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Cαntor-Bendixson Spectra of ω-Stable Theories

CARLO TOFFALORI*

1 Introduction In the following, we shall mean by theory a first-order,
countable, complete, quantifier-eliminable theory.

The idea of classifying ω-stable theories by the analysis of the Boolean
algebras of the definable subsets of their countable models arises from [3] and
is based on the remark that a theory Γis ω-stable if and only if, for every count-
able model M of T, the Boolean algebra B(M) of the definable subsets of M
is superatomic. In fact, it is well-known that, for every Boolean algebra B9 an
ascending chain [IV{B): v ordinal) of ideals of B can be defined in this way:

1. I0{B) = {0}
2. 11 (B) is the ideal of finite elements of B
3. for every ordinal v, Iv+X (B) is the preimage in B of Iχ (B/ίp(B))

 m the
canonical homomorphism of B onto B/Iu(B)

4. for every limit ordinal λ, Iλ(B) = (J h\B).

In particular, when B is superatomic, there is an ordinal μ such that
Iμ(B) = B; let μ be the least ordinal with this property, then μ is a successor
ordinal, and we may define:

aB = predecessor of μ = least ordinal v such that IV{B) Φ B
dB = number of atoms in B/Ia ( 5 ) .

We have the following:

(i) ΌLB < ωi if B is countable
(ii) dB < ω

(iii) for every ordered pair (α, d) with I < α < ω 1 , l < r f < ω , there is a
countable superatomic Boolean algebra B such that (a, d) = (aB,
dB)
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(iv) for every countable superatomic Boolean algebras BΪ9 B2, B\ = B2 if
and only if (aBι, dBχ) = (aB2, dBl).

(See [2].)

Then, for every ω-stable theory Γand for every countable model M of Γ, we set
( % , dM) = (aBiM)> dβ(M))> and we say that:

• aM is the Cantor-Bendixson rank (CB-rank) of M
• dM is the Cantor-Bendixson degree (CB-degree) of M
• ( % , dM) is the Cantor-Bendixson type (CB-type) of M.

We also define the Cantor-Bendixson spectrum of Γ (CB-Spec T) in the
following way

CB-Spec T = {(aM,dM):M\=T9 \M\ =K 0 ) .

CB-Spec T can be ordered lexicographically, and has a minimal pair correspond-
ing to the prime model Mo of T, and a maximal pair corresponding to the
countable saturated model M of Γ. Moreover, OLM coincides with the Morley
rank aτ of Γ, and d^ coincides with the Morley degree dτ of T (see [1]). The
analysis of CB-Spec T gives a measure of complexity of T: for instance, | CB-
Spec T\ = 1 means Γis pseudo-K0-categorical [4], CB-Spec Γ = {(1, 1)} means
T is strongly minimal.

Then we can classify ω-stable theories by the following equivalence rela-
tion ~: if 7\, T2 are ω-stable theories, we set T\ ~ T2 if and only if CB- Spec
Tx = CB-Spec T2. Every —class defines a subset of (ωj - {0}) X (ω - {0}).
Put for simplicity ω* = ω\ - {0}, ω* = ω - {0} and, for XC ω* X ω*, define
X a CB-set (Canton-Bendixson set) if there is an ω-stable theory T such that
X = CB-Spec T. Our problem is to study the characterization of CB-sets. Of
course, there are several subsets X of ω* x ω* which are not CB-sets; some
restrictions are already provided by Lemmas 1.1 and 1.2 below, but stronger
conditions must be satisfied by A" when, for instance, (1, 1) E X (see [5]). This
paper is a natural complement of [5]; in fact, our main goal is to provide a lot
of general examples of CB-sets. More precisely, the program of this work is the
following: Section 2 ("the bricks") is devoted to some basic examples of CB-sets;
in Section 3 ("the project") we shall explain a simple project for combining these
examples to construct more complicated CB-sets; this "construction" will be
made in Section 4.

These results, together with those of [5], are a first step to a complete clas-
sification of the subsets X C ω* x ω* which are CB-sets.

Although this general problem seems to be very difficult, we may conjec-
ture that, if the minimal rank of JΠs a > 3, then some simple conditions should
let X be a CB-set; but if the minimal rank is a < 3, then deeper conditions must
be satisfied by X. However, this will be the matter of some forthcoming notes.

Lemma 1.1 Let X C ω* X ω* be a CB-set. Then X is countable and admits
a maximal element.

Proof: See the previous remarks.

Lemma 1.2 If (1, d) E CB-Spec T for an ω-stable theory T, then dτ < d.
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Proof: Let M \= T, \M\ = Ko, (aM, dM) = (1, d). By the finite equivalence
relation theorem [6], there is a O-definable equivalence relation E on M admit-
ting a finite number of equivalence classes, and, in particular, exactly dτ classes
Eι,... 9Edτ with Morley rank aτ. It follows that, for every / = 1,... ,dτ, Et is
an infinite definable subset of M, so B(M)/Iι(B^M)) has at least dτ atoms.
Consequently, d> dτ.

Remark: It is not generally true that, if (α, d) E CB-Spec T for a > 1, then
dτ < d. Counterexamples are implicit in the following.

A remark which will be useful is the following:

Lemma 1.3 If (α, d) E ω* X ω*, {(a, d)} is a CB-set.

Proof: See [4]: it suffices to consider the pseudo-K0-categorical ω-stable theory
T such that, for every countable MYTy ( % , dM) = (α, d).

2 The bricks

2.1 The structures M(a, i) For all a G ω*, i E ω*, we construct a structure
M(α, /), admitting an equivalence relation Ev for every v with 1 < v < a, in the
following way:

• M(l, /): / elements, no structure
• M(α -hi,/):/ classes of the new equivalence relation Eai every class iso-

morphic to M(α, /)
• M(δ, /) for δ limit: fix a strictly increasing sequence (δn: n E ω) such

that lim δπ = δ, set

M(δ, 0 = M(δh i)

Ev = (M(δ, /))2 for every y with δf < y < δ.

Some examples will explain the previous definitions.

ι = l M(α, 1) •
• / = 2 M(l, 2) ED

Af (2, 2) ^ E,

A ί O , 2) 1 I 1 ^

M(ω, 2) (put ω = ΰm/i) ^ ^ ( ^ = ( M ( ω > 2 ) ) 2

for Λi > 2)

• / = 3 M ( l , 3) Γ~^Ί

M ( 2 , 3) Ex ~f~3~j~

M(3, 3) î yyyzzzyyy

^ 2

Λ/(ω, 3) = M ( 3 , 3) ( £ Λ = (Af(ω, 3))2 for n > 3).
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2.2 The structures Mt(δ) (δ limit) For all limit ordinals δ, we consider the
following structure Mx (δ):

• domain: \J M(δ, n)

• an equivalence relation Ev for every v with 1 < v < δ.

Example: Mx(ω) = (J M(ω, n) = \J M(n9 n)

• Ex ̂  ^~^~ ~^~ "^"^"

Proposition For every limit ordinal δ, Mx(b) is ω-stable and CB-Spec
Th{Mx{b)) = {(1, 1), (δ, 1)}.

Proof: It is obvious that Mλ (δ) has CB-type (1, 1). Let M be a countable model
of ΓΛ(M 1 (δ)),MiM 1 (δ), a E M - M ^ δ ) , then:

• a\Eχ is infinite,
• for every μ, ί> with 1 < μ < v < δ, a\Ev contains infinitely many distinct

2iμ-subclasses.

It follows that M has CB type (δ, 1).

2.3 The structures Mf(a) For all ordinals α, we consider the following
structure M*(a):

• domain Q M{(χ + 1? Λ )

nGω*

• equivalence relations Ev(\ < v < ot).

Examples:

Mf(l)= 0 , ^ ( 2 . n) m £ π £ l ^ . . .

M f ( 2 ) = U M ( 3 , « ) E 3 g i | - H - H - H iSΊ Ξ ± Ξ Ξ Ξ ± Ξ Ξ Z •••
« e ω * i . . . i . . . i . . . i

Proposition For every ordinal a, M*(a) is ω-stable and CB-Spec
Th(Mΐ(a)) = {(1, 1)} U {(α, n): n E ω*} U {(α + 1, 1)}.

Proof: Obviously M*(a) has CB-type (1, 1). Let M be a countable model of
77*(MΓ(α)), M g AfΓ(α), α E M - Mf(α), then:
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• a\Eι is infinite
• for every μ, v such that \ < μ < v < a, a\Ev contains infinitely many

disjoint isμ-subclasses.

It follows that M has CB-type:

• (α, n) if M admits exactly n infinite ^-classes
• (a + 1, 1) if M admits infinitely many infinite iiα-classes.

2.4 The structuresMx(a + 1) For all ordinals a, add to the previous struc-
ture M*(a) an automorphism/, as the following examples describe:

M,(2) C Ξ] |fg}} [lHiH

M l ( 3 ) Φ1 h-Hh-H 1::: I.:: I-H^

We have:

Proposition For every ordinal a, M{(a + 1) is ω-stable and CB-Spec
77*(M,(α+l)) = {(1, 1), (a + 1, 1)).

Proof: It follows from 2.3 and the definition of/.

We are going now to construct more complicated examples.

2.5 The structure Po First, we consider a structure Po having domain {c/y:
1 < j < / < ω) and a unary function s such that

Graphically,

^ ^
^11 C 21 C 2 2 C 3 1 C 3 2 C33

It is easy to see that Th(P0) is strongly minimal. Notice that Po is the prime
model of Th(P0).

2.6 The structures M}(a + l)(a > 1) For every ordinal a > 1, let
M{ (a + 1) be the disjoint union of M*(a) and Pθ9 together with a func-
tion 7r: Mf(o:) -• Po such that, for every 1 <y < AZ < ω, TΓ"1 (cw>y) is an £«-class
of M(a + 1, tf). The language of this structure will also have predicates Q,
P for M*(α), P o , respectively, and constants for all elements. Note that
M{(a + 1) is essentially just Mi (a 4- 1) U Mi (a + l)/Ea, together with a
Po-structure on the quotient set Mi (a 4- \)/Ea.
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Examples:

m π Ezi πyπ ΓT—π πyπ

Ml'(2) ό <~> < Γ " ^ ~ t ^ >
• FB EB ^ 1 ~ ~y"̂  "î ~i~

Mί(3) , ,. , , j

It is easy to see that Th(M{(a + 1)) is ω-stable and that M{(a + 1) has
CB-type (1, 2), while, if Mis a countable model of Th(M{(a + 1)) and M%
M{(a + 1), then Mhas CB-type (α + 1, 1). Then we have:

Proposition For efβry α > 1, M{(a + 1) fa ω-stable and CB-Spec
T h ( M { { a + \ ) ) = { ( 1 , 2 , ) , ( α + 1 , 1 ) } .

2.7 ΓΛe structures Mj(δ) (δ limit) Let δ be a limit ordinal. Fix a strictly
increasing sequence (δn: n E ω) such that δ = lim δn, and let M/(δ) be the
(J Mi (δm + 1), where we identify the P0's of each Λfί (δΛ + 1). The language

of this structure will also have

• a predicate P for Po

• for every n, a predicate Qn for M ^ δ J (the β-part of M{ (δn + 1))
• for every «, a function symbol τrπ for the projection map of M*(δΛ)

onto Po

(for each «, distinguish by symbols En v9 1 < v < δΛ, the equivalence relations
on MΓ(δΛ)).

Example: M{(ω), ω = limw. We have
n

Λff(l) φ G~Ξ1 EΞ] F"7! F""7! EIΞI

I j ' -

Mf(2) 9 tip Up kyH N~pi k p -

It is easy to see:

Proposition For every limit ordinal δ, M/(δ) fa ω-stable and CB-Spec
Th(Mί(δ)) = {(2, 1), (δ, 1)}.

In fact, CB-type M{(δ) = (2, 1), while, if M is a countable model of
Th(M{(δ)) and M% M/(δ), then Mhas CB-type (δ, 1).
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2.8 The structures M(OL) (a > 1) Finally, let M(a) be the structure whose
domain is P01 0 P02 0 Q(a) where Poϊ, P02 - Po and two projection maps τx:
Q(a) -> Pou τr2: Q(a) -• P02 are given such that, when c}j G POi and c£* G
P02, then

*ΓHc}j) Π ^ ( c ^ ) - M ( α , m//i(ι, A)).

The language for this structure will have

• relation symbols Pu P2, Q for Pou P02, Q(α), respectively
• function symbols for πi, π 2

• constants for all the elements of M(α),

together with the symbols for POj (j = 1, 2, see 2.5) and for the equivalence
relations Ev (1 < v < a).

Graphically

I |Q(α)

c ^ -*- -2 f ^^^^ I I I I I ^^ ία, min(i9ΊιyΓ)

i

I

cij

Of course M(α) is the prime model of Th(M(a)). Furthermore it is straight-
forward to see that, for any countable model M of Th(M(a)),

• if Poi = Pi* or P02 = Pψ (in particular, if M = M(α)), then Mhas CB-
type (2, 1),

• if Poi * ΛM and P02 ^ ^ then M has CB-type (a + 2, 1).

Then we have

Proposition 7w βi erμ ordinal a > 1, M(α) is ω-stable and CB-Spec
Th(M(a)) = {(2, 1), (α + 2, 1)}.

We conclude Section 2 recalling that the following are CB-sets (see 2.1-3):

• {(1,1), (α, 1)} for every ordinal a > 1
• {(1, 1)} U {(α, n): nGω*} U {(a + 1, 1)} for every ordinal a > 1.

3 The project We propose here a simple project to construct new CB-sets.
Let {7}: / G /} be a countable family of ω-stable theories. We define a theory

Γ = (J 7} in this way:
/e/

• L(Γ) = Q L(7}) U [Ur. i G /} where, for every / G 7, t/, is a 1-ary

relation symbol
• M t= T if and only if M = \J Af, ϋ M^ where M, = £7,̂  is a model

/e/
of Ti for every / G 7, while M^ = 0 if 7 is finite, M^ = M - (J Λf/.
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Γis ω-stable. Furthermore, CB-Spec Γcan be easily determined because, for
every countable model M of Γ, the algebra B(M) is isomorphic to the weak
direct product of the Boolean algebras B(Mt) (i G / ) ,

B(M) = w X B(Mi)
iei

(see [2]).
As an application, suppose /finite, / = [l,...,d], Tx = . . . = Td. Con-

sider the theory T = ( J 7} defined as above, add to L(T) new 1-ary func-

tional symbols hiyj for 1 < /, / < d and in the enlarged language get a new the-
ory T' adding to T axioms stating that M is a model of 7" if and only if M -

( J Mh where Mx,... ,Md |= 7\ and, for every /, j with 1 < /, j < d, hitj is an

isomorphism of M, onto Mj, hiyi — id, hjj — h^/, hiyj-hkj = hkj. (We set for
simplicity in this case M = dMx.) T' is an ω-stable theory. Looking at the
examples in Section 1, we put:

• Md(a) = dMx{a): so CB-Spec Th(Md(a)) = {(1, d), (a, d)}
• M<Hα+ 1) =dM[(oc+ 1): CB-Spec Th(M^(a + 1)) = {(1, 2rf), ( α +

l,rf)}
• λfi(δ) = dM{(δ) [δ a limit ordinal]: CB-Spec Th(M^(δ)) = {(2, tf),

(δ, rf)}
• MS (a) = dMΐ(a): so, CB-Spec Th(M%(a)) = {(1, rf)) U {(α, /irf):

/iGω*J U {(a + 1, c/)).

We will also denote by Md(a) a countable ω-stable pseudo-K0-categorical
structure whose theory has got CB spectrum {(α, d)} (see Lemma 1.3).

4 Some constructions R e c a l l ω* = ω - {0}9 ω* = ωι - {0 } . If X C ω* x
ω*, we shall set:

• X(a) = {d G ω*: (α, rf) G ̂ T) for every α G ω*
• X* = j α G ί o l : I ( α ) gfc 0 } .

We shall also use the following abbreviation: for α,, a ordinals α7 ΐ a if and
only if {c :̂ i E N] is a strictly increasing sequence such that lima/ = a.

Our main results are Theorems 4-6,7 and concern the sets X such that min
X*>3.

We show now some results related to the case: X(2) Φ 0 .

Theorem 4.1 Let X C ω* x ω* be an infinite set such that
(a) ifa(ΞX*9a>2
(b) for every a G ω*u \X(a)\ < 1
(c) ifoti ΐ a and α, G ̂ * for every i G TV, then (α, 1) G X.

Then X is a CB-set.

Example 1: For every λ such that ω < λ < ωi, {(α, 1): 2 < a < λ} is a CB-set.

Example 2: {(«, AΪ): « G ω, π > 2} U {(ω, 1)} is a CB-set.

Proof: Letting (αo» <̂ o) be the minimal element of X, we define a partition
X = Xo LI Λ"! ϋ X2 of JT in the following way:
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• XQ = {(aθ9 do)}
• χ*= {a EX*: 3βeX*,β<a,] β, a[Π X* = 0 } , Xx = {(a, d) E

X: a GX*}
• x;= {a eX*: laiEX*, α, T oί}fX2= [(a, l ) :αGl 2 *).

We set M(XX) = | J Md(a), and
(a,d)GXι

[ M(XX) if (α 0, do= (2, 1)
M(X) =\ MiX,) UMJ0_i(2) if αo = 2, do> 1

L M ( ^ ) OM^(ao) i f α o > 2 .

M(JQ is ω-stable. We claim that CB-Spec Th(M(X)) = X. For simplicity, we
assume (aθ9 d0) = (2, 1). The proof can be easily modified to cover the
remaining cases. Notice that the pseudo-K0-categorical ω-stable structure
Afjo_i(2) [Mdo(ao)] lets (a0, d0) be the minimal pair of CB-Spec
Th(M{X)). First we show that, for every (ά, d) e X, there is M = M(X),
\M\ = Ko such that Mhas got CB-type (α, d). Notice that we may suppose

M= 0 Matd(θM»)
(a,d)GXι

where Maid = Md(a), \Matd\ = Ko for every (a, d) e X\. So we have:

• («, d) = (2, 1): for every (α, d) e X, assume that the CB-type of
M*,tf_is (1, d) so Mhas got CB-type (2, 1)

• (α, d) e Xx: take the following choice of Ma,d: Mad has CB-type (α,
d) when (a, d) = (ά, d), (1, d) otherwise; recall a > a0 = 2, so the
CB-type of Mis _(α, J)

• (α, rf) E ̂ 2» so <? = 1: let {«/: /E IM j be a sequence of elements in X*
such that at T α, assume Mα ^ has CB-type (a, d) when there is / E N
such that α = α, , (1, rf) otherwise. In this case, the CB-type of M is
(α, 1).

Conversely, let M Ξ M ( ^ ) , | M | = Ko, we will show that the CB-type of M
belongs to X. Define Y= {a E X*: Mayd has CB-rank a}. We can distinguish
the following cases:

• Y = 0 ; then M has CB-type (2, 1)
• y * 0 , there is max Y = a: let ̂ ( α ) = d, then M has CB-type (α,

rf) E ^
• Y Φ 0 , but admits no maximal element: let a. = sxφ ί̂  then a E Xl*

(α, 1) E X2, and we see (α, 1) is the CB-type of M.

The second step is to consider the finite disjoint unions of the theories given in
Theorem 4.1. So we get:

Theorem 4.2 Let X C ω* X ω* be an infinite set, (α 0 , d0) be the minimal
element of X, and N be a positive integer. Suppose:
(a) if a eX*, α > 2
(b) X(a0) = {d0}, where d0 > Nif OL0 = 2
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(c) if a eX* - [ a0}, there are a positive integer Na < TV, and d?9..., d% G

X(a) (not necessarily distinct) such that X(a) = \ Σ e/rff: eι: = 0, 1, Σ eι > 1 \
l/=i i=i J

(d) ifoLi ΐ a and α, G ̂ * /or every / G N, /Ae/ι Na = N, d? = . . . = tf#α = 1.
Then, X is a CB-set.

Example 3: {(2, n)} U {(α, 1), . . . ,(α, n): 3 < α < λ) is a CB-set for every λ
such that ω < λ < αjj.

Proof: Notice that, for every a G ω*, | ^ ( α ) | < 2N. As above, we set

Xo = {(«o» ^o)}
Λ ? = [a ^X*: 3β<a,βEX*,] β, a[Π X* = 0}

Xt = {α G ̂ * : 3αf G ΛT*, αf ΐ α}

so that X* =X%U X* U ΛΓ|. We define now:

• Xo, Xu. . . ,^0v_i C ω* X ω*
• for every α G ̂ * , an integer P(a) such that 0 < P(a) < N.

We proceed in the following way:

• a = a0 = 2:P(a0) =0; (2, d0 - N ±1) G Ϊ 0 ) (2^1) G ^ ify>0
• a = OL0>2\ P(OLQ) = 0 ; (a0, d0) G Xo, (2, 1) G Xj if j > 0

• αGAΓf: let /3 G X*, β <_a,]β, ot[Π X* = Θ^and set P(α) s P(j8) +
IJmodN); (a, d^e XP±(x), (α, rf2

α) G Λ> ( α ) + 1 , . . . ,(α, d&J G
^p(α)+;vα-i (w^ Put Xr = ̂ G when r s= 51 (worf N))

• a eJCi°P(a) = 0, (α, 1) G X; for every y = 0, 1,... 9N - 1
• let Xo,... ,̂ 0v_i contain no more elements.

Notice that, for every j = 0, 1,... ,7V - 1, Xj satisfies the hypotheses of The-
orem 4.1, so there is an ω-stable structure Mj such that Xj = CB-Spec Th(Mj).
Let M = Mo U . . . U Mτv_i, then M is ω-stable and we claim X = CB-Spec
Th(M).

i. X C C B Spec 7%(M).

It suffices to show that, for every (α, d) G X, there is M' Ξ M, \M'\ = Ko

such that M' has got CB-type (α,ί/).We notice that M r = MQ U . . . U M^-\
where Λ// Ξ MJ, \Mj\ = Ko (so that the CB-type of Mj belongs to Xj) for
every j = 0, 1,... ,7V- 1.

• ( α , c/) = (α 0, d0): take Mi having CB-type (2, c/0 - N + 1) if α 0 =
 2»

(αo> ^o) if α 0 > 2, M/ having CB-type (2,1) if j > 0, so M' has CB-type

(«o> ^o) Na

• a G A"*, d = Σ e/r f/" : l e t Mj have CB-type (α, rff) if j = P(a) + i -
1=1

1 and e, = 1, M/ have minimal CB-type otherwise, then Mf has CB-type
(a,d)

• α G ̂ 2 (so that P(α) = 0): assume Mj has CB-type (α, 1) if 0 <y <
d, (2, 1) if rf < j < TV, then M' has CB-type (α, rf).
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ii. Conversely, we show that, if M' s Mand \M'\ = Ko, the CB-type of M'
belongs to X. We have already seen that, if the CB-type of Mj is the mini-
mal one for every,/, then (α 0, d0) is the CB-type of M'. If this is not the
case, let a be the maximal CB-rank of M/'s (0 < j < N), and put for 1 <
/<7Vα

= fl if (α, df) is the CB-type o f M > ( α ) + M ,
€/ | θ otherwise;

then AT has got CB-type α, J ] e/df E X.
\ ι=l /

Remark: Of course, we can modify the previous proofs to get finite CB-sets. For
instance, we have:

/ n \

• if/i, d 0, rfi,...,rf,,Eω*, α o » α 1 , . . . , α π G ω * , 1, J ] d, < ( α 0 , do) <
\ i=i /

(«!, di), 1 < αi < . . .< απ, then {(α,, d,): 0 <y < n] is a CB-set
• let n E ω*, I C ω* X ω*, Λ'* = ίαo> <*i, >««}> where 1 < α 0 ̂  au

1 < «i < . . . < αΛ; if α 0 < «i» suppose that, for every / > 1, there are
f Ni

d[,..., d^. E ω * - not necessarily distinct — such that X(CLΪ) = \ Jj ejdj:

ej = 0, 1, Σ ej > oj, while X(a0) = {(α0, ̂ o)l where d0 > D j j d/
7 = 1 J 7=1 y = l

if a0 = 1; if α 0 = «i, suppose that, for every / > 2, there are d{,...,
f Λ^ Ni Λ

dι

N. E ω* such that X(at) =\ Σejdj: eJ = °» ^ Σ eJ > °Γ» while,
looking at X{ot\), there are d 0 , d}9...9dL E ω* such that X(OL\) =

Γ ^ Ί
jd 0 + Σ eJdJ : ey = 0, 1 h then X is a CB-set.
I y=i J

(The previous results can be obtained as corollaries of the following Lemmas
4.3 and 4.4.)
Example 4: For every λ such that 2 < λ < ω, {(α, 1): 2 < a < λ) is a CB-set.

Example 5: {(1, n(a - 1))} U {(i>, 1),... ,(v, n): 2 < v < a] is a CB-set for every
α such that 2 < α < ω.

Lemma 4.3 Let XXi... ,Xn be CB-sets, (aj9 dj) = min Xj9 X(aj) = {d,},
Λy = J^y - [(OLJ, dj)} for 1 < y < Λ. Pw/ α 0 = max[aΪ9... ,«„}, d 0 = X) dj

and suppose a0 < (X{ ) * < . . . < ( ^ )*. ΓΛe« X[ U . . . U X'n U {(αoΓ^o)} &
α CB-set,

Proof: Let A/, be a countable ω-stable structure such that Xj = CB-Spec
Th(Mj) (1 <y < Λ); put M = Q My, then it is easy to deduce that CB-Spec

i<y</ί

Th(M) = X{ U . . . U X'n U {(αo> ^o)} I n a similar way, we can deduce that,
for every (a, d) E ω* X ω* such that (αo> ̂ o) ̂  («» ^) and α < (X{)*, ^ /
U . . . U ^ U {(α, d)} is a CB-set.
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Lemma 4.4 Let X\, . . . ,Xn; αo> «i , . ,otn; d0, d\,... ,rfΛ be as above.
Suppose now α 0 < (X[ ) * < . . . < (A^)* and define, for 1 < i < j < π,

δ(*i, *)) = [ L £ ekdk):a G f| <W.

rf*eΛf*(α), e* = 0, 1, D e*a2f.

77ι<?« X = X{ U . . . U X'n U ( | J δ(X ;, A^)) U {(α0, ί/o)} ώ « C5-^/.

Proo/: Define Afy (l < j < «), M as above; let M1 s M, | A/' | = Ko, so that

M' = Q Mj where M/ = My, \Mj\ = Ko. If M/ has CB-type (αy, rfy) for

every 7, M' has CB-type (aOi d0). Otherwise, lety be the maximal index such
that Mj has CB-type (α, d) G Λy: if, for every i<j, the CB-rank of M/ is less
than a, M' has CB-type (α, d); if there is / < j such that M- has CB-rank a

(and / is the minimal index with this property), M' has CB-type (a, Σ ekdk 1,
\ /<A:<y /

where

_ Γl if the CB-rank of Mf

k is α
e/c ~~ \θ otherwise

so I α, ^ eicdfc) ̂  δ(^Γ/, A}). Conversely, every element of J^is the CB-type
\ i<k<j /

of a suitable structure Mf = M, \M' | = Ko.
Looking now at the CB-sets X such that, for some a G X*, X(a) is infi-

nite, we prove the following.

Theorem 4.5 Let Xc ω* x ω*, X* infinite, and put a0 = min X*. Suppose:
(a) ifa(ΞX\ α > 2
(b) /or et erv α G X*, Ŷ/ẑ r ^ ( α ) = ω* or X(a) = {1}
(c) when X(a) = ω*, X(α + 1) Φ 0
(d) //*(« + 1) = {1} anda + \ > α0, ^ ( « ) = ω*
(e) // α, G ̂ ί* /or efery 1 G Â  αwrf α, ί α , α G Z *
(f) if X(a) = {1} α«rf α /51 α //miY ordinal and α > α0, ίΛere /5 α sequence

{a, G Γ : / G i V j 5«cΛ ίΛαί α, ΐ α.
ΓΛ^AZ ^T is a CB-set.

Example 6: {(α, d): 2 < α < λ, rf G ω*} U {λ, 1} for ω < λ < ωγ.

Example 7: {{In, d): n,dEω*} U {(In + 1, 1): nEω*} U {(ω, 1)}.

Example 8: ((2π, l ) : n G ω * ) U {(2π + l , d ) : π , r f G ω ' ) U {(ω, 1)}.

Proof: We put ̂  = {ao},X* = {a EX*: X(a) =ω*},X* = X* U (X* +
1). If a G X* - (AΓo U Xΐ), then ^(o:) = {1}, and a is a limit ordinal, so that
there is a sequence {α,: i G N] C Jf* such that αz ΐ a. We set X£ = {« G
^ * - (^0 U X*): 3α 0 < «i < a2 < . . . all in X* such that α, ί α ) , notice
that X*=XSU Xΐ U X\, and JTf, X* are infinite.
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Case 1. X(a0) = (1}. We first suppose a0 = 2, and we define

M= U Λ*f(α)
a<EX*

(notice that α 0 ί ^ * ) Then, Th(M) is ω-stable, and we claim X = CB-Spec
Th(λf). Recall that, for every countable model AT of ΓΛ(Λf),

a<EX*

where | M α | = Xo> Λία = Λf*(α) for every α. We first show X C CB-Spec
Th(M).

• (2, 1) is the CB-type of Λf' if Ma has CB-type (1, 1) for every a E X*
• if a G X*, (α, π) is the CB-type of Λf' when, for every 0 G X*, Λf̂  has

CB-type (a, n) for β = a, (1, I) otherwise
• if a G X* — X*, there exists v G X* such that α = *> + 1: suppose Λf,,

has CB-type (p + 1, 1), while M# has CB-type (1, 1) for every β G
X* - {p}: then Λf' has CB-type (α, 1)

• if a G Λ^, there is a sequence {«/ G ̂ Γf: / G TV} such that α, ΐ α; we
can suppose α, G v̂ * for every /; for every β EX*, let M# have CB-type
(ai9 1) if there is i E N such that β = α, , (1, 1) otherwise; we get a
model M' of Th(M), such that the CB-type of Λf' is (α, 1).

Conversely, CB-Spec Th(M) C X: let M' = M, \M' \ = Ko, put Y = {α G X*:
the CB-rank of Mα is higher than 1}. We distinguish the following cases:

• Y = 0 : then Λf' has CB-type (2, 1) G JT
• y ^ 0 , there exists α = max Y: in this case, if Ma has CB-type (α, n)

but α = Ϊ/ + 1 for a suitable v E X* and Mp has CB-type {v + 1, 1), AT
has CB-type ( α , « + l ) G l ; otherwise the CB-type oϊ M' coincides with
the CB-type of Λfα, in particular belongs to X

• 7 ^ 0 , 7 a d m i t s no maximal element: let α = sup Y, then M' has CB-
type (α, 1). Furthermore there is a sequence (α,: /GiVj C Γsuch that
α, ΐ α, so (α, 1) G X

When α 0 > 2, we consider Λf ύ Λf / (α0) instead of Λ/.

Case 2. X(a0) = ω*. Follow the same procedure as above, recalling that α 0 Ξ
X* in this case.

A more general version of Theorem 4.5 can be given starting from the structure
Λf5(α)(rfGω*) instead of Λff(α).

Remark: We have also that, i f I C c o * X ω * and X* = {1, ah α, + 1: 1 <
/ < m] where 1 < ax <.. . < am, X(on) = {(ai9 n): n E ω*} for 1 < / < m,

X(ai + 1) = {(ĉ  + 1, 1)) whenα, + 1 < α / + 1 or / = m, X(l) = {m}9 then X
is a CB-set. In fact, we can apply Lemma 4.4 when (αo> <̂o) = U> w) and, for
1 < / < m , *,-= {(1, 1)} U {(α, , « ) : / iGω*)U {(α, + 1, 1)}, so that, for 1 <
/ < m,

1 " / + 1 j " [ {(α, +i, n): n > 2} C Λi+1 otherwise,
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while, if y > / + 1,

δ(XhXj) = 0.

Notice that we can assume the minimal element of Λfis (αo> d0) for every (αo>
d0) such that (1, m) < (αo> do) ̂  («i, 1).

Example 9: {(α, rf): 2 < α < λ, d E ω*} U {(λ, 1)} (for 2 < λ < ω) is a CB-set.

We are going now to the main results of this paper: we follow a more compli-
cated line of thought to construct more complicated CB-sets, assuming in par-
ticular Examples 2.5-8 as basic structures.

Theorem 4.6 Let X G ω* X ω* with maximal element (λ + 3, 1) and such
that
(a) X(λ + 2) = ω*
(b) ifaGX*, α > 3 .
Then, Xis a CB-set.

Proof: We may limit our examination to the case λ > 1. First we assume that
(3, 1) is the minimal element of X. We set Y' = X - {(λ + 3, 1)} and we define
7 C ω ΐ X ω * in the following way: Y* - {3} = (Y')* - {3}, Y(v) = Y'{v) if
vG (Y')*~ (3), Y(3) = [d- l . rfe Y'(3),d> 1}. Notice that (a) implies
Y is infinite. We consider now the theory T whose models are the following
structures:

M=( U Maλϋ( U M^ΔiϋM^)
\(<x,d)eY I \(α,ί/),(/S,e)er /

(«,</)< (0,έ?)

where MUfd = M^(α), Mafd;βte Ξ M(λ) and, for every (a, d), (β, e) G Ysuch
that (a, d) < (β, e), two isomorphisms

are given. (Remember that Ma^d = M\ ύ . . . ύ Md where M\ = . . . = Md,
M i , . . . 9Md = M[ (α), so we mean by PM<*>d pMif fOr example; similarly for
PMe>e). Γis ω-stable; furthermore, if MY Γand \M\ = Ko, then, for every
(α, rf), (/3, β) G Y, (a, d) < (β, e), the CB-type of M α > έ f t A β is

• (2,1) when either Maid or M^>e has minimal CB-type
• (λ + 2, 1) otherwise.

We claim X = CB-Spec Γ. First suppose M (= Γ, | M | = Ko, we prove that the
CB-type of M belongs to X We can distinguish the following cases:

• for every (a, d) E Y, Ma d admits minimal CB-type: Mhas CB-type

(3,1)
• there is one and only one element (α, d) E Y such that the CB-type of

Mafd is (a, d): if a = 3, Mhas CB-type (3, d + 1); if a > 3, Mhas
CB-type (a, d); in both cases, the CB-type of M belongs to X

• there is a finite number « > 2 of elements (a, d) G Y such that M α t d

has CB-type (α, <i): Mhas CB-rank λ + 2, and its CB-degree equals the
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sum between Σ / and, in case, all the CB-degrees d corresponding

to the CB-rank a = λ + 2
• there are infinitely many pairs (a, d) E Y such that MUid has got CB-

type (α, d): then Mhas CB-type (λ + 3, 1).

Conversely, it is straightforward to see that, for every (a, d) E X, there is a
countable model M of T such that the CB-type of M is (α, d).

Let now, more generally, (aθ9 d0) be the minimal element of X, (αo>

</o) > (3, 1).

• a0 > 3: we define Xo C ω* X ω* in the following way: Xξ — (α 0 , 3} =
X*- [a0, 3};X0(a0) = {d - d0: d E X(ao),d > d0}, Xo(3) = {1},
X0(P) = X(p) if v E ^ * - [a0]. Let Γo be the ω-stable theory such that
Xo = CB-Spec Γo, choose a model M o of To and consider the theory T
of M o U M i o ( α 0 ) : T is ω-stable, and CB-Spec T = X.

• α 0 = 3, d0 > 1: we define AΌ C ω* X ω* in the following way: XQ =
X*, Xo(3) = [d-do+l:de X(3)}9 X0{v) = X(v) \ϊv>3; let To be
the ω-stable theory whose CB-spectrum is Xo, choose M o (= Γo, and
consider the theory Γof M o ύ M^γ (3): Γis ω-stable and CB-Spec
T = X.

Remark: A similar proof shows the following is a CB-set:
X C ω* x ω*> X admits a maximal element (λ + 3, 1), and

a. ^ ( λ + 2) = \ Σ k:neω*\

b. {(α, d) E JT: α < λ + 2} is infinite
c. i f α E J Γ \ α > 3 .

Similarly we have:

Theorem 4.7 Let Xc ω* x ω* αrfm/Y fir5 maximal element (λ, 1) wΛere λ is
a limit ordinal and:
(a) [a: X(a + 2) Φ 0} is cofinal in λ
(b) for ever a E X*, a > 3.
TTzβrt ^ is α C5-5βr.

Proof: First we assume that (3, 1) is the minimal element of X. We set Y' =
X- {(λ, 1)} and we define YCω\ x ω* as above: Y* - {3} = (Y'f - {3],
y(^) = Y'(v)\t v(Ξ (Y')* ~ (3), Ύ(3) = { r f - l : r f E r (3), tf> 1). Notice
that (a) implies Yis infinite. However, Z = {((α, rf), (/3, e)) E Γ 2 : (α, rf) <
(0, e)j is a countable set, so we give some enumeration {((ani dn), (βn, en)):
n EN] to Z, and we take at the same time a sequence {λn: n E TV} of ordinals
such that \n ΐ λ. We consider the following function φ having domain Z:

• φ((a0, d0), (j80, ^o)) = (To, go) w h e r e γ 0 = min{y: X(y + 2) Φ 0,

βo<y] and g0 = min X(y0 + 2)
• φ((α Λ + i , rfΛ+i)» (iS/i+i. en+x)) = (yn+u gn+i)> where yn+ι = min{y:

X(y + 2) Φ0, βn+lt yn, λn < 7}, and gn+ι = min X(yn+\ + 2).
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Let T be the ω-stable theory whose models are the structures

\{a,d)<ΞY I \((o!,ί/),(j(3,e))GZ /

Mis defined as above, in particular, for every ((α, d), (β, e)) E Z, Ma>d.βye ΞΞ
gM(y) where (7, g) = φ((α, rf), (0, β)), so that the CB-type of Mafd;βte is:

• (2, g) if either Ma%d or Mβf6 has minimal CB-type
• (7 + 2, g) otherwise.

We claim JT = CB-Spec T. First, let M (= Γ, | M | = Ko. We shall prove that the
CB-type of M belongs to X; we distinguish again four cases:

• for every (α, d) E Y, Ma d admits minimal CB-type: M has CB-type

(3, 1)
• there is one and only one (α, d) E Y such that the CB-type of Matd is

(α, d): if a = 3, Mhas CB-type (3, d + 1); if a > 3, Mhas CB-type
(a, d); in both cases, the CB-type of M belongs to X

• there is a finite number n > 2 of elements (α, ύ ί ) G F such that Afα^
has CB-type (a, d): take the corresponding maximal pair ((α, rf), (j8,
e)) in the enumeration of Z, let (7, g) = φ((α, <i), (j3, e)), so Mhas CB-
type (7 + 2, g) E Ĵ r

• there are infinitely many pairs (α, d) E Γsuch that Mα>ί/ has got CB-
type (a, d): then M h a s CB-type (λ, 1).

Conversely it is straightforward that, for every (a, d) E X, there is a model M
of Γsuch that \M\ = Ko and the CB-type of M i s (α, tf). Finally, if the mini-
mal pair of X i s (αo> ^0) > (3, 1), we can proceed as in Theorem 4.6.

Remarks: 1. Looking at Theorems 4.6 and 4.7, notice that similar results can
be obtained about finite CB-sets.

2. Lemmas 4.3, 4.4, and disjoint unions with suitable pseudo-K0-categor-
ical ω-stable structures can be used to construct new CB-sets, starting from the
previous ones. In this way, we can partially cover the λ + 1, λ + 2 cases.

3. As a final remark, we note that there are 2N° CB-sets, i.e., 2K° classes
of ω-stable theories of the equivalence relation: Tx — T2 if and only if T{ and
T2 have got the same CB-spectrum.
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