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On Fleissner's Diamond

SAHARON SHELAH

Fleissner [1], in the course of showing that V' = L implies every normal
topological space is collectionwise Hausdorff, used a strengthening of Jensen’s
¢ principle, denoted Ogg, and often called “diamond for stationary systems”.
Mathias [3] stated Ogg explicitly and asked whether for 8, for example, Ogg
follows from the related principles <>§1 or 0;1. The purpose of this paper* is to
show that these implications may fail even under relatively nice conditions.
This result was announced in [4].

For the remainder of the paper A denotes a regular uncountable cardinal
and S a stationary subset of A. The reader may, for simplicity, want to identify
A with N,.

We now introduce the various sorts of O-sequences under consideration
and mention some of the connections between them.

Definition 1 A sequence (A4,: a € S) is a Ogsequence if for each o € S,
A, Caand forevery A C A\, fae S: 4 Na=A4,} is stationary (in ).

Definition 2 A sequence (P,: a € S) is a weak Ogsequence (w-Og sequence)
if each P, is a set of subsets of &, and for every 4 C A, {a: A N a € P,}is sta-
tionary. If, in addition, P < « for each a € S, we call (P,: a € S) a Og-sequence.

The above definitions obviously involve an abuse of terminology. Notice
however, that (4,: « € S) is a Ogsequence in the sense of Definition 1 iff
(A} a e S) is a Og-sequence in the sense of Definition 2.

Kunen has proved the following result relating the existence of the two
types of Og-sequences.

Theorem 1 (Kunen) If there is a Og-sequence (P,: a € S), with P, C P(c),
then there is a Og-sequence (A,: a e S), with A, C o
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An obvious question is whether the A,’s in Kunen’s Theorem may be
chosen so that 4, € P,. This cannot always be done, as witnessed by Theorem 5
below.

We next briefly describe Fleissner’s results [1].

Definition 3 A stationary system is a sequence {S4: A C A} such that each
S, is stationary in A and if A Na=B Na,then Sy N (x+1)=Sp N (x+ 1), for
each a <.

Definition 4 Oss holds if for any stationary system (S4: A C \) there is a
sequence {T,: & < A) such that T, C ¢ and foreach A C A\, laeSy: T,=A4 Nai
is stationary, Fleissner [1] showed.

Theorem 2 (Fleissner) V = L implies Ogg.

The proof is similar to Jensen’s “minimal counterexample proof” of ¢ in L

(cf. [2]).

Theorem 3 (i) (Fleissner) Assume Ogg. If (P o€ S) is a w-Og-sequence, then
there are A€ P,, for a€ S, such that (A, e SYisa Os-sequence
(ii) T he converse also holds.

Proof: (i) Foreach 4 CAletSy={aeS: A NaelP} Then{Sy: A C N is
easily seen to be a stationary system. Let (T,: a <\) be a sequence as given by
Ogs. Define A, so that if o € S then A, = T,, and A4, is an arbitrary element of
P, otherwise. Then {4,: « € S) is a Og-sequence.

(ii) Let (S4: A C w, form a stationary system. Let P, = {X C o: for
some (or, equivalently, for every) A C w, such that 4 Na =X, a e S 8. Now,
for every A C wy, ta: A N «a € P} = Sy, and hence is stationary. Thus,
(P,: a < wy is a w-O-sequence. Now, by hypothesis, there are A, € P, o < wy,
such that (4, a < w, is a O-sequence. Then, for a stationary set of a < w;,,
ANa=A, whence A Nae P, and so a € S4. Thus Ogg holds.

We will require two additional definitions before proceeding to our results.

Definition 5 (P,: a € S)is a OF-sequence iff P « for each o e S and for
every A C X there is a closed, unbounded (club) set C such that Voo e S N C,
AN ae P,. A w-O¥-sequence is defined similarly except there is no restriction

that P, < a. O¥ means that a O¥-sequence exists. w-0% is defined analogously.

Definition 6 (P,: a € 8) is a Og-sequence iff __Ii <« and for every A C A
there is a club C C X such that foralla e SN C,both 4 Nae P,and CNae P,
A w-O¢-sequence, O§ and w-0§ are defined analogously.

Both ¢¥ and ¢% hold in L. The existence of a single O¥-sequence has
ramifications for all w-Og sequences as we next show.

Theorem 4 _ Assume O¥. If (P,: o € S) is a w-O-sequence then there is
P¥CP, Pr< < a such that (P*: we S)is a Og-sequence.

Proof: Let{Q,: « € S) be a Of-sequence. Let P¥ = P, N Q,. Then _PT—;“ <a. Fix
A C A. Let B be the stationary set provided for A by the definition of w-Og-
sequence. Let C be the club set provided for A by the definition of ¢§-sequence.
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Then S N C N B is stationary, and for every x e SN CN B, both A N« e P, and
ANaeQ, Thus A Nae Pt
For A regular and stationary S; C S, C \ the following implications hold.

<>§<2 = Oigkl = <>Sl = 052
f
03, = 05,
On the other hand, ¢s, does not imply O, as shown in [5].
We are now ready for our main result.

Theorem 5 Assume 1 <k < R, The following are consistent:

(1) GCH + 051 +(Pya<wypisa Ow sequence, 7__’a = k and no refinement
(Py: a < wy), Po C Py, a <y, is a O, -sequence.

(2) GCH + Og for every stationary S C w; + (Py: a < wy) is @ w0y
sequence, P, = R, for every a < w,, and no refinement (Py: a < wy), P;g:Pa,
a<w,isad, sequence.

Proof: (1). The idea is to start with a model V of GCH and add sequences
(Ry: @ < wy) and (S,: a < w,) such that in the generic extension (R,: a < w,)
will be a O, -sequence and (S,: o < wy) will be a O, -sequence with |S,| = &,
and such that (S, a < w,) cannot be refined, i.e., there is no (T,: a < w,) with
T, ;Z& Sq and (Ty: a < wy) a O, -sequence. We will make sure that (R, a < w)) is

a Oz)l-sequence by considering each subset of w, in the extension and forcing a
club set as in the definition of OZ)I. We will make sure that (S,: @ < w,) cannot
be refined by considering each possible refinement of it in the extension and
forcing a counterexample to its being a O, -sequence. Each of these ideas
involves iterations of length w,, and by dovetailing we can accomplish both
simultaneously.

Rather than describing the forcing as a genuine iteration we will define
notions of forcing X,, & < w,, by induction on «, and eventually use X,,, for
the extension. Assume now that X, has been defined for all § < «. Assume also
that for each § > 1 a term 75 of the language of forcing with Xz has been
selected such that

(i) ifBiseven, then 0 "75 “rgr Wy > 2”7
(ii) if Bis odd, then O lfyé “Tgt Wy >k

Now let X, consist of all functions p with domain a countable subset of o
containing 0 and 1, such that

(iii) p(0) is a sequence (Ry: &£ < 8), where § < wy, 1—25 < w;and R; C P(§)

(iv) p(1) is a sequence (Sg: & < ), where v < wy, S¢ = (S, n < k),
Ss,n cé

(v) if e domp, B> 1 and B even, then plB € Xz and p(B) is a function
mapping some countable § onto 2 such that {&: p(B)(§) = 1} is closed,
and

g ||7(;(“V‘éa limit <w,)[pB)(E) = 1 = (In <§&: 75(n) = 1}, In <E&: p(B)(n)
=1} e RY)]”
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(vi) if 8 e domp, B> 1 and B odd, then plB e X and p(B) is a function
mapping some countable v into 2 such that

plg ||—* “V& a limit <yVn <k[n # 75(8) > (Se.
#{n <& p@Bm)=1H1".
The ordering is defined so that p < g iff dom ¢ € dom p and V4 e dom g,

q(B) C p(PB), (i.e., the smaller element gives more information).
Now assume G is X, -generic. For each o < w, define

G.=1{Up(a): p € G}.
Then it is straightforward to show that

1. G, is a sequence (R,: o < w,) such that R, C P(«) and R, < ¥, for
each o < w;.

2. G, is a sequence (S, o < wy) such that S, =4S, ,: n <k),and S, , C «,
foreach a < wy, n <k.

3. Fora>1, G,is unbounded in w;.

4. Fora> 1, a even G, is closed in w;.

It is convenient to work with a certain dense subset Y, of X,. We call a
condition p € X, a normal 6-sequence iff

(i) domp(0)=domp(l)=46+1
(ii) Vpedomp,f>1=dompB)=6+1
(iii) VB e dom p, B> 1= there is some function fz € V such that plg ||—

We let Y, be the set of all normal §-sequences for 6 € Y. We let 6(p) be the §
as described above.
It is quite easy to show that for each o < w,,

5. Y,is 8;-complete.

To see this, consider a sequence of elements of Y,,, go >¢q; >.... We define g
so that

(i) domg= U dom g;,
(i) VBe dom q, if 3> 1 then g(B8) = U q:(B) V{5, 1)
(iii) ¢(0) = iy) qi(0) U {5, A) where 8 = sup{d(g;): i <w} and 4 =

HE<S: qB)(E)=1}: Bedomg, B>1,Beven} U {{E<8: fo(¥)=1}:
Bedomgqg, B> 1,8 even}

Gv) q(1) = U qi(1) U {6, D)} where D is a sequence of length k of sub-

sets of 8 contammg none of the sets {{§ < &: q(B)(§) = 1}: B e dom ¢,
B> 1,8 odd}.

Then g extends all the g; and g is a normal é-sequence, whence in Y,. Of
course, in verifying condition (iii) in the definition of normal §-sequence, we
choose f; = ngw fon, where q,|8 H;(; “r5l8 = f3,”. It is now not difficult to
check that
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6. VpeX,V6ew,3qeY,lqg<pandb(qg)=35].
Next, using a standard A-systems argument it follows that
7. Y, satisfies the 8,-chain condition.

From the preceding we may conclude that if G is X, ,-generic, then V[G]
has the same cardinals as V, contains no new reals, and satisfies the GCH. As a
consequence of this last fact, we can see that we could have chosen the 74’s so
that for 8 even 74 runs through all functions from w; to 2 in V[G], while for 8
odd 74 runs through all functions from w; to k in V[G].

Now, with the 74’s chosen in this way it is easy to see that (R,: o < w))
will be a Ogl-sequence and (S,: a < wj) cannot be refined, where (R,: a < wy)
is, of course, U{p(0): p € G} and (S, a < w, is U{p(1): p € G}. This follows
since the sets U{p(B): p € G}, B > 1, B even, are characteristic functions of the
necessary club sets, while U{p(8): p € G}, B > 1, B odd, add the necessary
counterexamples. We will be finished if we can show that (S,: a < w, is a
O-sequence in the sense of V[G]. This is the heart of the proof.

To this end, suppose A C w; in V[G] and C a closed unbounded subset of
w; in V[G]. For § > 1, B odd, we let

Ag=1{&:pB)E)=1,pe Gl

Let A, C‘, and A g be forcing names for A, C, and A4 respectively. The argument
divides into two cases.

Case 1 For all odd < w, A # Ag. It is sufficient to show that if p |- (Vg <
wl)[A +* Aﬁ and C is club],” then 3g < p such that ¢ IF“3Jae CIn<k[4A N
=S,

First, using the current hypothesis, and the fact that V" and V[G] have the
same reals, there is a sequence qo=>¢, =, . . ., in Y, such that

(@) qo<p and for each n € w there is some B, € V such that g, +; I-“B, =
A NB8(gy) &tae C: 8(g,) << 8(gn+)} # 0, and so that

(B) if n > 0, then for § € dom(g,), 8 > 1, B 0odd, By+1 # {1 < 8(gn+1):
4u(B)(m) = 1}. Then if B = nU B,, B is not of the form {n < §:
dnq,B)n) =1 foranyne w,B>1,80dd,Be U dom g,,.

We now select, as in the proof of Theorem 5, a 1ower bound g, making cer-
tain that if 8 = sup{6(q,): n € w}, we define g(1)(8)(n) = B, for some n < k as in
(iv) of the proof of Theorem 5. This is allowed by (8). To see that g works we
must use the fact that C is closed, so that 6 € C, by ().

Case 2: For some odd 8 < w;, A = Ag. This time it is sufficient to show that if
p - “4 = AB & C is club”, B odd, then there is some ¢ < p such that ¢ = “3Jae
CIn<kl[AdNa= Senl”.

We note first that if p € X, ,,, then there are q,, q; € Y, +; extending p,
such that golB = q,I8, but g(8) and ¢,(8) are incompatible. We combine this
observation with the approach in Case 1 to obtain a binary tree of conditions
qs € Y,,, where s ranges over all finite sequences of 0’s and 1’s such that

(i) ifsCt thenqg; <gs<p.
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(ii) if s and ¢ are on the same level then g8 = ¢,I18 <plB.

(iii) if s and ¢ are incomparable, then g4(8) and g,(B) are incompatible.

(iv) if ¢ is an immediate successor of s, then there is some sequence
B,, € V such that q; |- “B,, = A N8 &lae C:b(g) <a<
8(g: )t #0".

(v) ifs, t are on level n + 1, § € dom ¢y, v € dom g;,, B, ¥ odd, then
4s(B) # q(7) except when B =1, s = 1.

Notice that for any branch f e 2%, by (ii), § = sup{d(gs): s C f} comes out
the same. If we define By = sgc By, then By is a subset of 6 and, for different f,

By is different. We wish to select some g € 2 and find a lower bound g for the
sequence ¢s, s an initial segment of g, as in the proof of 5. The only restriction
we place on q is that q(1)(8) consists of sets of the form By.

Let us do this last part exactly. First let g, = ¢lB for some (equivalently
every) s of length n. Next, choose k distinct g; € 2“ (i < k). Now, define
q° € Yz with 8(¢°) = 8, as in 5, but let ¢°(1)(8) = (Bg;: i < k) and
q°(0)(8) = {{£ < §: for some n < w, qgin(V)(E) = 1}:i <k and vy € dom g, for
some n < w} U {{§ < 8: ggn Ilz “7,(§) = 17 for some v}: i < k and y €
dom qg, for some n € w}. We want to extend q° to a bound of {dgjin: n <w}
for some i < k. Next, since Yj is dense in Xj, there is some ¢ € Y3, ¢! <¢° such
that ¢! I, 5 “7(8) = i”, for some fixed i <k. Now define g so that g(a) = qY (o)

fora<3whﬂeq(a)-— U qgpin(a) for o >, e U domqglm Then, q(0)(8)

is as required for q('y), 7 “even (see 5 above), by the way we defined it; g(0)(8)
works for 8 since ¢! I “73(8) = i, and for any other v by (v) above.

(2) The proof of Theorem 5(2) is similar to that of Theorem 5(1) and
related to [5], so we only give a sketch. We will use forcing conditions X,
similar to those used in Theorem 5(1), but with certain modifications. We will
use Pg to indicate the set of p(8)’s for p € X,,.

First, we will now use P, to add a w-0-sequence. Elements of P, are of the
form (S,: a <B), where S, = (So¢: £ <wy and S, ¢ C a. In order to ensure that
later on the 8,-chain condition holds and that conditions can be arbitrarily
extended, we also make the requirement that if « is a limit, then there are

o < a oy < gy, A= L<J oy, and for each n < w and ¢ € 2" a function
n<w

g:: o, > 2, such that for sC ¢, g C g; and

{Se,6: E<wil ={g: forsomet e 2, g= nuw ginl s

where S, ¢ is identified with its characteristic function.

Next, as before, we add counterexamples in the odd places to make sure
that the sequence we have added cannot be refined.

We will concentrate on Og for every stationary S. First, for § < w, even let
75 be a forcing name for a subset of w, such that every such X, -name appears.
Then, in defining X, for B odd, we require that p(g) is of the form (T’,: y € x),
where T, C v for each v € x and x C w;.

The idea is that if the set S denoted by 74 turns out to be stationary, then
the sequence of T',’s will form the required Og-sequence.
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We begin by defining Y, and 8(p) for p € Y, as in (i). Now, suppose
p <4 Cw,&Cis aclub set in wy,” and G is a X, ,-generic set containing p.
We work in V[G] to define C = 18: 3g e G N Y,,[8(g) =d and q |- “sup CN
8=5," and forsome As e V, g - “4A N& =As", and qlB }- 6 ¢ 7”18

We notice next that if C is not stationary, then neither is the set denoted
by 75, in which case we need not concern ourselves with it. We thus assume that
C is stationary. Now, we can show that {p e X,,,: p<gandp I “3ae C[4 N
o =T,1"}, where T, comes from the prospective ¢, -sequence, is dense below
some condition in G, and so in V[G], (Tolde<w ,really isa Orﬂ-sequence.

As a consequence of Theorem 5 (2) and Theorem 3 we obtain

Corollary 1 0%, does not imply Oss.
Corollary 2 Qg for every stationary S C w, does not imply Ogs.

As a consequence of Theorem 5 (1) we see that Kunen’s result, Theorem 1,
cannot be strengthened so as to select A, from P,,.

We conclude with some brief remarks on generalizing Theorem 5 to other
regular cardinals. If we wish to replace N; by A* we must replace the tree

U 27 by a downward closed T € U 29, with 2 1T N 221 <\ for 8 < A,
n<w a<A a<

which (for some A) has to have At branches (i.e., a Kurepa tree). However, there
is no problem since we may start with V' = L. We can also, for convenience,
ignore the o <\ in the definition of the conditions.

If we wish to replace ¥; by a strongly inaccessible cardinal k, then in the
definition of a condition we require that the domains of p(0) and p(1) include
the cardinal of dom p, and in (v) and (vi) of the definition of condition, we
replace “VE a limit” by “V¢ a strong limit cardinal”. We can then have either
k<korP,<aorP,<a".
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