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A COMPLETE SYSTEM OF INDEXICAL LOGIC

ROLF SCHOCK

In most logical systems, the interpretation of a term or formula does
not depend on a situation or context of discourse. In particular, there are
no temporal contexts since all sentences are formulated in what seems to
be an eternal present tense. Suppose, however, that terms and formulas
with terms as situational indices as well as ordinary terms and formulas
are present in a first-order logic with identity, descriptions, and no
existence assumptions. Suppose also that intensional constants such as
those of tense and modal logics are present as nonlogical constants so as
to make possible the concise expression of certain relationships among
situations. How can such a broad kind of language be formalized? What
kind of semantic theory can interpret it? And what kind of logic is deter-
mined by such a semantic theory? One set of solutions to these problems
is presented here.*

In the literature, the most closely related systems seem to be the
‘“‘topological’’ logics. There, rules and interpretations for sentential
formulas indexed with individual constants and first-order variables have
been investigated. However, a full first-order logic and semantics of even
standard type for indexing with only individual constants and variables
seem to have escaped explicit formulation. For a survey of the subject,
the reader is referred to Rescher and Urquhart [9]. A recent study in the
area is Garson [6]. '

The system and semantics of the present study are also pragmatic and
intensional in the sense of Montague’s [7] and [8]. Although Montague has
developed appropriate semantic theories in these papers and has been
matched analogously by Scott in [14], no full deductive system of pragmatics
or full intensional logic seems to have been published before. However,

*The main results of the present study were presented in a talk with the same title at the
Royal Institute of Technology in Stockholm in May 1973. With the exception of some additions
to the informal remarks, references, and introduction, the study was also presented in full at the
Salzburg Colloquium in Logic and Ontology in September 1973. An abstract with completeness
results was also published in the Bulletin of the Section of Logic, vol. 5 (1976), pp. 16-19.
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from Montague [8], Scott [14], and Gallin [5], it seems that David Kaplan and
Dan Gallin have constructed some systems of this kind and proven them to
be complete. Unfortunately, the author has no additional information about
these matters. Another author who has developed context-dependent
semantic and logical theories is Cresswell in [4]. However, there are no
indexed formulas and no first-order structure.

The systems developed in the present study have evolved from those of
Schock [11] and [12]. They differ from all of the above systems in the
breadth of the collection of constants of odd types which are dealt with. All
sorts of queer modal connectives and variable binders are present at least
as nonlogical constants. Also, they are full first-order systems with only
one sort of variables. The systems are free from existence assumptions
and deal with existence, actuality, and non-actuality or fictiveness in addi-
tion to identity and descriptions. Only one kind of quantifiers is employed
and a situationless present is provided for. This is a natural tense of
mathematical and other abstract reasoning which deserves explication and
is formally useful for handling situational expressions. Some additional
differences from the systems of Montague or Scott are that the situational
objects (indices or reference points) can be named and reasoned about in
the object language, that there are two intensional logical constants for in-
dexing rather than a strong logical constant of necessity, and that validity
is more general since it does not require truth in all situations. The
semantic theory also seems to be somewhat more direct and transparent
than those of Montague and Scott in that fundamental reference is to truth
values and objects rather than intensions. Another novelty seems to be the
semantic and logical rules for the constants for indexing terms and for-
mulas with terms. The rules are, of course, not too surprising to those
with keen intuitions, but appear everywhere and are mostly new.

1 Symbols, terms, and formulas We presuppose a nonrepeating de-
numerably infinite sequence S of nameable objects called symbols. The
symbols with even indices determine a similar sequence V of (individual)
variables, and the remaining symbols a similar sequence K of constants.
In the same way, nonrepeating denumerably infinite sequences 7T and F of
term-making and formula-making constants are obtained from the even-
indexed and remaining values of K, respectively. By partitioning 7 and F
via even and noneven a few more times, we obtain the nonrepeating de-
numerably infinite sequences TkIim and Fklm, where %k through wm are
natural numbers and one of ! or m is positive if » is. The values of Tkim
and Fklm are the k-place l-term wm-formula tevm-making and formula-
making constants respectively. A constant is of #ype klm just when k
through m are natural numbers with ! or m positive if » is such that the
constant is a value of Tkim or Fkim. The constant is 0-place if of type Olm
for some I and m. A wvariable binder is a constant which is not 0-place. A
simple constant is one of type 000. It is an individual constant if term
making, and a senfential constant otherwise. The conceptual symbols are
the O-place constants which are not simple. The operation symbols are the
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term-making conceptual symbols and the predicates are the formula-
making conceptual symbols. An operation symbol or predicate of type 0lm
with both ! and m positive is mixed and the remaining conceptual symbols
are pure. A pure operation symbol or predicate of type 0/0 for some
positive [ is individual and the remaining pure conceptual symbols are
sentential. Notice that sentential and modal connectives are sentential
predicates according to our classification of symbols.

We use the symbols (, ) and {, } in the metalanguage to mark the
boundaries of finite sequences and sets, respectively. Also, given finite
sequences 7 and s, we understand 7 s to be the result of joining s to the end
of 7. Thus, (12)(34Y( ) = (1234Y{ } = (1234). Given a set x and natural
number k, x*is the set of all k-term sequences whose ranges are included
in x.' If sex* and { is a positive integer <k, then s; is the value which s
assigns to 7 and s~ is s with the pair 1,s, removed.

Assume now that ¢ is a constant of type kIm and that x, {, and F are
in wk, y!, and 2", respectively, for some w, v, and z. Then c(x¢F)—the
application of c to x, t, and F—is defined as follows:

1. If ¢ is O-place, then one of the following holds:

¢ is simple and c(x¢F) = c.

¢ is an individual conceptual symbol and c(x¢F) = {¢,c) ¢-.

¢ is a sentential conceptual symbol, m = 1, and c(xtF) = (cF)).

¢ is a sentential conceptual symbol, m > 1, and c(x¢F) = (F.c) F~.
¢ is a mixed conceptual symbol and c(x¢F) = £ {c) F.

pRrooy

2. If ¢ is a variable binder, then c(x#f) = (¢\"x ¢"F.

Observe that 1c and 1d could have been formulated together in the same
sort of way as 1b: the first argument comes first, then the constant,
and finally the remaining arguments. Although elegant, the result would be
that 1-formula connectives come after formulas to which they are applied.
Since logicians seem to always put such connectives in front of formulas,
1c and 1d have been employed for the sake of readability.

Terms and formulas can now be defined recursively as follows:

1. Every variable is a term.

2. If ¢ is a constant of type klm, x e variablesk and x is nonrepeating,
teterms’, and Fe formulas™ then c(xtF) is a term if ¢ is term-making and
a formula otherwise.

3. Only these are terms and formulas. That is, if every variable is in X,
c(xtF) is in K when c is term-making and in L when ¢ is formula-making if
c is a constant of type klm, x ¢ variables* and x is nonrepeating, #eK/, and
Fe L™, then every term is in K and every formula is in L. This is the
induction principle for tevms and formulas.

This partially sequential and partially recursive definition of terms and
formulas is employed here to allow proof steps with the short recursive
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clauses while simultaneously allowing sentential and other expressions to
be written in a natural way.

Except when it is explicitly mentioned that alternative assumptions
have been made, we hereafter use the letters ““x’’ through ““z’’, ¢#’’ through
“w’’, and ‘“‘F’’ through ‘“J’’ as metavariables ranging over the variables,
terms, and formulas, respectively. Similarly, ‘‘¢’’ is a metavariable
ranging over the constants and ‘7’ is a metavariable ranging over both the
terms and the formulas. E (‘‘exists’’), A (‘‘is actual’’), B (‘‘is fictive’?),
and M (‘‘determines a model’’ or ‘‘is a moment’’) are the first four 1-term
individual predicates, I (‘‘is identical with’’) is the first 2-term individual
predicate, and r(‘‘s version of’’ as in the name ‘“1972s version of the king
of France’’ or ‘‘the king of France in 1972°’) is the first 2-term individual
operation symbol. The first 1-formula sentential predicate is ~ (‘‘not’’)
and the first four 2-formula sentential predicates are the remaining
ordinary connectives — (‘‘only if’’), a (‘‘and’’), v (‘‘or’’), and <> (‘“‘if and
only if’’). The first 1-term 1-formula mixed predicate is ~(‘‘s version of”’
or ‘‘yields’’ as in the sentence ‘1972 yields snow is white’’). The first two
l1-place O-term 1-formula formula-making variable binders are the quan-
tifiers A (‘“for any”’) and V (‘“for some’’). Similarly, the definite article
1 (‘the’’) is the first l-place O-term 1-formula term-making variable
binder.

The sentential and mixed operation symbols and the mixed predicates
have heretofore been neglected by logicians. In consequence, they can
appear to be strange. However, if temporal units are taken into account,
intuitively acceptable examples of such constants can be located. We
already have + as a rather intuitive example of a mixed predicate if a term
to which it applies denotes a definite temporal unit such as 1972. Similarly,
the expressions around the variables in ‘‘the year in which F’’ and ‘‘the
first year after ¢ in which F’’ seem to function as a sentential operation
symbol and mixed operation symbol, respectively.

The sequence marks in designations of terms and formulas can also be
construed as parentheses of the object language. So as to simplify the
reading of such designations, conventions like those for the omission of
parentheses are here employed for the omission of sequence marks. In
particular, sequence marks which can be reintroduced in just one way can
be omitted. Also, omitted sequence marks around I and - dominate over
those around all other constants, omitted sequence marks around 1l-term
or 1l-formula conceptual symbols are next most dominant, and omitted
sequence marks around — and <> are least dominant. Finally, omitted
sequence marks around a and v associate to the left of the concerned
expression.

A variable x is free in T if x occurs in 7T without being bound by a
phrase consisting of a variable binder followed by a sequence of variables
one of which is x. Similarly, a term or formula ¢ is free in 7 if £ occurs
in 7 without having any of its free variables bound by variable binding
phrases which occur in 7. That is, ¢ is free in T just when ¢ is in a term
or a formula and one of the following conditions is satisfied:
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1. t=T.

2. There are c, k, I, m, x, u, and F such that terms of type kIm, x through
F are in variables* through formulas™ respectively, x is nonrepeating,
T = c(xuF), there is an index i of #” F such that ¢ is free in (4" F);, and no
variable free in ¢ is a value of x.

If fis a function and a is not a sequence, then f(}) is the function which
results from removing the pair a,f(a) from f if @ is an argument of f and
then adding the pair a,b. If there is a natural number #» such that « is non-
repeating n-term sequence, b is a finite sequence, and #» is an argument of
b if n is positive, then f(}) is the function which results from removing all
pairs a;,f(a;) such that 1 < { < #n, and q; is an argument of f from f and
then adding all pairs a;,b; with 1 < i < n,

If £ and u are both terms or both formulas, we can replace ¢ with» in T
if ¢ is free in T and if in 7 we first replace those occurrences of variables
whose variable binding phrases would bind variables free in « with the first
variables not occurring in either T or u. More exactly, given such ¢ and «,
AT is the U such that one of the following conditions is satisfied:

1. ¢t is not free in T"and U = 7.
2. t=Tand U = u.

3. There are ¢, %, 1, m,x,v, and F such that ¢ is of type klm, x through
F are in variables* through formulas”, respectively, x is nonrepeating, T =
c(xvF) # ¢, and ¢ is free in 7. Let s be the sequence in order of magnitude
of indices i of x such that x; is free in u. Also, let y be the sequence with
the same domain as s such that y; = the ith variable not occurring in T or u
for any index ¢ of y. Finally, let #y(x) through »,(F) be x through F, respec-
tively, and let 7;(x) through #;(F) be %, I, and m-term sequences, respec-

tively, such that 7,(x) = 7,,() (;}) and (r,(0) 7(F)); = Ji(riu(0) 7, (),
for indices i of ¥y and 1 <j <[+ m. If n is a natural number such that s
and y are n-term sequences, v' and F' are [ and m-term sequences,
respectively, and (v F'); = ,0r,) 7,(F)); for 1 < j < I+ m, then U =
c(r,(x)v' F').

Now assume that ¢ and # are both sequences of terms or both
sequences of formulas. If there is a natural number z such that ¢ is an
n-term sequence, u is a finite sequence, and »n is an argument of u if n is
positive, then .7 (the result of simultaneously substituting u for ¢ in 7) is
s,(ut T) where d is the function which assigns to any positive integer
i < n the ¢th variable not occurring in u or T, vowt T) = T, vi(ut T) =
Z v;_,(ut T) for positive i <n, so(ut T) = v,(ut T), and s;(ut T) = Zi s;(utT)
for positive ¢ < n. That is, /T is obtained by first replacing the values of
t with new variables and then the new variables with the corresponding
values of u.



298 ROLF SCHOCK

Assume that ¢ and » are both terms or both formulas or both finite
sequences of terms or both finite sequences of formulas. If » and %k are
natural numbers, { is an n-term sequence, n is an argument of u if » is
positive, and R is a k-term sequence whose values are terms or formulas,
then /R is the k-term sequence S such that S; = /R; for positive i < k. Also,
if xevariablesk and ¢ is A or V, then C(gxF)—the q-closure in x of F—is
p(F) where po(F) = F and p;(F) = qx,_.;_y p,_,(F) for positive i < k. For
example, C(AxF) is obtained by successively prefixing F with universal
quantifier phrases from the last variable of x out to the first.

So as to avoid the repetition of long formulations, we henceforth
abbreviate the condition that %2 through m are natural numbers, ¢ is a
constant of type klm, x evariables® and x is nonrepeating, /eterms’, and
Fe formulas™ with CNklmcxtF.

2 Sewmantic concepts Let T and F be the sequences of term-making and
formula-making constants, respectively, and let C be T or F. Also, assume
that » and s are sets and that %, /, and m are natural numbers. A C-value
in s is either { } or a subset{e} of s if C = 7, and one of the truth values
Oand 1if C = F. A k-place function in s of type C is a function defined on
sk which assigns C-values in s. A k-place avgument in s of type Im is a
sequence ¢~ 7 where ¢ is an [-term sequence of k-place functions in s of
type T and 7 is an m-term sequence of k-place functions in s of type F. An
v-spread in s of type klm is a function defined on » which assigns k-place
arguments in s of type Im. Finally, an r-intension in s of type Ckim is a
function defined on the set of all »-spreads in s of type #lm which assigns
C-values in s.?> Observe that intensions evaluate not arguments, but ways
of associating arguments with members of the set ». It is just this kind of
span over arguments which is needed for the interpretation of intensional
terminology such as that of situational indexing.

A sentential intevpreter is a function { defined on the set of formulas
which assigns truth values such that i(~F) = 1 - i(F); i(F — G) = the smaller
of 1 and (1 - i(F)) + i(G); i(F o G) = the smaller of i(F) and #(G); i(F vG) = the
greater of #(F) and #(G); and i(F <> G) = (1 - the greater of i(F) and i(G)) +
the smaller of i(F) and #(G). A fautology is a formula F such that i(F) = 1
for any sentential interpreter <.

An interpreter is here to be a function which is defined not on the
constants, but rather on the set of all ordered pairs consisting of constants
and situational objects in that order. Moreover, the function is to assign
intensions to such pairs. The least ordinal not present in the universe of
discourse is useful as a dummy object with which to determine interpreta-
tions of expressions in the nonsituational present. More exactly, ¢ is an
intevpreter just when there are sets s, m, n, and o such that the following
conditions are satisfied.

1. m C s.

2. o is the least ordinal ¢ s.
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3. m is the union of m and {o}.

4. 7 is defined on the set of all ordered pairs c,p with ¢ a constant and

pen.

5. For any pair c,p in the domain of i such that ¢ is of type #Im and a
value of C, i(c,p) is an n-intension in s of type Cklm.

As above, C is either the sequence of term-making constants or that of
formula-making constants. So as to provide the basic logical constants
E through 1 with their intended properties, their interpretations are fixed
by the following additional clauses. It is assumed that the »-function is the
function defined on {( )} which assigns 7 for any #, that p en, and that fis in
the domain of i(c,p) where c is the concerned logical constant.

6. i(E,p)(f) = 1 just when there is an 7 e s such that f(p) = (the {r}-
function). That is, existence always represents the members of s.

7. i(Lp)(f) = 1 just when there is an 7es such that f(p) = (the {r}-
function the {7 }-function). Identity is always an identity relation in s.

8. i(M,p)(f) = 1 just when there is an » em such that f(p) = (the
{r}-function). M always represents the members of m—which are the
existing situational objects.

9. If i(A,p)(f) = 1, then there is an v es such that f(p) = (the-{r}-
function). Also, if (4, p) is defined for f' and f'(p) = f(p), then i(A, p)(f') =
i(A, p)(f). Actuality always represents some set of existing objects, but
can represent different sets of existing objects in different situations.
Nevertheless, identity always preserves actuality.

10. (B, p)(f) = 1 just when i(E,p)(f) = 1 and i(A,p)(f) = 0. In any
situation, the fictive objects are the existents which are not actual.

11, If i(M, p)(f) = 1, then (A, p)(f) = 1 just when f(p) = (the {p}-func-
tion). In any situation, just that situation is actual. It follows that no
situation is actual in the situationless present.

12. i(~v, p)(f) = 1 just when f(p) = (the O-function), i(—, p)(f) = 0 just
when f(p) = (the 1-function the O-function), and similarly for a, v, and <>,

13. i(A, p)(f) = 1 just when f(p) = (g) where g is the function on s such
that g(()) = 1 for any »es. Similarly, iV, p)(f) = 0 just when f(p) = (g)
where g is the function on s' such that g({(#)) = 0 for any »es. Universal
and existential quantification are always over the existents,

14. (1, p)(f) = {r} just when f(p) = (g) where g is the function on s’
such that g((»)) =1 and g({g)) =0 if ges and g # ». Descriptions always
have either empty or proper reference.

15. (™, p)(f) = 7 if there are gem, g, and & such that f(p) = (the {q}-
function g) and f(g) = (h the »-function). Otherwise, (7, p)(f)={ }. In a



300 ROLF SCHOCK

situation p, a term u ¢ refers to the object ¢ referred to in the situation
referred to by u in p. If u does not refer to a situation in p, then u ¢ has
empty reference in p.

16. i(+~, p)(f) = v if there are gem, g, and kh such that f(p) = (the
{g}-tunction g) and f(q) = (k the »-function). Otherwise, i(-,p)(f) =0. In a
situation p, a formula u ~ F has the value which F has in the situation
referred to by # in p. If u does not refer to a situation in p, then u ~ F is
false in p.

If 7 is an interpreter, then Ui, M7, Ni, and O7 are the s, m, n, and o for
which 1 through 16 above hold with respect to i respectively. An assigner
in s is a function a such that s is a set, a is defined on the set of all vari-
ables, and either s is empty and a(x) = { } or not and there is 7€ s such that
a(x) = {»}. If i is an interpreter, a is an assigner in Ui, and pe Ni, then
Int;qp(T) and Int;o(T)—the interpretations with vespect to i, a, and p and i and
a of T—are defined as follows:

1. If T is a variable, Int;;,(T) = a(T).

2. Assume that there are %, I, m, c, x, t, and F such that CNkimcxtF and
T = c(xtF). Let SP(iaxtF) be the function which assigns to any ge Ni the
sequence 7 S where 7 and s are I- and m-term sequences, respectively;
7; = the function g defined on Ui* such that g(b) = Int, x) , tifor be Uik

b

and k-term sequence b' such that b ={p,} for 1<n <Pk if 1 <j<1; and

s; = the function g defined on Ui* such that g(b) = Int;a( o (Fj) for be Uik
b

where b’ is as for 7 if 1< j < m., Intuitively, SP(iaxtF) is the spread
determined by i, a, x, t, and F. Then Int;,(T) = i(c,p) (SP(iaxtF)).

3. Inhia(T) = lnfiaOi(T)'

F is i-true just when Int;,(F) = 1 for any assigner a in Ui and valid just
when i-true for any interpreter i.

3 Valid formulas

Lemma 1 If ¢ is an interpreter, a is an assigner in Ui, pe Ni, and fis the
Sfunction defined on the set of formulas such that f(F) = Int;q(F) for any F,
then fis a sentential intevpreter.

Proof: Assume the antecedent. By our definitions, f(~G) = 1 just when
SP(ia( Y Y{G))(p) = {the Int;s»(G)-function) = (the 0-function) and so just when
Int;ap(G) = 0. Consequently, f(~G) =1 - f(G). Also, f(G— H) =0 just when
f(G) =1 and f(H) =0 by the same sort of reasoning and so f(G — H) = the
smaller of 1 and (1 - £(G)) + f(H). The remaining cases follow by analogous
arguments.

The next two theorems follow immediately from Lemma 1.

Theorem 1 Every tautology is valid.
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Theorem 2 If i is an intevpreter, a is an assigner in Ui, pe Ni, and
Intigp(F — G) = Intigp(F) = 1, then Int;qp(G) = 1.

Hence, modus ponens preserves truth and the semantics of the sentential
connectives is normal in the situationless present. Obviously,

Theorem 3 u +~ F — uM is valid.

Lemma 2 If i is an interpreter, a is an assigner in Ui, pe Mi, q € Ni, and
Int;aq(u) = {p}, then Intigp(£) = Int;g0(u T 1) and Int;gp(F) = Int;gq(u ~ F).

Proof: Assume the antecedent. By our definitions, Intjae(x ™ ¢) = 7 just
when SP(ia( ) (ut) () (p) = (the Int;z(u)-function the Int;z(#)-function) = (& the
r-function) for some % and so just when Int;5,(f) = 7 = Intjo,(u ™ ¢). The argu-
ment for the second part of the consequent is analogous.

Theorem 4 uM — U —-NF <> NuFFY)A u-{F—G) <> u+~F = u+G)) A
UH(FAG) S UrFAurGOAUur{(FvG) <> UrFvurG)alu - (F <>G)<>
{(u = F <> u +G)) is valid.

Proof: Assume that { is an interpreter, a is an assigner in Ui, and
Int;o(uM) = 1. Hence, there is a pe Mi such that Int;,(x) = {p}. By Lemma 1
and Lemma 2, Intjo(u - ~VF) = Intigy(NF) = 1 = Intjgpy(F) = 1 - Intzo(u = F) =
Int;e(~vu = F). Similarly, Int;(u - (F — G)) = Intjyy(F — G) = the smaller
of 1 and (1 - Int;gp(F)) + Intiqp(G) = the smaller of 1 and (1 - Int;,(u + F)) +
Int;,(# = G) = Int;o(u - F — u = G). By analogous reasoning for the remaining
connectives and Lemma 1, the validity of the formula of the theorem
follows.

Theorem 4 asserts that the sentential connectives are absolute in that
their situational truth value assignments are the situationless ones re-
stricted to situations. For iteration of indices, we have

Theorem 5 @I U rH Ev@ ruyrtE—>or@r ) Iw ru)yrt)avr-u - F <>
v u+F)is valid.

Pyoof: For, if i is an interpreter and ¢ is an assigner in Ui, Inty, (v ™ (u T #)) =
Int;g,(u ¢) = Intiaq(#) = Intia((v ) T #) when p and ge Mi, Int;o(v) = {p}, and
Int;ap(u) = {g} = Int;a(v Tu). If there are no such p and g, then Int;(v (U 8)) =
{}=1nt;u((wru)yrt). By a similar argument, Int;;(v~u +F) = Int;o(v T u+ F).
The theorem follows by Lemma 1.

Theorems 1 through 5 are the main principles of sentential indexical
logics. Some additional principles for terms and predicates are the follow-
ing:

Theorem 6 (¢M — ¢B) (¢B — {E) is valid.

Proof: Assume that { is an interpreter and a is an assigner in Ui. If
Int;o(tM) = 1, there is a pe Mi such that Int;,(£) = {p}. But Int;z(£A) = 1 just
when p = Oi¢ Ui and Inty,(¢B) = 1 just when Int;,(£A) = 0. Hence, p # O¢ and
Int;o( #B) = 1. Also, if Int;o(#B) = 1, then it follows immediately that Int;,({E) =
1. From Lemma 1, it follows that the theorem holds.
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Theorem 7 {A <> tE anitB is valid.

Theorem 8 tIu— tE ault a {{Iv <> ulv) a(tA <> uA) A B <> uB) A {M <> uM) A
(rF<ourF)ad¢roEvurvE—¢trovlu o) is valid.

Proof: The proofs are as for that of Theorem 6. Theorem 8 is a kind of
concrete indiscernibility law for predicates which is needed since general
indiscernibility is not valid.

Theorem 9 u +— {E — uM is valid.

Theorem 10 U HIE<>u MtE)au-tM<s>u FrtMys U -tlv«<>urtlu ro)
is valid.

Theorem 11 uM— u (B — tE) A fA<>tEAVIB)) At F{{MAtA) <> u Tt Tuy A
u v — (tA<>vA) A ({B <> vB)) is valid.

The parts B <> uB of Theorem 8 and {B <> vB of Theorem 11 follow from
the respective theorems without the parts plus assumptions. The parts
are here included for the sake of symmetry.

Proof: As above, the proofs are via Lemmas 1 and 2 and the analysis of
the interpretations of the concerned logical constants. Theorems 9 and 10
correspond to Theorems 3 and 4, respectively. Theorem 10 expresses the
absoluteness of E, M, and I, while Theorem 11 gives the usages of A and B
in situations. The latter theorem is needed because A and B are not
absolute although they always partition the possible object set represented
by E.

Next come the quantifiers, identity, and descriptions.

Lemma 3 If i is an intevpreter, pe Ni, both a and a(}) are assigners in Ui,
and x is not free in T, then Int,ia(;)p(T) = Intyap (T).

Lemma 4 If i is an intevpreter, p € Ni, a is an assignev in Ui, and Intyzq(t) =
{w} for any q e Ni, then Inty,(;T) = 0t )o(T)-

Lemma 5 If t and u ave both tevms ov both formulas, i is an interpreter,
peNi, a is an assigner in Ui, and Int;g.(t) = Int,0(u) for any qe Ni, then
Intigp (¢ T) = Intigy(T).

Proof: The proofs for these three lemmas are by a straightforward induc-
tion among the terms and formulas,

Lemma 6 If i is an interpreter, a is an assignev in Ui, and p € Ni, then
Intiap(AXF) = 1 just when In'n,.,,(h’;})p(F) =1 for any we Ui, Intigp(VXF) = 1 just
when theve is a we Ui such that lnf,,-a({:/})p(F) =1, and Intigp( VxF) = {r} just
when {r} is the set of all w e Ui such that Intia({;})p(F) =1.

Proof: Assume the antecedent and let f = SP(ia{x) () (F)). Hence, f(p) =
(the function g on Ui’ such that g((w)) = Intja( 2y )p(F) for any we Ui). But
Intiap(AXF) = (A, p)(f) =1 just when g({w)) =1 for any we Ui. Similarly,
Int;sp( VAF) = 0 just when g((w)) = 0 for any we Ui and Inty(V1xF) = {r} just
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when g({(#)) = 1 and g({w)) = 0 for any w € Ui such that w # 7. The consequent
of the lemma follows immediately.

From Lemmas 1, 3, and 6, we clearly have the following three theo-
rems.

Theorem 12 If x is not free in t, then tE — Vx tlx is valid.

This schema is a version of the principle of the self-identity of existents.
Theorem 13 If x is not free in F, then Ax(F — G) <> (F — AxG) is valid.
Theorem 14 VxF <>~NAx NF is valid.

Lemma 7 If i is an interpreter, a is an assignev in Ui, and x is not free in
tor u, theninti;(Ax(M — (X Tt EvIE = x T ¢ 11))) = 1 just when there is
an v such that lnt,-aq(t) =7 for any qe Ni. Also, if either both t and u are
tevms and F = tE vuE — tIu or both t and u ave formulas and F = t<>u, then
Int;a( AX(xM — x = F) A F) = 1 just when Int;uq(¢) = Intiag(u) for any q € Ni.

Proof: Assume the antecedent and let G and H be the formulas concerned.
By Lemmas 1 through 3 and 6, Int;s(G) = 1 just when, for any q € Mi, Int;qq(f) =
Int;4(¢). Hence, the first part of the lemma holds. The proof that Int;,(H) = 1
just when Int;oq(¢) = Intjqq(«) for any qe Ni when ¢ and « are both terms or
both formulas is analogous.

Via Lemma 4 and Lemma 6, Lemmas 4 and 7 result in:

Theorem 15 If y is not free in t, then Ay(yM— (y Tt EvIE— y ¢t 1) —
(tE A AxF — [F) is valid.

Also, Lemmas 5 and 7 result in:

Theorem 16 If x is not free in F and either t and u ave both terms
and F = tEvuE — tlu ov t and u ave both formulas and F = t<> u, then
Ax{(xM — x - F) A F = ({G <> G) is valid.

Theorem 17 ~AxF — yE is valid,

Proof: If i is an interpreter, a is an assigner in UZ, and Int;o( VAXF) = 1,
then U7 is not empty by Lemmas 1 and 6 and so Intj,(y) = a(y) is a subset
{7} of Ui. Hence, Int;,(yE) = 1 and the theorem holds by Lemma 1.

Theorem 18 tM— ¢ x I x is valid.
Proof: For Int;5(x) = a(x) for any interpreter 7, assigner a in Uz, and p e Ni.
Lemmas 1 and 6 also give us the following two theorems:

Theorem 19 If v #+ x and vy is free in neither t nov F, then t 1 1xF<>
VY{Ax(F <> x1y) atly) is valid.

Theorem 20 If i is an intevpretev and F is i-tvue, the AxF is i-tvue.

Theorems 15 and 16 provide the weak versions of universal instantia-
tion and indiscernibility which hold in indexical logics. However, the
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normal versions hold for variables by Theorem 18. This is a perhaps
unnatural trait of variables which is extremely useful. In particular, it lets
variables reach into situational contexts at the cost of generating morning-
star-type paradoxes formulated with variables instead of individual con-
stants. The formulas of Theorem 17 express the principle that all variables
denote if the universe of discourse is not empty. The description theory of
indexical logics is provided by Theorem 19 and universal generalization is
truth-preserving by Theorem 20. The quantifiers and 1 are also absolute.

Theorem 21 If x is not free in u, then uM — (u + AXF <> Ax u +F)a
UFVXF<>VNYx u-F)A(urIXFEvIXu FFE—>ur WF 11 u +F) is valid.

Proof: Assume that x is not free in «, 7 is an interpreter, a is an assigner
in Ui, and there is a pe Mi such that Inti(u) = {p}. If we Ui, a(y,;) is an
assigner in Ui since Ui #{ }. Also, Intia(,%)(u) = Int;4(x) by Lemma 3 and so
Im,-a(};i)(u FF)= '”"‘ia({;x)P(F) by Lemma 2. Hence, Int;o(# - AxF) =Int;;,(AxF) =
Int;o(Ax u + F) by Lemmas 2 and 6. Similarly, Int;,(u — VXF) = Int,;,(Vx u + F)
and Int;(# ™ 1xF) = Inty;;,(1x u ~ F). The theorem then holds by Lemma 1.

Theorem 22 GaA{uM — u + G) is valid when the following conditions are
satisfied:

1. CNklmbxtF and 1 < i < k.

2. Uis b(xtF) and T is b(x() Yt YF).

3. Theve is no value of x, t, ov F in which y is free.

4, Gis TEvUE — TIU if b is tevm-making and T <> U if b is formula-
making.

Proof: Assume that 1-4 hold, that j is an interpreter and a is an assigner
in Uj, and that g ¢e Nj. By Lemmas 1 and 2 it is sufficient to show that
Int jaq(T) = Int jag(U) and so that S = SP(jaxtF) = SP(jax(})*jt iF) = S'. If Uj is
empty, { } is the only function defined on Uj*and S=S'. So assume that
be Ujk, b' is the singleton image of b as in the definition of interpretation,
and » = f F. By Lemmas 4 and 3, Int‘ia(zl(i))q(’y‘ir,,) = Intyq(#)g(r) whenl < n <
I+ m. Consequently, S =S’ and the theorem holds.

Theorem 23 C(AxH) — Ja{uM — u J) is valid when the following condi-
tions ave satisfied:

1. CNEImbxtF and 1 < k.

2. U is b(xtF).

3. Hand T are Ay(yM — y F{WEVHLE = v 1 1) aA(G<>F;))) A(vEvHE =
v 1) a{G<>F;) and b(xt(;) F()) respectively, if 1l <i <1 and 1<j
< m.

4. Hand T are Ay(yM — 3 (G <> F;)) A(G <> F;) and b(xtF(é)) respec-
tively, if l=0and 1 < j < m.

5. Hand T are Ay(yM— 3y - WEVvLE = v 1) AQEVHLE — v 1¢;) and
b(x Hi)F) respectively, if 1 < i < l and m = 0.

6. Theve is no value of x ov t or F or (vG) in which y is free.

7. Jis TEvUE— TIU if b is tevm-making and T <>U if b is formula-
making.
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Proof: Assume that 1-7 hold, % is an interpreter, a is an assigner in Ui,
qeNn, and Intp(C(AxH)) = 1. 1t is sufficient to show that Intpeg(T) = Intpag(U).
If beUh Y’ is the singleton image of b, and 1 <4, it follows that Inty,(),(v) =
Int,m(b,) (t) for any pe Nh. Also, if 1 < j, it follows that ‘“'ha(b/)P(G) =

) (F) for any pe Nk, Hence, if S is SP(haxt(y)F(G)) when 1 < ¢ and
1 < ], SP(haxtF(G)) when i=0 and 1 < j, and SP(haxt(:)F) when 1 < ¢ and
j =0, then S = SP(haxtF). But then Infhaq(T) = Int,haq(U) holds in each of the
three possible cases.

Theorems 22 and 23 provide the special principles of the indexical
logic of variable binders. Bound variables can be rewritten even within
situational formulas, but coextensional terms or formulas can only be
interchanged if they are coextensional in all situations. However, such
terms or formulas are even interchangeable within situational formulas.

The formulas of the above theorems are those fundamental to indexical
logics. For the sake of subsequent applications, some consequences of
these formulas will now be derived.

Corollary 1 If F is a tautology, then uM — u + F is valid.

Proof: Let K be the intersection of all sets of formulas closed under
modus ponens which have as members F — (G— F), (VF = ~G) — (G — F),
(F = (G = H)) > (F— G) = (F= H)), FAG = NM(F = NG), n{F = NG) =
FAG, FvG— N{NFANG), N{INFANGY — FvG, (F<>G)— (FvG— F rG),
and (FvG — FAG)— (F<>G)for any F, G, and H. Clearly, K is the set of
tautologies. Also, if L is the set of all F such that uM — « ~ F is valid,
each of the formulas above is in L by Theorems 1, 2, and 4 and L is closed
under modus ponens by the same theorems. Hence, K is included in L and
the corollary holds.

Corollary 2 wruEvuE— vrulu)—=wrurHEvurtE—orlurt)lurt)a
(vur+F <>urF) is valid.

Proof: Let G be the antecedent of the formula, let H » H' be the consequent,
and J — J' be H, By Theorems 9, 6, 1, and 2, G — urt E — vrulu) is
valid. Hence, by Theorems 8, 1, 2, and 5, G — (ur¢ E — J') is valid. Also,
by Theorems 5,1, 2, 9, and 6, G > wrw rH E — v &) I (v ruyrta
v "ulu) is valid. Consequently, by Theorems 8,1, and 2, G— (vrurHH)E —
Jy and so G— (J — J') is valid. Finally, by Theorems 5, 9, 6, 3, 1, and 2,
G— (wrutrF—vrulu and G - (u+~F — v rulu) are valid and so
G — H'is valid via Theorem 8. Hence, G — Ha H' is valid by Theorems 1
and 2,

Corollary 3 If v is not free in t, then Ay(yM— (y Tt EviE — y Tt 1 £))—
(¢E A ;F — VxF) is valid.

Proof: The proof is by Theorems 15, 1, 2, and 14.
Corollary 4 Ay(yM = (y TxEvxE — vy " x I x)) is valid.
Proof: The proof is by Theorems 18, 1, 2, and 20.
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In the proofs of the remaining corollaries, reference to Theorems 1
and 2 is usually omitted.

Corollary b The following formulas ave valid:

AxxE

VxF — yE

VxxE <> yE

VyyE A AxF — ;F
VyYE A sF — VxF
(VYYE — AxF) — AxF.

Proof: 1 holds via Theorems 17, 20, and 13; 2 via Theorems 14 and 17;
3 via Corollaries 3 and 4 with 2; 4 via Theorem 15 and Corollary 4 with 3;
and 5 via 4 and Theorem 14. 6 is a consequence of 3 and Theorem 17,

Corollary 6 If x is not free in F, then F — G is valid only if F — AxG is
and G — F is valid only if VxG — F is.

Proof: This is a consequence of Theorems 20, 13, and 14.

Corollary 7 If x is not free in F, then F — AxF and VxF — F are valid.
Proof: The proof is by Corollary 6 and the validity of F — F.
Corollary 8 The following formulas are valid:

Ax(F — G) = (AxF — AxG)
Ax(F <> G) = (AxF<> AxG)
Ax(F — G) = (VxF — VxG)
Ax(F <> Gy = (VxF <> VxG)
AxX(F  GY<>AxF r AxG
Vx(F v GY<«>VxF v VxG.

oo

Proof: Via Theorem 17 and 3 and 4 of Corollary 5, Ax(F — G) A AXF a
NAxG — (F — Gy F is valid. Consequently, 1 holds via Corollary 6 and
Theorem 1. 2 through 6 follow from 1 in the usual manner.

Corollary 9 AxFe>Ax{(xE — F) and VxF <> Vx{(xE A F) are valid.

Proof: By 1 of Corollary 8, Ax(xE — F) — (AxxE — AxF) is valid. Also,
by 3 and 4 of Corollary 5, AxF — (xE — F) is valid. From 1 of Corollary 5
and Corollary 6, it follows that AxF <> Ax(xE — F) is valid. Also, since
Ax(XE — (F <> xE F)) is valid, Ax(F <> xE A F) is valid by 1 of Corollary 8
and 1 of Corollary 5 and VxF <> Vx{(E A F) is valid by 4 of Corollary 8.

Corollary 10 AxF «<>nVx NVF is valid.

Proof: For AxF <> Ax n~VF and Ax vV F <> ~Vx N F are valid by 2 of
Corollary 8 and Theorem 14.

Corollary 11 [f x is not free in t, then tE <> Vxtlx and Vxtlx <> (1t are valid.
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Proof: By Theorem 8, fIxv (It — (E and Ly — xIf a ({1t <> xIf) are valid.
Hence, tE <> VxtIx is valid by Corollary 6 and Theorem 12 while Vx¢tIx<> ¢1t
is valid by Theorem 12.

Corollary 12 If y is free in neither F nov G nov H and both F — VxG and
FA3G — H ave valid, then F — H is valid.

Proof: Assume the antecedent. By Corollary 6 and Theorem 22, VxG —
(F — H) and so F — H are valid.

Corollary 13 {Iu <> ult and tlu a ulv — tlv are valid.
Proof: The corollary follows from Theorem 8.

Corollary 14 If z is not free in t ov u, then the following formulas are
valid:

1. A2gM— 2zl I HAAN2EM— zTu luyatlu— Nz2¢zM— 2 - {(EvuE —
tIuyy A ¢(E v uE — Iu)

2. xIy— (JF < F)

3. NVxxE — (;F <> F).

Proof: Assume the antecedent. By 5 and 1 of Corollary 8 and Theorem 10,
Corollary 13, and Theorem 4, 1 is valid. Hence, 2 is valid by Theorems 18,
20, and 16. Finally, NVXXE — Az{&M — 2z + {E v 4E — tIu)) » (E vuE — (Iu)
is valid by Theorem 17 and 3 of Corollary 5, and so 3 is valid by Theorem
16.

Corollary 15 If x is the sequence in standavd ovdev of variables free in F,
y is the first variable, t is the sequence defined on the domain of x whose
only value is VY ~NYE, and F' = (VyyE — CAxF)) a{~vVyyE — JF), then F' —
F is valid. Also, F' is valid just when F is.

Proof: Assume the antecedent. F'— (VyyE — F)a (~vVyyE — F) is valid
by 4 of Corollary 5 and 3 of Corollary 14 and so F' — F is valid. Hence, F
is valid when F'is. Also, if F is valid, F' is valid by Corollary 6 and 3 of
Corollary 14,

Corollary 16 Ify # x and y is not free in F, then the following formulas ave
valid:

1. I¥FE <> VyAx(F <> x1y)

2. VYAx(F<>xIy) <> Vx(FA1xF I x)

x
IxF
4, IXFE = Ay(YM — (Ax(y F F<>F)Y<>y T 1xF 1 1xF)).

3. AyYOM — 9 T IXF 1 IxF) = (VYAX(F <> xIy) — F)

Proof: Assume the antecedent and let z be a variable not occurring in x, y,
or F. By Corollary 11 and Theorem 19, 1¥FE <> Vy{Ax(F <>xIy)A 1xF I y)
is valid. Also, AX(F «>xI2) A 1xF 1 2 = VYAX(F <> xIy) A VX(F A 1xF 1 x) is
valid by Theorem 8 and 3 through 5 of Corollary 5. By Corollary 12, it
follows that 1IxFE — Vy Ax(F <>xIy) A VX(F A 1xF I x) is valid. On the other
hand, VyAx(F <> xIy) — VI{(yE » Ax(F <> xIy)) is valid by Corollary 9 and
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ZE ANX(F <> x12) = VzVy{(Ax(F <> xIy) A zIy) is valid by Corollary 11 and 3
and 5 of Corollary 5. Hence, VyAx(F <> xIy) — 1xFE is valid by Corollary
12, Theorems 19 and 20, 4 of Corollary 8, and Corollary 11. Finally, since
2FA1xF 1z — AxFE is valid by Theorem 8, Va(Fa1xF I x) — 1xFE is valid
by Corollary 6 and Theorem 22. It follows that 1 and 2 are valid.

By 1 of Corollary 8, Theorem 1, and Theorem 15, Ay (yM — ¥y

AXF 1 1xF) A AXFE r Ax(F <> x12) — <f:xF F <> 1¢F 1 2) is valid. But

f:x 7 )= QxFE - f:x i F) is valid by Corollary 6,
Theorems 19 and 20, 4 of Corollary 8, and Corollary 11, It follows from
1 that 3 is valid.

By 2 and 4 of Corollary 8, yMaAx(y b F<>F) = (VzAx(y = F «<>x12) s
IxF 12)) <> Vz(Ax(F<>x12)a 1xF 1 2))) is valid. Hence, yMa Ax{y - F&<>F) —
(y TIXFI1xF <>1xFE) is valid by Theorems 19 and 21 and Corollaries 11
and 13. On the other hand, yMay T 1xF [1xF — Vx(y mFalxy T FIx)a
Vx(FA1xF I x) is valid by Theorem 21, Theorem 8, and both 1 and 2. But
then YMay MIxF I 1xF — Ax(y + F <> F) is valid by Corollary 12, 1 and 2,
2 through 5 of Corollary 5, Corollary 13, 2 of Corollary 14, and Corollary
6. Hence, 4 is valid by Corollary 6.

NxX(F <> xIZ)A1xF 12 —

Corollary 17 wM — w + H is wvalid if one of the following conditions is
satisfied:

1. H is a formula of Theovems 3 thvough 5, 8 through 14, 17 through
19, or 21

2. H is a formula of Covollaries 1 and 2, Covollaries 4 and 5, Covol-
lavies 1 thvough 11, ov Covollaries 13 and 14, ov one of 1, 2, and 4
of Corollary 16.

Proof: The proofs are by means of the original theorems and corollaries
together with the absoluteness Theorems 4, 10, and 21, the association of
iterated indices by Theorem 5, and the rewriting of bound variables by
Theorem 22. In the same way:

Corollary 18 GawM — wtr H is valid when G — H is a fovmula of Theovems
15 and 16, a formula of Covollary 3, or 3 of Corollary 16.

Notice that, in spite of Theorem 6,
Corollary 19 uM — u = {(2x xXMaxA Ma1x xMa xA A) is valid.

Let ¥ and z be distinct variables not occurring in #. By Theorems 11,
18, and 8 and Corollaries 6 and 11, uMa zIu — Ay{u = (yMa YA) <> yI2z) A 212
is valid and so uMazlu — 211y u - (yMa yA) is as well by Theorem 8, 3
and 5 of Corollary 5, and Theorem 19. By Theorems 6, 21, and 22 and
Corollaries 13, 11, and 12, it follows that «M — » ™ Ix xMa xA I« is valid.
The corollary then holds by Theorem 11,

Now let # = 1x xM A xA® and let F = ~(fM A tA). By Theorem 4 and
Corollary 19, uM — ~u + F is valid and so uM — u + F is not valid although
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F is valid by Theorems 6 and 7. In other words, there is a valid formula
which is situationally invalid.

4 The system L An axiom of L is any of the formulas of Theorems 1,
3 through 19, and 21 through 23. A formula is L-provable just when it is in
every set K such that every axiom of L is in K, G is in K when F and F — G
are for any F and G, and AxF is in K when F is for any x and F. If K is a
set of formulas, then K implies F just in case either F is L-provable or
there is conjunction % of members of K such that # — F is L-provable. K is
consistent just in case there is an F such that K does not L-imply F.
Finally, K is satisfiable just when there are an interpreter i and assigner
in Ui a such that, for any Fe K, Int;,(F) = 1,

Theorem 24 F is L-provable just when {~F} is not consistent and F is
valid just when { NF} is not satisfiable.

Proof. F is L-provable just when NFa~F — G is L-provable for any
formula G via tautologies and modus ponens. Also, F is valid just when
Int;o(~VF) = 0 for any interpreter ¢ and assigner in Ui a.

Theorem 25 Corollaries 1 thvough 19 hold when ‘‘valid’’ is replaced with
“‘L-provable’.

Proof: The formulas of these corollaries were shown to be valid by der-
ivations from the axioms of L via modus ponens and universal generaliza-
tion.

Theorem 26 If F is L-provable, k is an individual constant, and x does not
occur in F, then fF is L-provable.

Proof: Let K be the set of all formulas F such that, if # is an individual
constant and x¥ does not occur in F, then both F and ,’fF are L-provable.
Since every axiom of L is in K and K is closed under modus ponens and
universal generalization, the theorem follows.

The following theorem is a strong assertion of the soundness and
semantic completeness of L.

Theorem 27 If K is a set of formulas, then K is consistent just when K is
satisfiable.

Proof: Assume the antecedent. Since the individual constants can be
mapped unto the individual constants with even indices, it can be assumed
without loss of generality that S is some nonrepeating denumerably infinite
sequence of individual constants none of which occurs in members of K.
Some correlation of the formulas with the positive integers is also taken
for granted.

Assume first that K is satisfiable. If K is empty, then, since F = #AxxE
is not valid and so not L-provable by Corollary 5 and Theorems 1 through
23, K does not imply F. Similarly, if £ is a conjunction of members of K
and # — F is L-provable, 2 — F and so ~% are valid by Theorems 1 through
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23. This contradicts the assumption that K is satisfiable and » — F is again
not L-provable. Hence, K is consistent.

The proof of the converse is more complex. Let f, g, and K’ be such
that f and g are functions on the natural numbers, f(0) = K, g(0) = the set of
members of members of the range of f, and K' = the set of members of
members of the range of g. Also, if n is a natural number, then f(n + 1) =
the union of f(n) and {VxF — Ax(xM — x %k 1 k) kEA,F} where VxF is the
n + 10 existential generalization and % = S(z + 1). On the other hand,
g(n + 1) = the union of g(n) and {F} if this set is consistent, and g(n + 1) =
g(n) otherwise where F is the n + 1th formula,

Assume now that K is consistent. Clearly, K' is not empty. If K'
is not consistent, there is a conjunction %' of members of K' such that
k' — n AxxE is L-provable. Since #' has finitely many conjuncts, there then
exists a j such that j is the least natural number j for which k' is a con-
junction of members of g(j). However, since g(n + 1) is consistent if g(n)
is for any natural number n, it follows via mathematical induction that
j = 0. Consequently, there is an 7 such that 7 is the least natural number ¢
for which %' is a conjunction of members of f({). But, if » is a natural
number and f(n + 1) is not consistent, f(n) implies VxF a GF — ~ (Ax(xM —
x  k IR)ARE)) where & is an individual constant occurring in neither F nor
some member of f(»n) by tautologies and modus ponens. Since VxF is not
valid and so not L -provable by Theorems 1 through 23, there is a conjunc-
tion k" of members of f(n) such that #" — VxF and k" A, F = n~{Ax(xM —
x Tk I1Ek)akE) are L-provable by tautologies and modus ponens. Lety be a
variable not occurring in 2" or VxF. Since f,fF = )’,‘F, it follows from
Theorem 26 that k"4 ;F = N{Ax{xM— x Ty I1y)a yE) is L-provable. Since
Ax{(xM — x 3y Iy) is the universal generalization of an axiom of L, it
follows from the part of Theorem 25 corresponding to existential instantia-
tion, tautologies, modus ponens, and the part of Theorem 25 corresponding
to 2 of Corollary 5 that #”" —=~VxF is L-provable and f(n) is not consistent.
Consequently, 7 = 0 via mathematical induction and K is not consistent.
That is a contradiction and so

1. K' is consistent.
Hence,
2. K' implies F just when Fe K', and F¢ K' just when #Fe K'.

Let n be the positive integer such that F is the nth formula. Clearly,
K' implies F if FeK'., Also, if K' implies F, then Fe g(n) C K' since K' is
otherwise not consistent. For the same reason, F¢K' if #vFe K', Finally,
if F¢K', then g(n - 1) implies ~F and so ~NF e K'.

Now let ID(¢) be the set of all » such that tIue K'. Since {E <> ¢, tIu—
tE, tlu<>ult, and {Iu A ulv — tIv are L -provable via Theorem 25, it follows
from 2 that:

3. ID(¢) is empty just when ~VtE e K'. Also, one of ID(¢) and ID () is not
empty just when tIue K' and ID(f) = ID(u) are equivalent.
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4, ID(?) is not empty just when there is an individual constant % e ID(¢)
such that Ax(xM— x r 2 I k)akEecK'.

For some individual constant 2, Vyfly — Ay(yM — v T kR 1 k) A RFE A t1F is
in K', Also, tlu — Vytly is L-provable for y not occurring in # by Theorem
25. Since x is not free in %, y can then be replaced with x in the universal
generalization by the axiom of L corresponding to Theorem 22,

Now let s be the set of all e such that, for some ¢, ID(#) is not empty
and e = ID(#). If eea, let N(e) = the first individual constant » such that
keeand Ax(xM — x "k I k)a RE ¢ K' for some x, Similarly, if % is a natural
number and e e s% then N(e) = the k-term sequence d such that d; = N(e;) for
positive j < b, It is 51gn1f10ant that:

5. AxFeK' just when N(e)FG K' for any ee€s.
Assume first AxF e K' and ee s. By 4, Ax(xM — x " N(e) I N(e)) »

x
N(e)E € K" and so . Fe K' by the weak schema of universal instantiation of
N(e)

L. On the other hand, if AxF¢K', then Vx ~Fe¢ K' by 2 and quantifier
negation through Theorem 25. But then there is an individual constant % not
occurring in F such that Ax(xM — x kI ©)AkEA~;FeK' by the definition
of K'. By 2 and 3, e = ID(k) is not empty and 2IN(e) e K'. But /\x(xM——»
N(e) x

b N(e)Fe N( )FGK'
by the weak schema of indiscernibility of L and the part of Theorem 25
N(e) x

P N(e)

x 1~ N(e) IN(e))aN(e)E ¢ K' as well by 4 and so ~

corresponding to 1 of Corollary 14. Since ,F =
X x
! r
NN(e)FEK and N(e)FfK by 2.

Let o = the least ordinal ¢ s, let m = the set of all ee s such that, for
some t€ e, tMe k', and let # = the union of m and {o}. Also, let V,(# = {ID(£)}
if tEeK' and { } if ~VtEeK'. Also, let V,(F)=1if FeK'  and 0 if VF e K'.
On the other hand, if ee s, let V () ={ID(N(e) r )} if N(e) r tE €K', and { } if
~N(e) TfEeK'. Finally, V.(F) = 1 if N(e) - FeK' and 0 if NN(e) ~FeK'.
These clauses are proper by 2 through 4. If there is a ¢ such that
CNPElmcxtF, then SP(xtF) = the n-spread f in s of type klm such that, for

F, it follows that

any pen, positive j < [+ m, and ee s*, (F(p)())(e) = Vp(ﬁ(e)(tAF)j).

6. If CNEklmcxtF, CNklmcyuG, SP(xtF) = SP(yuG), and p e n, then
Vple(xtF)) = Volc( yuG)).

Assume the antecedent and let 27(z') be the sequence of the first » + 1
variables not occurring in x, v, t, u, F,or G, If ees*and T is a value of

z
one of ¢ through G, then T Also, if 1 < j< [+ m, then
& N T T NGe) 2 ’
q(N( ) (R =V (N( ) (0~ G);) for any q e n since SP(xtF) = SP(yuG).

y X y '
. . : I . H =
N(e) LEv N(e) u;E — N(e) ¢ N(e) uj, and H'(z)
. tjEv i uE — . tj Ii uj, then N(¢)M — N(g) - H(e) eK' for any ges and

Hence, ifl<sjs<1I H(e) =

H(e) e K'. Via 5, it follows that Az'(z'M — z' ~ H(e)) » H(e) e K' for any ee sk
Similarly, by iterated application of 5, it follows that C(Az Az'(z'M —
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z'=H'(z)) » H'(2)) € K'. By analogous reasoning, the same holds when

1<j<m, He) =, . F

y
NEe) 7T Ne)
absoluteness of the connectives, E and I, together with the axioms of L
corresponding to the formulas of Theorems 16, 22, and 23, it follows that
Vp(e(xtF)) = V,(c(z [t ;F)) = Vy(c(z u 2G)) = Vyp(c(yuG)) for any pen.

If pen and ¢ is a constant of type Ckim, then INy(c) is a specific
n-intension g in s of type Ckim. If CNklmcxtF and f = SP(xtF), then g(f) =
Vy(c(x¢F)). For other n-spreads fin s of type kim, if c¢ is a basic logical
constant other than A, g(f) is determined by clauses 6, 7, 8, 10, and 12
through 16 of the definition of interpreter with i(c,p) =g. If c¢= A and f(p) =
SP (x¢F)(p), then g(f) = g(SP(xtF)). Otherwise, g(f) = 1 just when p # o and
A(p) = (the {p}-function). For the remaining constants c, g(f) ={ } if c is
term-making and g(f) = 0 if ¢ is formula-making. This specification of
IN,(c) is proper by 6 and the L-provability of Fa(vM— v - F) where F =
(tE v uE = tlu) = (tA<>uA).

Gj, and H'(z) = X F; < y G;. From the
z z

Now let i be the function defined on the set of all pairs c,p with c a
constant and pen and such that i(c,p) = IN,(c) for any given c,p. It must
next be shown that

7. i is an interpreter.

It is clearly sufficient to show that, if CNkImcxtF, c is a basic logical
constant, pen, and f = SP(xtF), then i(c,p)(f) satisfies the relevant clauses
of 6 through 16 of the definition of interpreter. Let » =i(c, p)(f) = Vy(c(xtF))
under these assumptions. Assume first that p =o. If ¢c= E, » = 1 just when
t,E ¢ K' and so just when there is an e e s such that V,(#,) = {e} by 2 and 3. If
c=1 7=1 just when #I#,eK' and so just when there is an e € s such that
V,(t;) = V,(t;) = {e} through the L-provability of fIu— ¢E «E and 2 through 4.
If c=M, =1 just when £f,Me K' and so just when there is an e e m such that
V,(t,) = {e} through the L-provability of «uM — «E and uIv — M <>vM) and
both 2 and 3. If ¢ = A, v = 1 just when #;A € K' and so only if there is an ee€s
such that V,(t,) = {e} through the L-provability of #A — uE, 2, and 3. Also,
if f'is an n-spread in s of type 010 and f'(p) = (the V,(¢,)-function), then
i(c,p)(f") = » by the definition of i. If ¢ = B, » = 1 just when #,BeK' and so
just when V,(#E) = 1 and V,(¢,A) = 0 by the L -provability of uB <> uE a VuA.
If c=Aand #MeK', VA€ K' by 2 since uM — ~uA is L-provable and so
v#1. If c=n, =1 just when ~F, e K' and so just when V,(F,) =0. If
¢ =—, 7 =0 just when ~(F, = F,) € K' and so just when V,(F;) =1 and
Vy(F3;) = 0 by the L -provability of tautologies. The cases for ce{av<>} are
dealt with in the same sort of way., If ¢ = A, ¥ = 1 just when Ax,F,; e K' and
Xy
N(e)
just when ~Vx,Fie K' and so just when V,

so just when Vp( Fy)=1for any ees by 5. Consequently, if c=V, =0
X1

N(e)
L -provability of #VyG <> Ay~nG. If ¢ = 1, v ={e} just when e = ID(Wx,F,) #
{} and so just when VyAx,(F, <> x, [ y)eK' for some vy not occurring in
1%, F;, by 2, 3, and the L-provability of VWGE <> VzAy{(G <> yI2) for z not

F)) = 0 for any ees by the
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occurring in 1yG. Consequently, if » = {e}, there is an e’ e s such that, for

’ N( II) N( II) ) O lf e" # e

Also, since N(e') IN(e') e K' by 2, 3, and the L-provability of uE <> uly, it
follows from 2, 3, and the L-provability of weak existential generalization
that Vy{Ax (Fy <> x; I y)a N(e') I y)eK'. Hence, by the description schema

F,) =1 if » ={e}. On the other hand, if

any e"€es F,e K' just when e" = ¢'. Hence, Vp(

of L and 3, ¢’ = ¢ and so Vyp

N()

ees and Vp( F,) =1 just when e”" = e for e"€es, VYAXx(F,<>x, 1 y) A

N( n)
N(e) I y)eK' and » = {e} by similar reasoning. If ¢ = [ and there is no ge m
such that V,(4) = {q}, VtMeK' by the L-provability of ulv — (UM <> vM)
and so » ={ } by 2 and the L-provability of nuM — ~u " v E. On the other
hand, if there is a g e m such that V,(#,) = {g}, 7 = V,(#,) by 2 through 4 since
N(g) I, — N(g) rt; Evt, mt, E— N(g) I £, 1 £, I t, is L-provable. The case
in which ¢ = - is dealt with analogously.

It follows that 6 through 16 of the definition of interpreter hold for ¢
when p = o. When p # o, the cases for when ¢ is one of the absolute con-
stants E, I, M, ~, =, A, v, <>, A, V, and 1 follow from the corresponding
cases with p = o by the various absoluteness axioms of L. Similarly, the
cases with p # o, k = N(p), and c e{r+} follow from the cases with p = o via
the 'L-provability of 2 m ¢, rt,)EvR rtp rt, E—= k¢, rty I (k)
and R+t ~F <>kl -F,. Also,if c=A,vr=1onlyif k¢ AecK'and so
only if there is an ees such that V,(#;) = {e} via the absoluteness of the
sentential connectives, the L-provability of kM — k& - (A — HE),
2, and 3. Similarly, if ¢ = B, » = 1 just when V,(£,E) = 1 and V,(#,A) = 0 by
the L-provability of #M — % + {({;B<>¢,E a~¢,A) and the absoluteness of the
sentential connectives. Also, if ¢ = A, f' is an n-spread in s of type 010,
and f'(p) = (the V,(t)-function), then i(c,p)(f") = » by the definition of i.
Finally, if # -#,MeK', » = 1 just when V,(t,) = {p} via the L-provability of
B MAtAy«> kTt I &k and 2 through 4. Thus, 6 through 16 of the
definition of interpreter hold for ¢ and 7 is established.

If d={1} let N'(d) =1y ~yE where y is the first variable. On the other
hand, if there is an e e s such that d = {e}, let N'(d) = N(e). For any assigner
a in Ui=s and any 7, if x is the sequence in standard order of the variables
free in T and % is the sequénce with the same domain as x such that %; =
N'(a(x;)) for j in the domain of &, let 7%= ;7. Clearly,

8. If a is an assigner in Ui and p € Ni, then Int;;y(x) = Vp(x“) = Intigp(x7).

For x% = N'(a(x)), Int;gp(x) = alx) = Vy(N'(a(x))), and V() = Intigy(x®)
under the assumption of 8 by the definitions of i and N'. Also,

9. If CNklmextF and Intigy((¢7F);) = Vo((£7F); %) = Inty,((17F);“) for any
assigner « in Ui, p e Ni, and positive j < I + m, then Int,,(c(xtF)) =
V,,(c(xtF)”) = lntiap(c(xtF)“) for any assigner a in Ui and p € Ni.

Assume the antecedent. If a is an assigner in Ui, let #'¢ and F'? be
I- and m-term sequences such that (#* F'”), = (¢ F) for positivej <1 +m
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where y is the sequence in standard order of variables free in (tAF)j which
are not values of x and k' is the sequence with the same domain as y such
that k= N'(a(y;)) for % in the domain of #'. Also, if ee Uz*, let a = a(%,)
where e' is the k-term sequence such that e'(%) = {e(h)} for positive & < &.
By the assumption of 9, Int;c¢,((£ F);) = Vo((£ F)“°) = Int;, e,,((tAF),-”e) for any
positive j < I + m, ee Uik assigner a in Ui, and peNi. But, if ¢ is an
assigner in Ui and e e Ui¥ then Int;ze,(N'(a(x3))) = Int;qe,(x) for any positive
h < k and any p e Ni. Hence, by iterated applications of Lemma 5,
Intiacp (€ F)™) = Intige,((#“"F™),) for positive j < I+ m and such @ and p
when e € Ui*. Consequently, SP(iaxtF) = SP(iaxt'*F'®) if a is an assigner in
Ui. Since c(xtF)* = c(xt'"F"), it follows that Intigy(c(xtF)) = Intiap(c(xtF)*) =
Vy(c(xtF)*) when pe Ni and 9 holds. With the induction principle for terms
and formulas, 8 and 9 imply

10. If @ is an assigner in Ui and p € N7, then Int,,,(T) = V,(T9).

Now let a’ be the function defined on the variables such that a’(x) =
Voi(%) for any variable x. Via the axioms of L corresponding to the for-
mulas of Theorem 17, @' is an assigner in Ui. Also, by the induction
principle for terms and formulas,

11, Voi(T) = Vol T).
Hence, if Fe K C K', it follows from 10 and 11 that
12, Int;5(F) = Voi(F') = Voi(F) = 1.

But then K is satisfiable and the theorem is proved.

NOTES

1. A k-term sequence can be understood to be a function defined on either the natural numbers
<k or the positive integers <k. We here employ the second alternative. An index of a sequence
is an object in the domain of the sequence.

2. The idea of defining intensions as functions which assign extensional objects is from Schock
[10]. However, both the arguments and values of the functions were there of a different sort.
The arguments of the present study are essentially the objects used as arguments of the inter-
pretations of variable binders in Schock [11]. Contrary to what is sometimes claimed in the
literature, this device was not formulated earlier in Section 40 of Carnap [1] since Carnap
there explicated propositions as sets of state descriptions, properties of individuals as functions
from individual constants to sets of state descriptions, and individual concepts as functions
from state descriptions to individual constants. The closest that Carnap came to the idea there
was an unused intuition that an individual concept might be an assignment of individuals to
states. In connection with matters of precedence, it is perhaps also worth mentioning that
some central semantic and logical devices from Schock [11] have reappeared later in Scott
[13], Corcoran and Herring [2], and Corcoran, Herring, and Hatcher [3].

3. As the reader has perhaps already observed, ¢ is reminiscent of terms such as “here” or
“now

”»



[4]

[51]

(6]

[7]

[8]
[91
[10]

[11]

[12]

(13]

[14]
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