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ON A MODAL SYSTEM OF R. A. BULL’S

DOLPH ULRICH

Bull [1] mentions, in passing, having discovered the weakest extension
of S4 that both contains S4.3 and is obtainable by extending S4 with an axiom
involving a single sentential variable. I shall call the axiom in question

F3 CMLpPALCPLPLCLCPLPLY

By an S4F-model I mean an S4-model (W, R, V) (see, e.g., [2]) wherein
VxVyVz((xRy .xRz) — (zRy vyRx)) (F)

Lemma 1 Each theovem of S4 + F3 is valid in every S4F-model.

I content myself with showing F3 cannot fail in such a model (W, R, V).
If it does, then for some xe¢ W (1) V(MLp, x) = 1, (2) V(LCpLp, x) = 0 and
(3) V(LCLCPLPLP, x) =0. By (1) there exists ze W such that xRz and
(4) V(Lp, z) = 1. By (3), on the other hand, there exists y ¢ W such that ¥Ry,
(5) V(LCPLp, y) = 1 and (6) V(Lp,y) = 0. It follows from (4) that V(LLp, z) =
1 and so, by (6), zRy. According to (F), then, yRx. But from (5) I have
V(LLCpPLp, y) = 1 and so now V(LCPpLp, x) = 1, contradicting (2).

Lemma 2 Each formula valid in all S4F-models is provable in S4 + F3.

I prove only what is not already familiar from the literature: (F) holds
in the canonical model (W, R, V) of S4 + F3. Otherwise, there exist
x, v, 2 € W with xRy, xRz, zRy, and yBx so that for some formulas ¢ and 7,
Lvez, v£y, Lgey, and qfx. Since Lrez, LCqL7 €2z and so MLCqL7 € x.
By F3, then, LCCqL7YLCqL7 ¢ x or LCLCCqLYLCqLYLCqL¥ € Xx.

CqLrex since qfx; CqLv £y, however, so LCqL¥£x and the first
alternative is impossible: LCCqLYLCqLv ¢x. It must be, then, that
LCLCCqLYLCqLYLCqLv ex, and CLCCqL¥YLCqLvLCqLvey. As before,
LCqLv{y, so LCCqLY¥LCqL7 {y. There must then exist y'e W such that
YRY', CqLrey', and LCqLv{y'. However, Lgey so that gey'. Hence
Lr ey’ and so LCqL7 €¥', which is also impossible.

Thus Bull’s system has been independently introduced and studied in
more recent literature:
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Theorem S4 + F3 is the system S4.3.2 (= S4 + ALCLpqCMLqp) of Zeman’s
[3].

Proof: Immediate from the lemmas and the known result ([2], p. 161, where
$4.3.2 is called ¢“S4F’’) that S4F-models characterize $4.3.2.
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