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A NOTE ON THOMASON'S REPRESENTATION OF S5

SATOSHI MIURA and SHIGEO OHAMA

Introduction S. K. Thomason has proved in [3] that a formula is provable in

S5 iff all its substitution instances are in H, which is a unique correct set

and is Thm(($). In order to prove this, he semantically showed that a

formula Λ(xu . . ,9xn) is valid in S5 (tautology of S5 in the sense of Kripke

[2], pp. llff.) iff V*(A(BU . . ., Bn)) = 1 for all Bu . . ., Bn in jQc (modal

language with proposition constants).

In this paper, we shall show by means other than Kripke's model that

A(xl9 . ., χn) is provable in S5 iff μ*(A(5!, . . ., Bn)) = 1 for all classical

formulas (without modal symbols), Bu . . ., Bn, for all μ*, where μ* is

essentially the same as V* above, except that μ* is a valuation for modal

formulas with proposition variables. In the last section of this paper, we

shall also show a relation between Kripke's partial truth tables and

μ*-valuations.

1 Formulation of S5 and truth valuation We prepare a countable set of

proposition variables, Π, logical connectives, v, ~, D, and parentheses, (, ).

Formulas are defined as usual. For any formulas A and B, we define AΛB

as ~(~Av~£), A-* B as ~AvB, A<^B as (A -> B)*(B-*A), and OA as

~D ~ A. If A and B are formulas, the following expressions are axioms:

(Al) (AvA)-+A.

(A2) 5-Uv5).

(A3) (AvB)->(BvA).

(A4) (B-+C)->((AvB)-(AvQ).

(A5) UA-*A.

(A6) Π(A-+ B) - (DA->DJ5).

(A7) OA->Ώ<>A.

When A and B are formulas, we suppose the following rules of inference:

(Rl) If hA and v-A -> B, then \-B.

(R2) If l-A, then hDA.

For any formula A, we say that A is a classical formula iff A contains none

of D and O. A(xl9 . . .,xn) denotes a formula, A, having exactly n distinct
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proposition variables, xί9 . . ., xn, in Π. When Bl9 . . ., Bn, and A(xu . . . , xn)
are formulas, then A(Bl9 . . ., Bn) also represents a formula obtained by
substituting Bl9 . . ., Bn for ΛΓ1? . . . , # „ in A(^1? . . ., xn), respectively.

A truth value assignment is a mapping μ: Π —> {θ, 1}, where 0 means
false and 1 means true. Let Ω be the set of all μ's. A truth valuation is a
mapping μ* from the set of all formulas into {θ, l}, which is the unique
extension of μ in the following way:

For any formulas A and B,

(a) if A is Xi in Π, μ*(#, ) = μ(#, ),
(b) if μ*(A) and μ*(B) are defined, μ*(A v£) = Mαχ{μ*(A), μ *(£)},
(c) if μ*(A) is defined, μ*(~A) = 1 - μ*(A), μ*(Di) = Min{^*(A) | ve Ω}.

We can then easily see that

(d) if μ*(A) is defined, μ*(0A) = Mαχ{ι/*(A) | v e Ω}.

When A is A ^ , . . ., xn), then μ*(DA) and μ*(OA) are actually determined
by considering 2n cases of i/*(A)'s for all w-tuples {v{x^,..., u(xn)) e {θ, l}w,
and they take uniformly either 0 or 1 for all cases. A formula A is called
valid iff μ*(A) = 1 for all μ e Ω.

2 Representation of S5 Let A(xl9 . . ., xn) be a formula of the form
OCvDZ^v . . . vDZ)/v£, where C, Du . . ., D/, and E are all classical
formulas. The following two lemmas are stated:

Lemma 1 If A(Bl9..., Bn) is valid for every classical formula, Bl9..., Bn,
then at least one of C v Du . . ., C v D/, Cv E in A{xχ, . . ., xn) is provable in
the classical logic.

Lemma 2 If at least one of CvDly . . ., Cvΰ/, CME in A(xl9 . . ., xn) is
provable in the classical logic, then A{xu . . ., xn) is provable in S5.

Proof of Lemma 1: Suppose none of Cv Dl9 . . ., C v Dι9 C v E is provable in
the classical logic. As for classical formulas, truth valuation, μ*,
coincides with usual valuation. Hence, μ*(CvDj) = 0 (i = 1, . . ., I),
μ/*+1(Cv£) = 0 for some μf, μ?+1 such that μf (#; ) = eq, μι+i(Xj) = e/+iy 0' =
1, . . ., w), respectively. (Each of £*/ and e ί + 1 ; is 0 or 1.) We illustrate
these relations with the following truth table:

xx x2 xn C Di D2 Dι E

en el2 eln 0 0

e2i e22 e2n 0 0

β/i ei2 ein 0 0

eι+ii βj+i2 eι+m 0 0

Now, let k be the integer such that 2k~ι < I + 1 ^ 2k. Take k distinct
proposition variables, yl9 . . ., yk, in Π. Define Bl9 . . ., Bn so as to satisfy
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the next truth table with 2* rows, where for the rows from (I + l)'th to 2*'th,
each Bj has the same value β/+1/ (j = 1, . . ., n):

3>i 2̂ f̂e I # i B2 Bn

0 0 0 en e12 eln

0 0 1 e21 e22 e2n

en ei2 eϊn

eι+ii eι+i2 eι+ιn

1 1 1 eι+ii eι+12 eι+ln

By the functional completeness of classical logic, Bl9 . . ., Bn above can be
expressed by the disjunctive normal forms having yl9 . . ., yk. Then for all
μeΩ, μ.*(C(Bl9 . . . , Bn)) = 0, i.e., μ*(0C(Bl9 . . ., Bn)) = 0. For some μ e Ω,
μHDs(Bly . . . , £ j ) = 0 (5 = 1, . . . , I), hence for all μ e Ω, μ*(DD s(5 1, . . . , £„)) =
0. And there exists at least one μ e Ω, say μ0, such that μ*(E(Bly . . ., Bn)) =
0. Hence μ#(^(£i, . . ., Bn)) = 0, i.e., ^ ( 5 ^ . . ., Bn) is not valid. This
contradicts the hypothesis.

Proof of Lemma 2: Assume that at least one of C vDl9 . . ., C vDi, C v £ is
provable in the classical logic. Then it is clearly provable in S5. As for
the case \-C vDs, i.e., I—C -* Ds, (5 = 1 , . . . , /), we have \-Π~C -> ΠDS,
i.e., ι-OCvDD s , by rule (R2), axiom (A6), and rule (Rl). Hence \-A(xl9 ... .,
#„). As for the case \-CvE, we have also ι - α ~ C - » D £ , and hence
i-O ~ C -> JE, i.e., HOC vE by (A5). Thus we have again A(xl9 . . ., xn).

Theorem A formula A(xl9 . . ., xn) is provable in S5 iff for every classical
formula, Bu . . ., Bn, A(BU . . ., Bn) is valid.

Proof: That if A(xl9 . . ., xn) is provable in S5 then A(Bl9 . . ., Bn) is valid
for every classical formula, JBX, . . ., Bn, is clear by verifying that all
axioms are valid and all rules of inference preserve validity.

Next, we prove that for a formula A(xl9 . . ., xn) if A(Bl9 . . ., Bn) is
valid for every classical formula, Bl9 . . ., Bn, then A(xl9 . . ., xn) is
provable in S5. It is well-known that A(xl9 . . ., xn) can be reduced in S5 to
the modal conjunctive normal form, Ar, which is of the form AXA. . .Λ
Ar(r ^ 1), each Aa(a = 1, . . ., r) being of the form OC vDΰiV . . . vGD; v£,
where C, Z)i, . . ., J9/, and E are all classical formulas, / ^ 0, and C or E
may be missing. Let Blf . . ., Bn be any classical formulas, and suppose
A(Bl9 . . ., Bn) is valid. Then A '{Bu . . ., Bn) is valid, and so is Aa(Bl9 . . . , Bn)9

(a = 1, . . ., r ) . By Lemma 1 and Lemma 2,1 we have Aa(xi, . . ., #«) is
provable in S5, and so is A'(xl9 . . ., xn). Hence A(xu . . ., xn) is provable
in S5.

1. If C is missing then C v Di, . . ., C v Dι, C v E degenerate into Dlt . . ., Dif E, if
E is missing then so is C v E, and if I = 0 then C v Dι, . . ., C v Dt are missing.
In such special cases, these two lemmas still hold.
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3 Remark We remark that for any (classical) formulas, B1} . . ., Bn,
A(BU . . ., Bn) is valid, iff A(xlf . . ., xn) is a tautology of S5 in the sense of
Kripke [2], i.e., iff A(xl9 . . ., xn) is assigned 1 in every row of every
partial truth table of A(xlf . . ., xn). In fact, if A(xl9 . . ., xn) is a tautology,
then for any (classical) formulas, Bu . . ., Bn, {(μ*(J5x), . . . , μ*(Bn)) Iμ € Ω} C
{0, l}" hence A(Bί9 . . ., Bn) is valid. Conversely, assuming any (classi-
cal) formulas, Bl9 . . ., Bn, A(BU . . ., Bn) is valid. We consider any partial
truth table, Σ), with m (1 ^ m ^ 2n) rows of A(xl9 . . ., xn). Let k be the
integer such that 2k~ι < m ^ 2k, and take k distinct proposition variables,
3>i> •> Vk> in Π. In the same way as the proof of Lemma 1, we can
construct Bj{yu . . ., yk) (j = 1, . . ., n) such that A(Blf . . ., Bn) satisfies
ΣΛ By the assumption, A(Blf . . ., Bn) is valid. Hence A(xl9 . . ., xn) is
assigned 1 in every row of Σ). Therefore, A(xlf . . ., xn) is a tautology.

We notice that in the above Theorem and Remark, Bu . . ., Bn do not
need to be classical formulas, i.e., they can be any formulas of S5.

In the proof of Theorem 2 of Thomason [3], it was shown that A is
valid in S5 (tautology of S5 in the sense of Kripke [2]) iff every formula of
-Cc of the form A(BU . . ., Bn) is valid in <S. This fact corresponds with the
above remark.
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