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2 JAMES GEORGE KOWALSKI

Introduction This dissertation* deals with the Axiom of Choice in the
field of Les*niewski's Ontology. Ontology, a theory of pure logic structured
along the lines of a logical type theory, was developed by Stanisϊaw
Lesniewski (1886-1939) as a result of his own intensive analysis of the
logical paradoxes and his dissatisfaction with the work of Russell and
White head in Principίa Mathematica [34] and was intended to provide a
secure and intuitively acceptable logical foundation for the formal develop-
ment of mathematics. Now the importance of the Axiom of Choice in the
development of classical mathematics is well known. In the field of Set
Theory it has been intensively studied (c/., e.g., [2], [3], [11], [12], and
[24]). Less attention has been paid to the behavior of the Axiom of Choice
in a type theory (c/., e.g., [34] and [4]), and only minimal attention has been
given to it in the field of Ontology (cf. [9] or [10]). However, it is well
known that within the field of a logical type theory, the Axiom of Choice
cannot be added to a logical basis by the mere addition of a single new
axiom, but must be added as a spectrum of formulas each expressing the
Axiom of Choice for some fixed logical type. It is also known that certain
formulas known to be equivalent to the Axiom of Choice in the field of Set
Theory are not directly equivalent in the field of a type theory.

In this dissertation we will show, first, that certain principles known to
be equivalent to the Axiom of Choice in the field of Set Theory are also
equivalent in Ontology. In particular we show the equivalence of the Axiom
of Choice, the Kuratowski-Zorn Lemma, and the Well Ordering Principle
though it will be noted that the sense of this equivalence in Ontology is
analogous to, but not identical with, the sense of their equivalence in Set
Theory. Second, since Ontology's type theoretical structure prevents the
addition of the Axiom of Choice as a single formula, but requires the
addition of a spectrum of formulas, we give a precise syntactical descrip-
tion of the conditions these formulas must meet. More specifically we
provide a modification to the Rule of Ontology which will insure that the
Axiom of Choice is available for each semantic category (logical type)
expressible in Ontology.

The body of this dissertation is divided into three chapters. Chapter
One is entirely introductory in nature and contains a brief description of
Ontology as well as a large collection of basic theorems and definitions
necessary for showing the equivalence of the three principles mentioned

*This paper is a thesis written under the direction of Professor Boleslaw Sobo-
ciήski and submitted to the Graduate School of the University of Notre Dame in
partial fulfillment of the requirements for the degree of Doctor of Philosophy with
Philosophy as the major subject in August, 1975. The author is indebted to his
director, Professor Boleslaw Sobociήski, for his patient and constant assistance. It
has been a privilege to work under him and to him the author extends his deepest
thanks. The author would also like to thank Professor V. Frederick Rickey, Bowling
Green State University, Ohio, who read over parts of Chapter III and made several
helpful suggestions.
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above. The actual equivalence of the Axiom of Choice, Zorn's Lemma, and
the Well Ordering Principle in the field of Ontology is demonstrated in
Chapter Two. Finally, Chapter Three contains a precise syntactical
description of the modification to the Rule of Ontology required in order
that the Axiom of Choice be available for each semantic category.

CHAPTER I: LESNIEWSKI'S ONTOLOGY

1.0 General Description In this chapter we develop a system of Ontology
to a degree sufficient for the work of Chapter Two. The theorems and
definitions of this development are contained in subsequent sections while
in this section we give a general description of Ontology. Since rather
detailed discussions of Ontology can be found elsewhere (cf. especially [5],
[9], [13], and [29]), the material given here is intended only to highlight
basic features and those details especially pertinent to our work.

Ontology can be characterized as a general theory dealing with the
logical relationships between and among names. It can be developed from a
single proper axiom containing a single primitive term. Ontology's single
primitive term is the 'ε' which appears in sentences of the form

A εa

read: A is α. The intended interpretation of the <ε' is the copula (is, jest,
est) in sentences such as "Elizabeth is female", "Margaret jest Margaret"
or "Ann est uxor". Technically the 'ε' is a functor which forms a sentence
when applied to two arguments. In accord with Lesniewski's view that
names are capable of having no referent, exactly one referent, or many
referents, both of the arguments connected by the 'ε' are regarded as
names. Thus the 'ε' can be described as a sentence forming functor for
two name arguments.1

There are several different formulas which can serve as Ontology's
sole proper axiom,2 but the one adopted here is:

AO3 [Aa]:.Aεa .=: [3B].BεA :[BC] :BεA . CεA .^. BεC:
[B]:BεA .=>. Bεa

Intuitively AO can be regarded as stating the conditions for the truth of a
sentence of the form (Aεa', i.e., A is a if and only if: 1) A is an unempty
name, 2) A is a unique name, and 3) anything which is A is also a.

Though AO can serve as Ontology's sole proper axiom, Ontology
presupposes as its foundation Lesniewski's theory of the logic of proposi-
tions called Protothetic. Therefore, Ontology can be considered as an exten-
sion of Protothetic. The relationship between Protothetic and Ontology is
somewhat similar to that between the propositional calculus and the ω -order
functional calculus. Details regarding Protothetic can be found in [5], [15],
[23], and [28]. In the present work we will assume that an adequately
developed Protothetical base has been provided and no explicit reference to
purely Protothetical reasoning is made.

The formal structure of Ontology is determined by Lesniewski's theory
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of semantic categories. With the exception of quantifiers, every well
formed expression of Ontology can be assigned to exactly one semantic
category: either to one of two primitive categories—statements or names—
or to one of a potentially infinite number of functor categories which are
generated from the two primitive categories. For example, Ontology's
single axiom, AO, as well as its component ([3B] .BεA9 are of the semantic
category of sentences. Any individual name variable in AO is, naturally, in
the semantic category of names. The semantic category of a functor is
determined by what it forms, e.g., something of the category of statements
or the category of names, together with the number, order, and semantic
categories of its arguments. This information is easily presented using a
system of notation developed by Ajdukiewicz in [l]. Letting 'S' stand for
the semantic category of statements and 'n' stand for the semantic category
of names we can represent the semantic category of the 'ε', for example,
as S/nn (i.e., sentence forming functor for two nominal arguments) or of
the ζ=9 as S/SS (i.e., sentence forming functor for two sentential argu-
ments). However, though the Ajdukiewicz notation provides a convenient
extra-systemic way of referring to the semantic category of a functor,
within the system the semantic category of a functor is indicated by the use
of variously shaped parentheses. Canonically, Ontology requires the use of
a Lukasiewicz style notation in which every functor precedes its arguments
which are themselves enclosed in parentheses.4 Given this, both the shape
of the enclosing parentheses and the number of enclosed arguments can
play a role in identifying the semantic category of a functor. Hence, in
Ontology functors of different semantic categories must use different style
parentheses and once a particular style has been chosen for use with a
particular semantic category it must always be used for other functors of
that same category. Parentheses thus serve to unambiguously identify-
syntactically—the semantic category of a functor.

Besides the semantic categories of its Protothetical base,5 a system of
Ontology at its inception contains only two other semantic categories—n and
S/nn— both of which are introduced by the axiom of Ontology. New
categories are introduced by defining a constant functor of the new
category. When and only when a category has been introduced can variables
for that semantic category be used. There is, however, no pre-axiomatic
prescription as to which semantic categories are actually introduced. It
should be emphasized that the Rule of Ontology provides for the definition
of constant and variable functors of a potentially infinite number of
semantic categories and for the use variables ranging over the functors of
those semantic categories. The following inductive definition indicates all
possible semantic categories which are capable of being introduced into
Ontology.

1. S and n are semantic categories.
2. If a and βl9 β2, . . . βn are semantic categories, the a/βl9 β2, . . .,β« is a

semantic category.
3. Only categories generated by steps 1 and 2 are semantic categories.
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Included in the collection of possible functors are, besides the strictly
sentential or nominal functors, the so-called many-link functors. Many-
link functors are functor forming functors, that is, they form functors
rather than sentences or names when they are applied to their arguments.
The Ajdukiewicz symbol for a many-link functor is of the general form
oί/βi, ft>> βn9 but a is anything other than S or n.

The sense in which Lesniewski's theory of semantic categories
determines Ontology's formal structure can be understood from the fact
that Ontology's Rule permits, e.g., substitution for a variable only if what
is substituted is of the same semantic category as the variable for which
the substitution is made. Thus the theory of semantic categories charac-
terizes Ontology as a kind of logical type theory.6

Development of Ontology from its single axiom is governed by a single
multi-part rule composed of seven interrelated directives. The directives
state the conditions under which a new formula can be added as a thesis.
Ontology's Rule is formulated so as to prohibit certain additions where
what is prohibited depends on what theses have already been added.
However, the Rule dictates no specific additions and that is why we speak of
a given development of Ontology or a system of Ontology rather than the
development or the system. A system of Ontology is distinguished by which
theses have actually been added and not by which theses are possible. A
formal presentation of the Rule of Ontology requires a long sequence of
definitions called terminological explanations which clarify the syntactical
terms used in its statement.7 (Many of the terminological explanations used
in a formal statement of Ontology's Rule as well as illustrations of how
they are used can be found in Chapter Three.) Given below is an informal
description of the Rule.8

Assuming B is the last thesis added to a given development of
Ontology, a new thesis, A, can be added if and only if the conditions
included in one of the following directives are fulfilled:

1) A is the result of detachment from a biconditional. That is, among the
theses added prior to B or B itself there must be theses of the forms: 'C
and 'C =A\
2) A is the result of distributing one or more quantifiers of a previously
added thesis of biconditional form. This directive stipulates that if a thesis
added prior to B or B itself is a universal generalization of the form:

[aι . . . an]:a .=. β

where aγ . . ,an are variables free in a or β or both, then some or all of the
variables can be distributed between a and β. For example, we could
obtain:

[a2 . . . α a l r O J . α .=. [ a γ ] . β

or 2n - 2 other distributions. Included in this directive is the proviso that
in any distribution which results in a quantifier containing a variable which
binds nothing, then that variable is dropped from the quantifier. This
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directive is the only one concerning quantifiers. All of the familiar
quantification rules can be obtained as derived rules.
3) A is the result of a uniform substitution into a previously added thesis.
This directive permits replacement of a variable bound by a main general
quantifier by an expression of the same semantic category provided that no
variables in the replacing expression are "captured" by interior quan-
tifiers and that all variables free in the replacing expression are bound by
main general quantifiers of the resultant.
4) A is a well formed definition of the Protothetical type. Definitions of
this type have the general form:

[«i . . . an]:a .=. β

where a stands for the definiens, β stands for the definiendum and aγ . . . an

represent the variables free in a and β. The main restrictions imposed by
this directive are: that all variables free in β belong to semantic
categories already introduced into the system; that β contain only one
occurrence of each free variable; that no free variables occur in the
definition; and that if the definition introduces a new semantic category,
appropriate new style parentheses are used.
5) A is a well formed definition of the Ontological type. Ontological
definitions have the general form:

[A, aγ . . . an]:β .=. A ε α

where A is a variable in the category *n', a is the definiendum, and a1 ... an

are variables free in a. Ontological type definitions allow definition of
names and name forming functors. The main restrictions imposed here
are: that the definition as a whole contains no free variables or vacuous
quantifiers; that ax . . . an be variables for semantic categories already
introduced; that if a is many-link and introduces a new semantic category,
then appropriate new style parentheses must be used; and, most important,
that the definiens, β, either be of the form ζA εγy or be a conjunction with a
conjunct of this form.
6) A is an extensionality thesis of the Protothetical type. Extensionality
theses of the Protothetical type are of the general form:

[fe];.["i. . . « « ] : / ( « ! • . .an) . = . * ( « ! • . .an) =:[θ]:θ(f) . s . θ(g)

Here / and g are both of some given semantic category, say a, and θ is of
category S/α. The main restriction here is that the semantic categories of
all functors and variables used in expressing the thesis must have already
been introduced into the system.
7) A is an extensionality thesis of the Ontological type. Extensionality
theses of this type are of the general form:

[Q?J3]Λ[A, Oy . . ,an]:AεaKa1 . . .«»> .=. Atβ<μι . . . αΛ> :=:•

[μ]:μφ •- H&
Here too it is assumed that the semantic categories of all components of
the extensionality thesis have already been introduced.
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The preceding informal description of Ontology's Rule nearly com-
pletes our review. Only one other feature of Ontology need be mentioned.
The great flexibility allowed by the Rule of Ontology regarding the defini-
tions of constant functors and the introduction of new semantic categories
makes possible the definition of analogous functors. For example, among
expressions which it is possible to introduce into Ontology are those which
correspond to the set theoretical notions of sets, families of sets, families
of families of sets, etc. It is possible to define inclusion for sets, inclusion
for families of sets, inclusion for families of families of sets, etc. Each of
these inclusions are different in that they are defined for 'Objects" of
different categories. However, the analogies between them are so strong
that it is possible to show that for any thesis containing a functor of a lower
semantic category, one can prove a completely analogous thesis containing
an analogous functor of any higher semantic category.9 Thus any proof
containing functors of some given semantic categories can be "repeated"
so that an analogous proof for functors of a higher semantic category is
obtainable. This meta-result will play a role in Chapter Two where we
argue that because two formulas containing functors of certain semantic
categories are related by implication, all analogous formulas containing
analogous functors for higher semantic categories are also related by
implication.

Finally, before turning to the development and presentation of those
definitions and theorems necessary for the work of Chapter Two, two
comments on the style of exposition adopted here are warranted. First, the
Rule of Ontology is so stated as to direct the development of a completely
axiomatic system. In what follows we shall use familiar natural deduction
techniques in presenting the demonstrations of various theses. Thus the
demonstrations given are not strict proofs but proof outlines. Conversion
of these outlines into strict proofs would be tedious but theoretically and
practically possible. Second, since Ontology uses the shape of parentheses
to indicate the semantic category of a functor and since our demonstrations
make use of functors from a great number of different semantic categories,
we adopt as an informal convention the use of subscripted parentheses.
Strictly speaking Ontology requires the use of single continuously connected
symbols in order that part of one symbol not be misidentified as part of
another, but the procedure adopted here keeps the stock of symbols
necessary for our presentation within reasonable bounds and presents no
untoward difficulties.

1.1 Elementary Theorems and Definitions This section begins with the
single axiom of Ontology and contains elementary theorems and definitions
basic to subsequent work. Many of the definitions presented here give the
Onto logical analogues of fundamental set theoretical notions. For the most
part, the theorems and definitions presented are well known in the litera-
ture of Ontology though in many instances the shapes of the symbols or
parentheses used in defining particular functors differ from those used by
other authors. Since the proofs of theorems listed in this section are
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trivial or can be found elsewhere (<?/., e.g., [13], [5], [26]) no demonstra-
tions are given.

AO [Aa].\ ε{Aa] .=: [3B]. ε{BA}:[CD]: ε{CA}.ε{DA} .=>. ε{Cϋ}:

[C]:ε{CA}.3. ε{Ca]

Dl.1.01 [ab]:.[A]:Aεa .=.Aεb :=.o{ab}

a equals b. This defines equality for general names.

As we remarked earlier, canonical form in Ontology prescribes that
functors always precede their arguments so that the shape of the enclosing
parentheses can aid in fixing the semantic category of the functor.
Nonetheless, it is often easier to read expressions involving binary
functors if the functor is written between its arguments. We will always
adhere to a canonical form when writing the definiendum of definitions.
Thus the definition of a functor will always unambiguously identify the
semantic category of the functor being defined. However, in instances
where readability is improved, we will often write the functor between its
arguments. Any ambiguity can be resolved by referring back to the
definition. This relaxation of prescribed form is illustrated in the following
theses.

Ύ1.1Λ [ab]:aob .=. boa [Dl.1.01]
Tl.1.2 [a].aoa [Dl.l.Ol]
Tl.1.3 [abc]:aob.boc .D.floc [Dl.l.Ol]

Dl.1.02 [a];[3A].Aza .=. \{a\

a is unempty. This definition introduces the semantic category S/n, often
called predicates.

El.1.01 [ab]:.[A]:Aεa .=. Aεb : = : [0]:0{α} .=. θ{b]

Given above is the Ontological thesis of extensionality for names. Notice
that it follows Dl.1.02, for according to the directive for extensionality,
this thesis could not be introduced before the semantic category S/n had
been introduced.

Tl.1.4 [ab].\ aob.θ{a} .D. θ{b} [Dl.l.Ol; El.l.Ol]
Tl.1.5 [ab]:aob.~\θ{a}) .=>. - {θ{b}) [Tl.1.4]

Dl.1.03 [pθ]:.[a]:p{a} .=. θ{a} :=.o-fp0 >

p equals θ. This defines equality for predicates. The analogy between
equality for names and quality for predicates is indicated by employing an
equiform symbol, Ό' , for both. Such use of equiform symbols for analogous
constants will be frequent, but three points ought to be emphasized. First,
(o{ab}9 and Ό-( p#-} ', when used, express equality for different semantic
categories and thus, when used, assert different propositions. Second, the
difference in the shapes of the parentheses used to enclose the arguments
serve to indicate the different semantic categories. Third, the shapes
of the variables used in the definition play no formal role in determining
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the semantic category of any functor. It is only for convenience that Latin

letters are used in some contexts and Greek letters in others.

T1Λ.6 [pθ]:poθ .=. Θop [Dl.1.03]

Tl.1.7 [θ].θoθ [Dl.1.03]

Tl.1.8 [μpθ]: μop.poθ .=>. μoθ [Dl.1.03]

Tl.1.9 [μpθ]:μop.~(poθ) .D. ~(μoθ) [Tl.1.8]

Tl.1.10 |>μp]:μop.μ{α}.^. p{a} [Dl.1.03]

Tl.1.11 [aμp]:μop.~(μ{α}) .=>. ~{p{a}) [Tl.1.10]

Dl.1.04 [ρθ]:.[a]:p{a} .=>. θ{a] -=. c ipθ +

p is included in θ. This defines inclusion for predicates.

Tl.1.12 [θ].θ c θ [Dl.1.04]

Tl.1.13 [μpθ]: μ C p . p C Θ , D . μ C 0 [Dl.1.04]

Tl.1.14 [apθ]:p c θ .p\a\ .3 . θ{a\ [Dl.1.04]

Tl.1.15 [pθ]:p Cθ .θ Cp .=. poθ [Dl.1.04; Dl.1.03]

Tl.1.16 [μpθ]: μop.p C ^ . D . μ C Θ [Tl.1.13; Tl.1.15]

Dl.1.05 [apθ]:.p{a}.v.θ{a\ :=. u fp^) {a}

This defines the union of two predicates and introduces the semantic

category (S/n)/((S/n)(S/n)).

Tl.1.17 [pθ].p C u {pθ) [Dl.1.04; Dl.1.05]

Tl.1.18 [aμpθ]:.μ C u {pθ) . μ{a\ .D: p{a} .v.θ{a] [Tl.1.14; Dl.1.05]

Tl.1.19 [aμpθ]:\J (μp) C0.p{β},Dj{fl} [Tl. 1.14; Dl.1.05]

Tl.1.20 [μpθ] . U ( μ p ) C 0 , D , p C Θ [Tl.1.19; Dl.1.04]

Dl.1.06 [apθ]:p{a}.θ{a} .=. Π {pθ} {a}

This defines the intersections of two predicates.

Tl.1.21 [μp].ΐλ{pμ) C p [Dl.1.06; Dl.1.04]

Dl.1.07 [apQ]ιp{a}.~(β{a}) .=. -^pθ){a}

This defines the difference of two predicates.

Tl.1.22 [aμpθ]:μ c u <-pθ) . - {μθ} {a} .D. p{α} [JDi.i.07; Γi.J.iS]

ΓI.i.25 [μpβ]: μ C u (pθ) .3 . - ( μθ) C p [Tl.1.22; Dl.1.04]

Dl.1.08 [θ]:[3a].θ{a] .=. l+θ}

θ is unempty. This definition introduces the semantic category S/(S/n).

El.1.02 [pμ]. .[α].p{α}.Ξ. μ{a] •=: [ξ]: ξ-fp^ .=. ξ fμ^

Given above is the Protothetical extensionality thesis for predicates. As

required by the directive for extensionality, it is presented after the

semantic category S/(S/n) has been introduced.

D1Λ.09 [aξ]: [30]. ξ-f^ . θ{a} .^. U <|>{«}

α is in the generalized union of the family of sets determined by ξ. U is in

the semantic category (S/n)/(S/(S/n)).
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Tl.1.24 [θξ] : ξ-£0). .=>. θ C u <ξ^ [ZλZ.i.03; Di.1.04]

Dl.1.010 [aξ] Λ [0]: H H .=>• #W : Ξ n <ξ}{«}

<z is in the generalized intersection of the family of sets determined by ξ.

Tl.1.25 [αθξ]: |-fθ> . Π <|>>{α} .=>. θ{a} [Dl.1.010; Dl.1.04]
Tl.1.26 [aθξ]: ξ{0} .3 . Π <Cξ> C 0 [Tl.1.25; Dl.1.04]
Tl.1.27 [βξ]:βcn{ξ}.ξ«β} .=). θoΠ<ξ^ [Tl.1.26; Tl.1.15]

Dl. 1.011 [ψ0]. .[αδ].ψ{flδ}.Ξ. 0{αδ} : Ξ . O 4 I / / #

ψ equals 0. This defines equality for binary connections.

Tl.1.28 [ψφ]:ψoφ Ξ 0oψ [Di.i.Oϋ]

Tl.1.29 [ψ].ψoψ [Dl. 1.011]
Tl.1.30 [ψφΦ] : ψ o 0 . 0 o Φ . 3 . ψ o Φ [ D i . i . O i i ]

Tl.1.31 [abψφ]:ψoφ.ψ{ab} .^. φ{ab} [Dl.l.Oll]

Dl.1.012 [ψφ]:.[ab]:ψ{ab] .3. 0{αδ} :=. c ^ψφ$

Connection ψ is included in connection 0.

Tl.1.32 [0 ] .0C0 [Dl.1.012]

Tl.1.33 [0ι//φ]:0 C ψ . ψ C φ . D . ψ C φ [Dl.1.012]
Tl.1.34 [0ψ] :0 C ψ . ψ C ψ . D . ψ o 0 [Dl.1.012; Dl.l.Oll]
Tl.1.35 [abψφ]:ψ c 0.ψ{αδ} .3. 0{αδ} [Dl.1.012]
Tl.1.36 [abcφ]:φ{ab}.boc .3 . 0{αc} [El.i.Oi]
Tl.1.37 [abcφ]:φ{ab}.aoc .D. 0{cδ} [^i.i.Oi]

Dl.1.013 [aφ]:[3b].φ{ab} .=. D4φ¥{a}

a is in the domain of connection 0. D is in semantic category (S/n)/(S/nn).

Dl.1.014 [bφ]:[3a].φ{ab}.=. Q^φ£{b]

b is in the counter-do main or range of connection 0.

Tl.1.38 [abφ]:φ{ab}.^. D =ζφ$= {a}, Q $φ^ {b} [Dl.1.013; Dl.1.014]

Dl.1.015 [φ]:.[ab]:φ{ab}.φ{ac} . 3 . boc :=. =: =ζφ$

0 is a many-one or functional binary connection. =1 is in the semantic
category S/(S/nn).

El.1.03 [0ψ] Λ [ab] :φ{ab} . Ξ . ψ{ab} : = : [η] : η ^φ$ .=. η ^ ^

El.1.03 is the Protothetical extensionality thesis for connections.

Dl. 1.016 [abμpφ]:φ{ab}.μ{a}.p{b] .=. T$φμp${ab}

T^0μp| denotes the restriction of a connection such that its first argument
is an element of μ and its second argument is an element of p. T is in
semantic category (S/nn)/((S/nn)(S/n)(S/n)).

Tl.1.39 [pμ0]:poμ .3. T#0pp£o Tf0μμ| [Dl.1.016; El.1.02]

Dl.1.017 [abη] :[3φ] .η 40* . φ{ab] . Ξ . u lη${ab]
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U $77$ denotes the generalized union of a family of connections determined
by 77. U is in semantic category (S/nn)/S/(S/nn).

1.2 Order Connections In this section we present a number of definitions
relating to the ordering properties of connections as well as a number of
selected theorems involving these definitions.

Dl.2.01 [θφ]: [a]. θ{a} .=>. φ{aa} :=. R <0> 4 0 ^

Connection φ is reflexive in θ. R is of semantic category (S/(S/nn))/(S/n).

Tl.2.1 [0].R<0)4o£ [Tl.1.2; Dl.2.01]

Tl.2.2 [θψφ]:R(θ)=ίφϊ.ψ Clθ .D. R<ψ>40£ [ΓI.i.i4;Z)i.^.O2]

Dl.2.02 [θφ]:. [abc]:θ{a}.θ{b}.θ{c}.φ{ab}.φ{bc} .z>. 0{αc} :=. τ(0)40φ

Connection 0 is transitive in 0.

Tl.2.3 [0].τ<0>4o^= [Γ2.2.5; D i . Z ^ ]

Ti.2.4 [0i//φ]:T<0>4#.i// Cθ .D. T(ψ)40φ [Tl.1.14; Dl.2.01]

Dl.2.03 [θφ]:.[ab]:θ{a}.θ{b}.φ{ab}.φ{ba\ A f l o δ :=. A<0>40£

Connection 0 is antisymmetric in θ.

Tl.2.5 [0]. A<0>4o£ [Ti.2.2;Di.2.03]

Tl.2.6 [0μ0]:A<0>40^.μ c 0 D A(μ)40Φ [Tl.1.14; Dl.2.03]

Dl.2.04 [ 0 0 ] : R < 0 K # . T < θ H # . A < e K 0 φ Ξ PO(θ)40Φ

Connection 0 is a partial ordering connection in 0.
T2.Z7 [0].Pθ<0>4oφ [T2.Z2; Tl.2.3; Tl.2.5; Dl.2.04]
Tl.2.8 [ 0 μ 0 ] : P θ < 0 > 4 # μ c ^ D PO(μ>404=

[Ti.2.^; Tl.2.4; Tl.2.6; Dl.2.04]
Tl.2.9 [abθφ]:. PO(θ) =^φ^ .θ{a].θ{b}. φ{ab} .Z): - (φ{ba}) .v.a ob

[Dl.2.04; Dl.2.03]
Tl.2.10 [abθφ]:P0(θ)^φ$.θ{a}.θ{b}.φ{ab}.~{aob) . D . - ( 0 { M ) [T2.2.P]

Dl.2.05 [aθφ]:. PO{Θ) ^φ$ . θ {a} :[b]:θ{b] .φ{ab] .^.aob :=. MAXL {θφ}{a}

a is a 0-maximal element of 0.

Dl.2.06 [aθφ]:. PO(Θ) =ζφ$ .θ{a}:[b]:θ{b} .D. 0{αδ} :Ξ. p{00}{α}

α is the first element of θ with respect to connection 0.

Tl.2.11 [abθφ]: P {θφ} {a}. p {θφ} {b} . D . α o δ

PR [abQφ]:. Hp(2) .D:
3. P θ < 0 ) 4 0 t [1; Dl.2.06]
4. A <0>4#. [3;.D2.2.04]
5. 0{α}. [1; 2)2.2.05]
6. 0{6}: [2; Dl.2.06]
7. M:0{^} .=>. 0{M: [1; 2)2.2.05]
8. [c]:0{c}.3. φ{bc\: [2; Dl.2.06]
9. 0{αδ}. [6; 7]
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10. φ{ba}. [5; 8]
aob [5; 6; 9; 10; 4; Dl.2.03]

Tl.2.11 establishes uniqueness of first elements.

Dl.2.07 [00]/. PO<Θ)40^ :[p] :p c 0 . !{p* .D. [3«]. P fp«H«} -

WOW 40*

ψ well orders 0.

Tl.2.12 [μp0]:WO<μ)4#.μop .3. W0<pH# [E1.I.O2]

Dl.2.08 [apθφ\:.PQ(θ)^φ$.θ{a}.p c 0 :[δ] :p{δ} .D. 0{δα} : Ξ

UB ίp0«Hα}

« is a 0-upper bound of p in 0.

Z>i.£.03 [αp0φ]. . UB^p0#{α}:[δ]: UBΐp0#{6} .=>. 0{αδ} :=. LUB^p0#{α}

« is the 0-least upper bound of p in θ.

Tl.2.13 [abpθφ]:L\JB{pθφ${a}. \JB frθφ${b} .Ώ. φ{ab} [Dl.2.08; Dl.2.09]

Dl.2.010 [Θφ]::[ab]:.θ{a}.θ{b} .=>: 0{α6}.v. 0{δα} .Ξ, C<0> 4 #

0 connects θ.

D1.2.0U [p00]:PO<0H#.p C0.C(p)40φ: .=. CH^0φJfp )

p is a 0-chain in 0.

Tl.2.14 [p0φ]:CH^00i-fμ^ .0 c p . P O ( p ) 4 0 ^ .D. CH^p0Hμ >

[ZλZ.£.0il; Dl.2.010; Tl.1.13]
Tl.2.15 [μθφ]:CHiΘφ%lμ.ϊ .Ώ. CH%μ.φ%+μ+ [Dl.2.011; Tl.2.8; Tl.1.12]

Dl.2.012 [00]. .[p]:CH^0pJ-fp ) .3 . [3Λ] . θ{a}. LUB ίp^0H4 : Ξ W(0)40*

0 is such that every 0-chain in 0 has a least upper bound in 0.

1.3 Unit Sets At several times in subsequent proofs we shall have occasion
to use theorems containing a many-link functor which corresponds to the
set theoretical notion of a unit set. In this section we define this functor
and present a number of the needed theorems employing it.

Dl.3.01 [ab]:aob .=. \(a){b}

Tl.3.1 [a]. \{a){a\ [Dl.3.01; Tl.1.2]

Tl.3.2 [abp]: \(a){b}.p{a] .D. p{b] [Dl.3.01; Tl.1.4]

Tl.3.3 [abp]: \(a){b}.~(p{a}) .Ώ. ~(p{b}) [Dl.3.01; Tl.1.5]

Tl.3.4 [βδp]:~(p{β}).p{δ}.D. -(!<«>{&}) [Tl.3.3]

Tl.3.5 [ap]: \{a) c p .D. p{a} [Tl.3.1; Tl.1.14]
1 1

Tl.3.6 [ap]:p{a}.^. I (a) C p [ΓJ.3.i; Dl.1.04]
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TL3.7 [abp]:u fp I («»{&}• ~ (p{b}) .^-βob [Dl.1.05; Dl.3.01]

Tl.3.8 [abpθ]:p <Zθ.θ{a}. U < p | <α»{&} .=>. 6>{δ}

PR [αδp6>] /. Hp(3) . 3 :
4. p{6}.v. l<α>{6}: [3; Dl.1.05]

θ{b} [4; 1; Tl.1.14; 4; 2; Dl.3.01; Tl.1.4]
Tl.3.9 [apθ]:p c #.0{α} .=>. U £p 1 <α» c 0 [Γi.3.5; Dl.1.04]

Tl.3.10 [a].P[\(a)o}{a} [Tl.2.7; Tl.3.1; Dl.3.01; Dl.2.06]
1 1

Tl.3.11 [α].WO<K«>Ho£ [Ti.^.Z: Tl.3.10; Dl.2.07]
1 1

1.4 A Lemma on Well Order Connections In this section we prove a lemma
which ultimately will be used in Chapter Two. The lemma is given here
rather than in Chapter Two so as not to interrupt the main thrust of the
proof in which it is used. It is also convenient to place it here because
many of the definitions and theorems of the previous sections are employed
in a non-trivial way. We wish to prove that if we have a connection which
well orders a given set, we can always find a type of extension of that
connection which well orders the original set enlarged by the addition of a
single element. We begin by defining a connection which extends a
previously given connection.

Dl.4.01 [abmp<f>]:.T^φpp^{ab}.v.p{a}.bom .v.aob :=. E1 fynpφ^{ab]
1 1

Tl.4.1 [mpθφ]:R<0>4Eiίmp0H= [Dl.4.01; Tl.1.2; Dl.2.01]
1 1

Tl.4.2 [abcpφ] :WO<p) 4 # T &pp${ab}.T $ψpp${bc} .=). E1 ξmpφ${ac}
1 1 1 1

PR [abcpφ] :Hp(3) . 3 .
4. p{a}. [2; Dl.1.016]
5. p{b}. [2; Dl.1.016]
6. p{c}. [3; Dl.1.016]
7. T<p> 40=)=. [1; Dl.2.07; Dl.2.04]
8. φ{ab}. [2; Dl.1.016]
9. φ{bc}. [3; 2λZ.i.<9i6]

10. φ{ac\. [4; 5; 6; 8; 9; 7; Dl.2.02]
11. T^0pp£{αc}. [4; 6; 10; Dl.1.016]

E1^mp0|{αc} [11; Dl.4.01]
1 1

Tl.4.3 [abcmpφ]:T$φpp^{abj.com . 3 . E1 £rapψ|{αc}
1 1

PR [abcmpφ] :H$(2) .=>:
3. p{α}. [1; Dl.1.016]

EΊ |mp0 | {αc} [3; 2; Z>i.4.0i]
1 1

Tl.4.4 [abcmρφ]:T^φρp^{ab}.boc . 3 . E1^mp0|{«c}.
1 1

PR [α&crapφ] :Hp(2) . 3 .
3. T^φpp^{ac\. [1; 2; Γi.i.5ff]

EΊ £rap0^{αc} [3; Dl.4.01]
1 1
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Tl.4.5 [abcmpφ]:~(p{m}) .bom.Tξφpp${bc} . 3 . EΊ | r a p # { α c }
1 1

PR [abcmpφ] :Hp(3) . 3 .

4. ~(p{&}). [1; 2; Γi.i.5]
5. p{δ}. [3; Dl.1.016]

E1#mp#{αc} [4; 5]
1 1

T1A.6 [abcmpφ]: ρ{a}% bom .boc . 3 . E Ί | r a p 0 ^ { α c }
1 1

PR [αδcmp0]:Hp(3) .=>.
4. c o m . [1; 2; Ti.i.3; Γi.i.i]

E1 $mpφ${ac} [1; 4; Z>i.4.tfi]
1 1

T1A.7 [abcmpφ]:aob.T$φpp${bc} ,o>. E] %mφp${ac} [Tl.1.37; Dl.4.01]
1 1

Tl.4.8 [abcmpφ]:aob ,p{b}.com . 3 . E1 $mpφ${ac} [Tl.1.4; Dl.4.01]
1 1

Tl.4.9 [abcmpφ]:aob.boc . 3 . EΊ $mpφ${ac} [Tl.1.3; D1.4.0Ϊ]
1 1

T 1.4.10 [abcmpφ]: WO(p> 4 # . ~ ( ρ W ) . E1 i m p # { α δ } . EΊ fmp0|{&c} . 3 .
1 1 1 1

E1 #»npφφ{oc}
1 1

PR [abcmpφ] :.Yiv(A) . 3 :
5. Ί%φρp^{ab}.v.p{a}.bom .v.aob: [3; Dl.4.01]
6. T |0pp^ {&c}. v.p {6}. com .v.boc: [4; Di.4.0l]

7. τ|</>pp|{αδ}. Tίψpρ|{ & c } v T ί φ p p H α δ } p W com .v.
T f 0 p p H α δ ) . ^ o c .v. p{α}. 6o m . T f 0 p p H δ c l V

p {α} .bom .p {&} .com.v.p {α} . δ o m . δ o c . v .
floδ. T|0pp^{δc}.v.αoδ . p { δ } . c o r n . v . α o 5 . δ o c : [5; 6]
EΊ ^mpφ^{αc} [7; 1; TI.4.^ ; 7; Ti.4.3; 7; Ti.4.4; 7; 2; T1.4.5;Ί;

1 x Dl.4.01; 7; Tl.4.7; 7; Tl.4.8; 7; Ti.4.ί>]
TI.4.Ji [mpθ0] :WO(p>40^.~(pW) .=>. T(θ) ̂ EΊ # m p 0 ^

1 1

[T 1.4.10; Dl.2.02]
T 1.4.12 [abpφ] :WO(p) 4 0 ^ . T Ϊ 0 p p H ^ } . T # 0 p p H M . D « o δ

PR [«6p0]:Hp(3) . D .

4. A<p)40^. [1; Dl.2.07; Dl.2.04]
5. p{α}. [2; Di.J.OI^]
6. p{δ} [2;ZλZ.I.0i0]
7. 0{α6}. [2; DJ. 1.016]
8. 0{6α}. [3; Dl.1.016]

aob [4; 5; 6; 7; 8; Dl.2.03]
Tl.4.13 [abmρφ]:~(ρ{m}). T $φρp$ {ab}. a o m .^.aob
PR [abmpφ]:Ep(2) .=).
4. ~ ( P W ) [1; 3; Γi.i.5]
5. p{α}. [2;i)i.i.0i6]

aob [4; 5]
Tl.4.14 [abmpφ]\~{p{m]) .bom .T^0pp^{6α} . 3 . α o δ

PR [abmpφ]:Hv(3) . 3 .

4. ~(p{6}) [1; 2; Γi.i.5]
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5. p{δ}. [3; Dl.1.016]
aob [4; 5]

Tl.4.15 [abmpφ]: WO<p) 4 # ~(p W ) E1 ̂ mp#{αδ}. El £mp#{&«} D

1 1 1 1

aob
PR [αδrapψ].\ Hp(4) .3 ;
5. T^φpρ^{ab}.v.p{a}. bom.v.aob: [3; Dl.4.01]
6. T^φpp^{ba}.v.p{b}.aonι .v. boa: [4; ZλZ.4.0i]
7. T$φpp${ab}. T$φpp^{ba}.v.T $φpp${ab}.p{b}. ao rn.v.

T ̂  0pp| {αδ} .6oα,v.p{α}.6om.T kφpp^ {ba} .v.p{α}.5om.p{6},
flowi .v.p{α}. bom.boa.v.aob. T ̂ φpp^ {ba} .v.
aob.ρ{b}.aom.v.aob.boa: [5; 6]
βo δ [7; 1; Tl.4.12; 7; 2; Tl.4.13; 7; T i . i . i ; 7; 2; Tl.4.14; 7;

Tl.1.1; Tl.1.3; 7; Tl.1.1; 7; 7; 7]
ΓI.4.J6 [mpθ0]:WO(p)4#.-(p{m}) .=>. A<^>4E1|mp#φ:

1 1

[Γi.4.i5;ZλZ.£03]
TJ.4.J7 [wιpθ]:WO<p>4#.~(pW) .=>. PO<Θ>4E1 #wp#^=

1 1

[ r i . 4 . i ; Tl.4.11; Tl.4.16; Dl.2.04]
Tl.4.18 [bmpμ]: ~(μ{m}). μ{δ}. I (m){6} . 3 . p{δ}

1 1

PR [δmpμ] :Hp(3) .3 .
4. mo 6. [3; Di.3.0i]
5. ~(μ{δ}) [ l ;4 ;Γi . J .5]

P W [2; 5]
T1A.19 [bmpμ.]: μ c u fp 1 <m» . ~ (μ{m}). μ{6} .D. p{6}

1 1

PR Ompμ].\Hp(3) . 3 ;
4. ρ{δ}.v. |(m){δ}: [1; 3; Tl.1.14]

p{b} [4; 4; 2; 3; Γi.4.i8]
T1Λ.20 [ m p μ ] : μ C u ( p | ( m ) ) . ~ ( μ { m } ) .D. μ c p [T1.4.19;D1.1.04]

1 1

Tl.4.21 [abmpμφ]: μ c u f p I <m>) . - (μ{m}). P {μ0H«} M W •=)

1 1

E1 ΐmp0^{βδ}
1 1

PR [abmpμφ] Λ Hp(4) . 3 :
5. μ C P [1; 2; T1Λ.20]
6. μ{α}: [3; Z)i.^.w]
7. [6]:μ{6}.3.ψ{αδ}: [3; DI.2.05]
8. 0{αδ}. [4; 7]
9. p{a}. [5; 6; Tl.1.14]

10. p{δ} [4; 5; Γi.i.i4]
11. Tΐ0pp|{«^} [9; 10; 8; Dl.1.016]

E1 4m pφ| {αδ} [ 11 Dl. 4.0i]
1 1

T1A.22 [ampμφ] :. μ c u fp I <m» . ~ (μ{m}). P{μ0}{4 . 3 : [b]: μ{δ}.3.
1 1

EΊ $mpφ${ab] [T 1.4.21]
1 1
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Tl.4.23 [ampμφ] :WO<p) 4 # ~ ( P H . μ C u ( p t <m» . ~ (μ{w}).

P{μφ}{<*}.?. P { μ E 1 # m p # H « }
1 1

PR [αmpμ0].\Hp(5) .=>:
6. PO<U{pKwι»HE1fmpψH=. [1; 2; Ti.4.J7]

1 1 1 1

7. PO</iHE1f» ιp#*. [3; 6; 77.-2.5]
1 1

8. μ{a}: [S; Dl.2.06]
9. [b]:μ{b} .:>. EΊ | m p # { α δ } : [3; 4; 5; Tl.4.22]

1 1

Pf μ El f™p#}M [7; 8; 9; Dl.2.06]

Tl.4.24 [mpμφ] :WO<p> 4φ* ~ ( p M ) β c U fp 1 <m» . !-f μ -̂. ~ (μ{m» .

3. [3α].P{μE1 4mp#H«)
1 1

PR [wιpμ0]:Hp(5) . 3 .
6. μ C p , [3; 5 ; ri.4.£0]

[3α].
7. PfμφHΛ> [1; D1.2.07;6;4]
8. P{μE1 tmpψϊH«} [1; 2; 3; 5; 7; Tl.4.23]

[3α].PfμE1^p#}W [8]
I 1

Tl.4.25 [mpμφ]: μ o 1 <m> . μ{ft} .=>. E1 |wp0^{m6}
II 1 1

PR [rapμ0]:Hp(2) . 3 .
3. \{m){b}. [1; 2; Tl.l.lO]

1 1

4. raoδ. [3; Dl.3.01]
E1 ^mp0|{mό} [4; Z)i.4.^i]

1 1

Tl.4.26 [mpμφ]:. μo \{m) . 3 : [b]: μ{b} ,D, E1 | m p # { m δ } [T 1.4.25]
1 1 1 1

ri.4.£7 [mpμ0]:WO<p>40^.~(pW).μ c U f p l(w)).μ{m}.μo I <m> .

3. [3βl.PfμE1ίwp0ΪHα}
1 1

PR [mpμ0] ΛHp(5) .z>:

6. PO(ufp Kw>^>4E1fmpψ^ [1; 2; Ti.4.I7]
1 1

7. PO(μ)4E1 ί m p φ l ^ : [3; 6; TJ.2.8]
1 1

8. [b]: μ{b} .D. E1 f m p 0 H w * } : [5; Γi.4.25]
1 1

9. PfμE1 $mpφ$}{m}. [7; 4; 8; Di.2.^]
[3a].P{μE\\mpφΨϊ{a\ [9]

Ti.4.^5 [αmμ]:μ{w}. l<m>{α}. - (μ{α» . D . μ{α}. ~ {\(m){a})
1 1 1 1

PR [αmμ]:Hp(3) .=>.

4. μ{α} [1; 2; Tl.3.2]
μ{a}.~(\{m){a}) [3; 4]

Ti.4.25 [mμ]:μ{wί}.~(μo J <m» . 3 . ! f - ( μ |<m)H
1 1 1 1

PR [raμ]. . Hp(2) . D :
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3- ~([β]: μ{α} .=• I (m){a\): [2; Dl.1.03]
1 1

[3βl:
4. μ{fl}.~(!(m){α}).v.~(μ{«}).|(m){β}: [3]

1 1 1 1

5. μ{a}.~{\(m){a\). [4; 1; Tl.4.28]
1 1

6. -{μ\(m)){a}\ [5; Dl.1.07]

!"f-^μl<w>H [β ZλZ.i.QS]
1 1

Γ2.4.30 [α6»npμψ]:~(p{»t}).μ C u f p l(m)).PHμl«)ψ}{α}./i{δ}.
1 1 1 1

p {&}.=>. E1ΐmp#{«δ}
1 1

PR [αδmpμ0].\Hp(5) .=>:
6. - f μ l < m » C p . [2; Γi.2.23]

1 1

7. -fμKw»{α}. [3; Di.2.00]
1 1

8. p{a}. [6;T; Tl.1.14]
9. ~(l<m){δ}). [1; 5; TJ.3.4]

1 1

10. -fμί<m»{δ}: [4; 9; Dl.1.07]
11. [ft]:-(μt(m)){J}A φ{ab}: [3; Dl.2.06]

1 1

12. φ{ab}. [10; 11]
13. T|0ppH«δ}. [8; 5; 12; Dl.6.016]

El ^mp0^{αδ} [13; Z)i.4.6>i]
1 1

Tl.4.31 [abmpμφ]: μ C u fp Urn)) . P f-^μ \{m))φ}{a}. μ{&}. - (p{δ}) .3.
1 1 1 1

EΊ|mp#{αδ}
1 1

PR [«δwpμ0]/.Hp(4) .=>:
5. -<-μJ<™>> C p . [1; T2.2.25]

1 1

6. -(μl(ί»»{«}. [2; Dl.2.06]

7. p{α}: [5; 6; ΓI.I.i<|
8. p{δ}.v. l<m){δ}: [3; 1; TJ.I.iδ]

9. \{m){b\. [4; 8]
1 1

10. mob. [9; Dl.3.01]
11. E1 #mp#{«&} [7; 10; i)i.4.0i]

T1Λ.32 [abmpμφ]: ~ (p{m}). μ c u ̂ p J<™» . P ί"f μ 1 (m»0}{α}. μ{δ} .D.
1 1 1 1

E1^mp0|{αδ} [Tl.4.30; T1.4.3Ϊ]

Tl.4.33 [ampμφ].: ~ (p{m» . μ C u ( p i<m» . p { - f μ K m » 0 H 4 •=>:

[6]: μ{b} . 3 . E1 imp0ί{«ί>} [Ti.4.32]
1 1

Tl.4.34 [ampμφ]: WO(p) 4 # ~ (p W). μ c u fp l<m».

PHμt(«»rt{β}A PfμEHmp#H«l
1 1 1 1
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PR [ampμφ]:. Hp(4) .=>:
5. PO<ufpKw>»4E1ί»npψH=. [I; 2; T 1.4.17}

6. PO<μ)4E1 kmptffr. [3; 5; Tl.2.8]
1 1

7. -fμi<m)){α}. [4; Dl.2.06]

8. μ{α}: [7; Z>2.i.6>7]
9. [6]: μ{δ} . 3 . EΊ £mp#{αδ} : [2; 3; 4; Tl.4.33]

P{μE1 #mp#}{4 ' [6;8;9;D1.2.ff]
1 1

Γi.4.35 [mpμtf>] :WO<p> 4 # ~(p W ) . μ <= u (pl{m» . μ{m}.~(μo ί(m» .

3. [3α].P{μE1 $mp$}{a}
1 1

PR [rapμf l :Hp(5) .3.
6. -fμHm»Cp. [3; Tl.1.23]
7. ! f-^μί<m>H [4; 5; Tl.4.29]

1 1

[3β]
8. PHμlj^W [1; 6; 7; DJ.2.07]

9. P{μEI |«p#}{«}. [12; S; 8; ΓI.2.34]

[afll.Pίμε/fwpψHίβ} [9]
1 1

Γi.4.36 [mμp0]:WO<p)4#.~(p{m}). μ Cu(pl(m)) . μ{m} .3.

[3α] Pίμ El kmpφ$}{a} [Tl.4.27; Tl.4.35]

Tl.4.37 [wμpψ]:WO<p>4#.~(pM) μcufpl<w». !-fμ> .3.
1 1

[3α]. P f μ E }$m p # } {«} [ Ti.4.24 T2.4.3^]

Tl.4.38 [mpφ].: WO <p)4# ~ ( p M ) .=>: [μ]: μ c: U fp l<m» . !-fμ> .3 .
1 1

[3α]P{μ E1 fwp0H{«} [Ti.4.57]
1 1

T1Λ.39 [mp0]:WO(p)40Φ - ( p M ) D WO <U( p l(m)))4EΊ ίmp#^=
1 1 1 1

[T2.4.i7; Tl.4.38; Dl.2.07]

Tl.4.39 is the thesis which will be used as a lemma in section 2.3.
1.5 Definitions for the Generalized Choice Principle In this section we
present a number of definitions necessary for stating the generalized
choice principle together with a number of related theorems. For the most
part the definitions and theorems presented here have analogues in
section 1.1.

Dl.5.01 [ξ]. .[30].ξ{0* : Ξ I-fξ*
1 1

ξ is unempty. ! introduces semantic category s/(S/(S/n)). This can be
compared with Dl.1.02 and Dl.1.08. Note that in conformity with Ontology's
directive for definition, the semantic category to which ξ belongs, i.e.,
S/(S/n), has been introduced by Dl.1.08.
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Dl.5.02 [ξ]:[θ].ξ-eβ* .3 . !fθ> :=.*-fξ>
1 1

ξ is a family of non-empty sets, i.e., each set satisfying ξ is non-empty.

Dl.5.03 [ ξ ζ ] Λ [ 0 ] : ξ { 0 * .=. ζlθ} -=.o+K +
1 1

ξ equals ζ. This defines equality for functors of semantic category
S/(S/(S/n)) and can be compared with Dl. 1.01, Dl.1.03, or Dl. 1.11.

Tl.5.1 [ξζ]:ξoζ =. ζoξ [Dl.5.03]
Tl.5.2 [ξζθ]:ξoζ.ξ{0} .=>. ζ t β * [Dl.5.03]

Dl.5.04 [ξζ] Λ [Θ]: ξ{0* .D. ζ{0} : Ξ . c -fξζ}

ξ is included in ζ. This defines inclusion for functors of semantic category
S/(S/(S/n)) and can be compared with Dl.1.04.

Tl.5.3 [ξζ]: ξ C ζ . ξ C ξ .3. ξ o ζ [Z)i.5.<94; Z)i.5.03]

Dl.5.06 [ae].o+99}.o{aa} .=.y{θa}
1 1

V is a universal connection between objects of categories S/n and n. This
definition is given solely to introduce the semantic category S/(S/n)(n) to
which V belongs.

The next two definitions define the domain and range (counter-domain)
respectively of connections of semantic category S/(S/n)(n) and are
analogues of Dl. 1.013 and Dl. 1.014.

Dl.5.07 [θη]:[3a].η{θa}:=. D ^ M Ή
1 1 1 1

Dl.5.08 [aη]:[3θ].η{θa} .=. Q^η$={a}
1 1 1 1

Dl.5.09 [η]:.[abθ]:η{θa}.η{θb] .-D.aob :=. zt^ηϊ
1 1 1 1 1 1

η is many-one or function-like, zj is in semantic category S/(S/(S/n)(n)).

Tl.5.4 [aμρη]:η{μa}. μop ,^).η{pa} [El.1.02]
1 1 1 1

1.6 More Analogous Functors The theses presented in Chapter Two
involve the statement of the maximal principle known as Zorn's Lemma for
two different semantic categories. The definitions necessary for stating it
for the lower of the two categories are found in section 1.2. The definitions
required for stating the principle for the higher category are completely
analogous to those found in section 1.2, and are presented below together
with some related theses.

Dl.6.01 [θφ]:o-f:θθ:j .o^φφ^ .^.V-t θφϊ
4 4

This defines the universal connection of semantic category S/(S/n)(S/nn)
and is given here solely to introduce this particular semantic category.

Dl.6.02 [ΓΔ]:.[θφ]:Γ4θφϊ .=. Δ+θφ)- :=. o{ΓΔ>
4 4 4 4 2 2
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Γ equals Δ. This defines equality for objects of semantic category
S/(S/n)(S/nn). o is in semantic category S/((S/n)(S/nn))((S/n)(S/nn)).

Tl.6.1 [ΓΔ]:ΓoΔ ΛΔoΓ [DI.6.02]
Tl.6.2 [Γ].ΓoΓ [Dl.6.02]
Tl.6.3 [ΓΔT]:ΓoΔ.ΔoT .3. ΓoT [Dl.6.02]
Tl.6.4 [00ΓΔ]:Γ{00}.ΓoΔ .3.Ά{θφ} [Dl.6.02]

2 2 2 2

Tl.6.5 [ΓΔTΩ]:ΓoT.ΔoΩ . T O Ω .3 . ΔoΓ [Tl.6.1; Tl.6.3]

Dl.6.03 [T] :[3θφ]. Γ+θφ) .=. !{r}
4 4 2 2

Γ is unempty. This definition is given here to introduce the semantic
category S/((S/n)(S/nn)).

Dl.6.04 [Σθ] Λ [Γ]: Σ{r} .D. θ{τ] :=. C ̂ Σθj-
2 2 2 2 2 2

Here we define inclusion for objects of semantic category S/((S/n)($/nn)).
An obvious thesis follows.

Tl.6.6 [TΣΘ] : Σ C θ . Σ{Γ> .3. θ{τ} [Dl.6.04]
2 2 2 2

The following definition introduces a many-link functor which corresponds
to the set theoretical notion of an ordered pair whose first element is a set
and whose second element is a connection.

Dl.6.05 [pμφψ]:o-£pμ-) .o40ψ^ .=. 1 <p0> -f μψ>
4 4 4 4

i is in semantic category (S/(S/n)(S/nn))/(S/n)(S/nn). Note, however, that
i(p0) is in semantic category S/(S/n)(s/nn).

4 4

Tl.6.7 [pφ]:\(pφ) ipφϊ [Tl.1.7; T 1.1.29; Dl.6.05]
4 4 4 4

Tl.6.8 [pμφψ]:\<pφ)o\(μψ) .3. μop.φoψ

PR [pμ0i//]. .Hp(l>.3 :

2. [σΦ]: KpφHσΦ} .-. \(μψ) fσΦ*: [1; Dl.6.05]

3. \(μψ)lpφ+. [2;T1.6.7]
4 4 4 4

μop.φoψ [3; Dl.6.05]
Tl.6.9 [pμσ0ψΦ].poμ.0oψ.l(p0>-tσΦ-) .=>. Kμψ> "fσΦ )-

4 4 4 4 4 4 4 4

PR [pμσ0ψΦ].Hp(3) .3 .
4. poo. [3; Di.6.05]
5. 0oΦ. [3; Dl.6.05]
6. μoσ. [1; 4; Tl.J.i; Tl.I-3]
7. ψoΦ. [2; 5; Tl.1.28; Tl.1.30]

\(μψ)+σΦΪ [6; 7; Dl.1.06]
4 4 4 4

Tl.6.10 [pμσφψΦ\.poμ.φoψ.l(μψ)ίσΦ} .3. i(p0)fσΦ^
4 4 4 4 4 4 4 4

[similar to Tl.^.P]
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T1.6Λ1 [ p μ 0 ψ ] . p o μ . 0 o ψ . 3 . Kp0> o|<μψ> [Tl.6.10; Tl.6.9; Dl.6.02]
4 4 4 4

Tl.6.12 [pμ0ι//Γ] :Γo |<p0>.Γoί<μψ> .D. po μ.φoψ [Tl.6.1; Tl.6.8]
4 4 4 4

Tl.6.13 [αpμφψΓ]:Γol<pφ>.ΓoKμψ).p{α}.D. μ{α} [Tl.6.12; Tl.1.4]
4 4 4 4

Tl.6.14 [abpμφψT]:Γo\(pφ) .To \(μψ) .φ{ab} . 3 . ψ{αδ}

[Ti.6.i2; Tl.1.31]
Tl.6.15 [ μ p σ 0 ψ ] : p o μ . J < μ T # ψ μ μ i H σ 0 * D KpT£ψpp|> «•σ0*

4 4 4 4 4 4 4 4

PR [μpσ0ψ]:Hp(2) .3 .
3. μ o σ . [2; Dl.6.05]
4. T|ψμμ^o0. [2; Zλί.£.05]
5. τ|ψμμ^oT#ψppJ. [1; ΓI.I.3P]
6. poσ. [1; 3; Tl.1.3]
7. T|ι//pp^o0. [4; 5; Tl.1.28; Tl.1.30]

\(pτ$ψpp$lσφϊ [6; 7; Dl.6.05]
4 4 4 4

Γ1.5.J5 [μporψψ]:poμ.KpT#ψpp^>fσ0 > .=}. UμT#ψμμ^ fσ0>
4 4 4 4 4 4 4 4

[similar to Ti.6.i5]
Γi.ff.i7 [μpψ] :poμ .3 . | < μ T#ψμμ^> o |<p Tΐψpp^>

4 4 4 4

[Tl.6.15; T1.6.16; Dl.6.02]
Tl.6.18 [μpψΓ]:poμ.ΓoKμT#i//μμj}=> . D . Γo|<pT4ψpp^)

4 4 4 4

[Dl.6.02; Tl.6.17]
Definitions D 1.6.06 through Dl.6.016 which follow are completely analogous
to Dl.1.08, Dl.2.01 through Dl.2.05, and Dl.2.08 through Dl.2.012.

Dl.6.06 [Σ].[3Γ].Σ{Γ}.=. 1-fΣ-)-
2 2 2 2

Σ is unempty.

Dl.6.07 [θϊl] Λ [Γ]: 0{r} .=>. Π{ΓΓ} :=. R(θ) ̂ Π ^
22 2 2 2 2 2 2

Π is a reflexive connection on θ.

Dl.6.08 [ Θ Π ] Λ [ Γ Δ T ] : 0 { Γ } . 0 { Δ } . Θ { T } . Π { Γ Δ } . Π { Δ T } . 3 . Π{ΓT} :=.
22 22 22 22 22 22

T{θ) 4Πφ
2 2 2 2

Π is a transitive connection on θ.

Dl.6.09 [ 9 Π ] Λ [ Γ Δ ] : 0 { Γ } . Θ { Δ } . Π { Γ Δ } . Π { Δ Γ } . 3 . Δ o Γ :=. A<^)4Πφ
2 2 2 2 2 2 2 2 2 2 2 2

Π is an antisymmetric connection on θ.

Dl.6.010 [0π]:R<(9>4Π^.T<0>4Πφ.A<0>4Πφ: .=. PO<0)4Π£
2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2

Π partially orders θ.

Dl.6.011 [ Γ Θ Π ] : P 0 < Θ ) 4 Π ^ . Θ { Γ } : [ Δ ] : Θ { Δ } . Π { Γ Δ } . 3 . Γ O Δ :^.
2 2 2 2 2 2 2 2 22

MAXL{0Π}{Γ}
2 2 2 2
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Γ is a maximal elment of Θ with respect to Π.

Dl.6.012 [ΓΣ0Π].\PO<0>4Π£.0{Γ}.Σ C Θ : [ Δ ] : Σ { Δ } . D . Π{ΔΓ} :=.
2 2 2 2 2 2 2 2 22

UBίΣGΠHΓ}
2 2 2 2

Γ is a Π-upper bound of Σ in θ.

Dl.6.013 [TΣΘU] Λ UB $Σθπ${Γ}: [ Δ ] : UB $Σθπ${/a} .=>. Π{ΓΔ> :=.
2 2 2 2 2 2 2 2 22

LUBφβπHΓ}
2 2 2 2

Γ is a Π-least upper bound of Σ in θ.

Dl.6.014 [0Π]::[ΓΔ]Λ0{Γ}.0{Δ}.3: Π{ΓΔ}.V.Π{ΔΓ> Λ=. C<0>4Πφ=
2 2 2 2 2 2 2 2 2 2 2 2

Π connects θ.

Dl.6.015 [Σ0Π]:PO<0>4Π£.Σ C6>.C<Σ>4Πφ .=. CH^Π^-fΣ )-
2 2 2 2 2 2 2 2 2 2 2 2

Σ is a Π-chain in 0.

Tl.6.19 [ΓΣ0Π]:CH^0Πj-fΣ)-.Σ{r}.3. 0{Γ> [Dl.6.015; Tl.6.6]
2 2 2 2 2 2 2 2

Dl.6.016 [0Π]:[Σ]:CH)fc0Πi fΣ}- . 3 . [3Γ]. LUB=£Σ0πHr} .=. W<0> 4Π£
2 2 2 2 2 2 % 2 2 2 2 2 2

Π is such that every Π-chain in θ has a least upper bound in θ.

CHAPTER II: THE AXIOM OF CHOICE AND SOME

RELATED PRINCIPLES IN ONTOLOGY

2.0 Introduction In this chapter we investigate the inferability relation-
ships among the Ontological analogues of the Axiom of Choice, the
Kuratowski-Zorn Lemma, and the Well Ordering Principle. These three,
stated for the semantic category S/n, are:

ACF [ξ]: : !-fξ}.A-fξ} .=>/. [Bη].^iγιγ.D^oξ:[aΘ]:η{θa}.o. θ{a}

KZL [00]: PO<0) 4 # . !f 0} . W(0) * # .=>. [3a]. MAXL [θφ]{a}
WO [0]:[30].WO<0>*#

ACF, a functional form of the Axiom of Choice known as the Gen-
eralized Principle of Choice, states that for every non-empty family of
non-empty sets, there exists a functional connection which associates with
each element of the family a member of that element. KZL is a form of the
maximal principle formulated by Kuratowski and Zorn. It states that every
non-empty, partially ordered set has a maximal element provided the least
upper bound of every chain contained in the set is an element of the set.
WO formulates the Well Ordering Principle and says that for every set
there is a connection which well orders it.

The inferential equivalences of the Axiom of Choice, the Kuratowski-
Zorn Lemma, and the Well Ordering Principle within the field of set theory
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are well known. It is one of the purposes of this chapter to show that
similar equivalences can also be established within the field of Ontology.
But, as the work of this chapter will show, there is a difference between the
sense in which these three principles are equivalent in the field of set
theory and the sense in which they are equivalent in Ontology. In set theory
the equivalence of, e.g., the Axiom of Choice and the Kuratowski-Zorn
Lemma is established by proving a biconditional one of whose arguments is
equiform to a formula expressing the Axiom of Choice and the other to a
formula expressing the Kuratowski-Zorn Lemma. In Ontology, however,
though we can prove ACF implies KZL, the first step in establishing a
biconditional, we cannot prove the converse. Nonetheless, we can prove
that a formula completely analogous to KZL but which states the Lemma
for a higher semantic category than KZL above does imply ACF. Hence,
the two formulas ACF and KZL are not directly equivalent. Furthermore,
even if we could establish the direct equivalence of ACF to KZL, this would
not in itself be sufficient to establish that the Axiom of Choice and Zorn's
Lemma are equivalent within the field of Ontology because ACF and KZL
formulate their respective principles for a single semantic category, S/n.
Given that there are a potentially infinite number of semantic categories,
the establishment of a single biconditional with ACF as one of its argu-
ments and KZL as the other would show only that the two are equivalent
when stated for the semantic category S/n. The import of these remarks is
that within a type theory such as Ontology, the question of the equivalence
of the Axiom of Choice to some other principle is not resolved by showing
two formulas equivalent, but rather by showing that the acceptance of a rule
allowing the addition of the Axiom of Choice for any semantic category
yields the same results as the acceptance of a rule allowing, e.g., the
addition of the Kuratowski-Zorn Lemma for any semantic category. This
sense of equivalence we call rule equivalence and the immediate goal of the
work of this chapter is to establish the rule equivalence in Ontology of the
three principles mentioned.

The first step in achieving this goal is the establishment of certain
implication relations between the Axiom of Choice, the Kuratowski-Zorn
Lemma, and the Well Ordering Principle for certain fixed semantic
categories, and it is to this end that the bulk of the material of this chapter
is devoted. Section 2.1 contains a proof of a "fixed point" theorem which,
when used subsequently as a lemma in section 2.2, serves to bridge the
gap between ACF and KZL. Though this "fixed point" theorem is used
merely as a lemma in proving one of the desired implications, it is
interesting in its own right and its lengthy proof justifies devoting an
entire section to it alone. In section 2.2 we prove that ACF implies KZL.
In section 2.3, we show that the Kuratowski-Zorn Lemma, stated for a
higher semantic category than KZL, above, implies the Well Ordering
Principle as stated above (WO). Section 2.4 contains a proof that WO
implies ACF. Finally, section 2.5 indicates how the results of the
preceding sections suffice to establish the rule equivalence within Ontology
of the Axiom of Choice, the Kuratowski-Zorn Lemma, and the Well
Ordering Principle.
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2.1 A Fixed Point Theorem This section contains a proof of a "fixed
point" theorem which, in brief, states that under certain conditions, a
functional connection maps at least one element of a set onto itself.11

The formal statement of the theorem requires the following definition:

D2.1.01 [p0/] :=!=*/* . D 4 / ^ o θ . α 4 / K p Ξ IN (θp) 4/Φ

/ is a many-one functional connection which maps θ into p.

Given this definition, the theorem we want to prove can be stated:

[3b].θ{b}.f{bb}

The proof itself will make use of the following auxiliary definitions.

D2.1.02 [pf].-. [cd):p{c}.f{cd} .3. p{d] •=. C1 <p> 4 / *

/ is closed on p.

D2.1.03 [pθφ]:. [aσ]: ί-fσ )-.CHip<$ -fσj-. LUB =§σ0#{α} . 3 . p{α} :=.

C2*θ#-fp>

p is such that every unempty chain within it has its least upper bound in p
as long as that least upper bound is in θ.

D2.1.04 [aθφpf]:p c θ .p{α}.C1 (p) 4/£ .C2^#-^p^- .^. ADMfαβΦ/Hp*

p is an admissible subset of θ relative to a with respect to φ and /.

We begin the proof by showing that ΔDlsλ[aθφf}'i;θ$. This is estab-
lished in T2.1.5.

T2.1.1 [cdθf]: IN<6>6>> # * . /{cd} . 3 . ̂ {4
PR [cdθf] :Hp(2) . 3 .
3. Q4/^c^. [l;D2.1.0Ϊ\
4. 0 4/^{4. [2; ΓI.2.3β]

0{4 [3; 4; Tl.1.14]
T2.1.2 [θf]:lN(θθ)#ϊ .3. C)(9)ty$ [T2.1.1; D2.1.02]
T2.1.3 [bσθφ]: LΌB{σθφ${b} .3. θ{δ} [Z)i.2.09; Dl.2.08]
T2.1.4 [Θφ]:C2iθφ%tθϊ [T2.1.3 D2.1.03]
T2.1.5 [α00/]:IN(00>4/=^0{α}.D. ADM[aθφf}iΘ)-
PR [«βφ/]:Hp(2) .=).
3. ΘCθ. [Tl.1.12]

4. C1<0)4/». [1;T2.1.2]
ADMMφ/H^-)- [2; 3; 4; T2.I.4; D2.1.40]

We now proceed to show that the generalized intersection of all
admissible sets contained in Θ is itself admissible. This is established in
T2.1Λ9.

T2.1.6 [abθφf]: IN (θθ) ffψ . θ{a}. Π ζADM[aθpf${b} . 3 . θ{b}
PR [abθφf] :.Hp(3) .=>:

4. [μ]:ADMfα00/H/i-) D μ{&}: [3; Dl.1.010]



LE^NIEWSKI'S ONTOLOGY EXTENDED 25

5. ADM[aθφf}iθ} .3. θ{b}: [4]
6. ADM[aθφf}iθ+. [1; 2; T2.1.5]

θ{b] [5; 6]
T2.1. 7 [aθφf]: IN(θθ)^f$ . θ{a] .3. n <ADM{Λ00/}> C 0 [T2.1.6; Dl.1.04]
T2.1.8 [aσθφf]: ADhA[aθφf}iσi .3. σ{a} [D2.1.04]
T2.1.9 [aθφf] .nζADM[aθφfty{a} [T2.1.8; Dl.l.OlO]
T2.1.10 [acdσθφf]:nζADM[aθφfty{c}. f{cd}. ADM[aθφf}lσ) .3. σ{d}
PR [αcdWφ/]:Hp(3) . 3 .
4. 01<σ>4/*. [3;Z)2.i.M]
5. σ{c}. [1; 3; Γi.i.25]

σ{4 [4; 5; 2; D2.i.O2]
Γ2.i . i i [αcrfθψ/]: Π ζADM[aθφfty{c}.f{cd} . 3 . n <ADM{αθ0/J>{4

[T2.1.1O; Dl.l.OlO]
T2.1.12 [aθφf]\Cλ (n<ADMf«θ0/}» 4/£ [Γ^.i.iJ; D2.i.^]
T2.1.13 [adσμθφf]: σ <Z n ζΔDM[aθφf]$ . ADM[aθφf)iμϊ . σ{d} .3. μ{rf}
PR [«dσμ00/] Λ Hp(3) . 3 :

4. n<ADM^0/}>{^}: [1; 3; Tl.1.14]
5. [μ] : ADM{αβφ/Hμ* . 3 . μ {d} : [4; Dl.l.OlO]

μ{d} [2; 5]
T2.i.i4 [aσμθφf]:σenζADM[aθφf$.ADM{aθφf]4μϊ .3. σ c μ

[Γ2.i.i5; Dl.1.04]
T2.1.15 [aσμθφf]: PO<0) 40^ . CH^Π <ADMfα00/#0* -fσ* .

ADM{«00/} fμ> . 3 . C H ^ μ 0 H σ )
PR l>σμ00/]:Hp(3) .3 .
4. σ C n <ADM{αθ0/}>. [2; D1.2.O1Ϊ]
5. μCΘ. [2;D2.1.04]
6. PO(μ)40^. [l δ Ti.Zδ]
7. σ C μ. [4 ; 3 ; T2.1.14]

8. C(σ>40^. [2; D1.2.O11]
CH[μφ]+σϊ [6; 7; 8; J9i.2.0ii]

T^i.itf [«&σμ00/]:PO<0>404=. l-fσ^ . CH^Π <ADM{αθ0/}>0Hσ> .
LUB4σθ0j{δ}.ADM{flθ0/}-fμ-) . 3 . μ{b]

PR [α6σ|00/]:Hp(5) . 3 .
6. σCn<ADM{α00/fcK [3; D1.2.0H]
7. C 2 ^ 0 H μ ^ [5;Z)2.i.^]
8. σC μ . [5; 6; Γ2.i.J4]

9. CH*μ0Hσ*. [1; 3; 5; T2.1.15]
μ{b} [5; D2.1.04; 2; 3; 9; Zλ?.i.O?]

T2.i.i7 [αδσβ0/|:PO<0>4#-!-tσ^.CH^n<ADMfflβ0/}>0j-tσ^.
LUBίσ00H&} D Π<ADM{αθ0/}>>{δ} [T2.1.16; Dl.l.OlO]

T2.1.18 [aθφf]:PO(θ)^φϊ . 3 . C 2 ^ 0 ^ Π <ADMίαθ0/}> )
[Γ2.i.i7; DZi.03]

T2.1.19 [aθφf]: PO<0) 404=. IN(Θ0> 4 / ^ . θ{a} . 3 .
ADM [α00/] -f Π <ADM{α00/}> >

[Γ2.i.7; T2.1.9; T2.1.12; T2.1.18; D2.1.04]

The above shows that under the given conditions, the generalized
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intersection of all admissible sets is itself admissible. We now give an
auxiliary definition which will be used to show that a is a minimal element
n{ADM{«00/£K

D2.1.05 [abθφf] :Π ζADhλ[aθφfty{b}. φ{ab} .=. Fl [aθφf}{b}
1 1

b is an element of Π ζΔDhλ[aθφf]^ which follows a.

T2.1.20 [aθφf]: Fl [aθφf) c n <ADM£α0φ/}} [D2.1.05; Dl.1.04]

T2.1.21 [abθφf] : |N<00H/£ . θ{a}. Fλ\aθφf\{b] .3 . θ{b}
1 1

PR [abθφf] :R9(3) . 3 .
4. Π<ADM{α00/}}{δ}. [3;Zλ2.i.05]

β{*} [1; 2; 4; Γ2.2.*]
T2.1.22 [aθφf]:\H{θθ)^f$ .θ{a} .3. Fl fα0φ/} C 0 [T2.i.£Z; Dl.1.04]

1 1

Γ2.i.23 [αβψ/]: P0<<9> 40φ . </>{α} .3 . Fl fαβψy|{α}
1 1

PR |>00/]:Hp(2) .3 .
3. R<6)4φ^. [1; DJ.2.04]
4. φ{αα}. [2; 4; Dl.2.01]

F1 {α00/}{Λ} [ Γ2. i. P 3 5; D2.1.05]
1 1

T2.1.24 [acdθφf]: PO<6>> 40=^ IN<00> 4 / ^ . / c Φ . θ{a}.Fλ [aθφf}{c}. f{cd}.

^.F][aθφf}{d]
1 1

PR [acdθφf] :Hv(6) .=>.
7. θ{c}. [2; 4; 5; Γ^.i.^i]
8. θ{ac}. [5;D2.1.05]
9. 0{c4 [3; 6; Tl.1.35]

10. 0{d}. [2; 6; T2.1.1]
11. τ < 0 ) 4 0 ^ . [1; Dl.2.04]
12. 0{βrf}. [4; 7; 10; 8; 9; Dl.2.02]
13. Π<ADM{α00/»{c}. [5; 2)^.1.(75]
14. Π <ADM{α00/}>{4. [T2.1.12; D2.1.02; 13; 6]

Fl f«00/JW [8; 14; Ό2.1.05]
1 1

Γ2.I.25 [«00/l: PO<0) 40^=. IN(Θ0> 4/4=./ c φ . θ{a} . D . Cl <F1 {Λ00/}> 4/φ
1 1

[T2.J.^4; D2.1.02]
T2.1.26 [aθφf]: PO<Θ> 4σφ . IN<<9<9) 4/φ . θ{α} . 3 . 90(Π ζΔDM[aθφfpf) 40φ
PR [α00/]:Hp(3) . 3 .
4. n{ADM{α00/»C0. [2; 3; T2.1.7]

po<n^ADM{fl00/}»4# [i; 4 ; w.^s]
T^.i.27 {ασjLt00/]: PO<0> 4Φ=̂  . IN<00> * / * . 0{α}. CH ^μφ^: fσ> .

μ <=n<ADMfa0φ/}> .3. CH^n^ADM{β00/}>0i-fσ^
PR [βσμ00/]:Hp(5) . 3 .
6. PO<Π<ADM{α00/}»404=. [1; 2; 3; T2.2.2β]

CH>§n<ADM{fl00/}>0j-tσ-) [4; 5; 6; T1.2.14]
T2.1.28 [abσθφf]: PO<0> 4ΦΦ IN(ΘΘ> 4/Φ 0{«} Kσ^ .

CH^Fl {aθφftφl +σ} . LUB kσθφ}{b} . 3 . Fl {α00/}{6}
1 1 1 1
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PR [abσθφf]:. Hp(6) . 3 :
7. σ C F1{α00/}. [5; Dl.2.011]

1 1

8. C2^00*{n<ADM{a00/iH. [1; T2.2.2S]
9. σCn<ADM{Λ00/}}. [7; T2.1.20; Tl.1.13]

10. n<jCADM{α^/}>Cθ. [2;3;Γ2.i.7]
11. σ C Θ . [9; 10; T2.2.23]
12. CH>fcn<ADM{β00/}}0j-£σ )-. [1; 2; 3; 5; 9; Γ2.2.27]
13. CHiθφkiσ}: [1; 10; 12; TL2.14]
14. [δσ]:!-fσ^.CH^n<ADM^0/}^0Hσ^.LUB|σθ0Hδ}.3.

Π <\:ΔDM[aθφf}i{b}: [8; 2)2.2.03]
15. Π <ADMfαβ0/}>{&}: [14; 4; 12; 6]
16. [d] : σ { 4 . 3 . φ{db}: [6; Dl.2.09; Dl.2.08]

[3m],
17. σ{m}. [4; Dl.1.08]
18. 0{m&}. [16; 17]
19. F1f<200/}{ra}. [7; 17; Tl.1.14]

1 1

20. φ{am}. [19;D2.1.O5]
21. τ < θ > 4 0 φ . [l Dl.2.04]
22. θ{m}. [17; 11; T1Λ.14]
23. £{δ}. [6; Dl.2.09; Dl.2.08]
24. 0{αό}: [3; 22; 23; 20; 18; 21; Dl.2.02]

Fλ[aθφf]{b} [15; 24; D2.1.05]
1 1

T2.1.29 [aθφf]: PO<0> 40^=. IN<<90> 4/^=. θ{α} .D. C2iθφ% -(-F1 { ^ 0 / H
1 1

[T2.1.28;D2.1.03]
T2.1.30 [aθφf]: PO<0> 40=^ . IN (θθ) 4/^=./ c 0 . 0{α} .D.

ADM{αθ0/} fF1f_^0/}>

[T2.i.22; T2.1.23; T2.1.25; T2.1.29; D2.1.04]
T2.1.31 [aθφf]: PO<0> 40φ . IN (00) 4 / £ . / C 0 . 0{α} .D.

Π<ADM{α00/}>o F1f«00/} [T2.i.30; T2.1.20; Tl.1.27]

T2.1.32 [abθφf]: PO(0) 403= IN <00) 4 / φ . / C 0 . θ{a}. Π <ADM^00/}>{δ}.

PR [abθφf] :Hp(5) .=).
6. F1^α00/}{δ}. [1; 2; 3; 4; T2.1.31; Tl.l.lO]

1 1

0{αδ} [6; 2)2. i.05]

T2.1.32 establishes that every element of Π £ ADM ̂ 0 0 / } ^ follows α. The
next definitions given are also auxiliary. They will be used to show that a
subset of Π <ADM{α00/}> equals Π <ADMi«00/}>.

2λ2.2.tf6 [abθφf] Λ 0{6}:[cd] :Π <ADM{αθ0/}>{c}.0{c6}. ~(0{cδ}) . / { c 4 . D .
0{rfδ}:=. G1H0/H&}

1 1

D2.1.07 [abwzθφf].\nζkDhΛ[aθφf$>{z}:φ{zb}.v.φ{wz} :=. B\[baθφfw}{z}
2 2

T2.1.33 [abwθφf] :B1 [baθφfw] c n <ADM{α00/}> [DZ2.07; Z)i.i.O4]
2 2
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T2.1.34 [abcwθφf]: IN<00) 4/£ . θ{a}. B1 [baθφfw}{c} .D. 0{c}
2 2

PR [βδcM>00/].\Hp(3) .=>:
4. Π<ADMfcαθ0/}>{c}. [3; D2.I.07]

5. ADMfα00/Hβ* . [ 1 ; 2 ; T2.2.5]

6. [μ]:ADM{«00/Hμ* . 3 . μ{c}: [4; lλZ.2.020]

^ } [5; 6]
T2.1.35 [abwθφf]: M(θθ) 4/£ . 0{α} .D. BΊ [baθφfw] c 0 [T2.1.34; Dl.1.04]

T2.1.36 [abwθφf]: PO<<9) 4 0 * . IN<0Θ) 4/Φ •/ C φ. β{α}

n<)CADMH0/}>W .=>. B1{6α0φ/w;H«}
2 2

PR [a6w00/]/.Hp(5) , D :

6. φ{ab}: [1; 2; 3; 4; 5; T2.1.32]
7. 0{«6}.v.0{^«}: [6]

B}[baθφfw}{a} [7; Γ^.i.P; Z)^.i.O7]
2 2

Γ2.i.37 [abcdwθφf]. B1 ̂ <90>}{c} ./{c4 .D. Π <ADM{α00/}>{d}
2 2

PR (>δer<fc£;00/]:Hp(2) . 3 .

3. n<ADM[aθφf&{c}. [1; D2.i.O7]

Π<ADM{α00/}>{4 [2; 3; T2.I.JJ]

T2.1.38 [abcdwθφf] /. G1 tα0φ/H&}. B1 t6α0φ/^H c} f{cd) ΦW} ~(φ{&e})
1 1 2 2

3: 0{dδ}.v.φ{«;d}
PR [αδc^00/]/.Hp(5) . 3 :
6. [lm]:ni:ADMiaθφM{i}.φ{lb}.~ (φ{bί\). /{to} .3 . 0{mδ}:

[1; D2.1.06]
7. n<ADM{α00/}}{c}. [2; Z)^.i,07]
8. 0{Λ} : [6; 7; 3; 4; 5]

φ{db}.v.φ{wd} [8]
Γ^.i.JP [abcdwθφf]:. PQ(θ)^φ$ . |N<00)4/^ .0{Λ}. n ^ A D M H Φ / t f W

/ { M / M coδ . 3 : 0{ί?δ}.v.0{wc?}
PR [abcdwθφf] Λ Hp(7) . 3 :
8. /{cw;}. [7; 5; Tl.1.37]
9. 154/̂ =- [2;D2.1.0Ϊ\

10. «ιod. [6; 8; 9; Dl.1.015]
11. n*ADM{α00/#{w}. [4; 5; T2.I.J2]
12. θ{w;}. [2; 3; 11; T2.1.6]
13. R ( θ ) 4 φ ^ . [1; Dl.2.04]
14. 0{MW}. [13; 12; Dl.2.01]

15. 0{«;d}: [14; 10; Tl.1.36]
φ{db}.v.φ{wd} [15]

TZi.46> [abcdwθφf]:. PO <0> 4 0 ^ . IN (00> 4/^=. / c 0 . θ{a}.
Π <ADM{β00/3>{6}. f{bw}. B1 {6α00»{c} . /{cd}. 0{«;c} .=>:

2 2

0{dδ}.v.0{w;d}
PR [abcdwθφf] /. Hp(9) . 3 :
10. 0{cd}. [8; 3; Tl.1.35]
11. Π<ADM{αθ0/}>{c}. [7; D2.1.07]
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12. Θ{c}. [2; 4; 11; T2.1.6]

13. θ{d}. [2; 8; T2Λ.1]
14. θ{b}. [2; 4; 5; T2Λ.6]
15. 6>{w}. [2; 6; T2.1.1]
16. T<θ)4φ^. [l DI.2.04]
17. θ{wd}: [12; 13; 15; 9; 10; Dl.2.02]

θ{db}.v.θ{wd} [17]

T2.1.41 [abcdwθφf]:. PO(Θ) 404=. IN<0<9> 4/4= . 0{α} n <ADM{α00/}}{6},

G1 ||α00/H>}. /{M BΊ £δβ00/wHcί /fc4 0 W D:
1 1 2 2

0{dδ}.v.0{wd}
PR [abcdwθφf] :. Hp(9) . 3 :
10. θ{b}. [5;D2.1.06]
11. Π<ADMfα00/}}{c}. [7; Zλ2.i.07]
12. 6>{c}: [2; 3; 11; T2.1.6]
13. -(0{δc}).v.coδ: [9; 1; 12; 10; Tl.2.9]

φ{db}.v.φ{wd} [13; 5; 7; 8; 9; T2.1.38;
13; 1; 2; 3; 4; 6; 8; T .̂i.55>]

Γ£.i.42 [abcdwθφf] Λ PO<Θ) 404=. M(θθ) 4/4=. θ{α}. / c 0 .
Π ζΔϋMiaθφfty{b}.Q\[aθφf}{b}. f{bw]. &λ[baθφfw}{c}. f{cd}.^:

1 1 2 2

φ{db}.v.φ{wd}
PR [abcdwθφf] :. Hp(9) .D:
10. φ{cd}.v.φ{wc}: [S; D2.1.07]

φ{db}.v.φ{wd} [10; 1; 2; 3; 5; 6; 7; 8; 9; T2.1.41; 10; 1; 2; 3; 4;
5; 6; 7; 8; T2.1.40]

T2.1.43 [abcdwθφf]: PO<0> 404=. IN<00> 4/£ . / C 0 . θ{a}.
Π<ADM{αθ0/}^{δ}.G1^00/Hδ}./{^}.B1ίδ^0M{4 / W } =).

1 1 2 2

B1fcδα00/w}{4
2 2

PR [α5cdwθ0/] Λ Hp(9) . 3 :
10. n < A D M H 0 / } > { 4 : [S; 9; T2.1.37]
11. 0{έ»}.v.φ{w4: [1; 2; 3; 4; 5; 6; 7; 8; 9; T2.1.42]

Bλ[baθφflυ}{d} [10; 11; D2.1.07]
2 2

T2.i.44 [abwθφf]: PO(Θ> 404= IN<00) 4/φ . / c 0 .a{«}.
Π <ADM{α00/}>{6}. G1 {Λ00/}{δ}. /{W} . D . CΊ (Bλ[baθφfw}) 4/4=

1 1 2 2

[T2.1.43 ;D2.1.02]
T2.1.45 [abmwσθφf]: PO<0> 404=. IN(00) 4/=^ . θ{a] Λ iσj .

CH^BUδ^0M0Hσ^.LUBM0ίW.=) Π^ADMH0/)>W
2 2

PR [abmwσθφf]: Hp(6) . 3 .
7. CH^n<ADMtαθ0/}>0i-fσ> . [1; 2; 3; 5; T2.1.33; T2.1.27]

Π<ADM{α00/}>{w} [1; 4; 7; 6; TZi.iZ]
T2.1.46 [abwzσθφf]:.σ c BΊ [baθφfw). σ{z] . 3 : 0{>εδ}.v. 0{mε}

2 2

PR [abwzσθφf] :. Hp(2) .D :

3. Bit6αθ0/w}{2}: [1; 2; Ti.i.14]
2 2

φ{zb}.y.φ{wz\ [3; i)2.i.07]
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T2.1.47 [abwσθφf]::σc: BΊ [baθφfw] .DΛ [z]:σ{z\ .^. φ{zb}:v.[3z].
2 2

σ{4 0{^} [T2.1.46]
T2.1.48 [abwσθφf] :. PO<0> 40Φ IN (00) 4 / £ . θ{a}. Π £ADMfa00/£W σ C

B1{α0ψyw}:|>]:σ{2} D 0 W D UB=§σ00Hδ}
2 2

PR [abwzσθφf] :. Hp(6) : D .
7. 0{δ}. [2; 3; 4; Γ£i.tf]
8. B1{&tf00/w}c θ . [2; 3; Γ2..Z.35]

2 2

9. σ C Θ . [5; 8; Tl.1.13]
\JB{σθφ${b} [1; 7; 9; 6; Dl.2.08]

T2.1.49 [abmwσθφf] Λ PO(Θ) 40^=. IN(θa> 4/£ . θ{«}. Π <iCADMtαθ0/»{δ}.
σ C Bλ [baθφfw}. LUB$σθ(${m}:[z]: σ{z} .^. φ{zb}:^:

2 2

φ{mb\ .v. φ{wm}
PR [αδra£wσ<90/] Λ Hp(7) :D:
8. uBΐσ00H&} t 1 ; 2 ; 3 ; 4 ; 5 ; 7 ; Γ2.i.4s]
9. 0{mδ}: [6; 8; Dl.2.09; Dl.2.08]

φ{mb}.v.φ{wm} [9]
T2.1.50 [abmzwσθφf] Λ PO<0) 4 # . IN<ΘΘ> 4/φ=. θ{a}. Π <ADM^Φ/}>{δ}

/ W σC B][baθφfw] . LUB{σθφ${m}.σ{z}.φ{wz} .3:
2 2

0{mδ}.v. φ{wm}
PR [abmzwσθφf] :. Hp(9) . 3 :
9. UBίσ0#{m}: [Ί; Dl.2.09]

10. [Z] :σ{Z} .=>. 0{/m}: [9; Dl.2.08]
11. 0{m}. [9;Z)i.^.W]
12. θ{w}. [4;5;T2.I.l]
13. B1{δα00/^}c θ [2; 3; 7\ai.35]

2 2

14. ffCΘ, [6; 13; Tl.1.13]
15. T(0)40φ [l Dl.2.04]
16. φ}. [14; 8; Ti.i . i4]
17. 0{^m}. [8; 10]
18. φ{wm}: [11; 12; 16; 9; 17; 15; Dl.2.02]

φ{mb}.v.φ{wm} [20]
T2.1.51 [abmwσθφf] :. PO (θ) 4 # . IN (θθ) 4 / ^ . φ } . Π <ADM{α00/}>{δ}.

/ { t o j . σ c B1{δΛ00/w}.LUBίσθ0^{m}.3: 0{mδ}.v. φ{wm}
2 2

PR [abmwσθφf]:: Hp(7) .DΛ
8. U]:σ{ε}.3. 0{^δ}:v.[3^] .σ{z}.φ{wz}:. [6; Γ2.i.47]

ψ{mδ}.v.ψ{^m}
[1; 2; 3; 4; 6; 7; 8; T2.1.49; 1; 2; 3; 4; 5; 6; 7; 8; T2.1.50]

T2.1.52 [abmwσθφf]: PO<0> 40=^ IN (θθ) 4 / ^ . θ{a}. Π ^ADM{α00/J>{δ}.
/{6^}. \+σϊ .CHiBrtba9φfw]φ%iσϊ .LΌB{σθφ${m} . D .

2 2

BΊ{δα00/^}{m}
2 2

PR [abmwσθφf] :. Hp(8) . 3 :
9. σ C Bλ[baθφfw}. [Ί; Dl.2.011]

2 2
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10. Π ζΔDM[aθφM{m}: [1; 2; 3; 6; 7; 8; T2.1.45]
11. φ{mb}.w.φ{wm}: [1; 2; 3; 4; 5; 9; 8; T2.1.51]

B\[baθφfw}{m} [10; 11; D2.1.07]
2 2

T2Λ.53 [abwθφf]: PO<0) 4 0 * IN (θθ) 4/3=. 9{a}. Π £ADM{e00/}}{&}.
/{6w} .3 . C2iθφiiB\[baθφfw}) [T2.1.52; D2.1.03]

2 2

T2.1.54 [abwθφf]: PO<0> 4 0 * IN<0<9> 4 / * . / c 0 . θ{a} .
Π <ΔDM[aΘφfib{b}. G1 H 0 / } W / { M D

1 1

ADM{α<9ψ/HBl {δαθψ/^}^
2 2

[T2.1.35; T2.1.36; T2.1.44; T2.1.53; D2.1.04]
T2.1.55 [abwθφf]: PO<0) 40^ . IN(ΘΘ) 4 / ^ . / c 0 . φ } .

Π<ADM{αθ0/}>{6}.G1fαθ0/}W / { M .=).
1 1

B1f6αθ0/w}°Π<ADMfαθφ/}> [T2.1.33; T2.1.54; Tl.1.27]
2 2

T2.1.55 establishes that B1{δέϊ00/κ;}, though defined in D2.1.07 as a subset
2 2

of Π <|CADM£αθ0/£f>, is, under the given conditions, equal to it. The
penultimate step of this proof involves showing that one more subset of
Π ζΔDbλ[aθφf$> is, under certain conditions, equal to it. D2.1.08 is the
auxiliary definition which defines this subset.

D2Λ.08 [amθφf]: nζΔDM[aθφf${m}.G'l[aθφf}{m} .=. C2[aθφf}{m}
1 1 1 1

T2.1.56 [aθφf]:C2[aθφf}d n <ADMfc«00./}} [D2.1.08; Dl.1.04]
1 1

T2.1.57 [amθφf]:C2[aθφf}{m} .o. θ{m} [D2.1.08; D2.1.06]
1 1

T2Λ.58 [aθφf]:G2[aθφf}a θ [T2.1.57; Dl.1.04]
1 1

T2.1.59 [abcdθφf]: PO<0> 40φ . IN (θθ) 4/£ . / c 0 . θ{a}.
C]ζΔDM[aθφfty{c}.~(φ{ac}) . D . 0{^α}

PR [acdθφf] Λ Hp(6) .=>:
7. 0{αc}. . [1; 2; 3; 4; 5; T2.J.32]

0 W [6; 7]
T2.1.60 [aθφf] Λ PO<0) 40Φ IN (00) 4/£ . / c 0 θ{a} . 3 : [cdf]:

Π ζADMiaθφf}i{c}. φ{ca]. ~ (φ{ac}). f{cd} .^. φ{da] [T2.4.59]
T2.1.61 [aθφf]: PO<0> 40^ IN<00> 4 / * . / c 0 θ{a} . 3 . G1{fl00/}{β}

1 1

[T2.1.60 ;D2.1.06]
T2.1.62 [aθφf]: PO<Θ) 40^ . IN<ΘΘ> 4/^=. / C 0 . θ{a} .D. G2{α00/}{α}
PR [α00/]: Hp(4) .D.
5. G1{α00/H«} t 1 ; 2 ; 3 ; 4 ; T2.1.6ί\

1 1

G2£α00/}{«} [T2.1.9; 6; D2.1.08]

T2.1.63 [acdθφf]:G2[aθφf}{c}. f{cd} . 3 . n <ADMfα00/£H<*}
1 1

PR [αc^0/]:Hp(2) .D.
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3. n*ADM{α0«/ϊH*} [1; D2.1.08]
n<ADM[aθφf&{d} [3; 2; T2.1.11]

T2.1.64 [acdlmθφf]:PO(θ)tΦ¥.f c φ .Gl[aθφf}{c}.f{cd}.

Π <ADMfα00/}}{Z}. 0{ZC}. ~ (0{cZ})\/{Zm}. 0{rf}. 0{c}
0{m} .D. φ{md}

PR [βcrfZm00/]/.Hp(ll) .=>:'
12. [jk]:n<lDMiaθφMij}.φ{jc}.~(φ{cj}).f{jk}^. φ{kc}:

[3; D2.J.06]
13. φ{mc}. [5; 6; 7; 8; 12]
14. 0{crf}. [2; 4; Γi.i .35]
15. T<0H0=h [l Dl.2.04]

φ{md} [9; 10; 11; 13; 14; 15; Dl.2.02]
T2.1.65 [cdlmθφf]: PO(θ) 4 0 ^ . IN (θθ) &$ . θ{m}. f{cd}. /{Zm}.

Zoc . 3 , 0{rad}
PR [cdZm00/]:Hp(6) . 3 .

7. R<0>40}:. [1; DI.2.04]

8. φ{mm}. [7; 3; Dl.2.01]
9. =ί4/Φ. [2;Zλ2.i.0l]

10. /{cm}. [6; 5; Tl.1.37]
11. morf. [4; 9; 10; Dl. 1.015]

φ{md] [8; 11; Tl.1.36]
T2.1.66 [acdlmθφf]: PO<0> 4 0 ^ . IN(θθ) 4/4= . / c ψ j { β } , G 2 { Λ 0 0 / } { C } .

/{c4.n<ADMM0/}>{Z}.-(0{^Z})./{Zm}.=). 0{mrf}
PR [acdlmθφf]:. (9) .3 :
10. Π<ADM{α00/fcKc}. [5; jDZi.05]
11. G1 [aθφf]{c}. [5; Z)2.i.05]

1 1

12. θ{c}. [11; D2.1.06]
13. n{ADMfβ0ψ/}}{m}. [7; 9; T2.1.11]
14. Π<ADM{α00/}>{ίZ}. [10; 6; T Z i . ϋ ]
15. 0{m}. [2; 4; 13; T2.1.6]
16. 0{4. [2; 4; 14; T2.L6]
17. B1{cα00/(i}o Π<ADM{α00/}> [1; 25 3 ; 4 ; 10; 11; 6; T2.1.55]

2 2

18. Bl[caθφfd]{l}: [7; 17; Tl.l.lO]
2 2

19. 0{Zc}.v.0{^Z}: [1Z; D2.1.07]
20. ψ{Zc} [19; 8]
21. 0{Z}: [2; 4; 7; T^.i.^]
22. Zo c .v. - (0{cZ}): [1; 21; 12; 20; Tl.2.9]

φ{md} [22; 1; 2; 15; 6; 9; T2.1.65; 22; 1; 3; 11; 6; 7; 20; 9; 16;
12; 15; T2.1.64]

T2.1.67 [acdθφf] :. PO<0) ̂ φή=. \U(ΘΘ) 4 / ^ . / c 0 . 0{a}.G2{fl00/}{c}.

f{cd} .3 : [lm]:ΠζADM[aθφf#{l}.φ{ld}.~ (φ{dί\).
f{lm] .D. 0 { m 4 [T2.1.66]
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T2.1.68 [acdθφf]: PO<Θ> *φ$ . IN (θθ) 4/^ . / c 0 . 9{a}.G2[aθφf}{c}.f{cd}.

3. G\[aθφf}{d]
1 1

PR [acdθφf] :.Hp(6) . 3 :
7. n<ΔDM[aθφfty{c}. [5; D2.1.O8]
8. nζADM[aθφM{d}. [5; 6; T2.1.63]
9. θ{d}: [2;4;B;T2.1.6]

10. [Zm]:Π ζADM[aθφf#{l}.φ{ld}.~ (φ{dί\). f{lm\ .D. 0{m4:
[1; 2; 3; 4; 5; 6; T2.i.*7]

G\[aβφf}{d] [9; 10; D2.1.06]
1 1

Γ^.l.^ [acdθφf]: PO(Θ) ^φ$ . \N(ΘΘ) ^f$ . / c 0 . 0{β}. G2[aθφf}{c}. f{cd}.

1 1

PR [acdθφf]: Hp(6) .3 .

7. n*ADMfΛ0φ/»{d}. [5; 6; T2.1.63]

8. G1^0/}{4 [1; 2; 3; 4; 5; 6; Γ2.i.GS]
1 1

G2[aθφf]{d} [7; 8; D2.1.08]

T2.1.70 [aθφf]: PO<0> 40^ IN<ΘΘ> 4 / Φ - / c f β{α} . D . C1<G2^ψ/J> 4/Φ
[T^i.^P; Zλ2.i.02]

T2.i. 7i [ α m σ ^ / ] : PO(0> 40φ . IN<̂ 0> 4/φ . θ{a}.\ iσj- .
CH^G2^αθ0/}0i -fσ -̂. LΌB{σθφ${m} .D. Π <ADMίαθ0/}>{m}

1 1

PR [αmσ00/]:Hp(6) .z>:
7. σCG2[αθ0/] [5; Z)i.2.OIi]

1 1

8. σ c n ζADM[aθφf&. [7; T2.1.56; Tl.1.13]
9. C H ^ Π < A D M ^ 0 / } ^ 0 H σ ) [1; 2; 3; 5; 8; Γ2..Z.27]

Π<ADM[αθφ/]>{m} [1; 4; 9; 6; Γ2.JU7]
ΓZI. 7^ [αcZσθ0/] Λ PO{Θ) ̂ σ$ . IN (θθ) 4/£ . / c 0 . θ{α}. σ c G2{αθφ/}

Π < A D M M # { c } : [ s ] : σ { s } . 3 . -(0{cs» :σ{/} . 3 . φ{lc]
PR [αcZσθ0/]::Hp(8) .=>/.

9. ~(0{cZ}). [7; 8]
10. G2f^0/}{Z}. [8; 5; Tl.1.14]

11. Π <ADM^0/}>{Z}. [10; D2.1.08]

12. G1fαθ0/}{ί}. [10;i)Z2.6)5]
1 1

13. Θ{1}. [12; D2.1.06]
14. D ̂ f¥oθ. [2;D2.L0l]
15. D4/HZ}. [13; 14; Tl.l.lO]
16. θ{c}. [2; 4; 6; T2.1.6]
17. τ(θ)40^. . [l Di.2.04]

[Bw].:
18. /{Zzί;}. [I5;i)i.i.θi3]
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19. n^ADhA[aθφfi3t{w}. [11; 18; T2.L11]
20. θ{w}. [2; 4; 19; T2.1.6]
21. φ{lw}. [3; 18; Tl.1.35]
22. Bλ[laθφfw}onζΔDM[aθφf&. [2; 3; 4; 11; 12; 18; T2.1.55]

2 2

23. B1ffo00.M{c}: [6; 22; Tl.1.10]
1 1

24. ψ{cZ}.v.0{wc}: [23; D2.1.07]
25. 0{WC}Λ [9; 24]

φ{lc} [21; 25; 13; 16; 20; 17; ZλZ.2.02]
T2.i. 75 [acσθφf] :. PO<0> 40φ . IN (99) 4/4= . / ^ . φ } , g c G2£α00/}.

Π ^ A D M μ # { c } : [ s ] : α { s } . D . ~(0{<?s}) :D: [Z]:σ{Z}.3. 0{Zc}
[T2.i.72]

T Z i . 74 [αcσθ0/] Λ PO<Θ) 40φ=. IN(θθ) 4/^= . / c ^ i { f l } . σ c Q2[aθφf\.

n < C A D M H # { c } : [ s ] : α { s } . D . ~(0{^}) :=>. UBίσ0#{c}

PR [αcσ00/]. .Hp(7) .=>:
8. [Z]:σ{Z}.=>. 0{Zc}: [1; 2; 3; 4; 5; 6; 7; T2.1.73]
9. 0{c}. [ 2 ; 4 ; 6 ; T^.i.5]

10. σ C ^ . [5 ; Tl.1.13; T2.1.58]
\JB {σθφ${c} [1; 9; 10; 8; Dl.2.08]

T2.1.75 [acmσθφf] :. PO(θ) 40^=. \N(θθ) 4/3= . / c ψ . e { α } . σ c G2£α6>0/}.

L U B ί σ θ 0 H ^ } n < A D M [ α θ # { c } . ~ (ψ{wίC}) :[s] :σ{s} . 3 .
~(φ{cs}) o : ~([s]:σ{s}.=>. ~(0{cs}))

PR [acmσθφf]: Hp(9) .D.
10. \JB{σθ${c}. [1; 2; 3; 4; 5; 7; 9; Γ2.I.74]
11. φ{mc}. [6; 10; Ti.ZI5]

~([s]:σ{s}.=>. ~(0{cs})) [8; 11]
TZi. 75 [acmσθφf]: PO<0> 40^ . IN(00> 4/^ / c 0 . β{«}. σ c G2{Λ0*/}.

LΌB{σθφ${m}. nζADM[aθφf&{c}.~{φ{mc}) . 3 .
-([s]:σ{s}.D. ~(φ{cs})) [T2.1.75]

T2.1. 77 [acmσθφf]: PO(θ) 40^=. IN<0θ) 4/3= . / c ψ , φ } . σ c G2tα00/} .
1 1

LUBtσ0#{wι}. n4:ADMfα00Λ>{c}.~(0{mc}) .3.
[ 3 s ] . σ{s}. 0{cs} [T2.1. 76]

T2.1. 78 [acdmsσθφf]: PO<0) 4 0 ^ . IN<^^> 4 / £ . θ{a}.σ c G 2 { Λ 0 0 / }
1 1

LUBίσ0φ§=M n<ADM{α00/}>{c}./.{c4.σ{s}.0{cs}.
~(0{sc}) . D . 0{ί?m}

PR [acdmsσθφf] :. Hp(10) .=>:
11. G2{α0*/}{«}• [8; 4; Tl.1.14]

1 1

12. 0{s}. [11; Γ^.i.57]
13. T(0)40φ. [l Dl.2.04]
14. θ{m}. [5; Dl.2.09; Dl.2.08]
15. G1f000/Hs}: [11; .DZi.05]

16. [jk]:Π <ADM[aθφf&{j}.φ{js}. ~(φ{sj}) .f{jk} . D . φ{fcs}:
[15; i)Zi.6>5]
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17. φ{ds}. [6; 7; 9; 10; 16]
18. Π <ADM{α0ψ/ϊ}{rf}. [6; 7; T2.1.11]
19. Θ{d}. [2; 3; 18; T2.1.6]
20. 0{sm}. [8; 5; Dl.2.09; Dl.2.08]

φ{dm] [13; 12; 14; 19; 17; 20; Dl.2.02]
T2.1.79 [acdmsσθφf]: PO(0) 4 # . IN (00) 4 / £ . / c 0 . 0{α}. I fσ-)-.

CH^G2{α00/i0Ϊ fσ )-.LUBtσ00Hm}.Π<ADM{α00/}>{c}.
1 1

~(φ{mc}) .f{cd}.σ{s}.cos ,z>. φ{dm]
PR [αcrfrasσ00/] Λ Hp(12) .=>:
13. σCG2{α(90/}. [6; Dl.2.011]

14. G2fα00/H s} [11; 13; Tl.1.14]
1 1

15. Gifαθ0/}{s}. [14; D2.1.08]
1 1

16. G1M0/H<?}. [12; 15; Tl.1.4]
1 1

17. Bλ{caθφfd}onζADM{aθφfί)t. [1; 2; 3; 4; 8; 16; 10; T2.1.55]
2 2

18. n<ADM{β£0/£Hm}. [T2.1.71; 1; 2; 4; 6; 7]

19. B1fc«0φ/4{m}: [17; 18; Γi.i.iO]
2 2

20. φ{mc}.v.φ{dm}: [Id; D2.1.07]
φ{dm] [9; 20]

Γ2.2.S0 [acdmσθφf]: PO<0) 40φ . IN(00> 4 / ^ ./ C 0 . 6>{α}. !-fσ^-.
CH^G2{α00/}0i-tσ ) .LUBΐσ0φHm}. Π <ADM{α00/^{c}.

1 1

0{cm}.- (0{rac}) ./{erf} . 3 . 0{rfm}
PR [acdmσθφf]:: Hp(ll) .=).-.
12. σ C G2[fl00/] Λ [6; Dl.2.011]

1 1

[3s] Λ

Hi 0 {C1} . I [1; 2; 3; 4; 6; 7; 8; 10; T2.2.77]
15. G2{«00/Hs} [12; 13; Tl.1.14]

1 1

16. G\[aθφf]{s}. [15; D2.1.08]
1 1

17. θ{s}. [16; D2.1.06]
18. 0{c}: [2; 4; 8; T2.1.6]
19. C O S . V . ~ ( 0 { S C } ) Λ [1; 14; 17; 18; Tl.2.9]

φ{dm] [19; 1; 2; 3; 4; 5; 6; 7; 8; 10; 11; 13; T2.1.79; 19; 1; 2; 4;
12; 7; 8; 11; 13; 14; T2.1.78]

T2.1.81 [amσθφf]:. PQ{θ) 40£ . IN (00) 4 / £ . / c 0.0{«}. l fσ )-.

CH>^G2{fl00/}0i "fσ )-. LUB ̂ σ00^{m} . 3 : {erf}:
I 1

Π<ADM{β00/}>{c}.0{cm}.~(0{mc})./{crf} .D. 0{rfm} [T2.2.50]
TZi .S^ [amσθφf]: PO<0) 4 0 ^ . IN (00) 4 / £ . / c ψ . θ{α}. !-fσ̂ ..

CH^G2{α0φ/}0Hσ-)-.LUBίσ00Hw}.=>. C][aθφf]{m]
I I 1 1

PR [αmσ00/]. . Hp(7) . D :

8. σCG2{α00/i. [6; Di.2.022]
1 1
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9. Θ{m}: [7; Dl.2.09; Dl.2.08]
10. [cd]: Π < A D M { Λ 0 0 / } } { C } . φ{cm}. ~ (0{mc}). /{cd} . 3 . 0{dra}:

[1; 2; 3; 4; 5; 6; 7; T2.I.SJ]
G1{αθ0/}{m} [9; 10; D2.1.06]

1 1

T2.1.83 [amσθφf]: PO<0> 404=. W(θθ) 4 / £ . / c 0 . 0{α}. !f or}.
CH$G2[aθφf]φ% iσ}. LUB ΐσθψHm} .=>. G2{Λ00/} {m}

1 1 1 1

PR [amσθφf]: Hp(7) .D.
8. Π<ADM{αθ0/}>{m}. [1; 2; 4; 5; 6; 7; T2.1.71]

9. G1fβ00/Hm}. [1; 2 ; 3; 4; 5; 6; 7; T2.1.82]
1 1

G2fcα0φ/}{m} [8; 9; D2.1.08]

T2.1.84 [aθφf]: PO<6>> 40^ . IN<00> 4/^ . / c 0 . φ } .=).
C 2 ^ 0 ^ f G 2 ^ 0 / } ^ [T2.i.S2; 2)2.Z.6?3]

1 1

Γ2..Z.S5 [α00/]: PO(Θ> 40=^ . \M(ΘΘ) 4/4= . / C f θ { f l } .D.

ADM{α00/}-fG2{Λ00/}^-
1 1

[T2.1.58; T2.1.62; T2.1.70; T2.1.84; D2.1.04]
T2.1.86 [aθφf]: PO<0> 40=^ . \M(ΘΘ) 4/4=. / c 0 . θ{a} .D.

G2fα00/}oΠ <ADMfα00/}>
1 1

PR [αβψ/1: Hp(4) .z>.

5. ADM{αθ0/HG2{α«0/H. t 1 ; 2 ; 3; 4; T2.1.85]

GZ[aθφflon<ADM{aθφf& [T2.1.56;&; Tl.1.27]
1 1

T2.1.86 establishes the equality, under the given condi t ions, of
n^ADM{«00/£f and its subset G2[aθφf}. Using this we can now complete

1 1

the proof.

T2.1.87 [cdsθφ]:. PO<0> 40φ . θ{s}. θ{c}. θ{d}. φ{sd}. φ{cs} ,D : φ{cd}.v.

φ{cd]
PR [cίfe00]. .Hp(6) . 3 :
7. T(0)40φ [l Dl.2.04]

8. 0{cd}: [7; 2; 3; 4; 5; 6; DJ.2.02]

φ{cd}.v.φ{dc} [8]

Γ^.i.SS [acdθφf] Λ PO<0> 404= IN(ΘΘ) 4/4=./ c 0 0{«}
Π<ADM{fl00/}>{4. Π<ADM{α00/}>{d} . 3 : φ{cd}.v.ψ{dc}

PR [acdθφf] ::Hp(6) P Λ
7. G2{β00/}o Π<ADM{«00/}>. [1; 2; 3; 4; T 2 . i . ^ ]

8. G2{fl00/5{c}. [5; 7; Γ2.I.2O]

9. G2H0/H4. [6; 7; Tl.1.10]

10. G1{fl^0/iW [δ D^i.^δ]

11. G\[aθφf){d}. [9;D2.1.08]

12. θ{c}. [10; D2.1.06]
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13. θ{d}. [11; D2.1.06]
14. D^fϊoθ. [2;D2.1.0l]

15. D4/Hc}.\ [12; 14; Tl.1.10]
[3s] Λ

16. f{cs}. [15; Dl.1.013]
17. n<ADM{a00/}}{s}. [5; 16; T^.i . i i]
18. θ{s}. [2; 4; 17; Γ2.i.0]
19. B\[caθφfs] o Π <ADM{«00/#> .

2 2

[1; 2; 3; 4; 5; 10; 16; T2.1.55]
20. Bi£cα00/s}{4: [6; 19; Tl.l.io]

2 2

21. 0{sd}.v.0{rfc}: [20; D2.1.07]
22. 0{c4 [3; 16; Tl.1.35]

φ{cd}.v.φ{dc] [21; 1; 18; 12; 13; 22; T2.1.87; 21]
T^.i.SS [«00/]: PO(0) 404= . IN (00) 4/4=. / c φ . 0{«} . D .

C(n<ADMfa00/}»40^ [T2.1.88; Dl.2.010]

T2.1.89 establishes that nζADM{aθφfty is a connected set under the
conditions stated.

T2.1.90 [aθφf]: PO(θ) 40^ . IN<00> 4/4= •/ c 0 • θ{a} .D.
CH^00Hπ<ADM{α00/}>^-

PR [tf00/]:Hp(4) . D .
5. Π<ADM{α00/}>C 0. [2; 4; T2.1.7]

6. C(Π<ADM{α00/}^)40^. [1; 2; 3; 4; T^.i.SP]
CH^00Hπ<ADM^00/}^>-) [1; 5; 6; Dl.2.011]

T2.1.90 establishes that under the conditions of our desired "fixed point''
theorem, Π <(CADMfα00/y is a chain.

Γ^.i.Pi [α600/]: PO(0> 40^ . IN (00) 4/3=. / c 0 . θ{a}.
LUB{θ^ADM[aθφMθφ^{b} .D. Π <ADMtα00/W>W

PR [αδ00/]. .Hp(5) .=):

6. CH^00i^n<ADMtα00/^") [1; 2; 3; 4; T2.i.9tf]
7. CH^n^ADM^00/}>0Hn<ADM^00/}>>^. [6; T1.2.15]
8. C2^00^-en<ADM^00/}>-)-: [1; T2.i.i8]
9. [σb]: l-fσ-)-. CH^Π < A D M ί « 0 0 / ^ 0 H σ ^ . LUB$σθφ${b} . 3 .

Π <ADM[«00/]>{δ}: [8; D2.1.03]
10. !-fΠ<ADM{α00/}>-)". [1; 2; 4; T2.1.9; Dl.1.08]

Π <ADN%00/};}{&} [10; 7; 5; 9]
Γ2.i.P2 [abθφf]: PO(0) 404=. W<0> 40Φ . IN (00) tfϊ.fcφ. θ{a} . D .

[36].0{δ}./{δδ}
PR [αδ00/].\Hp(5) . 3 :
6. A (0)404=. [1; Dl.2.04]

7. CH^0φJ-fΠ^ADM{α0φ/}>>: [1; 3; 4; 5; T2.I.S0]

[36]:

θ! LUB'ί Π <ADM{α00/^0*W. I [ 2 ; 7 ; D1'Z012]

10. Π 4 : A D M { Λ 0 0 / } > W . [1; 3; 4; 5; 9; T2.1.91]
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11. D 4/^o θ. [3;D2.1.0l]

12. D4/M&}. [8; i i; τi.1.10]
[3w].

13. f{bw}. [12; Dl.1.013]

14. Π ^ A D M M φ / Ϊ ^ M . [10; 13; T2.1.11]
15. 0{w}. [3; 5; 14; T2.1.6]
16. φ{wb}. [9; 15; Dl.2.09; Dl.2.08]

17. 0{δw}. [4; 13; Γi.i.35]
18. wob. [6; 8; 15; 16; 17; Dl.2.03]
19. /{δδ}: [13; 18; Tl.1.36]

[3b].θ{b}.f{bb} [8; 19]
T2.1.93 [θφf]: !{0* . PO(Θ> 4φφ . W<θ> *0φ IN (θθ) 4 / * . / c 0 .3 .

[3&].0{&}./{δ&}
PR [θ0/]:Hp(5) .D.

6. θ{α}. [l DJ.i.OS]
[3δ].θ{6}./{66} [2; 3; 4; 5; 6; T2.1.92]

Hence, the desired "fixed point" theorem is established.

2.2 The Generalized Principle of Choice and the Kuratowski-Zorn Lemma
In this section, we show that ACF implies KZL. The "fixed point" theorem
(T2.1.93) of the previous section, plays a crucial role in the proof. For
reference, both ACF and KZL are repeated below.

ACF [ ξ ] : : K ξ ^ . * j ξ i .=>Λ [3η] -^fif D 4 # o ξ :[aθ] :η{θa} .D. θ{a}

KZL [θφ]: PO <0> 40Φ !4Θ+ . W <0> 40Φ D [3α]. MAXL {θφ} {a}

The proof is basically a reductio argument and begins with the following
definitions.

Ώ2.2.01 [abθφ]: θ{b}.φ{ab}. ~ (φ{ba}) .=. SI {aθφ]{b}
3 3

SΊ {«00j is the set of </>-successors of a in θ.
3 3

D2.2.02 [ιiθφ]:[3a].θ{a}.otμ.S]{aθφ}ϊ .=. S2)£00${μ )-
3 3

S2^θφ^ defines a family of sets each of which is the set of successors of an
element in θ.

T2.2.1 [θφ]:HΘ} .3. \4S2iθφ%}
1 1

PR [θφ]:Hp(l) . 3 .

[3α].
2. θ{β} [l Di.i.08]
3. S2$θφ%+Sλ{aθφfo. [2; T1.1.7-, D2.2.02]

3 3

!fS2^0^ [3; Dl.5.01]

T2.2.2 [μθφ]: PO<0> 40^ ~ ([3α]. MAXL {00} {«}) .S2*00* -f μ* D KM^"
PR [μ00] .Hp(3) . 3 :
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4. [α].~(MAXL{00}{β}): [2]

[36]:

6. /xoSif&etf. I L3, Ztf.2.02]

7. ~(MAXLtθ0Hδ)) [4]
[ 3 d .

8. θ{c}.

9. ί»{δc}. } [7; 1; 5; Dl.2.05]

10. ~ ( 6 o c ) . )
11. ~(φ{cύ}). [1; 5; 8; 9; 10; Tl.2.10]
12. S1 {690} {c}. [8; 9; 11; D2.2.01]

3 3

13. μ{c}: [6; 12; TΊ.i.IO]

!-fμ* [13; W.i.Oβ]

Γ2.2.3 [θ0]:PO<θ)4ΨΦ.~([3o] MAXL{θ0H«}) ° *• iS2&<l>fo
1 1

[T2.2.2; Dl.5.02]

D2.2.03 [bcθφη]:.θ{b}:[3μ.]:o-tμS}{bθφ}} ^{IJLC}:^. R]{θφrft{bc}
3 3 1 1 2 2

RΊ {θφη\ is a special connection which, we show subsequently, satisfies the
2 2

conditions required for application of the ζ'fixed point'' theorem.

T2.2.4 [abcθφη]:i: 4 # R1 tyφη${ab}. R1 {θφη\{ac\ .=). boc
1 1 2 2 2 2

PR [abcθφη] :.Hp(3) .=>:

4. θ{α}: [2; D2.2.03]

[ 3 μ ] :
5. μoSΊ { Λ 0 0 } . )
6. η{μb\. )

1 1

[3p]

7. poS1{αθψ}. I

8. ,{pc}.3 3 I [S ^.2.03]
1 1

9. μ o p . [5; 7; Tl.1.6; Tl.1.8]
10. ry{μc}: [8; 9; Tl.5.4]

1 1

6oc [1; 6; 10; Dl.5.09]
T2.2.5 [θφη]:ZX ^η$ . 3 . Zt ̂ R1 {θφη$$ [T2.2.4; Dl.1.015]

T2.2.6 [bθφη\\Ό^R\{Bφr]\ψ{b\ .-D. θ{b}
2 2

PR [bθφη]:Ήp{l) .=>.

[3c].

2. RHθ0τ?HM [l;Z)i.i.0I5]
2 2

0{δ| [2; J9ZZ6>5]
T2.2. 7 [bθφη]: D ̂ φ o S 2 ^ 0 ^ . φ } . 3 . D ̂ R1 4θ0τ?^{δ}

1 1 2 2

PR [bθφη] :.Hp(2) , D :
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3. S2^00$-£S1 {bθφ}j- . [2; Tl.1.7; D2.2.02]

4. DίηϊiS\ {bθφ}}: [1; 3; Tl.5.2]
1 1 3 3

[3c] :
5 77 {S1 {bθφ}c} . [4; Dl.5.07]

6. [3μ].μoS1{ό00}.77{μc}. [5; ΓJ.I.7]
3 3 1 1

7. Rl ̂ (Ar/HM: [2; 6; D2.2.03]

D4R1^θφη^{6} [7; DI.i.013]
2 2

1 1 2 2 2 2

[T2.£.6; T2.2.7; DLL04]
T2.2.9 [θφr?]:D4τ?^oS2^θφi . 3 . D ^ R U θ φ η ^ o θ [T2.2.8; Tl.1.15]

1 1 2 2

T^.Zi^ N0r]]Λ[μδ] : r ? {μδ}. = ) . μ W : C3 4R1 {θφη&{a} o . ̂ {α}
1 1 2 2

PR [aθφη]:. Hp(2) . 3 :

[3b]:
3. R1 ί^07]Hδ β}. [2; Dl.1.014]

2 2

[3μ].
4. μoS1{δθφϊ. 1

r 1 3 3 I [D2.2.03; 3]

6. μ{α}. [1; 5]
7. S\{bθφ\{a\: [4; 6; TI.J.IO]

3 3

{̂«} [7; D2.2.01]
T2.2.11 [θφη]:.[μb]:η{μb} .Ό. μ{b} -.3. α ^ R i ^ ψ η ^ c θ

1 1 2 2

[T2.2.10; Dl.1.04]
T2.2.12 [aθφη]:.[μb]:η{μb}.^. μ{b}: R1 {θφη${ab} :D.

S1fα00Hδ}.0{αδ}.0{6}
3 3

PR [«00T7]:Hp(2) . 3 .
[3μ]

3. μoS1 {α^0} . 1
4. η{μ6}. 3 3 | [2;D2.2.03]

5. μ V [1; 4]
6. S1 {aθφ}{b}. [3; 5; Tl.l.lO]

3 3

7. φ{ab}.θ{b}. [G; D2.2.01]
SMaθφ}{b}.φ{ab}.θ{b] [6; 7]

3 3

Γ £ £ i 3 [007]]Λ[μδ]:i7{μ6}.D. μ{b} :^. Rl ̂ 0 ^ c 0 .
1 1 2 2

[T2.2.12; Dl.1.012; Dl. 1.014; Dl.1.04]

T2.2.14 [θφη];.Zl ϊrfr .D*ηϊoS2iθφ%:[μa]:η{μa} .^>. μ{a} :D.
1 1 1 1 1 1

IN<00)4R1 Ϊ00τj34 [T2.Z5; r^.^.P; T2.2.13; D2.1.0Ϊ]
2 2
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T2.2.15 [θφ]x[ξ]: :Hξ*.A-fξ* .=>.-. [3η].: =t 4ηφ . D 4ηϊ<> ξ :[μa]:

η{μa} . 3 . μ{a}:: PO<0> 4 # . Hθ> . W<9> 40Φ ~ ([3α].
1 1

MAXL{6>0}{«}) ::D. [3α].MAXL{00}{β}
PR [00]::Hp(5) .DΛ
6. !-fS2*0φ^: [3; ΓZ^.i]

7. AfS2^0j>. . [2; 5; T2.2.3]
1 1

8. =:*#. \
1 1 I

9. D4τ?φ=oS2*00)h } [1;6;7]
i i I

10. [μβ]:r?{μfl}.=>. μfc}: /

11. lN(θθ)tR\$θφη&: [8; 9; 10; T2.2.14]
2 2

12. RΊ {θφη$ c 0 : [10; T£.2.i3]
2 2

[36].
13. R1 {θφη${bb}. [2; 3; 4; 11; 12; Γ^.2.95]

14. Sλ{bθφ}{b}. [10; 13; T2.2.12]
3 3

15. 0{δδ}.~(0{6δ}). . [15; D2.2.01]

[3a]:MkXL{θφ}{a} [15]

Note the use of the "fixed point" theorem (T2.1.93) in the above proof.

T2.2.16 [ | ] Λ !-6ξ*.i-fξ* .=>. [3η]^^ηήF.D4η¥oξ:[μa]:η{μa}.^.

μ{α}. .D: [0φ]: PO<β>*φφ= K 0 * . W<0>4# .^.
[3Λ] . MAXL {00} {«} [T2.2.15]

Hence, ACF implies KZL.

2.3 T/ze Kurtowski-Zorn Lemma and the Well Ordering Principle In this
section we investigate the relationship between the Kuratowski-Zorn
Lemma and the Well Ordering Principle in the field of Ontology. We know
of no way of proving that KZL as stated in section 2.0 (i.e., stated for
semantic category S/n) implies WO (i.e., the Well Ordering Principle
stated for semantic category S/n). However, we show below that the
Kuratowski-Zorn Lemma stated for semantic category S/(S/(S/n)(S/nn))
(denoted below as KZL*) does yield WO.

KZL* [0Π]: PO<0> 4Π£ . !•(• 0} . W<0) 4Πφ .=>. [3Γ]. MAXL {ΘU} {Γ}
2 2 2 2 2 2 2 2 2 2 2 2 2 2

The following two auxiliary definitions play central roles in the proof.

D2.3.01 [0Δ]: [3pφ]. WO(p) 4 # .P c 0 . Δ o ί <p T ξφppfy :=. WOS(θ) {Δ}
4 4 3 3 2 2

WOS(0) denotes a family of "ordered pairs", the first element of which is a
33

well ordered subset of some given set (the arbitrary set for which a well
ordering relation is claimed to exist) and the second element of which is
the restriction to the subset of the connection which well orders it.
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D2.3.02 [ Γ Δ ] : : [ p μ φ i / / ] . \ Γ o t < p 0 > . Δ o l < μ ψ > . > p C μ , ψ C ψ :

[ab] :p{α} . μ{6}. ~ ( p V l ) . 3 . ψ{αδ} Λ S . R 2 { Γ Δ }
2 2

R2 designates a special connection between *'ordered pairs" which, as is
established in T2.3.11, induces a partial ordering on WOS<#). In fact, the

3 3

basic strategy of the proof is to show, first, that WOS(#) and R2 satisfy the
3 3

conditions of KZL*, and then, that the maximal element predicted by KZL*
is an ''ordered pair" whose first element is the arbitrary set for which it
is claimed a well ordering connection exists and whose second element is a
connection which well orders the set.

Ύ2.3Λ [Σ].R(Σ>4R2£ [Tl.6.11; Tl.6.7; Tl.1.15; Tl.1.14; D2.3.02;
2 2 2 2 Dl.6.07]

T2.3.2 [ΘΓΔ]:WOS<Θ>{Γ}.WOS<Θ>{Δ}.R2{ΓΔ}.R2{ΔΓ}.=>. Γ O Δ
3 3 2 2 3 3 2 2 22 22

PR [0ΓΔ].\Hp(4) .=>:
[3p0]:

5. Γ o \ (p T ζφppψ) . [ 1; 02.3.01]
4 4

[ 3 μ ψ ] .
6. ΔoJ<μT#ψμμ|>. [2; D2.3.01]

4 4

7. p c μ . [5; 6; 3; D2.3.02]

8. T # p p J c T f ψ μ μ l . [5; 6; 3; D2.3.02]

9. μ c P [5; 6; 4; D2.3.02]
10. T#ψμμJ c Ttφppt. [5; 6; 4; 02.3.02]
11. p o μ . [7; 9; Tl.1.15]

12. T ί 0 p p t o T t ψ μ μ ^ . [8; 10; T1Λ.34]

13. ί<pTί0pp*)oi<μTtψμμ*>: [11; 12; Tl.6.11]
4 4 4 4

ΓoΔ [5; 6; 13; Tl.6.5]
T2.3.3 [θ]. A<WOS<a»4R2^ [T2.3.2; Dl.6.09]

2 3 32 2 2

T^.5.4 [α&λμp|ψ]ΛP{£i}.~(p{δ}).λ{δ}:[α6]:p{fl}.λ{6}. ~(p{δ}) .=>.
T | | λ λ H « δ } : T ί ξ λ λ | C T|ι//μμJ o . T#^/μμH«δ} [Γi.2.35]

Γ2.3.5 [Λδλpμi//]/.p c λ.p{β}. μ{δ}. ~(λ{δ}) :[«δ] :λ{β}. μ{&}.
~(λ{δ}) . 3 . Tίψμμ|{«6} : D Tf ψ μ μ H ^ } [Π.1.14]

T2.3.6 [α6θσδΦΦΓΔT]:WOS<θ){r} WOS<θ>{Δ}.WOS<θ){τ}.R2{ΓΔ}.
3 3 2 2 3 3 2 2 3 3 2 2 2 2

R2{ΔΓ}.ΓoKσΦ>.ToKδΦ>.σ{β}.δ{6}.~(σ{6}) .=>. φ{«6}
2 2 4 4 4 4

PR [Λδ0σδΦΨΓΔT]i:Hp(lO) .D>:
[3p0]x

11. Γoi<pT40pp|>:: [1; 02.3.02]
4 4

[3λξ]::
12. Δ o l < λ T ί | λ λ # . [2; D2.3.01]

[3μψ]
13. ToJ<μT4ψμμί) . [3; D2.3.02]

4 4
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14. J<σΦ>o|<pT#0pp#. [6; 11; Tl.6.1; Tl.6.3]

15. l(δΦ)o|(μTΐι//μμ|). [7; 13; Tl.6.1; Tl.6.3]

16. σop. [14; Tl.6.8]

17. δoμ. [15;T1.6.8]
18. ΨoTΐψμμJ. [15; Tl.6.8]
19. p{tf} [8; 16; Tl.1.10]
20. μ{6}. [9; 17; Tl.l.lO]
21. ~(pW). [10; 16; Tl.l.ll]
22. p C λ: [4; 11; 12; D2.3.02]
23. [ab]:p{a}.λ{b}.~(p{b} .=>. T^ξλλ|{α&}:

[4; 11; 12; Zλ2.3.02]
24. T|ξλλ^ C T^ψμμl: [5; 12; 13; Zλ2.3.02]
25. [ab]:λ{a}:μ{b}.~(λ{b}) .=>. Tti//μμH«&}:

[5; 12; 13; D2.3.02]
26. λ{&}.v.~(λ{&}): [PC]
27. T4ψμμH«δ}: : [26; 19; 21; 23; 24; Γ2.3.4;

26; 22; 19; 20; 25; T2.3.5]
*{ab} [27; 18; Tl.1.31]

T2.3.7 [θσδΦΦΓΔT]ΛWOS<θ>{r}.WOS<0){Δ}.WOS<0){τ}.R2{ΓΔ}.
3 3 2 2 3 3 2 2 3 3 2 2 2 2

R2{ΔT}.Γo l(σΦ).To l(δΦ) .D: [αδ]: σ{a}. δ{b}. - (σ{δ}) .D. ψ{αδ}
2 2 4 4 4 4

[Γ2.3.6]
T2.3.S [σδΦΦΓΔT]:R2{ΓΔ}.R2{ΔT}.ΓoKσΦ>.Toi<δΦ> A f f C β ,

22 22 44 44

Φ C φ [D2.3.02; Tl.1.13; Tl.1.33]
T2.3.9 [0ΓΔT]:WOS<0){Γ}.WOS<Θ){Δ}.WOS<0){T}.R2{ΓΔ}.R2{ΔT}.D.

3 3 2 2 3 3 2 2 3 3 2 2 2 2 2 2

R2 {ΓT} [ T2.3. 7; T2.3.8; D2.3.02]
2 2

T2.3.10 [0].T<WOS<0»4R2£ [T2.3.9; Dl.6.08]
2 3 32 2 2

T2.3.11 [θ] .PO(WOS(0»4R2£ [Γ£.3.i; TZ3.3; T2.3.10; Dl.6.010]
2 3 32 2 2

The next series of theses are directed at establishing that every R2
chain in WOS(#) has a least upper bound. This goal requires the following

3 3

definitions.
D2.3.03 [pΣ]:[30Γ].Σ{r}.Γo|<p0> .=. C3 {Σ} -fp-)-

2 2 4 4 4 4

This is an auxiliary definition which identifies the set p as an element of an
"ordered pair" which is itself an element of Σ.

D2.3.04 [ψΣ]:[3pΓ].Σ{r}.Γo{(pι//> .=. Q4{Σ^^ψ^
2 2 4 4 4 4

This definition identifies the connection ψ as an element of an "ordered
pair" itself an element of Σ.

Our strategy is to show that if Σ is an R2-chain in WOS(Θ), then the
3 3
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''ordered pair" whose first element is the generalized union of all sets
satisfying C3 {Σ} and whose second element is the generalized union of all

4 4

connections satisfying C4{Σ% is the required least upper bound. This will
4 4

be established at T2.3.56.

T2.3.12 [0pψΓ]:WOS<0){r}.ΓoJ<pψ> .=>. p C θ
3 3 2 2 4 4

PR [0pψΓ]:Hp(2) . 3 .

[3μ0].

Γ θ ^ T ΐ ^ M [liD2.3.0l]
4. μCfl. j
5. μop. [2; 3; Tl.6.1; Tl.6.3; Tl.6.8]

p C Θ [4; 5; Tl.1.16]
T2.3.13 [«ΘΣ]:CH^WOS<0>R2j-fΣ) .U<C3fΣ}>{α}.=>. 6>{α}

2 33 2 2 2 44

PR [αθΣ] /. Hp(2) . 3 ;

[3p]:

3. C3 { Σ H P ^ )
4. p{«}.4 I [2;W.I.O5]

[3Γψ].
5. Σ{Γ}. )

Γo K p 0 > . ) ^ ^ 3 ^

7. WOS<0>{Γ}. [1; 5; Γi.ff.iβ]

8. p^θ: [6; 7; Γ ^ λ i ^ ]
0{«} [4; 8; Tl.1.14]

T2.3.14 [0Σ]:CH^WOS<0)R2j fΣ> . 3 . U <C3 {Σ}> C θ [T2.3.13; Dl.1.04]
2 3 3 2 2 2 4 4

T2.3.15 [p0S]:CH:§WOS<e>R2*{S}.C3{SHp* D [ 3 ψ Γ ] . Σ{Γ>.

WOS<θ){Γ}.WO(p)4^ P c Θ . Γ o K p T 4 ψ p p ^ >
3 3 2 2 4 4

PR [p0Σ].\Hp(2) . 3 :
[30Γ]:

3. Σ{Γ}. I
4. Γ ^ K p ^ ) . [2;Z>2.5.05]

4 4 '

5. WOS<Θ>{Γ}. [1; 3; Tl.6.19]
3 3 2 2

6. p C θ . [4; 5; T2.3.12]

[3μψ]

8. ΓoKμTΐψμμi). L5, D2.3.0IJ
4 4 7

9. μ o p . [4; 8; Tl.6.12]

10. Γo|<pTΪψpp#. [8; 9; Tl.6.18]

11. W O < p ) 4 ^ : 4 [7; 9; Γi.2.i2]
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[3«//Γ].Σ{Γ}.WOS(θ>{r}.WO(p)4ΨΦ P c Θ . Γ o j ( p T ί ψ p p | >
2 2 3 3 2 2 4 4

[3; 5; 6; 10; 11]
T2.3.16 [α<9Σ]:CH*WOS<0)R2}{Σ}.u<C3{Σ}>>{α}.3. u<ltC4ίΣ£IKαα}

2 3 3 2 2 2 4 4 4 4

PR [αθΣ].\ Hp(2) .3;
[3p]:

3 C 3 Ϊ Σ } ^ ) [2;D1.1.09]
4. p{«}. J

[3ψT).
5 WO<p>4^ I Π 3 . T2 3I51
6. Γoi(pJkψppϊ). [l,3,T2.3.15\

4 4 '

7. Σ{Γ}. [1; 3; T2.3.15]
2 2

8. R ( p ) 4 ψ ^ . [5; Dl.2.07; Dl.2.04]
9. ψ{αα}. [4; 8; Dl.2.01]

10. T|ψpp|{«α}. [4; 9; Dl. 1.016]
11. C4ίΣj4T#ψppH=: [6; 7; D2.3.04]

U < C 4 Ϊ Σ ^ { Λ Λ } [10; 11; Dl. 1.017]
4 4

T2.3.17 [0Σ]:CH*WOS<0>R2*-fΣ}.R<u{C3{Σ}» .=). 4 u ^ C 4 ^ Σ ^ ^
2 3 3 2 2 2 4 4 4 4

[T2.3.16; Dl.2.01]
T2.3.18 [ΘΣφ]:CH*WOS(θ)R2%iΣ} .C4{Σ±^<fr .3 . [3ΓpΦ].Σ{Γ>.

2 3 3 2 2 2 4 4 2 2

Γol<pφ).0oTΪΦpp|.WO(p)4^.WOS<e){r}.pCθ
4 4 3 3 2 2

PR [ΘΣψ] Λ Hp(2) .=>:
[3pΓ]:

3 Σ{?1 \ [2;D2.3.04]
4. Γo Kpφ>.

4 4 '

5. WOS(Θ>{Γ}. [1; 3; Tl.6.19]
3 3 2 2

[3μΦ]

7. Γ o | < μ T t Φ μ μ » . [5, DAAOi]
4 4 /

8. pCΘ. [4; 5; T2.3.12]
9. po μ. [4; 7; Tl.6.12]

10. ψoT^Φμμ^. [4; 7; Tl.6.12]
11. W O < ρ ) 4 ^ . [6; 9; Tl.1.6; Tl.2.12]
12. 0oT^Φpp^: [10; 9; Tl.1.1; Tl.1.28; Tl.1.30;

T1.1.39]
[3ΓpΦ].Σ{r}.ΓoKρ0).0oTίΦpp|.WO(p>4Φφ.WOS(0){r}.

2 2 4 4 3 3 2 2

pCΘ [3; 4; 11; 12; 5; 8]
T2.3.19 [αδcpμ0ψΦΓΔΣ]:ΓoKp0>.AoKμψ).0{α&}.ψ{δc}.ψoTtΦμμ|.

WO<μ) 4ΦΦ • Σ{Δ}. R2{ΓΔ} . 3 . U HX4ίΣj}{αc}.ψ{αc}
2 2 2 2 4 4



46 JAMES GEORGE KOWALSKI

PR [αδcpμ0i//ψΓΔΣ]:Hp(8) .=>.
9. 0 C Ψ . [8; 1; 2; 2X2.3.02]

10. ψ{αδ}. [3; 9; T 1.1.35}
11. Tί*μμi{αδ}. [10; 5; Tl.1.31]
12. T ί Φ μ μ H M [4; 5; Γi.i.5i]
13. ψ{«δ}. [11; Dl. 1.016]
14. *{δc}. [12; Dl.1.016]
15. μ{α}. [11; £2.2.026]
16. μ{b}. [11; Dl. 1.016]
17. μjc}. [12; Dl.1.016]
18. T<μ) 4 ^ . [6; Dl.2.07; Dl.2.04]
19. v^jαc}. [18; 15; 16; 17; 13; 14; Dl.2.02]
20. τ | * μ μ § φ c } . [15; 17; 19; Dl.1.016]
21. ψ{αc}. [20; 5; Tl.1.28; Tl.1.31]
22. C 4 ί Σ H Ψ * [2; 7; 2X2.3.04]

23. u4tC4ίΣ£Hαc}. [21; 22; Dl.1.017]

U <ttC4izbM.ψ{αc} [21; 23]
4 4

T2.3.20 [abcpμφψΦΓΔΣ] :Γ o l(pφ) . Δ o \(μψ) . φ{ab} .ψ {be}. φoT $Φpp% .

WO(p) 4 H . Σ{Γ}. R2{ΔΓ} .3. U 4tC4ΪΣMKαc}. 0 V >
2 2 2 2 4 4

PR [αδcpμψψΦΓΔΣ]: Hp(8) .=>.
9. ψ C 0. [8; 1; 2; Zλ2.3.02]

10. 0{δc}. [4; 9; Tl.1.35]
11. TfΦppH«δ} [3; 5; Γi.i.32]
12. TίΦppHδc}. [10; 5; Tl. 1.31]
13. Φ{ab}. [11; Dl.1.016]
14. φ{6c}. [12; DJ.i.Oiβ]
15. p{α}. [11; ZH.I.016]
16. p{6} [11; Di.1.026]
17. p{c}. [12; Dl.1.016]
18. T<p)4*t- [6; Dl.2.07; Dl.2.04]
19. Φ{«c}. [15; 16; 17; 13; 14; Dl.2.02]
20. τ|φppH«c} [15; 17; 19; Dl.1.016]
21. 0{αc}. [5; 20; Tl.1.28; Tl.1.31]
22. C4£ΣH#. [1; 7; D2.3.04]
23. uΊtC4ίΣMHαc}. [21; 22; Dl.1.017]

υ%C4ψh{ac}.φ{ac} [21; 23]

Γ2.3.22 [αδcθΣ]:CH^W0S(θ)R2^-fΣ^ . u iC4^ί)>{α6}.

U HtC4ίΣ^{6c} .3. L 4tC4ίΣΪ*M
4 4 4 4

PR [ΛδcθΣ]; iHp(3) .^::
[30];;

4. C4ίΣH*=M
r t i 4 [2;Di.i.W7]

5. φ{ab}: : } L '
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[3ΓpΦ]x
6. Σ{Γ}.

7. Γoi<P0>

o A -ΛJ 1 ? t 1 ; 4 ; T2.3.18]
8. ψoTfΦppφ. I L , , J
9. W 0 ( p > 4 Φ £ .

10. WOS(Θ){Γ}::
3 3 2 2

[Bψ]::
U C4tΣj4^ ) [3; Dl.1.017]

12. ψ{δc}.\ )
[3ΔμΦ]. .

13. Σ{Δ}. '
2 2

14. Δ o J ( μ ψ ) .

is. ψoTtίJ/a. } U;»;^. i8]
16. WO<μ)4Φ4=
17. WOS(Θ){Δ}.

3 3 2 2

18. C < Σ ) 4 R 2 φ : [1; Dl.6.015]
2 2 2 2

19. R 2 { Γ Δ } . V . R 2 { Δ Γ } ; ;
2 2 2 2

[6; 13; 18; Dl.6.014]
U#C4=EΣ£IH«c} [19; 7; 14; 5; 12; 15; 16; 19; T2.3.19; 19; 7;

4 4 14; 5; 12; 8; 9; 6; T2.3.20]
T2.3.22 [ΘΣ]: CH^WOS(Θ) R2^c f Σ> .D. T<U <C3 f Σ}}> 4 u 4C4ίΣjJ>^

2 3 3 2 2 2 4 4 4 4

[T2.3.21; Dl.6.08]
T2.3.23 [abpμφψ^ΓΔ]: Γo I(pφ) . Δ o l(μψ> . 0{αδ}.ψ{6α}.ψ o T ί ^ μ μ l .

4 4 4 4

WO (μ) 4Ψ£ . R2{ΓΔ} A α o δ
2 2

PR [«δpμ0i//*ΓΔ]:Hp(7) .=>.
8. φ cψ, [7; 1; 2; D2.3.02]
9. ψ{«δ}. [3; 8; Ti.1.35]

10. TtΨμμiφ&} [9; 5; Ti.i.5i]
11. τ | * μ μ ϊ { M [4; 5; Tl.1.31]
12. *{αδ}. [10; Dl. 1.016]
13. *{5α}. [11; Di.I.Oi^]
14. μ{a\. [11; Dl.1.016]
15. μ{6}. [11; Dl.1.016]
16. A <μ> 4*4= [6; Dl.2.07; Dl.2.04]

aob [12; 13; 14; 15;Di.£03]
TZ3.24 [αδθΣ]: CH ̂ WOS(Θ> R2^ -f Σ )-. U tC4{Σ^Ht{ab}.

2 3 3 2 2 2 44

u4tC4^ϊf{6fl}.3. αoδ

PR [ « & Θ Σ ] : ; H P ( 3 ) . 3

[30] : ;
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4. C4£SH#. \

5. φ{abU i [ 2 ; W i ' i 7 ]

[3Γpφ]: :
6. Γo Kp0>.

4 4

7. ψoTΐΦpp^. I [1; A; T2.3.18]

8. WO<pM<H=. I
9. Σ{Γ}::

2 2

[3ψ]::

10. C4|ΣHψt \

11. ψ { 6 4 α } 4 1 [S Di.i.OiZ]

[3Δμφ]. .
12. Δol<μψ>.

4 4

14. W O O i H * * . j LI, 10, T^AJβj

15. Σ{Δ} .
2 2 7

16. C<Σ)4R2φ: [1; Dl.6.015]
2 2 2 2

17. R2{ΓΔ}.v.R2{ΔΓ}Γ:

[9; 15; Dl.6.014]
aob [17; 6; 12; 5; 11; 13; 14; T2.3.23; 17; 6; 12; 5; 11; 7; 8;

T2.3.23; Tl.l.l]
T2.3.25 [ΘΣ]:'CH$VIOS(Θ)R2%4ΣΪ .=>. A<U < C 3 { Σ } » 4 u # C 4 ί Σ £ H

2 3 3 2 2 2 4 4 4 4

[T2.3.24; Dl.2.03]

T2.3.26 [ΘΣ]:CH^WOS<0>R2j-fΣ^ . 3 . P O < U < C 3 ί Σ i » 4 u # C 4 ί Σ M f *
2 3 3 2 2 2 4 4 4 4

[T2.3.17; T2.3.22; T2.3.25; Dl.2.04]

T2.3.27 [δcpμσ</>ψΓΛΣ]:Σ{r}.ΓoKpT4ψpp|>.P{nfpμ)ψHί>} μ{c}.

σ{c}. Δ o J <σ0>. R2{ΔΓ} . 3 . u $£*&$%{be}
4 4 2 2 4 4

PR [δcpμσ0ψΓΔΣ]::Hp(7) .3.-.
8. σ C p . [2; 6; l;D2.3.02]
9. p{c}. [5;8;Γ2.I.i4]

10. n( pμ){c}: [9; 4; D2.2.06]
11. W:n(pμ){c}.3.ψ{δc}: [3; Dl.2.06]
12. ψ{δc}. [10; 11]
13. ΓHpμ){6}. [3; 2M.-2.Oe]
14. p{b}. [13; Dl. 1.06]
15. Ttψ#>H&c} [12; 14; 9;Z>2.J.O26]
16. C 4 4 Σ H T ί ψ p p H . [1; 2; D2.3.04]

Ό$.C4$Σ$${bc} [15; 16; Dl.1.017]
4 4

ΓZ3.2S [δcpμψΓΣ]:Σ{r}.ΓoUpTίi//pp|).Pίn(pμ)ψH6} μ{c}

p{c}.D.u|C4 !ήl{k}
4 4



LE^NIEWSKI'S ONTOLOGY EXTENDED 49

PR [δcpμψΓΣ]::Hp(5) .DΛ
6. nfpμ){c}: [4; 5; Dl.1.06]
7. [^]:Πfpμ){c}.D. ψ{bc}: [3; Dl.2.06]
8. ψ{6c}. [6; 7]
9. Πfpμ){δ}. [3; ZλZ.£00]

10. p{δ}. [9; Dl.1.06]
11. TtψppHM [5; 10; 8; Di.i.OiG]
12. C 4 t Σ H T ί ψppH Λ [1; 2; D&3.04]

U #C4ίΣidHδc} [11; 12; Dl.1.017]
4 4

T2.3.29 [δcpμσψψΔΓΣ]: P {n fpμ)ψ}{δ} Γ o Kp T^ψppl) .

Δo|<σT|0σσ^>.σ{c}.Σ{Δ}.R2{ΓΔ}.^(p{c}) .3. U tCA{Σ\t{bc]
4 4 2 2 2 2 4 4

PR [5cpμσψψΔΓΣ]:Hp(7) . 3 :
9. [M:p{c}.σ{c}.~(p{c}) .3. T^σσH^c}: [2; 3; 6; D2.3.02]

10. nfpμ){δ}. [1;D2.2.W]
11. p{δ}. [11; Dl.1.06]
12. Tf0σσ*{6c}. [9; 11; 4; 8]
13. C ^ Σ H ' T ί M Φ : [3; 5; B2.3.04]

U<C4^Σ^{6c} [13; 12; Dl.1.017]
4 4

T2.3.30 [bcpμσφψΓΔΣ]: Σ{Γ}. Σ{Δ} . Γo \(p T#ψppfy.Δ ol(σTf0σσ|) .

P{nfpμ)ψ}{δ}.σ{c}.μV2}.R2{ΓΔ}.D. u ί c 4 t Σ * * { 6 c } . *
2 2 4 4

T^.5.3i [δcμp^ψΓΣ]: CĤ WOS<0> R2^-fΣ-) . μ c u <C3{Σ}> . Σ{r}.

Γo KpTtψppϊ). Pf n ̂ pμ)ψH*} μW .=>. U *C4tΣi*{δc}
4 4 4 4

PR [δcμpθψΓΣ]::Hp(6) .DΛ
7. u<C3fΣ}>{c}. . [2; 6; ΓJ.i.i4]

4 4

[3σ]:
C3{Σί^ ) [l m.1.09]

9. σ{c}: )
[3«Δl:

10. Σ{Δ}. I
11. Δ^KσT^σσi). [1; 8; K.3.i5]

4 4

12. C<Σ>4R2£: [1; Dl.6.015]
2 2 2 2

13. R2{ΓΔ}.V.R2{ΔΓ}.\ [3; 10; 12; Dl.6.014]

U iCA{Σ^{bc} [13; 3; 10; 4; 11; 5; 9; 6; T2.3.30; 13; 3; 4; 5;
4 4 6; 9; 11; T2.3.27]

T2.3.32 [bμpθψΓΣ]:. CH^WOSW R2j-fΣ-)-. μ c u <C3fΣ}>. Σ{Γ>.

Γo \(p Ttψpp|>. P{Π ̂ pμ)ψ} W :=>: M : μW D

U$C4{Σ$t {be} [T2.3.31]
4 4
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T2.3.33 [6θμpψΓΣ]:CH^WOS(θ)R2HΣ^.μCu<t;C3{Σ}>.Σ{r}.

ΓoKpTίψpp|>.P{nfpμ)ψH4 3 - P{μU#C4ίΣffl{6}
4 4 4 4

PR [όμpθψΓΣ].-. Hp(5) .:>.
6. Π(pμ){6}. [5; Dl.2.06]
7. μ{b). [6; 2)2.1.00]

8. PO<U<C3{Σ}»4U<H:C4tΣjJH=. [1-T2.3.26]

9. PO<μHu fcC4ίΣ£H=: [2; 8; T2.2.28]

10. [c] : μ{c} .3. U <ftC44Σ§= *{6c}: [1; 2; 3; 4; 5; Γ2.3.32]

P {μ U #C4=fΣ£B {b} [9; 7; 10; Dl.2.06]

T2.3.34 [θμΣ]:CH^WOS(θ)R2HΣ )-.μCu<t;C3tΣ}^.!-eμ-)- .3. [3ft].
2 3 3 2 2 2 4 4

Ptμu4tC4ίΣΪ*}{6}
4 4

PR [βμΣ]>:Hp(3) .=)::
[3a]::

4. μ{α}. [3;Di.i.0S]
5. U <C3 {Σ}>{«}. . [4; 2; Tl.1.14]

4 4

[3p]
6. C3{ΣHp*Λ
7. P{a} : I [B;W.i.W]

[3Γψ]:
8. Σ{Γ}. \

2 2 I

9. Γot<pTίψpp|>. j [1; 6; T2.3.15]
10. WO(p)4^ " J
11. nfpμ){«} [4; 7; Dl.1.06]
12. (Ί(pμ)Cp. [Γ2.2.22]
13. I-fnfpμH [11; 2)1.1.OS]

[36]
14. P{nfpμ)ψH&}

[10; 12; 13; Dl.2.07]
15. P{μU#C4ίΣ*:B{δ}::

4 4

[1; 2; 8; 9; 14; T2.3.33]
[3b].P{μυ%C4ψm{b\ [15]

T2.3.35 [βΣ]:CHtWOS<β>R2Hs> 3= [μ]: μ c U <fίC3{Σ}>.!-f μ^ .3.
[3ft].Ptμu4l:C4ίΣi*H*} 4 4 [T2.3.34]

T2.3.36 [0Σ]:CHίWOS<θ>R2jfΣ> .3. WO<U^C3 t Σ } » 4 u < t t C 4 ^ ^
2 3 3 2 2 2 4 4 4 4

[T2.3.26; T2.3.35; Dl.2.07]
T2.3.37 [0Σ]:CH^WOS<β)R2>KΣ}- .=>.

WOS<0>{*<U <C33 f Σ } V τ { u <C4tΣj*u <C3fΣ}>u <C3 tΣ}>|»
3 3 2 4 4 4 4 4 4 4 4 4 42

[T2.3.36; T2.3.14; Tl.6.2; D2.3.01]
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T2.3.38 [pμφψΓΣ]: Σ{Γ}. Γo\(pφ) .

1 <U <C3 fΣj> T ΐ u < C 4 ί Σ i # U £C3 f Σ}>u <C3{Σ}^> o J<μψ> .=>.
4 4 4 4 4 4 4 4 4 4 4 4

p c μ

PR [pμψψΓΣ]:Hp(3) .=>.
4. μoU^C3{Σ}>. [3; Ti.0.5]

4 4

5. C3{ΣHp*. [1; 2; D2.3.03]
4 4

6. pcu<C3{Σ}>. [5;T1.1.24]

p C μ [6; 4; Ti.i.itf]
T2.3.39 [abpμθφψΓΣ]: CHiWIOS(θ) R2% iΣ± .Σ{r}.Γo\(pφ) .

i <U *C3 {Σ}> T*U * C 4 ί Σ Ϊ * u <C3fΣ}Vu 4X3 fΣ}}*) o |<μψ>.
4 4 4 4 4 4 4 4 4 4 4

φ{ab} .=>. ψ{αδ}
PR [abpμiθφψTΣ]: Hp(5) .D.

6. C4ίΣH# [2; 3; D2.3.04]

7. U^C4ίΣjίf{βό}. [5; 6; Dl.1.017]

8. T#U<ftC4^Σ^lu<C3tΣ}>U<C3{Σ}>|oψ. [4; Γi.G.β]
4 4 4 4 4 4

[3ΔσΦ].
9. Σ{Δ}. )

2 2 I

10. Δot(σΦ). > [1; 6; T2.3.18\
4 4

11. ψoT^Φσσ^. /
12. T^ΦσσH^l [5; 11; T1.1.3Ϊ]
13. σ{α}. [12; Dl. 1.016]
14. σ{δ} [12; Di.i.Oi^]
15. C3 {Σ} -fσ-)-. [9; 10; D2.3.03]

4 4

16. uζC3{Σ}^{a}. [15; 13; Dl.1.09]
4 4

17. U <C3{Σ}^f{δ}. [15; 14; Dl.1.09]
18. TΐU*C44ίΣ^U<C3{Σ}^u<C3{ΣΪ>H«&}

4 4 4 4 4 4

[7; 16; 17; Dl.1.016]
ψ{ab} [8; 18; Tl.1.31]

T2.3.40 [pjiθφψTΣ]: CH>fcWOS<0> R2^ + Σ > . Σ{r}. Γ o \(pφ) .

Ku <C3 {Σ}> T^U totΣ^iu <C3 f Σ}>U <C3{Σ}^) o \(μψ).
44 44 44 44 44

D. 0 C ψ [T2.3.39; Dl.1.012]
T2.3.41 [abpσφψTA] :Γol(pφ) .A o\(σψ) . σ{δ}. - (p {δ}). R 2 { Δ Γ } .=).

4 4 4 4 2 2

ψ{ab]

PR [α6pσ0ψΓΔ]:Hp(5) . 3 .
6. σ^p. [1; 2; 5; D2.3.02]
7. p{δ}. [3; 6; Tl.1.14]

ψ{ab] [4; 7]
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T2.3.42 [abpσφψ*ΓΔΣ]:p{a}.~(p{b}).ψoT$U$C4{Σ]:tuζC3{Σ}^

U <(CC3 {Σ}^ . σ{b}.C3 {Σ} f σ * . Σ { Δ } . Γ o \(pφ). Δ o l < σ T ΐ * σ σ # .
44 44 22 4 4 4 4

R2{ΓΔ}.3. ψ{tffc}
2 2

PR [abpσφψVTΔΣ] :. Hp(9) .=>:
10. p C g , [7; 8; 9;Z)2.3.O2]
11. 0 c TfΦσσt: [7; 8; 9;D2.3.02]
12. W:pW.σ{δ}.~(p{δ}) .3. T^Φσσiφδ}: [7; 8; 9;D2.3.02]
13. TtΦσσi{flδ} [1; 2; 4; 12]
14. C 4 ί Σ H T t Φ σ σ ΐ ^ . [6; 8; D2.3.04]

4 4

15. U%C4{Σ$%{ab}. [13; 14; Dl.1.017]
4 4

16. σ{α}. [13; Dl.1.016]
17. σ{δ}. [13; J9i.i.0I6]
18. U<C3{Σ}>{«}. [5; 16; Dl.1.09]

19. U<C3{Σ}>{6}. [5; 17; Dl.1.09]

20. T | U <C4 44Σ^U <C3 { Σ } > U <C3 {Σ}^{ab}.
4 4 4 4 4 4

[15; 18; 19; Dl.1.016]
ψ{ab} [3; 20; T 1.1.31]

T2.3A3 [abpμθφψTΣ]: CH^WOS(θ) R2 J f Σ^ . Σ{r}. Γo l(pψ) .

KU <C3fΣ}>Tί U ^C4ίΣj#U <C3 f Σ}>u <C3 {Σ}>|> o |(μψ>.
4 4 4 4 4 4 4 4 4 4 4 4

pW.μ{δ}.~(p{δD => Ψ{βδ}
PR [β6pμθψψΓΣ]: :Hp(7) . 3 : :
8. μoU<C3{Σ}>. [4; Γ2.Λ8]

9. ψoT#U#C*ίΣ£|fu{C3{Σ}}uHX3{Σ}; |φ. [4; ΓJ.β.8; Ti.I.,28]

10. U <C3 {Σ}^{&}:: [8; 6; Tl.1.10]
4 4

[3σ]::
11. C3{ΣHσ>.)

12. σ{*}Λ i [10;W.i.W]

[ 3 Φ Δ ] Λ

13. Σ{Δ}. )

14. Λ ^ K σ T t * ^ . [1; 11; TZ3.I,]
4 4 /

15. C<Σ>4R2£: [1; Dl.6.015]

16. R2{ΓΔ}.v.R2{ΔΓ}:: [2; 13; 15; Dl.6.014]
2 2 2 2

ψ{αδ} [16; 5; 7; 9; 12; 11; 13; 3; 14; T2.3.42; 16; 3; 14; 12; 7;

T2.3.41]

T2.3.44 [pμθφψTΣ]:.CHiYίOS(θ)R2^iΣ^.Σ{τ}.To\(pφ).

|<U ^C3 {Σ}>T#U <(tC4^#u <C3 {Σ}>u £C3 {Σ}>^o Kμψ>.

^:[ab]:p{a}.μ{b}.~(p{b}) .^.ψ{ab} [T2.3.43]
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T2.3.45 [pμθφψΓΣ].: CH*WOS<β> R 2 * { Σ * . Σ{r}. Γo l(pφ) .

j<U <C3 {Σ}> T fu tCAkΣ^V<C3 f Σ}}u <CC3 {Σ}^> oi(μψ).

^:pC μ.φ(Zψ:[ab]:p{a}.μ{b}.~(p{b}) .^.ψ{ab}
[T2.3.38; T2.3.40; T2.3.44]

T2.3.46 [0Σ]. .CH:|WOS<Θ>R2${Σ* .=>: [Γ] : Σ{r} .=>.

R2{Γl<u i C 3 {Σ}} T | U < C 4 t Σ i # u <C3 ίΣ}>u ^C3 fΣ}>*»
24 4 4 4 4 4 4 4 4 4 2

[ 7^.3.45; D2.3.O2]
T2.3.47 [ΘΣ]: CH^WOS(θ) R2} f Σ )- . 3 .

UBίΣ WOS<θ>R2HKu<C3{Σ}>T#U*C4tΣΪ#u<C3{Σ}>
2 3 3 2 2 4 4 4 4 4 4 4

<C3{Σ}>>|>} [T2.3.11; T2.3.37; Dl.6.015; T2.3.46; Dl.6.012]
4 4 4 2

T2.3.48 [αμp0ψψΓΔΣ]:UB=EΣ WOS<β> R 2 H Δ }

Ku<C3{Σ}>τΐu24C4ΪΣΪίu<C23{Σ}>u<C3{Σ}>i>oKp0).
4 4 4 4 4 4 4 4 4 4 4 4

4 4

PR [αμpθψψΓΔΣ] : : H p(4) # D Λ

5. po U<C3{Σ}>. [2; Γi.&S]

6. U<C3{Σ}>{α}/. [4; 5; Γi.i.iO]

7. [Γ] : Σ{Γ} .^. R2{ΓΔ}: [1; Dl.6.012]
2 2 2 2

[3σ]:
8. C3fΣHσ^ .\

9. σ{«} 4 ) [β Dl.1.09]

[3ΓΦ].
10. Σ{Γ}. )

ii. Γ°tΦ] J [ 8 ; m ω l

12. R2{ΓΔ}. [7; 10]
2 2

13. σ c μ . . [3; 11; 12; Zλ2.3.02]
μ{α} [9; 13; Tl.1.14]

T2.3.49 [pμ^0^ΓΔΣ]:UBίΣ W 0 S W R 2 H Δ } .

Ku<C3{Σ}>Tίu4tC4=EΣί#uic32ίΣ}>u<C3{Σ}>^)oi(p0).
4 4 4 4 4 4 4 4 4 4 4 4

Δ o t ( μ ψ ) .D. p C μ [T2.3.48; Di.1.04]
4 4

T2.3.50 [αδμpflψψΔΣ]: UB^Σ WOS<β> R2H^}.
l<uiC3ΪΣ^T#U2*C4^3fu<C3{Σ}>u<C3{Σ}>i)oKp0>.

4 4 4 4 4 4 4 4 4 4 4 4

Δol(μψ> .φ{ab} .D. ψ{αδ}
4 4

PR [abμpθφψAΣ]:: Hp(4) .D. .
5. 0 o T # U * C 4 ί Σ J : # u 4 : C 3 f Σ } > u < C 3 { Σ } ^ . [2; Γi.tf.β]
6. T#U*C4tΣi:*u<C3fΣ}>u<C3fΣ}>i{£iδ}: [4; 5; Γi.i.ίi]

4 4 4 4 4 4
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7. [Γ] : Σ{Γ} . 3 . R2{ΓΔ}: [1; Dl.6.012]

8. \j$CA$7%${ab}: [6; Dl.1.016]
4 4

[3Φ]:

10. Φ{βV I [S Dl.1.017]

[3σΓ].

11. Σ{Γ}. )

12. r'olW J t * * * 5 ^
13. R2{ΓΔ}. [7; 11]

2 2

Φ C ψ. . [12; 3; 13; D2.3.02]
ψ{ab} [10; 14; Ti.i.55]

T2.3.51 [μpθφψΔΣ]:UB$Σ)NOS(Θ)R2}{Δ}.
I (U <C3 {Σ}^ T ί U #c4zMfu ί ά {Σ}̂ U <C3 {Σ}^) O «p0>.

4 4 4 4 4 4 4 4 4 4 4 4

Δ o | < μ ψ ) . 3 . φ C ψ [T2.3.50; Dl.1.012]
T2.3.52 [&Σ]:~(u4X3{ΣfcHδ}) .=. [p]. C3 {Σ} -fp^ .D. ~(p{6» [i>i.i.W]

4 4 4 4

T2.3.53 [βδpμ00ψΔΣ]:UBίΣ W O S < 0 > R 2 H Δ }

l < U < C 3 { Σ } > T Ϊ U ^ C 4 ί Σ 3 ^ u i C 3 2 { Σ } > U ^ C 3 t Σ ^ ) o | < p ( / ) ) .
4 4 4 4 4 4 4 4 4 4 4 4

ΔoKμΨ>.p{α} μ{6}.~(p{6}) .=>. ψ W
4 4

PR [abpμθφψΔΣ] x Hp(6) . 3 : :
7. po U<C3{Σ]Ch [2; Ti.^.5]

8. U<C3{Σ}^{a}: [4; 7; Γi.i.W]
4 4

9. [Γ]:Σ{Γ}.3. R2{ΓΔ}: [1; Dl.6.012]

10. ~(U*C3{Σ}}{&}). . [6; 7; Tl.l.ll]
4 4

[3σ]. .

11. C3{Σ}iσ+. \

12. σ{«}:4 I [S Dl.1.09]

[3ΦΓ]:
13. Σ{Γ}. I
14. Γ : ;<σΦ>. [ll ^ i W]

4 4 7

15. R2{ΓΔ}: [9; 13]
2 2

16. [ab]:σ{a}. μ{b}.~(σ{b}) . 3 . ι//{α6}: [14; 3; D2.3.02]
17. ~(σ{δ}):: [10; 11; T2.3.52]

ψ{ab} [16; 12; 5; 17]
T2.3.54 [pμθφψΔΣ]:.\JB{Σ WOS <<9> R 2 H * } .

i <U <C3 {Σ}^ τ | u 4tC4^jfu 2 < 2 C3 {Σ}^U <C3 {Σ}^) o | (p0) .
4 44 44 44 44 4 4

ΔoKμψ) :^:[«δ].p{α}.μ{δ}.~(p{6}) . 3 . ψ{ab] [T2.3.53]
4 4
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T2.3.55 [0ΔΣ]:UB£Σ WOS<0> R 2 H * } .=>.

R 2 { K u < C 3 { Σ } > T t u * C 4 t Σ i # u < C 3 { Σ } > u < C 3 { Σ } > ϊ > Δ }
2 4 4 4 4 4 4 4 4 4 4 2

[T2.3.49; T2.3.51; T2.3.54; D2.3.03]
T2.3.56 [0Σ]:CH>£WOS<0>R2:J-(Σ-)- . 3 .

LUB^Σ WOS<0)R2Hl<U<C3{Σ}>Tίu<itC4ίΣ^u<C3{Σ}>
2 3 3 2 2 4 4 4 4 4 4 4

U £C3 {Σ}>^)} [T2.3.47; T2.3.55]
4 4 42

T2.3.57 [0Σ]:CH^WOS<0)R2${Σ )- .=>. [3Γ]. WOS<0> {Γ}.
2 3 3 2 2 2 3 3 2 2

LUB^Σ WOS(£>R2HΓI [T2.3.37; T2.3.56]
2 3 3 2 2 2

T2.3.58 [0]. W<WOS<0»4R2£ [T2.3.57; Dl.6.016]
2 3 32 2 2

T2.3.58 completes the series begun at T2.3.12 and establishes that every
R2-chain in WOS<#) has a least upper bound. Next we show that the last

3 3

condition for application of KZL* is satisfied by WOS(Θ) and R2.
3 3

T2.3.59 [θ]:Hθj- .=). !-£WOS<#>•)•
2 3 3 2

PR [θ]:Hp(l) .=>:

[3β].
2. 9{a}. [l Dl.1.08]
3. \{a) C 0 . [2; Tl.3.6]

4. W0<l(α»4o^. [TI.3.2i]

5. WOS<0> {!< ί(fl> T to K«>i <«>*>}. [3; 4; 5; Tl.6.2; D2.3.01]
3 3 2 4 1 1 1 1 1 1 4 2

!fWOS<0» [5; Dl.6.06]
2 3 3 2

Thus, under the condition that θ is unempty, we can apply KZL* to WOS(#>
3 3

and R2 on the basis of T2.3.11, T2.3.58, and T2.3.59. We continue by
showing that the maximal element predicted by KZL* is, in fact, an
"ordered pair" consisting of θ and a connection which well orders it.

T2.3.60 [wp00]:WO<p>4#.p c θ . θ{m}. - (p{m}) . 3 .
WOS<0){|<U kp\(m)) TίEI £mp0ju {p | ( m » u (p l ( m » # }

3 3 2 4 1 1 1 1 1 1 1 1 4 2

PR [mpθφ] :Hp(4) . 3 .
5. W O ( U ( p l ( m ) ) 4 E H m p 0 ^ . [1; 4; Ti.4.39]

1 1 1 1

6. Ufpl<»2»C0. [2; 3; Γ2.3.P]

WOS(0){|(Ufp|(m))T#EUmp0^u(pl(m))ufpU^))*)}
3 3 2 4 1 1 1 1 1 1 1 1 4 2

[5; 6; Tl.6.2; D2.3.01]

In the above, we finally use the major lemma of section 1.4, viz., T 1.4.39.

T2.3.61 [mpσμφΦψ^T]: Γo I<p0> . Γo I(σΦ).
4 4 4 4

i<ufpi<m»ψ)o|<μι//> .3. σC μ
4 1 1 4 4 4
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PR [mpσμ0ΦψΦΓ]:Hp(3) . 3 .
4. p o σ . [1; 2; Tl.6.12]
5. UfpJ(m»oμ. [3; Γi.6.5; Tl.1.6]

1 1

6. σ C p . [4; Tl.1.6; Tl.1.15]
7. U(pl(m)) C μ . [5; Tl.l.lδ]

σ C μ [6; 7; Γi. i . iZ; Tl.1.13]
T2.3.62 [abmσμpφΦψT]: Γo ί<p T|0pp|> . Γo t(σΦ> .

4 4 4 4

KU fpKw))TfE1 {mp$ u fpi<»»>* u {pK»»»t>ot<μψ>.
4 1 1 1 1 1 1 1 1 4 4 4

Φ{ab] .D. ψ{βδ}
PR [abtnσμpφΦψT] :Kp(4) .=).
5. φoT^pp^. [1;2;T1.6.12]
6. T^φppHαδ}. [4; 5; Tl.1.31]
7. E1=j^p#{^} . [6; Di.4.ί?i]

1 1

8. p{tf} [6;Z)i.i.^i^]
9. p{6}. [%;D1.1.016}

10. Ufp|<w»{α}. [8; Tl.1.17; Tl.1.14]
1 1

11. U< pl(m)){δ}. [9; Tl.1.17; Tl.1.14]
1 1

12. TfE1ίmp0ju( pl<m)) UfpK^»H^} t 7; 1 0 ; n 5 Dl.1.016]
1 1 1 1 1 1

13. T^E1 {mp$ U(pl(m)) U < pl<w) ) ί o ψ . [3; Γi.tf.S]
1 1 1 1

ψ{αό} [12; 13; Tl.1.31]
T2.3.63 [wσμpψΦψΓ]: Γo KpT#φpp^> . Γo KσΦ) .

i <U {p\{m)) T#EΊ ίmp0^ U fp Km)) U fp l<m»|) o |<μψ> .D.
4 1 1 1 1 1 1 1 1 4 4 4

φ C ψ [ TZ 3.62; Dl. 1.012}
T2.3.64 [abmμpσφΦψr}: Γo i(pT^φppΨ) . Γo |<σΦ> .

4 4 4 4

Kufpi(m))TfE1ίmp0jufpl<m» U fp i<m>̂ > o i<μψ) . σ{a}.
4 1 1 1 1 1 1 1 1 4 4 4

μ{δ}.~(σ{δ}).=>. ψ{αδ}
PR [αδwί/ipσ0ΦψΓ]:Hp(6) .3.
7. μoU(p|{m)). [3; Tl.6.8]
8. U(pt<wί»W. [7; 5; Tl.l.U]

1 1

9. * σop. [1; 2; Ti.6.i2]
10. ~(pW). [6; 9; Γi.i.Ii]
11. p{α}. [4; 9; Tl.l.lO}
12. moδ. [8; 10; Tl.3.7}
13. Ei ίwpφHαδ} U 1 ; 1 2 ; " ^ ^ DIA.OI]

1 1

14. Ufp|(m)){«}. [11; Tl.1.17; Tϊ.1.14}

15. T t E H » ι p 0 Ϊ u f p J < m » U ^ p l < m » | { β 6 } . [13; 14; 8; Dl.1.016}
1 1 1 1 1 1

16. T4EHmp0§ufpi<m>}ufpt<m>)Joψ. [3; Ti.6.5]
1 1 1 1 1 1

ι//{tfδ} [15; 16; Tl.1.31}
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T2.3.65 [mμpσφΦψΓ]:. Γo\(pT$φpp¥> . Γ o | ( σ φ ) .
4 4 4 4

Kufpl(m>)Tf El {mp<$ ufpί(m)) u £p \(m))^) o J(σΦ) .3 :
4 1 1 1 1 1 1 1 1 4 4 4

M : σ{a}. μ{b}.~(σ{b}) .^.ψ{ab} [T2.3.64]
T2.3.66 [mpφΓ]::Γo\(pT$φppψ) . D . . [σμΦψ] Λ Γ O |<σΦ>.

4 4 4 4

Kufpl<»ι»TίE1ί»!p0ΪufpK»»» Ufpί<«ι»|>oi<μψ> .=>:
4 1 1 1 1 1 1 1 1 4 4 4

σ c μ.Φdψ:[ab]:σ{a}. μ{b}.~ (σ{b}) . D . ψ{«δ}
[T2.3.61; T2.3.63; T2.3.65\

T2.3.67 [mpφT]:To\(pT^φppψ) .D.

R2{Γ Ku fp K m » T^EΊ £m p0^ U fp l<m» U fp K^)) l ) }
24 11 1 1 11 1 1 42

[T2.3.66; D2.3.02]
T2.3.68 [pθ]:p c 0 .-v(po^) .~([3m]j{m}.~(p{m})) . 3 . [3m].θ{m}.

- ( P W )
PR [ρβ]. .Hp(3) .=>:
4. [m]:0{m}.D. p{m}: [3]
5. Kp. [4; Dl.1.04]
6. 0 o p . [1; 5; Γi.J.J5]

[ 3 w ] . θ { m } . ~ ( p W ) [2; 6; Tl.l.β]
T2.3.69 [pθ]:pciθ ,~(poθ) .=>. [ 3 m ] . θ{ra}. -(p{m}) [T2.3.5S]
T2.3.70 [0λψΓ]:MAXL{WOS<0>R2Hr}.ΓoKλψ).~(λoθ) .D. λo0

2 3 3 2 2 2 44

PR [0λψΓ]χHp(3) . 3 : :
4. WOS<0){Γ}:: [1; Dl.6.011]

3 3 2 2

[3pψ]::
5. W0<p>4# )

6. p C 8 . I [4; D2.3.01]
7. Γ o J < p T ^ p p J > .

4 4 '

8. λ o p . [2; 7; Π.6. i£]
9. - ( p o 0 ) . . [3; 8; Tl.l.β; Tl.1.9]

[3m] Λ

12. [Δ]:WOS<0){Δ}.R2{ΓΔ}.3. Γ o Δ : [1; Dl.6.011]

13. WOS<Θ>{ Ku fp K>»>} T^El § m p # u {p \{m))

U fp K w > ^ » . [5; 6; 10; 11; T2.3.60]

14. R2{Π<ufpKm»TίE1ίmpψi:

U fp Um» U fp KίM»l>} [7; 72.3.67]
1 1 1 1 42

15. Γo Ku fp l<m» T | E 1 {mpφ%

U £p Km)) U fp K ^ » l > . [12; 13; 14]
1 1 1 1 4

16. poufpl(m)). [7; 15; Tl.6.12]
1 1
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17. u£pί<m»Cp. [16; Tl.1.15]
1 1

18. | ( m > c p < [17; Tl.1.20]
1 1

19. p{m}:: [18; Tl.3.5]
λoθ [11; 19]

T2.3.71 [ 0 Γ ] Λ M A X L { W O S < 0 > R 2 } { Γ } . ^ : [λψ]:Γo\(λψ) .D. λoθ
2 3 3 2 2 2 4 4

[Γ2.3.70]
Γ2.3. 72 [θ] Λ [0τr]: PO<0> =M= H 0 * . W<0> f π* .=>. [ 3 Γ ] . MAXL {<9τr}{r}:

2 2 2 2 2 2 2 2 2 2 2 2 1 1

PR [0] Λ Hp(2) . 3 :
3. PO(WOS<θ))4R2φ. [T2.3.H]

4. !-(WOS<<9>-)-. [2; T^.5.55]
2 3 3 2

5. W<WOS<0»4R2£: [T2.3.58]
2 3 32 2 2

[3Γ]:
6. MAXL {WOS <0>R2}{Γ}. [ 1 ; 3 ; 4 ; 5 ]

7. WOS(Θ>{Γ} [6; D 1.6.011]
3 3 2 2

[3pφ].

9. ΓoKpTtfcpfc. L7;JD2.5.0iJ
4 4 '

10. θop. [6; 9; T2.5.7i]

11. WO<<9>40*: [8; 10; Ti.2.12]

[30l.WO<0H«* [11]
T2.3.72 establishes that every unempty set can be well ordered. We
complete the work of this section by showing that every empty set can
likewise be well ordered.

T2.3.73 [ 0 ] : ~ ( ! - £ 0 * ) .=>. [a]. - (θ{a}) [Dl.1.08]
T2.3.74 [apθφ]: - (! + θ•)•). θ{a} .Ώ.p [T2.3.73]
T2.3.75 [0]:~(!-f0 H .=>.[φ].R(θ)^φϊ [T2.3.74; Dl.2.02]
T2.3.76 [0]:~(!-f0) ) .=>. [Φl T<0>4# [T2.3.74; Dl.2.03]

T2.3.77 [0]:~(!-t0 H .=>. [ 0 ] . A (0) 4 # [T2.3.74; Dl.2.04]
T2.3.78 [0]:~(!-f0-)O .=5. [ 0 ] . PO<0> 4 # [Γ^.3.75; T2.3.76; T2.3.77;

Dl.2.04]

T2.3.79 [ 0 ] : ~ ( H 0 * ) . > [ p ψ ] : p C Θ . ! - f p } .=>. [3α]. P{00}{«}

[T2.3.74; Dl.1.08; Tl.1.14]
T2.3.80 [0]:~(!-£0}) .=5. [ 0 ] . WO<0> 40^= [T2.3.78; T2.3.79; Dl.2.07]

The above establishes that an empty set is well ordered by any relation.

T2.3.81 [θ]:~(HΘ}) .=>. [3ψ].WO<0>40φ [T^3.50]

T2.3.81 together with T2.3.72 yield:

T&3.S2 [07r]ΛPO<0>4τr^.!-f0 )-.W<0>4π^ .=>. [3Γ]. MAXL f0π}{r} :=>
2 2 2 2 2 2 2 2 2 2 2 2 2 2

:[0].[30].WO<0>4# [T2.3.72; T2.3.8Ϊ]
Hence, we have the result that KZL* yields WO.
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2.4 The Well Ordering Principle and the Generalized Principle of Choice
In this section we show that WO implies ACF. Again, for convenience we
repeat both formulas below.

WO [θ]:[3φ] WO<9>4#
ACF [ ξ ] : : K ξ * . * « ξ * .=>/. [3τj]. =t φ j φ D ^ o ξ :[aθ] :η{θa} . 3 . θ{a}

1 1 1 1 1 1 1 1 1 1

We begin the proof by defining a special relation.

Ώ2Λ.01 [aθξφ]: ξiθj-. P {θφ}{a} .=. E2 {ξφ±{θa\
3 3

The proof proceeds by showing that such a relation is the required choice
relation.

T2A.1 [abθζφ]:E2^φ${θa}.E2kζφ${θb} .D. aob
3 3 1 1 3 3 1 1

PR [αδ0|0]:Hp(2) .=).
3. P{θφ}{a} [l;D2.4.01]
4. P{θφ}{b}. [2;D2.4.01]

aob [3; 4; Tl.2.11]
T2.4.2 [|0]. i:4E2ί|0^ [T2.4.1; Dl.5.09]

1 3 3 1

TZ4,3 [αθ|0] : E2^ξ^{θα} .3. 0{α} [D2.4.01; D 1.2.06]
3 3 1 1

T2.4.4 [0ξ0]:D4E2|ξ^ fθ̂ - .3. ξ fθ-)- [D2.4.01; Dl.5.07]
1 3 3 1

T2.4.5 [|0]:D4E2ίξφi=f c ξ [T^.4.4; Dl.5.04]

1 1 1 3 3 1

PR [0ξ0]:Hp(3) .=>.
4. I fθ )- [2; 2; Dl.5.02]
5. ΘCu<ξ>. [3; Γi.i.24]

[3α]
6. P{θφ}{a}. [1; 4; 5; Dl.2.07]
7. E2ίξψJ{θβ}. [3; 6;D2.4.0l]

D4E2|ξ</>V-fH1 [7;BJ.5.07]

Γ2.4.7 [|ψ]:WO<U<|»4#.*-6ξ^ D { c D4E2=fc$£
1 1 1 3 3 1

[Γ2.4.^; DI.5.04]
T2.4.8 [ξ0]:WO(U<ξ»40^α-f ξ̂  .3. |oD4E2^ξ0^

1 1 1 3 3 1

[T2.4.5; T2.4.7; Tl.5.3]

1 1 1 1 1 1

D4r?^oξ :[0α]:r]{θα}.D. θ{a} [T2.4.2; T2.4.8; T2.4.3]

T2.4.10 [ξί/. [θ]: [ 3 0 ] . W O < 0 H # K ξ > .* -fl^ .=>: [Ξry].
1 1 1 1

=:4#.D4^o|:[θfl]:τ7{0α}.r7{θΛ}.3. 0{β} [T2.4.9]

T2.4.11 [0]![30]. WO<0>40* .or: [ | ]Λ I^ξ^αfξ^ .D :
1 1 1 1

[3??] . i : =M= D4»?^oξ :[ββ] :η{ββ} . 3 . θ{α} [T2.4.10]
1 1 1 1 1 1

Hence, WO yields ACF.
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2.5 Rule Equivalence Given the results of the preceding sections, the rule
equivalence within Ontology of the Axiom of Choice, the Kuratowski-Zorn
Lemma, and the Well Ordering Principle is easily established. Rule
equivalence is a direct consequence of the preceding results plus the
metatheorem mentioned in section 1.0 regarding the reproducibility of
results of any lower semantic category.

To make this more explicit, assume for the moment that we had been
able to show that ACF implies KZL, KZL implies WO, and WO implies
ACF. This would have established a chain of proofs which could be
represented by the following diagram.

/ * A C F \

WO KZL

This situation would have been sufficient to establish the direct equivalence
of any one of the three formulas to another. Given that for any theorem
established for some semantic category there are direct analogies of that
theorem for each higher semantic category, rule equivalence follows
trivially, for we are assured that if, e.g., the Axiom of Choice is stated for
some higher semantic category we can derive the Kuratowski-Zorn Lemma
for that higher category from it and so forth. Thus, a rule allowing the
addition of the Axiom of Choice for each semantic category would have the
same effect as a rule allowing the addition of the Kuratowski-Zorn Lemma
for each semantic category.

The fact that we were not able to prove the direct equivalence of ACF
and KZL complicates the actual situation somewhat but does not essentially
change it. The actual situation regarding the implication relationships
shown in this chapter can be represented by the diagram on the following
page. There we have a kind of spiral rather than a closed figure. Now con-
sider modifying Ontology by the addition of a rule permitting the addition of
the Axiom of Choice for each semantic category. If we add to the system
the Axiom of Choice stated for semantic category S/n, i.e., ACF, then we
can derive the Kuratowski-Zorn Lemma as stated for semantic category
S/n, i.e., KZL, but we cannot at this stage derive the Well Ordering Princi-
ple stated for semantic category S/n, i.e., WO. However, the metatheorem
mentioned assures us we can reproduce the derivation of KZL from ACF
for any higher semantic category. Hence, if we introduce the Axiom of
Choice as stated for semantic category S/(S/(S/n)(S/nn)), call this ACF*,
then we can derive KZL* and from KZL* derive WO. Thus, the rule
equivalence of the three is established.
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ACF

WO K Z L KZL*

CHAPTER III: THE RULE OF ONTOLOGY AND
THE AXIOM OF CHOICE

3.0 Introduction The results of the preceding chapter make clear that in
order to extend Ontology so that it includes the Axiom of Choice, a
modification to the Rule of Ontology is required rather than the addition of
a single new axiom. Since the Rule of Ontology consists of a set of seven
interrelated directives, the required modification will take the form of an
additional directive which will permit the addition of formulas expressing
the Axiom of Choice or some other equivalent principle for every semantic
category. In this chapter we formulate the needed directive.

Three features of our formulation need explanation. In the first place,
the formalization of any deductive theory requires that each of the rules or
directives of that theory be stated in purely syntactic terms. These terms
are not themselves part of the object language of the theory but are
metalinguistic terms which refer to elements of the object language. As
such they need clarification and explanation themselves. In order to
provide this, we shall make use of the work of V. F. Rickey who in [21]
presented two systems, M and MP, which use the techniques of formal
axiomatic systems to define syntactical terms. We shall adopt Rickey's
system M and extend it to a system which we call MO. System MO will
contain the syntactical terms necessary for formulating the additional
directive for the Rule of Ontology as described above. Second, though a
modified Peano-Russell system of notation has been used in the preceding
two chapters, the terms of MO will be descriptive of a system of Ontology
which uses Lesniewski's original symbolism. (See note 4.) Hence the
modification of Ontology's Rule presented below presuppose Lesniewski's
original symbolism.

Finally, the directive we formulate does not make explicit provisions
for adding to Ontology any of the formulas investigated in Chapter Two.
Instead we capitalize on the results of C. C. Davis. In [9] Davis showed
that an elegantly simple formula which he discovered is rule equivalent in
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the field of Ontology to more familiar forms of the Axiom of Choice
including the Generalized Choice Principle (ACF) investigated in Chapter
Two. For the semantic category S/n, Davis' formula is:

[Bf]φθ]:Θ{a}.Ώ.Θ{f(θ)}

In Lesniewski's symbolism this formula (referred to hereafter as AC*) is:

HJfHiflθ^(θ{a} θ{f(θ)ψr)

The syntactic simplicity of AC* recommends itself and so the directive we
present will insure that formulas similar to AC* are available for each
semantic category. Since adding formulas similar to AC* is rule equivalent
to adding formulas similar to ACF, the goal of extending Ontology with the
Axiom of Choice will have been achieved.

3.1 Axiomatic Inscriptional Syntax In this section we present the essential
features of Rickey's system for general syntax, system M, and extend it to
system MO. System MO will contain all the syntactical terms necessary
for formulating the directive which incorporates the Axiom of Choice into
Ontology. It is not our intent to provide a detailed description of Rickey's
system, for complete details can be found in [22] and [23]. What follows
presupposes some familiarity with these articles.

System M is a system of axiomatic inscriptional syntax which employs
formal axiomatic techniques to define terms required for describing the
syntax of other formal systems—hence the name axiomatic syntax. The
qualification "inscriptional" is intended to indicate that the syntactic terms
defined in system M refer to actual tokens rather than abstract types.
System M is constructed by extending a logical base through the addition of
new primitive terms and a set of proper axioms which implicitly define
them. Other syntactical terms are then explicitly defined in terms of the
primitives. In system M the extensions or denotations of syntactical terms
are delimited axiomatically. Only those inscriptions which satisfy or
provide a model for system M are elements of the extensions of those
terms.

As its purely logical base, system M uses Lesniewski's Ontology and
presupposes some suitable single axiom and a number of definitions.12

These are listed below. In all of what follows it is also presupposed that
the range of nominal variables is restricted to names of inscriptions. An
inscription is understood to be a (not necessarily sequential) collection of
one or more printed or written tokens.

AxO [Aa]:.Aεa .=: [BB] .BεA :[BC] :BεA . CεA .=>. BεC:[B]:

BεA .3. Bεa

D01 [a]: \{a} .=. [3A].Aεa

a is unempty.13

D02 [AB]:A = B =.AεB.BεA

A is identical with B.
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D03 [ab\:.a c b .=: [A]:Ata .=>. Aεδ

a is contained in b.

D04 [ab]:.aob .=: [A]:Aεa .=.Aεb

a equals b.

D05 [Aab] :.A ta u6 .=: A εA :A ta .v.Λ εb

A is a or b.

D06 [Aab]:.Aεa Πb .=:Aεa.Aεb

A is a and b.

D07 [Aa]:Aε"(a) .=. A εA . ~(Aεa)

A is non-a.

D08 [φ]. . 71 4 # Ξ : [abc]:φ{ab}.φ{ac} .^. b o c :[abc]: φ{ab}. φ{cb}.^.

aoc

φ is a 1-1 binary connection.

D09 [ab]::aoob .=:. [30].*. έ^φή= :[A]:A εa .=. [3B].φ{AB}.B εb :

[A]:Aεb .=. [3B]. φ{BA}.Bεa

« is equinumerous with b.

D010 [ab]:.a •< b .=: [ 3 c ] . c C 6 . c ° o α : ~ ( α ° o δ )

a is Z ŝs numerous than b.

D011 [ab]:.a i 6 .=:«-< b .v.aoob

a is e#m- or less-numerous than b.

D012 [aθ]:.\rr(Θ){a} .=: β{α}:[δ]: δ c a.θ{b} .3 . αoδ

α is minimal with respect to θ.

D013 [a]::F\n{a}=:. [θb]:. θ{b}:[d] :θ{d} .3 . rf c α o . [3c]. Irr (θ){c}

a is finite.

System M itself has three primitive terms:

A ε vrb {B) A is a word in B

A ε pr (£) A is a word preceding B
A ε cnf (B) A is equiform with i?

These primitive terms are implicitly defined by system M's eight proper
axioms.

Al [AB]:.A = B =: [3C]. C εvrb(A) :[C]: C ε vrb(A) .=. Cεvrb(^)
A2 [AJB] Λ A ε vrb(B) .=: A εA : [ c ] : C ε vrb(^) .z>. C = A :

[3C]. C ε vrb(£). ~ (A ε pr(C)). - (C ε pr(Λ))
A3 [i45]:i4εpr(5) .D.Aεvrb(A)
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A4 [AB]:Aεpr(B) .^.Bεvrb(B)
A5 [ABC] :A ε pr(B). B ε pr(C) .=>. A ε pr(C)
A6 [AB]:.Aεcn1(B) .=: AεA :[C]:B εcni(C) .=.Aεcnf(C):

vrb(A) oo vrb(£):[CZ)]:~(A = 5) .C εvrb(A) .Z)εvrb(JB).
(vrb(A) Π pr(C)) <*> (vrb(£) Π pr(D)) . D . Cεcnf(D)

A7 [A]:AεA .=>. Fin{vrb(A)}
AS U«]:Λεα .=>: [35] :BεB:[C]: Cεvrb(£) .=. [3D].Dεα.

Cεvrb(D)

The preceding axiomatic base enables explicit definitions of various
terms of general syntax, i.e., terms which would be used in describing the
syntax of nearly any formal language. Given below are the definitions of
those terms of general syntax that we will need together with a reading and,
in some cases, explanatory comments.

Dl [Aa]:.AεK\(a) .=-. AεA\[Ba\: £εvrb(A).=. [3C] .C εa . J5εvrb(C)

A is the Klass of a, Kl (a) denotes an inscription which consists of all and
only those words which are themselves words in the one or more inscrip-
tions denoted by the general name 'a'.

D2 [A]:Aεvrb .=. Aεvrb(A)

A is a word. Words are the smallest possible inscriptions.

D3 [A£].\Aε1vrb(£) .=: A εvrb(£) : [ c ] : C εvrb(£) .=). ~(Cεpr(A))

A is the first word in (inscription) B.

D4 [AB]::Aεϊvrb(B) .=/. A εvrb(£) Λ [ C ] Λ Cεvrb(^) .3 :
Cεpr(A) .=. Cεivrb(^)

A is the second word in inscription B. In a manner similar to Z)4 one can
define 3vrb(B), 4vrb(B), . . . . We will have occasion to use some of these
terms and will presume that the definitions have been given.

D5 [A£]. .AεUvrb(£) .=: A εvrb(£): [ c ] : Cεvrb(£) .D. ~(Aερr(C))

A is the last word in (inscription) B.

D6 [A].\Aεexpr .=: AεA -.[BCD]: 5εvrb(A). Dεvrb(A) .Bεpr(C) .3 .
Cεvrb(A)

A is an expression. While inscriptions could be formed from scattered
(i.e., non-consecutive) individuals, expressions are consequitive strings of
words.

D7 [AJB]Λ Aεprcd(£) .=: Aεexpr .Bεexpr :[CD\: Cεvrb(A).

Dεvrb(B) .=>. Cεpr(D)

A is an expression which precedes expression B.

D8 [AB]:Aεscά(B) .=. Bεprcά(A) .AεA

A is an expression which follows expression B.
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D9 [AB]:. Aε\ngr(B) .=: At expr . £εexpr :[C]: Cεvrb(A) .=>.

C ε v r b ( £ )

A is an ingredient of B.

D10 [a]:.d\s}{a) .=: [ABC]:Aεa . Bεa . Cεvrb(Λ). Cεvrb(B) .^.A=B

The inscriptions a are disjoint.

Dll [Aa] A εCπ\p\ {a) .=. Aε K\{a) .Aεexpr . a c expr .disj(«)

A is a complex of a.

D12 [AB]:Aε\nt(B) .=. A εvrb(B). Bε expr . A tN [ivrb(^)) .

Aε*(Uvrb(Bf)

A is a word interior to expression B.

D13 [AB]:Aε\nt{B) .=. AεK\(\nt(B))

A is the interior of expression B.

D14 [A]:Aεexpr-w-int .=. AεA.[3B].Bz\nX{A)

A is an expression with interior.

D15 [ABC]:AεConcot(BC) .=. Bεprcd(C) .AεCmpl(£ u C)

A is the concatenation of B and C.

D16 [AB]:Aεhό(B) .=. A εA . [3C] .5εConcαt(AC)

A is an initial segment (head) of B.

D17 [AB]:Aεt\{B) .=. A εA . [3C] .EεConcαt{CA)

A is a terminal segment (tail) of B.

D18 [A] Λ A ε non-rep .=: A εA : [BC]: ̂  εvrb(Λ). C εvrb(A).
Bεcn1(C) .^. B = C

A is non-repeating. A is an expression no two distinct words of which are
equiform.

D19 [ABC] :A εMXch(BC) .=. A εA . (vrb(Λ) Π cnf(5)) -< (vrb(Λ) Π
cnf(C))

Inscription A contains more occurrences of words equiform with C than of
words equiform with B.

D20 [AB]:.AεΌprcό(B) .=: A εvrb : [c] :A ε pr(C) .3 . ~(Cεprcd(£))

A is the last word before B.

Along with the definitions of general syntax given above, our formula-
tion of the directive allowing formulas similar to AC* to be added to
Ontology will require definition of a number of terms more specifically
related to the syntax of Ontology. These definitions are called "termi-
nological explanations" (TE's) and are developed within a system which we
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designate MO. MO is formed from system M by adding three new primitive
terms and one new axiom.14

The first of these new primitives is:

A εpmtsym(jB)

read: A is a parenthesis symmetric to B. This term enables us to indicate
matching parentheses and is needed because Ontology employs variously
shaped parentheses to enclose arguments and to indicate the semantic
categories of functors. The axiom that implicitly defines this term is:

MO1 [AB] Λ A εprntsymtB) .=. A εvrb . B ε prntsym(A) . ~ (A εcni(B)):

[C] :£εprntsym(C) .=>. Aεcnf(C)

The second primitive term we add to system M is:

A ε efthp

read: A is an effective thesis of Prothothetic. 'efthp' is a general name for
all and only those theses which actually constitute the Protothetical base on
which the system of Ontology being considered is developed. As we
mentioned in section 1.0, Ontology presupposes some Protothetical base.
Minimally, a single axiom for Protothetic is required, but it would also be
possible to take an already extensively developed system of Protothetic.
Since the semantic categories already present affect the way a system of
Ontology can be developed and since the thesis or theses of a given
Protothetical base will contain only certain semantic categories, some way
of referring to those theses must be available. This is provided by 'efthp'.

It should be noted that 'efthp' need not be taken as primitive for in any
given circumstance it would be possible to explicitly define it. For
example, suppose the (finite) series

TP1, TP2, TP3, . . ., TPn

contains the names of all those theses which form the Protothetical base
for some system of Ontology. Under these circumstances, we could
provide the following explicit definition of 'efthp':

Da [A] .A ε efthp .=: A = TP1 .v.A = TP2 .v v.A = TPn

However, since for generality we are not presupposing any specific
Protothetical base, we include 'efthp' here as a primitive term.

Finally, for reasons similar to those outlined in our comments on
'efthp', we need a term which will enable us to refer to theses which are
part of the system of Ontology being developed but which are not part of
that system's Protothetical base. For this we adopt:

Aεtho

read: A is already a thesis of the system of Ontology under consideration,
'tho' is a general name whose extension contains Ontology's proper axiom
and all theses of the system which have been added through an application
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of Ontology's Rule. It must be understood, however, that it is a "growing"
name. At any one point in the development of the system it would be
possible to explicitly indicate the extension of this term by using a
technique similar to the one discussed with reference to 'efthp'. But
whereas 'efthp' would have a fixed denotation that of 'tho' increases with
each application of Ontology's Rule. Since the extension of 'tho' does
increase, it is impossible to explicitly define it or to provide an axiomatic
specification—at this stage—of its denotation.

System MO is to be understood as consisting of system M extended
with the three primitive terms and axiom MO1 given above. Besides using
the primitive terms just discussed, the terminological explanations will
also make explicit reference to the axioms of Protothetic and Ontology.
They are given below (denoted 2lιp and %o respectively).

ap j>qJ

ΓMU"d,.fJ

rW(pnpιMS«'y))ί.rSi(f(qr) HvP)ΐ ) T
Mo LAaSl?(ε{Aa}<}(HLBj rHε{BA})n)<}(LBCj > ( 9 ( ε { . R 4 } ε { C M } ) ε{BC}f

LB^if(ε{BA}t{Baψ)y

It should be clearly understood that 2ίp and 5ίo are the names of these two
formulas and that the appearance in the terminological explanations of
systems equiform to Hp and 21 o is an explicit reference to the appropriate
formula above.

We now give the necessary terminological explanations together with a
reading and, in some cases, explanatory comments.15

TE1 [A]:A εpmt .=; [3B] .A εpmtsym(E) :A ε A

A is a parenthesis.

TE2 [A]:Aεtrm . Ξ . A ε vrb. A ε N [pmΓ| .AεΛ/[cnf(1vrb(2ίρ))) .
Aε/v[cnf(4vrb(5ip))] .A ε N [cnf(5vrb($lρ))) .
Aε/v[cnf(Uvrb(§ϊp))}

A is a term. A term is any word other than a parenthesis or corner
bracket.

TE3 [A]:Aεqntf .=. 1vrb(A) εcnf(1vrb(Hρ)). Uvrb(A) εcnf(4vrb($ίp)).
lnt(A)εCmpl(trm π int(A)) .A εnon-rep

A is a quantifier.

TE4 [A].\Aεsbqntf .=: A εexpr-w-int: [C] : C εhd(A) .D.
C ε Mtch(Uvrb(2ίp) 5vrb(a<p)): [ C ] : C ε t l (A) .z>.
CεMtch(5vrb(2ίp) Uvrb(2ί'p))

A is a subquantifier.

TE5 [ABC]: A ε Gnrl (BC) .=. B ε qntf. C ε sbqntf. A ε Concαt^C)

A is a generalization with quantifier B and subquantifier C.

TE6 [A£]:AεQntf(£) .=. A εA .[3C] . BεGnr\(AC)
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A is the quantifier of generalization B.

TE7 [AJ3]:AεSbqntf(£) .=. A εA . [3C]. BεGnr\(CA)

A is the subquantifier of generalization B.

TE8 [A]: A ε gnrl .Ξ=. A ε A . [3£C]. A ε Gnrl(J5C)

A is a generalization.

TE9 [AB]:.AεEssn\(B) .=: A εA : A ε lnt(Sbqntf(£)) .v. A = £ .Aεexpr .

Aε/v£gnrl}

A is the essence of B.

TE10 [AB]:Aεbό(B) .=. Aε int(Qntf (5))

A is a binder in 5 .

T £ i i [AJ5C]. .Aεvαr(5C) .=: Bε bd(C). A ε int(Sbqntf(C)). A εcnf(^):
[Z)E]:Dεingr(C).Eεbd(D).Aεcnf(E).Aεvrb(D) .=). 2) = C

A is a variable bound by B in generalization C.

T£Ί^ [A£C] Λ A εcnvαr(J5C) .=: A εA . [3D] .Aεvar(DC) .Bεvar(DC)

A is an equiform variable with B in C.

TE13 [AB] : Aεvαr(£) .Ξ. Aεcnvαr(A£)

A is a variable in the generalization B.

TE14 [A]. .Aεpmtm .=: A ε expr-w-int: [C]: Cεhd(A) .D.
CεMtch(Uvrb(A) 1vrb(A)) :[C]: Cε tl(A) .D.
CεMtch(1vrb(A) Uvrb(A)): 1vrb(A) ε Pmtsym(Uvrb(A))

A is a parentheme.

TElδ [Aa]:.Aε Fnct(α) .=: 1vrb(A)ε trm : [ c ] : Cεa .̂ >. C εpmtm:
AεCmpl(1vrb(A) u «)

A is a function with parenthemes a.

TE16 [A]:Aε fnct .=. AεA. [3a]. A ε Fnct(α). !{α}

A is a function.

TE17 [AjB]:Aεpmtm(.B) .=. A εA . [3a]. Bε Fnct(α) . A ε«

A is a parentheme of the function B.

TE18 [Aa] :. Aε P-αrg(tf) .Ξ : A ε pmtm: [C]: Cε 0 .=>.

Cε trm U gnrl U fnct: lnt(A) εCmpl(α)

A is a parentheme with arguments a.

TE19 [A£]:Aεαrg(£) .=. A εA . [3a]. Bε?-org(a) . A εa

A is an argument of parentheme B.
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TE20 [AB] : A ε simprntm (B) .=. A ε pmtm . B ε prntm .

1vrb(A)εcnf(1vrb(£)).αrg(A) *> αrg(£)

A is a parentheme similar to B.

TE21 [ABCD] :AεAnorg(BCD) .=. A εαrg(C) . Bεarg(D) .
(αrg(C) Π prcd(A)) <*> (αrg(Z)) Π prcd(£)) . Cε simprntm(D)

A is an analogous argument to B, which are arguments of C and D
respectively.

TE22 [ABCDEF]: A ε Anfnct(BCDEF) .=. C ε Concαt(A£). A ε A.
Z> ε Concαt (BF) . E ε simprntm (F) . C C fnct . Z> ε fnct

TE23 [ABCD] : A ε Anϊncf (BCD) .=. A ε A . [ 3 EF] . A ε Anϊncϊ (BCDEF)

A in C is an analogous functor to B in D.

TE24 [ABCD] :. A ε An(BCD) .=: AεA:Aε Anorg(BCD) .v. A ε Anfnct (J3OD)

A in C is analogous to 5 in D.

TE25 [AB]:Aε lαrg(jB) .=. A ε Anαrg (10vrb(5ίp) 5 Cmpl(9vrb(5ίp) U
ΊOvrb(Hp) U 11vrb(2Lp) U 12vrb(2ίp)))

A is the first argument of parentheme B.

TE26 [AB]:Aε2αrg(£) .=. A ε Anαrg(1 Ίvrb(2ίp) B Cmpl(9vrb(2ίp) U
10vrb(5ίp) u iivrb(Hρ) u Ί2vrb(2ίρ)))

A is the second argument of parentheme B.

TE27 [A£].\Aε1eqvl(£) .=: Urb(B) εcnf (6vrb(2ίp)):
[3C].Aεlαrg(C).5εConcαt(1vrb(5)C):AεA

A is the first equivalence of B.

TE28 [A£].\Aε2eqvl(£) .=: Urb(B) ε cnf(6vrb(Sίp)):
[3C].Aε2αrg(C).BεConcert(1vrb(£)C) :AεA

A is the second equivalence of B.

TE29 [ A £ ] : A ε ltrm(£) .=. A ε 1eqvl(Essnt(£))

A is the first term of B.

TE30 [AB]\Aε2Um(B) =. A ε2eqvl(Essnt(5))

A is the second term of B.

TE31 [AB] ::Aε tho(£) .=:. Aε efthp .v. A ε tho :AεA :^εtho :
Aεprcd(E) .v. A = B

A is a thesis of Ontology with respect to theses B. 'tho(B)' is a general
name denoting all theses present in the system before the addition of B
together with B itself.

TE32 [AB]: A ε ingrtho(£) .=. A εA . [3C]. C ε tho(£). A ε ingr(C)
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A is an ingredient of a thesis of Ontology with respect to B.

TE33 [AB] Λ A εfrotB) .=:AεA:Aε tho(£) .v.[3C]. C εlngrfho(B) .

C ε sbqntf . A ε lnt(C) .v.[3C].Cε ingrtho(£) .

A εlαrg(C) .v. [3C] . C ε ίngrtho(^) . A ε 2αrg(C)

A is a propositional phrase with respect to B.

TE34 [ABC]:.A εlhomosemo(EC) .=: AεA \A εfro(C) . 5 ε fro(C) .v.

[3D].Dεingrtho(C) .Λε cnvαr(jfrD) .v. [3ZλE] .2) ε ingrtho(C) .

£εingrtho(C) .AεAn(£ZλE)

A is a direct homoseme of B with respect to thesis C. This identifies A

and JB as being of the same semantic category.

TE35 [ABC] ::AεhomosemoCBC) .=.'. AεA:.Bε\homosemo(^C) Λ

[a]:. Bεa :[D] :Dεa . 3 . D εlhomosemo(DC) :

[DE] :Dεa . £ ε ihomosemo(Z)C) . 3 . Eεa :^>.Aεa

A is of the same semantic category as B with respect to thesis C.

TE36 [AB] Λ A ε fnctgen (B) .Ξ A ε fnct . prntm(A) A prntm^) :

[CD] :Cεprntm(A) .Dεpmtm(B). (pmtm(A) Π SCd(C)) °o

(prntm^) Π SCd(D)) .=>. C ε simprntm(Z))

A is a function generated by function B.

TE37 [ABCDE]:: C ε cons\o{BADE) .=:. D ε homosemo(£'JB). C ε cnf (D) :

[F] : F ε ingrtho(£) . 3 . D ε Λ/ Cvαr(F)) : [ 3 F G ] .

F ε ingr (A). G ε ingrtho(£). CεAn(EFG)

TE38 [ABC]: C εconsto(£A) .=.CεC. [3DE]. C ε cons\o(BADE)

C in A is a constant of Ontology with respect to thesis B.

TE39 [ABCDEF]: A ε q-homosemo (BCDEF) .=. E ε homosemo(FC) .AεA.

[3Gl]. G ε ingr(D) .Iε ingrtho(B) .A ε An(EGI). [3Gl]. G ε \ngr(D).

/εingrtho(C) .BεAn(FGΪ)

TE40 [ABDF]: F ε q-homosemo (DBA) .=. F εF . [3GH].

F ε q-homosemo (DBAGH)

F and D would be of the same semantic category if they were parts of

theses of Ontology.

TE41 [ABCDE] :. C εϊncto(BADE) .=; D εhomosemo(E£) .C ε fnctgen (D) :

[3FG].Fε ingr(A).G εingrtho(£).C εAn(EFG)

C is a function of Ontology.

TE42 [ABFGHΪ] :. F ε waro(GBAHI) .=: Hεhomosemo(GB) : [3JK]:

K ε \ngr{A) .Jε\ngrtho(B).HεAn(IJK) :Fεcnvor(IA) .Iε ingr(ltrm(A))

F is a variable of Ontology.
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TE43 [ABCDE] Λ C ε pprntmo (BADE) .=: D ε homosemo(jBjB) . E ε prntm(D)
Cεprntm(2trm(A)) .αrg(C) °o αrg(E) : [FG] :Fεαrg(C) .Gεαrg(F) .
(αrg(C)Π prcd(F)) °o (αrg(£) Π prcd (G)) . [3Hl] . F € vαro (GBAHI)

TE44 [ABCDE] : C ε 1 pprntmo (BADE) .=. C ε pprntmo (BADE) .
Uvrb(D)εvrb(£)

TF45 [ΛJBCDEFG] : C ε 2ppmtmo (BAZλEFG) .Ξ. C ε pprntmo (BADE) .
F εpmtm(.D). Uprcd(F) ε ingr(F). G ε smpmtmCF)

The three terminological explanations immediately above are used in TE46
to identify certain parenthemes and to insure appropriate choice of
enclosing parentheses.

TE46 [AB] y.A ε ldefo(£) .=:: A εA . 1vrb(Essnt(A)) ε/v (yar(AJ) .
1vrb(2trm(Λ))εA'ίvαr(A)] .
1 vrb(2trm (A)) ε N [cons\o(BA)} :. [C] :. C ε trm .
Cεvrb(ltrm(A)) . D : [3G].Cεbd(G) .v.[3Z>].
Dε ingr(A). C εvαr(D) .v. C εcontso(^A) Λ [CD]:
Dε i n g r μ ) . C ε bdp) .3. [3E] .Eεvar(CD): [C]:
Cεbd(A) .3. [3Z)].£)εvrb(ltrm(A)).Dεvαr(CA):
[C]:Cεbd(Λ) .3. [3Z)] .Z7εvrb(2trm(Λ)) .i)εvαr(CΛ) Λ
[i)FF]ΛFεvrb(ltrm(A)).Z>εvrb(ltrm(A)).
FεcnvαrpE) .3; D = F .v. F εq-homosemo (DBA) Λ [C] :
Cεgnrl .Cεingr(lnt(A)) .3. [3.DFF] .Z)εhomosemo(J5^).
Fεingrtho(5) .Fεingr(A) .Z)ε Anαgr(CFF)/.[CZ)] :
Cεgnrl.Cεlngr(A) .Z)εEssnt(C) .3 : Dεvrb . V . [ 3 E ] .
JE ε fro (B).Dc fnctgen (F) Λ [C] : C ε fnct.
C ε i n g r ( l t r m ( A ) ) . 3 ; [3D] .Dεgnrl.C εEssn\(D) . v .

[32)£]. C εfncto(fiAZ>E): [CD] :Dε int(C).
Cεpmtm(2trm(A)) .3. Dεvαr(A) :2trm(Λ) εnon-rep :
[CZ)F]: C ε 1 ppmtmo(£AZ>£) .Uvrb(2trm(A)) ε ingr(C) .3.
C ε sίmprntm(F) Λ [CDEFG]: C ε2ppmtmo(JBΛi)EFG).
Gεingr(Λ) .Uprcd(G)εingr(C) .3. Cε simprntm(£) /.
[CE] : C εprntm(2trm(A)) . Uvrb(2trm(A)) ε ingr(C) .
£εingrtho(£) . C ε simprntm^) .3. [3D]. C ε]pprntmo (BADE) .
[CEG] :Cεprntm(2trm(Λ)) .Gε prntm .Gεingr(A) .
Uprcd(G)είngr(C) .Fείngrtho^) .C εsimprntm(£) .3.
[3DF]. Cε2pprn\mo(BADEFG)

A is a definition of the first kind with respect to B (or) A is a protothetical
type definition with respect to thesis B. TE46 formulates the conditions a
formula which is to be added as a protothetical type definition must meet.
This TE can be used to state one of the seven original directives of
Ontology's Rule. We give it here because it must be used in formulating
one of the succeeding TE's.

TE47 [AB] :A ε Sgnfnct(£) .=. A ε Anfnct (ABB) .A εA

A is the significant functor of B. Given a functor B, Sgnfnct(i?) is the functor
formed by dropping the last parentheme of B.
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TE48 [AB]: A ε Neg(£) .=. A εA . 1vrb(£) εcnf (15vrb(5ίo)).
2vrb(JB)εcnf(7vrb(2ϊo)).αrg(Cmpl(vrb(JB) Π /vOvrb(£)])^A

A is the negate of B. A is the propositional expression being negated.

TE49 [ABCD] :Aε\mp(BCD) .=. Aε Concert (1vrb(A)Z)).
1 vrb(A) εcnf (38vrb(2ί,o)). 5 ε lαrg(D). C ε 2αrg(Z>)

T£50 [A£C]ΛAεlmP(£C) .=: [3D] .Aεlmp(BCD) :AεA

A is an implication whose first argument is B and second argument is C.

TE51 [AB]:.Aε Antcdnt(£) .Ξ : [3C]. £ ε lmp(AC) : A εA

A is the antecedent of implication B.

TE52 [A£].\AεCnsqnt(£) .=: [ΞC]. £ ε Imp(CA) : A εA

A is the consequent of implication B.

Before presenting the last two terminological explanations that we will
need, it will be useful to comment on some of the factors which motivate
them. For reasons which will be explained in the next section, it is neces-
sary to be able to identify the semantic categories of those variables and
functors of a system of Ontology which could be a part of or introduced into
a system of Protothetic. Of course these functors and variables can be in-
troduced into Ontology on account of Ontology's Protothetical base, but the
point to be made is that they are not specifically Ontological. Let us call the
semantic categories of all such variables and functors "purely prototheti-
cal" categories. In terms of their Ajdukiewicz symbols such categories are
easily characterized for their Ajdukiewicz symbols would contain only
combinations of the symbols 'S' and '/'• We must, however, characterize
these categories syntactically.

Intuitively, purely protothetical categories are those already present in
the theses of Ontology's Protothetical base or those introduced by
protothetical type definitions (i.e., those satisfying TE46) which themselves
contain only purely protothetical categories. TE53 syntactically charac-
terizes these "purely protothetical" definitions and TE54 syntactically
characterizes the purely protothetical semantic categories.

TE53 [ £ C ] v C ε p p l d e f o ( £ ) .=:: Cεldefo(JB) ::[a] : ; [ D ] .

Dεefthp .D. Dεa;.[EF]:.Eεϊόefo(B).Fεvar(E) .=).
[3GH]. Gεa .Hεingr(G). Fεhomosemo(#£) :=>. Eεa:.
[D\: Dta . Dε M (etohp*) .=>. 2)εldefo(J5) :.D. Cεa

C is a purely protothetical definition of the protothetical type with respect
to thesis B.

TE54 [AB] Λ A ε ppsemo(£) .=: A εA : [3CD]: C ε efthp . Dε ingr(C).
Aεq-homosemo(DB) :v:[3Cϋ] :Cε ppldefo(£) .Dεingr(C).
A ε q-homosemo (DB)

A is of a purely protothetical semantic category with respect to thesis B.
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3.2 The Choice Directive Using the previous terminological explanations
we can now define the exact conditions a formula must meet in order to be
suitable to be added as a choice thesis to Ontology. These are given in
TE55. The conjuncts of the definiens of TE55 are labeled separately so
they may be identified in later comments.

TE55 (AB]κAεαχcho(B) .=::
C l lnt(Qntf(Neg(A)))εvrb.AεA:

C2 [CD]: D ε ingr (A). D ε qntf. C ε int(D) .=>. [3EF]. E ε vαr(CF):
C3 [3C] : Cεpmtm(Antcdnt(lnt(Sbqntf(Neg(Essnt(Neg(A))))))).

lnt(C)εvαr(Neg(Essnt(Neg(A)))) :
C4 [3CE] : CεCnsqnt(Essnt(Neg(Essnt(Neg(A))))) .E εlnt(pmtm(C)).

Sgnfnct(E) ε vαr(Neg(A)) . lnt(prntm(£)) εcnf (Sgnfnct(C)) :
C5 [CDF] : C εlngr (A) .F εcnvar (DC) .=>. F ε q-homosemo (DBA) :.

C6 [ C ] Λ C ε f n c t . C ε i n g r ( A ) .=>: C = A .v . [3D] . D ε g n r l .

C ε Essntp) .v. [3DE] . C εfncto(jBAZλE) Λ
C7 [CZί^FG] : C εprntm(Essnt(Neg(Essnt(Neg(A))))) . Dεαrg(C) .

Eεαrg(C) . F ε Sgnfnct(Z>) . G ε Sgnfnct(£) . 3 .

.FεcnvαrίG Neg(Essnt(Neg(A)))) :
C8 [C]:Cεvαr(Neg(Essnt(Neg(Λ)))) .=>. C ε A/ (ppsemo(£)}

A is a choice thesis for Ontology with respect to thesis B.

Regarding the various conjuncts of TE55, note that C2, C5, and C6
specify requirements that must be satisfied by any thesis of a system of
Ontology. C2 stipulates that variables in quantifiers actually bind some-
thing and thus it eliminates as prospective theses formulas with vacuous
quantifiers. C5 stipulates that any two equiform variables in the same
generalization in A must be of the same semantic category. C6 stipulates
that the semantic category of any function which appears in a prospective
choice thesis must have been previously introduced into the system.

Cl, C3, C4, and C7 specify the external structure and internal
relationships of prospective choice theses. Cl necessitates that A be the
negation of a generalization and that the interior of the quantifier of this
generalization be a single variable. C3 together with Cl required, to have
the following form:

C

H L //H L , Γ H ( ) )Ί)Ί)

t i 1
In the skeletal formula above, f C represents the parentheme whose
existence is required by C3. The line marked '¥ illustrates the require-
ment imposed by C3 that the interior of C be bound by and therefore
conformal with a term appearing in the interior quantifier at the left
terminus of the line. C4 further specifies that A have parenthemes with
definite characteristics. C4 together with Cl and C3 require that A have
the form sketched on the following page:
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G

E

HJ,ΓHL ; κ — Θ {/(θ) } m

3 _

2

In the diagram above, 'C' and Έ ' represent the components identified in
C4. The line marked '2' illustrates the requirement imposed by C4 that the
significant functor of E be a variable in the negate of A. The line marked
'3' illustrates the requirement that the interior of the parentheme of E be
conformal with the significant functor of E. C7 requires that the "words"
represented by asterisks in the diagram below be conformal.

>-(,./>(•. * _,> ( *( ) •( ) m

We come finally to C8. C8 has the effect of eliminating as candidates
for choice theses any formulas which contain variables and functors which
are of purely protothetical semantic categories. This restriction is
imposed because it can be shown that formulas similar to AC* containing
only purely protothetical semantic categories are not independent of
Ontology.16 For that matter neither are they independent of Protothetic.
This dependence is a consequence of the fact that there are only a finite
number of distinguishable functors in each purely protothetical semantic
category. Hence a "choice function" can be constructed for each of these
categories and its existence need not be assumed. Although no logical
catastrophe would result if C8 were deleted, we include it in order that our
choice directive not be needlessly redundant.

TE55 enables us to succinctly state the modification to the Rule of
Ontology, c/. [16], which will insure that the Axiom of Choice is available
for each semantic category. One merely adds to the original directives
composing Ontology's Rule the additional directive

A εαχcho(B)

Our goal of extending Ontology so that it includes the Axiom of Choice is
thus achieved.

NOTES

1. The use of upper and lower case letters in the sentence form Ά ε a' has no
formal import. If it is known that a formula in which a name variable appears
is true only if that particular name variable designates a single individual, then
as a matter of informal convention that name variable is written in upper case
letters. It is a consequence of Ontology's axiom that {A ε a' is true only if the
subject term designates exactly one individual.
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2. For a discussion of various proper axioms for Ontology, see [29].

3. Axiom AO and the rest of the formulas of Chapter One and Chapter Two employ
a modified Peano-Russell system of notation in which: square brackets are used
for quantifiers, binary functors are often written between their arguments, and
dots are used to indicate parenthetical groupings and conjunctions in accord with
well known conventions.

4. The Peano-Russell notation differs significantly from the system of notation
devised by Lesniewski for use with his systems. In Lesniewski's notation func-
tors always precede their arguments which are enclosed in parentheses; lower
corner brackets, ' L ' and f-ι', enclose quantifiers; upper corner brackets, < r ' and
< Ί ' , are used to indicate the scope of quantifiers; and the propositional functors
'~' , V , V , 'D', and '=' are symbolized as V , ' 9 ' , '-9- ' , 'φ- ' , and '<[>' respec-
tively. Furthermore, Ontology does not contain the particular quantifier, the
effect of it being obtained through the use of the negation of a universal general-
ization of a negation. The use in Chapters One and Two of Peano-Russell
notation, including the particular quantifier, should be considered a concession
to the demands of convenience and familiarity. The work of Chapter Three
presupposes the use of Lesniewski's symbolism.

5. A system of Protothetic and hence any Prothetical base for Ontology contains
only semantic categories generated from sentences, that is, the Ajdukiewicz
symbol for such categories contains only the symbols 'S' and V

6. Though Lesniewski's theory of semantic categories determines the syntax of
Ontology, the qualifier 'semantic' was used in order to emphasize that the
motivation behind them was semantical rather than purely formal.

7. A formal statement of the Rule of Ontology can be found in [16] which itself
refers to [15]. A formal presentation of the Rule of Protothetic which is
incorporated into the Rule of Ontology can be found in [21] and [23].

8. Our informal presentation of the Rule of Ontology follows that presented in [5] to
which the reader is referred for further details.

9. To my knowledge an explicit proof of this has not yet been published. Sobociήski
has remarked privately that such a proof was known to Lesniewski, and Canty in
[5] remarks that Thomas Scharle had developed a proof. Canty also points out
that the proof involves showing that: 1) for each semantic category contained in
Ontology, one can define a "higher level" ' ε ' as a functor analogous to the
primitive 'ε ' of Ontology and 2) given this definition and the Rule of Ontology one
can always obtain, as a derived thesis, a formula equiform to AO except for the
shape of the parentheses which enclose the arguments of the defined "higher ε " .
The second point guarantees that for any derived thesis employing the primitive
f ε ' one can derive an analogous thesis employing a "higher-level" 'ε* (though
not necessarily the converse). This together with the ability to introduce analo-
gous functors would guarantee the repeatability at a "higher level" of any
derivation on a "lower level".

10. This thesis, as well as the one immediately following, cannot be properly derived
without the use of an auxiliary definition. The definition required for Tl .1.36
could be, for example:

Dl .1.011.1 [ab<p] :φ{ab}. = . *(φφ {b}
5 5
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The derivation could then proceed as follows:

Tl. 1.36 [abφ] \φ{abj.boc .D. 0{ac}

PR [abφ]:Hp(2).Ό.

3. *(φά){b} [1; D 1.1.011.1]
5 5

4. *<0α){c} [2)3; El .1.01]
5 5

φ{ac} [4; D 1.1.011.1]

Auxiliary definitions are required in situations like this because Ontology pro-
hibits the use of incomplete symbols—the functor substituted must be of the
same semantic category as that for which it is substituted. However, since
auxiliary definitions are always definable for use in situations such as this, we
will not explicitly give them.

11. The proof of a similar "fixed point" theorem in the field of logical type theory
can be found in [4].

12. Using a system of Ontology as the logical base of a system which will ultimately
be used to define the syntactical terms necessary for formulating a modification
to the Rule of Ontology may bring up visions of vicious circles. It should be
noted, however, that the development of Ontology which serves as a base for
system M must be considered as independent of any system which would employ
the modification of the Rule presented in this Chapter. The two are related as
different tokens of the same type.

13. In presenting definitions in this chapter, we reverse previous practice and write
definiendums on the left.

14. System MO is essentially Rickey's system MP {cf, [21] or [23]) with some
minor modifications and adjustments chief among which are the addition of the
primitives 'effhp' and 'tho'.

15. Most of the "Terminological Explanations" (TE's) presented in Chapter Three
are identical with or analogous to those originally formulated by Rickey in [21].

16. V. F. Rickey pointed this out to me in a letter in which he sketched a proof.
Rickey's argument hinges on the fact that there are only a finite number of
distinguishable elements in each purely prothetical semantic category. Hence a
choice function for these can be defined. The situation is analogous to that of
the Axiom of Choice vis a vis finite sets.

REFERENCES

[1] Ajdukiewicz, K., "Die Syntaktische Konnexitat," Studia Philosophica, vol. 1
(1935), pp. 1-27. Translated in [20], pp. 207-231.

[2] Bar-Hill el, Yehoshua and A. A. Fraenkel, Foundations of Set Theory, North-
Holland Publishing Company, Amsterdam (1968).

[3] Bernays, P., and A. A. Fraenkel, Axiomatic Set Theory, North-Holland Pub-
lishing Company, Amsterdam (1958).

[4] Buchi, J. R., "Investigations on the equivalence of the axiom of choice and
Zorn's lemma from the viewpoint of the hierarchy of types," The Journal of
Symbolic Logic, vol. 18 (1963), pp. 125-135.



LESNIEWSKFS ONTOLOGY EXTENDED 77

[5] Canty, J. T., LesniewskVs Ontology and G'όdeVs Incompleteness Theorem,

Ph.D. dissertation, University of Notre Dame (1967).

[6] Canty, J. T., "The numerical epsilon," Notre Dame Journal of Formal Logic,

vol. 10 (1969), pp. 47-63.

[7] Canty, J. T., "Lesniewski's terminological explanations as recursive con-
cepts," Notre Dame Journal of Formal Logic, vol. 10 (1969), pp. 337-369.

[8] Church, A., "h formulation of the simple theory of types," The Journal of
Symbolic Logic, vol. 5 (1940), pp. 56-68.

[9] Davis, C. C , An Investigation Concerning the Hilbert-Sierpihskί Logical Form
of the Axiom of Choice, Ph.D. dissertation, University of Notre Dame (1973).

[10] Davis, C. C , *'An investigation concerning the Hilbert-Sierpiήski logical form
of the axiom of choice," Notre Dame Journal of Formal Logic, vol. 16 (1975),
pp. 145-184.

[11] Fraenkel, A. A., Abstract Set Theory, North-Holland Publishing Co., Amster-
dam (1953).

[12] Fraenkel, A. A., Foundations of Set Theory, North-Holland Publishing Co.,
Amsterdam (1958).

[13] Lejewski, C , "On Lesniewski's Ontology," Ratio, vol. 1 (1957), pp. 150-176.

[14] Lesniewski, S., The Collected Works of Stanisiaw Lesniewski, bound facsimi-
lies of his articles, University of Notre Dame library (1967).

[15] Lesniewski, S., "Grundzϋge eines neuen Systems der Grundlagen der Mathe-
matik," Fundamenta Mathematicae, vol. 14 (1929), pp. 1-81.

[16] Lesniewski, S., "Uber die Grundlagen der Ontologie," Comptes Rendus des
seances de la Societe des Sciences et des Lettres de Varsovie, Classe III, vol.
23 (1930), pp. 111-132.

[17] Lesniewski, S., "Uber Definitionen in der sogenannten Theorie der Deduktion,"
Comptes Rendus des seances de la Societe des Sciences et des Lettres de Var-
sovie, Classe III, vol. 24 (1931), pp. 289-309. Translated in [20], pp. 170-187.

[18] Lesniewski, S., "Einleitende Bermerkungen zur Fortsetzung meiner Mitteilung
u.d.T. 'Grundzϋge eines neuen Systems der Grundlagen der Mathematik',"
Collectanea Logica, vol. 1 (1938), pp. 1-60. Translated in [20], pp. 116-169.

[19] Luschei, E. C , The Logical Systems of Lesniewski, North-Holland Publishing
Co., Amsterdam (1962).

[20] McCall, S., ed., Polish Logic, Clarendon Press, Oxford (1967). Contains trans-
lations of, among others, [1], [17], [18], and [29].

[21] Rickey, V. F., An Axiomatic Theory of Syntax, Ph.D. dissertation, University
of Notre Dame (1968).

[22] Rickey, V. F., "Axiomatic inscriptional syntax. P a r t i , " Notre Dame Journal
of Formal Logic, vol. 13 (1972), pp. 1-33.

[23] Rickey, V. F., "Axiomatic inscriptional syntax. Part II: The syntax of proto-
thetic," Notre Dame Journal of Formal Logic, vol. 14 (1973), pp. 1-52.



78 JAMES GEORGE KOWALSKI

[24] Rubin, H., and J. E. Rubin, Equivalents of the Axiom of Choice, North-Holland
Publishing Co., Amsterdam (1963).

[25] Sierpiήski, W., Cardinal and Ordinal Numbers, PWN-Polish Scientific Pub-

lishers, Warsaw (1965).

[26] Shipecki, J., "St. Lesniewski's protothetics," Studia Logica, vol. 1 (1953), pp.
44-112.

[27] Slupecki, J., "St. Lesniewski's calculus of names," Studia Logica, vol. 3 (1955),
pp. 7-71.

[28] Sobociήski, B., "On the single axioms of protothetic," Notre Dame Journal of
Formal Logic, vol. 1 (1960), pp. 52-73, and vol. 2 (1961), pp. 111-126, 129-148.

[29] Sobociήski, B., " O kolejnych uproszczeniach aksjomatyki Όntologji' prof. St.
Lesniewskiego," Ksίega Pamiatkowa kuuczceniu 15-lecia pracy nauczycielskiej
w Uniwersytecie Warszawskim Prof. Tadeusza Kotarbinskiego—Fragmenty
Filozoficzne, Warsaw (1934), pp. 143-160. Translated as "Successive Simpli-
fications of the Axiom-System of Lesniewski's Ontology" in [20], pp. 188-200.

[30] Sobociήski, B., "L'analyse de L'Antinomie Russellienne par Lesniewski,"
Methodos, vol. 1 (1949), pp. 94-106, 220-228, 308-316; and vol. 2 (1950), pp.
237-257.

[31] Tarski, A., "Eine aequivalente Formulierung des Auswahlaxioms," Fundamenta
Mathematicae, vol. 30 (1938), pp. 197-201.

[32] Tarski, A., "On the primitive term of logistic," Logic, Semantics, Metamathe-
matics, Clarendon Press, Oxford (1956), pp. 1-23.

[33] Tarski, A., "On well-ordered subsets of any set," Fundamenta Mathematicae,
vol. 32 (1938), pp. 176-183.

[34] Whitehead, A. N., and B. Russell, Principia Mathematica, vol. I-ΠI (second
edition), Cambridge University Press, Cambridge (1963).

Seminar in Symbolic Logic
University of Notre Dame
Notre Dame, Indiana

and

University of Rhode Island
Kingston, Rhode Island




