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BINARY CONSISTENT CHOICE ON TRIPLES

ROBERT H. COWEN

1 Intvoduction Lo$ and Ryll-Nardzewski introduced various principles of
‘“‘consistent’’ choice with respect to symmetrical relations in [4], [5] and
then showed many were equivalent to P.l., the prime ideal theorem for
Boolean algebras.1 In particular, they showed that even for binary rela-
tions, consistent choice from finite sets of cardinality < = equals P.l., for
n=4,5,6,... Here we extend this result to include n = 3.

2 Let A Dbe a collection of sets and R a binary symmetric relation. A set ¢
is a choice set for A if tNa =1, for all ac A; if, in addition, {x, y}e R for
all x, yin ¢ with x # y, £ is an R-consistent choice set for A. The collection
of all choice sets for A will be denoted by c(A), while the collection of all
R-consistent choice sets is cg(A). In [4], [5], the following theorem was
proved equivalent to P.l.

Theorem 1 Let A be a collection of finite sets and R a binavy symmetvic
relation, and suppose that for any finite A, C A, cr(Ao) # ©. Then cg(A) + D.

Let F,, denote the statement of Theorem 1 if the sets of A are further
restricted to have cardinality < n; then, as mentioned above, Lo$§ and
Ryll-Nardzewski even showed F,<>P.l., n=4,5,6,.... We will prove
F;<—> P.l. It is, of course, enough to show F; — P.l.

Let B = (B, A, V, ~, 0, 1) be a Boolean algebra. For any K C B, let K =
{{b, ~b}lbeK}. If KC B is a subalgebra, any prime ideal of K is an
element of c(K). Moreover, any ideal of K which belongs to c(K) is a prime
ideal of K. Let pr(K) denote the set of prime ideals of K and let ?(B) =
{K C B|K is a finite subalgebra of 8}. It is easy to see that any I¢ c(B) will
be a prime ideal of B8 if IN K is an ideal of K, for all K¢ Z(B).

Theorem 2 F; — P.l.
Proof: Let B=(B, A,V, ~, 0, 1) be a Boolean algebra. For each finite

1. Equivalent here means in ZF without the axiom of choice.
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subalgebra, K, and for each tec(K) - pr(K), ¢ ={b,, . .., b,}, take 3n - 2
new sets, b!, ..., bl cl, ... cho, di, ..., di, the sets are to be outside
of B and distinct. Let A, be the (unordered) pairs and triples formed from
the columns of the following array:

t t t
dl’ LS dn-z, dn-l
t t t t
(1) bi, b3, . . ., bhoy, DL
t t t
Cl’ 02) o . sy cﬂ-l'

Let Ax = U A4, (tec®) - pr(K)), and A = BU (lKJAK>, (K € Z(B)). Define a
t

binary symmetric relation on UA as follows:

(2) {x, v} R iff {r, 3} # {b;, b/} and {x, y} # {c/, di}.

We claim that cg(A) # @. Since A consists entirely of pairs and triples,
it is sufficient, by F3, to show cr(4,) # @, for all finite A, C A. Suppose,

then, that A, C A, A, finite. Then A, C D, where D = B, U (U AK>, (Kex"),
K

with B, € B, Z' C Z(B) and both B, and X' finite. It suffices to show

CR(D) * ¢.
Let H be the finite subalgebra generated by B, U <U K), (Kez'). If I
K

is a prime ideal of H, then INKe¢ pr(K), for KeZ'. Moreover, for any
tec(K) - pr(K), there exists a b;, et - (INK) =t¢t- 1. Let

a, ={ct, . .., cl-',-l, bi,, di,y .. di..}, and let ag = l?,at’ (tec(K) - pr(K)).

Then, by (1), a;ec(4;), and agxec(Ak). Also IN Byec(B,). Therefore,
(IN By) U (U aK> € c(D), (Ke Z"). However, by (2), (IN By) U <U aK>, (Kez?"),
K K

is an R-consistent choice set as well as (b;, ¢I). Hence cg(D) # , and so
cr(4o) # D. :

By F;, cp(A) # @. If secg(d) and I, = BN s, then I € c(B) and we claim
that I; is a prime ideal of B. It suffices to show that /; 1 K is an ideal of K,
for every Ke Z(B). We show IsN K # t, for every te c(K) - pr(K). Suppose,
then, that tec(K) - pr(K), t ={b,, ..., b,}. Since A, C A and s is a choice
set for A, s must select an element from each column of (1); since
{d!, ci}¢R,1<i<n-1, by (2), at least one b; must be selected by s. But
then b; ¢ s, by (2). Therefore, b; ¢I; N K and I; N K # £, completing the proof.

We are unable to say whether or not F,<>P.l. Finally, an indirect
proof of Theorem 2 can be based on the recent results of Lauchli [3], that
Pl.<»>P,, n=3,4,5,..., where P, is the theorem of DeBruijn and Erdds

[2] that an infinite graph is n-colorable if every finite subgraph is—see our
paper [1] for details, as well as additional theorems equivalent to P.I.
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