j m \
$f NQ«Λ . . . Xn\χ Ήίixi, . ., Xm 0i, , «A)1 Then there is a set X c A

\ί = l / WZ

such that c(X) = a and for all distinct cu . . ., c w i n l , SIN V (ηΛciy , cm
ί = l

α i , . . . , «jfe). Let y = {«1? . . ., ak}. For each proper n-type p over y let

^ = {{°u , <vh [^]W| f o r a 1 1 T 6 5«+i a n d a 1 1

α e y $11= τΛ(cL, . . ., cn, a)<->τR(xl9 . . ., Xn, a) e p}.

Xp is well-defined since R® is symmetric, and p is closed under permuta-
tions. Furthermore, for any {cl9 . . ., cw}e [X]n it p = {τR(xlf . . ., xn, a)\
τeSn+1, aeγ, and W\=τR(cu . . ., cn, a)} then p is a proper w-type over y
and {cl9 . . ., cw}e Xp. Therefore, {Xp\p is a proper rc-type over y} is a finite
partition of [X]w and so by Ramsey's theorem there is an infinite set Xx c X
and a proper w-type p over y such that for all {cl9 . . ., cn}e [XiT {cu . . .,
cn}eXp. Now for any proper (n - l)-type p over y let

(Xjp = {{cl9 . . ., c ^ e [Xj]"'1] for al l r e Sw + 1 and all aiχ9 ai2eγ

%)ήτR{cl9 . . ., cn.l9 aiγ9 ai2)<-*τR(xl9 . . ., xn.l9 aiv aiz) e p}

Then as above we obtain an infinite set X2 c χx and a proper (n - l)-type ^
over y such that [X*]*"1 c (Xi)ρ Continuing in this fashion we finally obtain
an infinite set F e z and a sequence pl9 . . ., pn such that each pj is a
proper .7-type over y and for all distinct cl9 . . ., c ; in Fand all α^, . . .,
α*Λ_;.+1 in y and all T e Sw+1

W\=τR(cl9 . . ., cy, ail9 . . ., α^ .y+^^-^TΛ^, . . ., xJ9 aiγ, . . ., ain_.+l)epj.

This implies that for any l^j^n and any two j-tuples (cl9 . . ., c ; ),
(δi, . . ., fry) of distinct elements of Y9 any σ e Sw+1 and any aiχ, . . . , βίw_.+ 1 € y,

fINσΛίc!, . . ., cy, α^, . . ., ain_.+i) <^>n\=σR(bu . . ., bJ9 aiγ9 . . ., «,-„_.+1).

Now take any w distinct elements c1? . . ., cw from F - y. Since F C χ ?

^ ^ y 7?i(ci, . . ., cm al9 . . ., ak). Pick some ί such that 51 N r ] ^ ^ , . . ., cm

al9 . . ., ak). I claim that $IN Λ μ(«i, . . ., «*>). I consider in turn each of
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the rules according to which μ may be put into Δ, . If μ = f or μ = p, then
just as in Case 1, 3i hμ(«i, . . ., ak). μ cannot be put into Δf according to
rule (3) since otherwise η, would have a conjunct of the form Xj = xjjlj Φ ft),
xi = %, % = */, Xj * */, or σΛ(#; , . . ., xjy xiγ, . . ., xig, yis+v . . ., yin_h)(σe
S»+i, ft ̂  1). Hence, it would be true that 31 hey = ch (j Φ ft), 31 h c ; = 0A,
31 NαA = c ; , 31 Nc, * C /, or 31 NσΛ(c, , . . ., c ; , c f l , . . ., c, s , α, s + i , . . ., a ^ )
(ft ^ 1). The first is impossible since cl9 . . ., cn are chosen to be distinct,
the second and third are impossible since c ; e Y - y, the fourth is always
impossible, and the fifth cannot be true because of observation (2*). If μ
gets in Δ; by way of rule (4) then μ has the form A yis Φ yιt where

s_Φt

1 <ft <w, and for some τeSn+ι, σeSn, τR(xσ{1), . . ., ΛΓσ(A), y^, . . ., Λw.A + ι)
is a conjunct in 77/. Therefore 3 ! h τ # ( c σ ( l ) , . . ., cσ(A), α^, . . ., AΠ.A + 1)

 s o

by observation (2*) 31 N Λ α* s ^ Λ ^ . Finally, suppose μ is put into Δ t

Ksfί|»-A+i n-h+1/n-h+ι \

according to rule (5). Then μ has the form V I A yf s ^ y ; J w h e r e

1 **h^n, and for some T, τ f e S w + 1 , σ, σreSn both τR(# σ (i), . . ., xσ(h), Vi^
• , yί β . A + 1 ) a n d Ί τ ' . R ( ^ σ / ( 1 ) , . . ., #σ/(Λ), y/Ί, . . , ̂ _ A + 1 ) a r e conjuncts inτ], .
Hence

« N τ Λ ( c σ ( 1 ) , . . ., Co(A), β^, . . ., %_ A + 1 )

and

3lhΊτ f i?((V ( 1 ) , . . ., cσ/(A), a y i, . . ., %_h+ι).

Since i?21 is symmetric, we also have 31 N r ' - R ί ^ ^ , . . ., cσ(A>, Λ,^, . . .,
α*w_A+i) B u t (cσ(i), , cσ(h)) and (c σ/ ( 1 ), . . ., cσ/(A>) are both ft-tuples of
distinct elements of Y, and consequently 31 )ττ'R(cσf^)9 . . ., cσr(h), a>iv .,
%-h+ι) Therefore {aiv . . ., ain_h+ι] Φ [ajι9 . . ., %_h+ι}. But by observa-
tion (2*) aiγ9 ..., ain_h+ι are distinct, so {aiι9 . . . , ^_Λ + l} φ {ah, . . . , ^ . A + 1 } .

n-h+l/n-h+i \

Therefore, 3I> V (̂  A α<s Φ aitj .

Suppose that, for some i, 31N A μ(«i, . . ., «A). Then I will show that

31NC& . . . xnηi(xl9 . . ., xn, au

μ€. / . , αfe) and consequently 3IhQ<A . . .

V r/iί^, . . ., #w, αx, . . ., ak)J. Let

p = {τi?(#σ (i), . . ., Xσ(h), <*iv , %_h+J\ X ̂  k^ U> TeSn+l> σ e S n a n d f 0 Γ

some τ'eSn+l9 σ f e Sn τ'R(xσ/ω9 . . ., xσ>(h), y%ι9 ., y%n A + 1 ) i s a conjunct
in T].}.

Let y = {al9 . . ., α }̂. Then just as in Case 1 it can be proved that p is an
w-type over y. Pick δ < a such that δ is odd and y c Ag. Then by construc-
tion of 31 there is a set i c A such that i n Λ δ = 0, c(X) = Qf, and all
w-tuples of distinct elements of X realize p. Just set X = X^p and recall
observation (3*). Now I claim that if (ci, . . ., cn) is any w-tuple of
distinct elements of X then 3lNr//(c1, . . ., cn9 au . . ., ak). I consider each



RELATIVE STRENGTH OF MALITZ QUANTIFIERS 503

possible conjunct in η{. First, any conjunct in ηι which does not contain any
of the variables xu . . . , # „ is satisfied by ( c u . . ., c m au . . ., ak) since
pi e Δ; and hence 5 ϊ h p ί (fli, . . ., a^). Any conjunct of the form Xj = Xj is
trivially satisfied. Conjuncts of the forms Xj Φ x^ (j Φ h), yh Φ Xj, Xj Φ y^ are
satisfied since 51 N Cj Φ c^ (j Φ h) and 51 t=c; Φ a^ the first being true because
clf . . ., cn are distinct by hypothesis, and the second because cu . . ., cneX
and X Π γ = 0 . 77̂  cannot have any conjuncts of the forms Xj - Xh (j * h),
Xj = ^ , 3>Λ = * 7 , Xj *Xj, o r

σΛ(ΛΓ; , . . ., xh xiγ, . . ., xis, yis+i, . . ., yin_h)(σ e Sn+1, h > 1)

because in those cases we would have F e Δ, and hence ?l ̂  A μ(«i, . . ., «*).

Finally, conjuncts in 77/ of the forms

ΊτR(xj, . . ., XJ, x i λ , . . ., x i s , y i s + v . . ., y i n _ h ) { τ e S n + 1 , h > l )
τR(xσω , . . ., xσ{h), yίγ, . . ., Λn.A + 1)(l <h^n, re Sw+1, σe Sβ)

and

ΊτΛ(Λrσ(i), . . ., AΓσ(Λ), y^, . . ., ΛΠ.A+1)(1 < h^n, τe Sn+1, σe Sn)

can be proved to be satisfied by (cu . . ., cw, α1? . . ., α&) in almost exactly

the same way as in Case 1. Therefore SU^ηi(cu . . ., cn, au . . ., ak) and

«lhQ2*i . . . xnηΛxu M ̂  «i> •> α^) Q.E.D.

Corollary 1 $1 αrcd © satisfy the same sentences in J^.

Proof: If φ is a sentence in -Ĉ  then φ e ^(T, F)α so there is a quantifier-
free ψ e £(!, F)α such that M\=φ<^>ψ and 93 ^ ^ < - > ψ . Since φ has no free
variables, neither does ψ and therefore ψ is just a Boolean combination of
T and F. So clearly either both 3INψ<-^T and « h ψ < - > T or both 2l>
ψ <-> F and 3̂ N ψ <-> F. In the first case, both 31 N φ and 53 N ̂ , and in the
second case both 51 N Ί<ρ and 53 N Ί<ρ. Q.E.D.

By putting together Lemma 1 and Corollary 1 we obtain

Theorem 1 For each n^l and each uncountable cardinal a there are

£-structures 51 and 53 such that% and*8 satisfy the same sentences of J%,

but for some sentence φ e -CΓ*"1, 51 Nĉ  and 53 N ~iφ.
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