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Quantified Modal Logics of Positive Rational

Numbers and Some Related Systems

GIOVANNA CORSI

Abstract The quantified modal logics QK4.3.D.X and QS4.3 are shown to
be characterized by the Kripke models based on the extended frames with
nested domains <Q+, <9D) and <Q+, <,£>>, respectively, i.e., the set of pos-
itive rational numbers ordered by the numerical relation 'less than' ('less than
or equal to'). Moreover, for each n > 1, the logics CΠ.QK4.3.D.X (CΠ.QS4.3)
are shown to be characterized by the Kripke models based on (reflexive) tow-
ers of rank at most n and with nested domains. Other quantified extensions
of QK4.3 are considered and proved Kripke complete as well.

0 Introduction In Corsi [1] the author introduced the method of diagrams
and applied it to quantified intermediate logics, in particular to Dummett's logic
LC quantified. The same method turned out to be extremely useful in proving
completeness results of various quantified modal logics. It is well known that
"completeness" is rare in quantified modal logics and several incompleteness
results have been established, see Ghilardi [4],[5] and Shehtman and Skvortsov
[6]. Now, if we limit ourselves to logics correct with respect to some class of con-
nected, transitive, and reflexive frames, we are confronted with the fact that at
the propositional level Bull's Theorem tells us that any such logic is Kripke com-
plete, whereas, at the quantified level, quite the opposite seems to be the case.
In this paper, I show how to characterize classes of Kripke models with nested
domains based either on the positive rational numbers or on some subset of
them. The notion of diagram was first introduced for QS5 in Fine [3].

/ The logics QK4.3, QK4.3.D.X and QS4.3 Let £ be a first-order modal
language, _L G <£, -«α =df α -• ± and T = d f ± -> ± . QK4.3 is the quantified
modal calculus obtained by adding to the normal propositional modal logic K
the following axioms and rules:

4 Dα->DDα
3 D(Dα Λα->j3)vD(Dj3Λj3->cO
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V Vxα (x) -> a (x/y), where y is free for x in α.
3 α (*/)>) -* 3xα (x), where y is free for x in α.

UG where x is not free in β.
/3->Vxα(x)

EP where x is not free in β.
lxa(x)->β

As is well known, Axiom 4 corresponds to transitivity and Axiom 3 to weak con-
nectedness. QK4.3.D.X is the logic QK4.3 plus axioms

D Dα -> Oα, and

X DDα->Dα.

QS4.3 is the logic QK4.3 plus axiom

T Dα->α.
D corresponds to seriality, X to density, and T to reflexivity.

We recall that a relation R is said to be weakly connected iff (VRWΛ VRZ ->
wRz v z R w v w = z), connected iff ( w R z v z R w v w = z). Ris& linear order if

R is reflexive, transitive, connected, and antisymmetric; R is a sfrvc/ ///zeαr order
if R is transitive, connected, and irreflexive.

QK4.3 is the least logic considered in this paper, and we denote by L any logic
which extends QK4.3. 'h L α' means that α is a theorem of L and A hL α that
HLI^I Λ . . . Λ βn -> α, for some finite subset of wffs β\,...,βn of ̂ 4. When no
confusion arises, we omit the 'L\

Here is a list of theorems that will be useful in what follows.

Lemma 1.1 The following are theorems o/QK4.3:
(a) DVjfa->VxDα
(b) D (β -• DVxa (x)) -• DVjc(/S -• Dα (x)), wΛere x do not occur in β.
(c) ΠWx((β(x) Λ Dα) -* d(x)) -> (Dα -> DVJc(]3(x) -> θ(Jc))), wΛerβ jc do πoί

occwr />z α.
(d) DVx(α Λ 7 -> 3) -• (Dα -* DVx(γ -• d))9 where x do not occur in a.
(e) Π(a-+d)-> [D(DaΛa^ DiαΛiα)-* D(Da^ D-ιαΛ-ια)]
(f) D(α -> iα)-> D-ια
(g) (D(α - > D 3 ) Λ D ( O α -> d) A D ( α -> d)) -> (Oα -> Dθ)

(h) D [ α - * DVJc(j8(x)Λ D~<αΛ -iα->7(x))] -• [0α-> BWx(β(x) A D-<αΛ
-»α -* τ(Jc))], where no variable ofx occurs in α.

Proof: (a)-(f) are theorems of QK4, and (h) is derivable from (g) by substitut-
ing Vx(β(x) A D-iα Λ -ια -> γ(x)) for d. Notice that, once the substitution is
made, QK4 h D (Oα -> d) A Π (a -> d), where x do not occur in α. The follow-
ing is a proof of (g).

1. HD[D(DdΛd)Λ (ΠdAd)-> DiαΛ-iα] v D [D (D~>α Λ -iα) Λ
(D-ιαΛ-ια)-> (ΠdAd)] by Ax. 3

2. hD(DθΛa-^ D-iαΛ-ια) vD(D~iαΛ-iα-> DθΛa)from 1 and the fact
thatK4hDj3->D(Dj3ΛiS)

3. hD(α->θ)-> [D(D3Λθ-^ D i α Λ - α)-^ D(Da~^ D-ιαΛiα)]
from (e)
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4. hD(->a->-.cO-> [D(D-iαΛ-iα-+DdΛa)->D(D-iα->DaΛd)]
from (e)

5. hD(α-^a)-^ [D(D-«αΛ-.Q:-^ DaΛθ)-^ D(D~iα-^ DaΛθ)] from 4
6. hD(α->θ)-> [D(Da-^DπαΛπα)vD(D-iα->DaΛ3)]

from 2, 3 and 5
7. hD(Dθ-» D- αΛ -ια) -+ [D(α-» Πd) -> D(α-> DiαΛ -iα)]

transitivity
8. HD(α-> D - I « Λ iα)-> D-iα from (f)
9. HU(Da-*D-ιαΛ-ια)-> [D (α-• D3)-• D->α] from 7 and 8

10. hD(D-iα->DaΛd)-> [D(ia-*D-iα)-*Da] from 9
11. hD(α->a)-> [D(α-*Da)ΛD(-iθ-*D-«α)-> (D-iαvDd)]

from 6, 9 and 10
12. hD(of-^a)ΛD(o;->Da)ΛD(Oα^a)-^ (Oα-^Da) from 11.

Definition 1.2 A Kripke model cΛΛ w/YA nested domains for the first-order
modal language £ is a quadruple (W,R,D,I) where FFis a non-empty set; R is
a binary relation on W\ D is a domain function such that for every w EL W,
Dw Φ 0 and if tλRw then Dv Q Dw; I is an interpretation function such that
for all wE FF, /w(c) E Z>w, where c is an individual constant of £ and if wRv,
then Iw{c) = /^(c), Iw(Pn) c φ w ) / l where P Λ is an «-ary predicate letter,
1 < n < ω, of JC.

(W>Ry ((W,R,D)) is said to be the/rα/we (extendedframe) on which cM is
based. Let w E W; & w-assignment μ is a function from the terms (individual
variables and constants) of <£ into Dw and is such that μ(c) = Iw(c). If μ is a
w-assignment and d E Z>w, by μ^x/d) we denote the w-assignment such that if
y Ψ x, then μ{x/d\y) = μ(y), if y = x, then μ{x/d)(y) = d. Note that if wRv,
any w-assignment is a t -assignment.

Given a w-assignment μ and an element w E W, the ίrw/A o/ α wff a in c/W
α^ w under μ, cN[μ (=w α, is defined in the usual way. We recall only three
clauses:

cM" K, />"(/!,. ..9tn) iff < μ ( / i ) , . . . ,μ(tn)> E /^(P 7 2 )

cM^ K Vxa{x) iff for all d E Z?w, cM^(x/ί/) l=w a

cMμ h w Dα iff for all v, wRv, Mμ \=v a.

The notions of truth in cM at w, cM Hw «, /rw/A m cM, cM 1= α, and validity on a
frame T , T (= α, are the standard ones.

Lemma 1.3 QK4.3 (QK4.3.D.X - QS4.3) is correct with respect to strict
linear frames (serial, dense, strict linear frames—linear frames) with nested
domains.

2 Diagrams A diagram Δ is, roughly speaking, a set of indices with closed
formulas attached to each of them. If a sentence a is attached to an index w (i.e.,
the pair <w,α> E Δ), the intended meaning is that a is true at w. A diagram is
built up step by step by adding either a new index (together with a sentence) to
the diagram built so far or a sentence to an index which is already present in the
diagram. The construction has to be such that in the end the final diagram is a
Kripke model with nested domains.
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Our privileged set of indices is the set Q+ of positive rational numbers, zero
included, ordered by the numerical relation "less than", <.

With each w G β + w e associate a countable non-empty set Cw of individual
constants such that for all v, w E Q+

9 if v Φ w, then CVΠ Cw= 0 .
For any w E Q+

9 the language of w,<£w, is <£ U {c E Cv: v < w] and
Fm(£w) is the set of closed wffs of £w.

Note that if v < w, then £v C £w and for each constant c there is a unique
z G β + such that c E Q and a first or least (with respect to set-theoretical inclu-
sion) language, £z, to which c belongs. Cz is said to be the set of proper con-
stants ofz.

Definition 2.1
a. (P = UW<ΞQ+ {<w,α:>: α E Fra(<£w)} is the set of all pairs each of which is

determined by a rational numbers w E Q+ and a closed wff of £w.
b. A diagram is a subset of (P.
c. Γ is said to be a subdiagram of a diagram Δ iff Γ c= Δ.

Definition 2.2 Let Δ be a diagram.
a. The support of Δ is

Supp(Δ) = [ w: <w,α> E Δ, for some wff a]

U [v : there is a (z,β(c)) E Δ and some constant c
occurring in β is a proper constant of Cυ}.

This definition makes sure that if a constant occurs in a wff of a diagram,
then the rational number of which it is a proper constant belongs to the sup-
port of the diagram.

b. For any w E Supp(Δ), the set of formulas 'attached to' w in Δ, is

Δ(w) = {α:<w,α>EΔ} U {T}.

c. Δ is said to be quasi-finite iff
i. the support of Δ is finite, and
ii. for any v E Q+, the constants of Cv occurring in wffs of Δ are finitely

many.
If Δ is quasi-finite, the Supp(Δ) is denoted by (vu . . . , vn), where t>/-i < ty.
Moreover, if Δ is finite and Supp(Δ) = (vi9..., vn), then

Δ/=dfΛΔ(y/).

Now we introduce the notion of L-coherence which turns out to be crucial for
our constructions and which reduces to L-consistency in the case of diagrams
whose support consists of only one point.

Definition 2.3 Let Δ be a finite diagram whose support is <υ\,..., υn). Δ is
said to be L-coherent iff

L\fWxl[Ai(cl/xl)^n\fx2[A2(ci/XuC2/x2)

->. . .-• ΠVxnlAn(cι/Xι,c2/x2,...,cn/xn)-+ ±] . . . ] ] ,

where for all k, 1 < k < n, ck is the list ckx,..., ckjk, 0<jk< ω, of all the con-
stants of Ck occurring in wffs of Δ, Ak(cx/xu . . . ,ck/xk) is the wff obtained by
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uniformly substituting for all Λ, 1 < h < k, xh for ch in Δ*, i.e., x Λ 1 , . . . ,xhjh for
Ch l > > CΛ/Λ > respectively, where JcΛ is a list of variables xh \,..., Λ:Λy Λ, 0 < yΛ < ω.

We will refer to c^ as the list of proper constants of vk occurring in Δ.
It is always intended that the constants actually occurring in Δ^ are among

C\,... ,ck and that all bound variables are distinct from one another.
Whenever possible and when no confusion arises, we express the above con-

dition by

L \f v ^ t Δ j ί * ! ) -* D V Λ ? 2 [ Δ 2 ( * I , * 2 )

->.. .-> ΠVxn[An(xu.. . ,*„)-> ±] ... ]], or, for short,

L 1/ V*! [Δ! -+ D V*2 [Δ 2 - > . . . -+ DVίn [ΔΛ - ± ] . . . ] ]

and it is always intended that for all A:, 1 < k < n, the variables xk in
Δ ^ ί ^ j , . . . ,x^), or in Ak, are substituted for ck according to the definition above.

Definition 2.4 An infinite diagram Δ is said to be Incoherent iff all of its
finite subdiagrams are L-coherent.

Lemma 2.5
(a) If Δ is an L-coherent diagram, then any subdiagram Γ of Δ is L-coherent.
(b) If A is an L-coherent diagram, then for all w E Supp(Δ), Δ(w) is L-
consistent.

Proof: The proof of (a) is slightly laborious because the support of a diagram
Δ contains in general more points than the ones actually occurring in the elements
of Δ. However, this kind of difficulty arises only for the present lemmas, (a) If
Δ is not finite, then by Definition 2.4, Γ is L-coherent. So let Δ be finite and
Supp(Δ) = (vu... ,υn). By the definition of L-coherence and the fact that
hα «-> (a A T ) , Λ = Δ U {<fi,T>,... ,<^,T>} is L-coherent.

Let {<zi,α!>,.. .Λzp,ap)} be (Λ - Γ), of course, Z i , . . .,zp are among
V\,... 9vn. First we show that

Γ U K ^ T ) , . . . , < ^ , T > } , i.e.

(*) (Λ - « z i , α i > , . . .Λzp,ap») U K ^ i , T > , . . . Λvn,T)}

is L-coherent by induction on p.
p = 0. ThenΛ = Λ - {<Zi, <*!>,... ,(zp,ap}} and since Λ = ΛU {<ι>i,T >, . . . ,

<vn,T}}, (*) is proved.
Suppose that for / > 0,

Π* = ( Λ - Kzi ,« !>, . . . ,<Z/,α/»)U {{vl9τ>,...,<ϋΛ,T»

is L-coherent, we show that

Π = (Λ - {<*! ,« !>, . . . ,<z / + i ,α, +i>}) U «Vi,T>,. . . 9<vn,T})

is L-coherent too.
Now, Supp(Π) is obviously (v\,..., vn), so let z / + 1 be vk and α / + 1 = β. If

Π is not L-coherent, then

hvxjπ^xo -+...-+ πvxk[πk(xu...,xk)

- * . . . - * D V x J Π n ( x 1 , . . . , x J - ^ ± ] . . . ] . . . ] ,
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where for each j , 1 < j < n, Xj are substituted for the proper constants c, of
Vj occurring in Π. For each A, 1 < Λ < k, let eh be the list of constants of CVh

occurring in β and not in Π. (Since Supp(Π) = Supp(Δ) for each constant
c occurring in β, there is a υh of the support of Π of which c is a proper con-
stant.) Whence

hv*! [Ui-+...-+ D V * * [ Π * Λ ly{ . . . 3ykβ(eι/γl9... 9ek/yk9xu... ,xk)

- > . . . - • D V * Λ [ Π Λ - > ± ] . . . ] . . . ] .

So, by classical logic,

hVX! [Π t -* . . . -* DV^VΛ . . . YftJΠ*Λ β(yu . . . 9yk9xl9... ,**)

->. . .-> D V * π [ Π π - > ± ] . . . ] . . . ] .

S i n c e y ΐ 9 . . . ,yk do not occur in Hi9... ,11^, it follows, by Lemma l.l(b), that

hV^vΛ [Π! - > . . . - • Π V ^ ^ V Λ . ! [Π^_!

-> Πvxkvyk[Ilk A β(yu... Jk,xu... , ^ )

->. . .-> D v j e Λ [ π Λ - > ± ] . . . ] ] . . . ] ,

contrary to the L-coherence of Π*.
We are now ready to show that Γ is L-coherent. Γ U {< V\, T >,...,< υn, T >} =

Γ U K Ί , T > , . . . , < ί Γ > τ » U {<«!,T>,... ,<w5,T», where each /,- G Supp(Γ) and
each ut £ Supp(Γ). Let Γ* = Γ U { < ί l f τ > , . . . ,<ίΓ,T>}.

Suppose that fory < s, Γ* U {<Wi,T>,... ,<wy,T» is L-coherent, we show
that Π = Γ* U {<Wi~Γ>,.. .,<«,-_!,τ» is L-coherent too. Let Supp(Π) =
< w\,..., wk_{, wk9..., wΛ> and w^.! < u3 < wk. Π is not L-coherent iff

hVxJΠ^xO ->. . .-> D V x J Π ^ X ! , . . . , * * )

- > . . . - D V * Λ [ Π Λ ( * 1 , . . . , * Λ ) - > ± ] . . . ] . . . ] ,

where for eachy, 1 <y < Λ, Jcy is substituted for the list Cj of the proper constants
of Vj occurring in Δ. Then, by Axiom 4,

hV*! [Π! (JCi) -> . . . "> DDV^[Π^(X!, . . . ,X^)

- > . . . - > πvjch[nh(xl9...9xh)^±]...]...],

and so, by classical logic,

i-yfXilU^Xi) ->. . .-> D f T - ^ D V ^ t Π ^ ί x ! , . . . , ^ )

-•.. .-• DVxΛ [ Π Λ ( * ! , . . . 9Xh) -• ± ] . . . ] ] . . . ] ,

contrary to the L-coherence of Γ* U {(uuτ),... ,(uJ9T}}. Therefore Γ* is
L-coherent and consequently, Γ is L-coherent too. Analogously if Uj < wx or
Uj> Wh.

(b) If Δ(w) is not L-consistent, then Va\ Λ . . . Λ an -+ ± for some
wffs OL\ , . . . , an E Δ (w). Let c{,..., ck be the constants occurring in (α^ Λ . . . Λ an)
and for each /, 1 < / < / : , let vι E: Q+ be the rational number such that c, C CVι.
Suppose that Vγ < ... < vk; trivially vk < w, consider the case in which vk < w. So
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H v ^ f T - • . . . - DVx*[T - DVjU(<*i Λ . . . Λ an)

(Cι/Xι,...9Ck/Zk)-> X ] ] . . . ] .

So the diagram Γ = {< w,α,> : 1 < / < n] is not L-coherent, contrary to the fact
that it is a subdiagram of Δ.

Lemma 2.5(a) will often be assumed without mentioning it when we take for
granted that any diagram that extends an L-incoherent diagram is L-incoherent
too.

Lemmas 2.6-2.11 guarantee that a given diagram, if L-coherent, admits of
being extended to an L-saturated one.

Lemma 2.6 Let Γ be an L-coherent diagram such that vt E Supp(Γ). For any
a E £υ.9 ifT(Vi) h a and all the constants occurring in a are proper constants
of elements of the support o/Γ, then Γ U {(vi9a)} is an Incoherent diagram.

Proof: If Γ(i;,.) h a, then for some βl9...9βk E Γ(ι;, ), βl9...9βk h a.

Γ U {< Vi•, a » is not L-coherent iff for some finite subdiagram Δ of Γ, Δ U {< Vi-., a »

is not L-coherent. Let S u p p ( Δ U {(vha)}) = {υu . . . ,vi9... ,vn) and assume

that βl9...9 ^ E Δ ( ^ ) . Then

hVX! [ Δ ! ( X ι ) - > . . . -+ DVX/IΔ/ίi?!, . . . ,X/) Λ α ( ί l f . . . ,x, )

- • . . . - > D V ^ J Δ ^ X ! , . . . , ^ ) ^ ±]...]...],

where for eachy, 1 < y < n, Xj is substituted for the list c, of proper constants

of Vj occurring in Δ U « ι ; y , α > } .

Since A(Vj) h a(cu... ,c, ), then A/(jf l s . . . , ί , ) h α ( J f i , . . . ,x, ) and so

h v i i t Δ ! - > . . . - • DVί f [Δ f - * . . . - * DVx Λ [Δ Λ -> J _ ] . . . ] . . . ] ,

contrary to the L-coherence of Γ.

Lemma 2.7 Let A be an L-coherent diagram. If(w,\3a) E Δ then
(a) Δ U i(ZjΠa)} is L-coherent, where w < z and z E Supp(Δ),
(b) Δ U {(z,a)} is L-coherent, where w < z and z E Supp(Δ).

Proof: (a) The proof is by induction and it will be enough to show that

Vv[w < K z - > A U ((y,Dα)j is L-coherent] only if

Δ U {<z,Πα>} is L-coherent.

If Δ U {<z,Dα>} is not L-coherent, then for some finite subdiagram Γ of Δ,
Γ U {<z,Πα» is not L-coherent. Let Supp(Γ) = < y l f . . . ,υk9... ,υn) with
z = vk. Then

htfJΓ!(*!)->...-> D v i ^ I Γ ^ f t i M )

-* DVi^i ! ίitJΛDα

->. . .-> D V ί Λ [ Γ Λ ( * ! , . . . , * „ ) - • ± ] . . . ] ] . . . ] ,

where for eachy, 1 < y < AI, Jcy is substituted for the list Cj of proper constants

of Vj occurring in Γ. Since Dα is at most a formula of £w and w < vk9 no vari-

ables of *fr occur in Dα, whence by Lemma l.l(c),
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hV*! [Tι -* . . . -• ΠVje^_! [Tk-ι A Dα

-> ΠVxk[Tk - > . . . - DVJfΛ [Γπ -> JL ] . . . ] ] . . . ] .

But this contradicts the induction hypothesis, whence Δ U ((z ,Dα» is L-
coherent.

(b) From (a) it follows that Δ U «t ; ,Dα» is L-coherent, for any v > w and
v G Supp(Δ). Now, Δ U {<z,α>} is not L-coherent iff for some finite subdiagram
Γ of Δ such that Supp(Γ) = (vu.. .,vk-U vk,... ,vn), z = vkaxιdw< υk-U

Γ U {<z,α>} is not L-coherent, i.e.,

hVJC! [TX(XX) -* . . . -> DV4_! [Γ^_!(Xl5 . . . ,Xk_λ) -* D V 4 [ ( Γ ^ Λ α ) ( ί b . . . ,**)

->.. .-> D V x J Γ ^ X ! , . . . ,xn)- J L ] . . . ] ] . . . ] ,

where for each 7, 1 < y < n, Xj is substituted for the list Cj of proper constants
of Vj occurring in Γ. So, by Lemma l.l(d),

^ α v x j r ^ ->. . .-> DVXΠ [ r π -• JL ] . . . ] ] . . . ] ,

contrary to the L-coherence of Δ U { ( ^ _ b D a ) j .

Lemma 2.8 Let A be an L-coherent diagram. For any w E Supp(Δ), and any
a G £w such that all the constants occurring in a are proper constants of ele-
ments of the support of A, either A U {< w, a}} or A U {< w, -ια>} is an "L-coherent
diagram.

Proof: If neither Δ U {< w, a}} nor Δ U {< w, ->α» is L-coherent, then for some
finite subdiagram Γ of Δ such that Supp(Γ) = {υu . . . , vk,.. .>vn) and w = vki

HtfjIΓiίJϊi) ->. . .-> ΠVxk[(TkΛa)(xl9...,xk)

->. . .-> D V x J Γ ^ * ! , . . . ,xn) -> x ] . . . ] . . . ] , and

hv^tΓiίJcO - > . . . - * D V ^ U Γ ^ A - Π Q ; ) ^ ! , . . . , ^ )

->. . .-> DVxπ [ Γ π ( * l f . . . ,Zn) -• ± ] . . . ] . . . ] ,

where for eachy, 1 <j<n, Xj is substituted for the list Cj of proper constants
of Vj occurring in Γ. Therefore, by classical logic,

h v ^ I Γ ! - * . . . - ΠVxk[Tk-+...-+ DVjeΛ[ΓΛ-* ± ] . . . ] . . . ] ,

contrary to the L-coherence of Δ.

Lemma 2.9 Let A be an L-coherent diagram.

(a) If < w, α v β > G Δ ίΛeπ e/YΛer Δ U {< w, α >} or Δ U {< w, j8 >} fa an L-coherent
diagram.

(b) // (w,a>GA, #zeAz Δ U {< w, a v 0 >} is an L-coherent diagram if all the con-
stants occurring in β are proper constants of elements of the support of A.

(c) Δ U {<w,a Λ j3» is L-coherent iff A U {<w,a» U {<w,]8>} is L-coherent.

Proof: (a) If Δ U {<w,α>} is not L-coherent, then by Lemma 2.8, Δ U
{<w, -ια» is L-coherent. Now, if Δ U {<w, -ια>} U {<w,β)} is not L-coherent, then
by Lemma 2.8 again, Δ' = Δ U {<w,-ια» U {<w,-ij3>} is L-coherent, contrary
to the fact that Δ'(w) h _L.

(b) and (c) Immediate.
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Lemma 2.10 Let Γ be a quasi-finite and L-coherent diagram. If(w, 3>>α (y)) E
Γ, then Γ U {< w, a (y/d))} is an L-coherent diagram, for some constant d E Cw.

Proof: Since Γ is quasi-finite there is at least a constant of Cw that does not
occur in any wff of Γ. Let d be any such constant. If Γ U [(w,u(y/d))} is
not L-coherent, then for some finite subdiagram Δ of Γ whose support is
( V ι 9 . . . , v k 9 . . . 9 v n y w i t h w = vki

f-VJt! [ A x ( x { ) - * . . . - * \ 3 V y V Z k [ A k ( Z i 9 . . . , x k ) Λ a ( x u . . . 9 Z k 9 y )

- + . . . - > Π V Z n [ A n ( Z l 9 . . . 9 Z n ) - + ± ] . . . ] . . . ] ,

where for eachy, 1 <j < n, Xj is substituted for the list Cj of proper constants
of Vj occurring in Δ, y is substituted for d and is not among Z\,... ,xn. Then,
by classical logic,

-* . . . -> D V * Λ [ Δ π - * ± ] . . . ] . . . ] ,

contrary to the L-coherence of Γ.

Lemma 2.11 Lei T be a quasi-finite and L-coherent diagram whose Support
is (v{,... ,f/,... 9vn). 7/*<f/,0o:> E Γ, then for some rational number s, V( < s,
Γ U {<s,α>} is an L-coherent diagram.

Proof: Case L Vk(i < k < n)(Y U {<^, D-iα» is not L-coherent). Whence,
in particular, Γ U {(vn9 D->α>} is not L-coherent and so, by Lemma 2.8, Γ" =
Γ U {(vn,0a)} is L-coherent. Take any rational number s > υn, we claim that
A = Γ U « y Λ , 0 α » U l<s,a)} is L-coherent.

Vι . . . Vn S

•
Oα Oα a

Suppose it is not, hence for some finite subdiagram Δ of Γ,

hVx^AiiXi) - > . . . - * ΠVxn[An(Xι9...9Zn)Λθa(Xι9...9Xi)

-+Π[a(xΪ9...9Zi)-+ ±]] . . . ] ,

where for eachy, 1 < y < n, Xjr is substituted for the list cy of proper constants
of Vj occurring in Δ. Then

hVJfifΔ! - > . . . - * ΠVZn[AnΛ<>oί(Zι9.. .,Jc, ) -> D-iα(j f i , . . . ,X/)] . . . ], hence

hVJCitΔ! - * . . . - * D V ί J Δ ^ Λ O α ^ , . . . , ^ ) - ^ ± ] . . . ] ,

contrary to the L-coherence of Γ7. Whence Λ is L-coherent and so Γ U {<s,α>}
is L-coherent too, by Lemma 2.5(a).

Case 2. lk(i < k < n) (Γ U {(t;*, D-iα» is L-coherent).
Let h be the smallest index among {/,... ,n] such that Γ U {(vhi D - i α » is

L-coherent. Hence / + 1 < Λ < n and Γ U {<^_!,0a>} U {(vh,Π~ia)} is L-
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coherent. If Γ U {<ι;Λ_1,Oα>}U{<ϋΛ,D-iα>} U {(vh,a)} is L-coherent, then the
lemma is proved and s = vh.

Vι ••• Vi ••• y Λ « i υh υn•
α

If not, t h e n Γ ' = Γ U {(vh__uOa)} U {<*;Λ,D-iα>} U {<yΛ,-iα» is L-coherent.
Take any rational number 5 such that υh-X < s < vh, s exists because Q+ is

dense. Notice that no constant of Cs occurs in Γ and so in Γ", otherwise, by the
definition of a diagram, s E Supp(Γ), which is not the case.

We now show that Γ" = V U {<s,α>} is L-coherent.

vι ••• v/ ••• yΛ_i s υh - - υn•
-ice

If not, then, for some finite subdiagram Δ of Γ,

hVXj [ Δ j ( X j ) - > . . . -• DVx Λ _j [ Δ Λ _ ! ( X i , . . . ,*/,_!) Λ O α ( ί i , . . . ,*, )

^ D l α ί * ! , . . . , * , )

-• DVxΛ[(ΔΛ(X!,... ,xΛ) Λ (D-iα Λ ->α)(Xi,... ,X/)

-•.. . -> D V ^ [ Δ n ( X ! , . . . ,xn) -+ ± ] . . . ] ] ] . . . ] ,

where for eachy, 1 < y < n, Xj is substituted for the list Cj of proper constants
of Vj occurring in Δ. Since all the constants in a are among cu... ,c,, / < /*,
xh do not occur in a, and so by Lemma l.l(h),

f-V*! [Δj ->. . .-> DVXΛ_! [ΔA_! Λ Oα(x!,...,jf,.) -> [ O α ( x ! , . . . , ^ )

-> D V X Λ [ Δ Λ Λ ( D - αΛ i α ) ( X i , . . . ,X/)

^ . . . - ^ D V x J Δ ^ ^ ] . . . ] ] ] . . . ] ,

then

hV*! [Δx - > . . . - DVXΛ_! [ΔΛ_! Λ Oα ( * ! , . . . , jf/)

-* ΠVXΛ[ΔΛ Λ (DiGfΛ - ! « ) ( * ! , . . . , * , . )

- . . . ^ D V X J Δ ^ J L ] . . . ] ] . . . ] ,

contrary to the L-coherence of Γ'. Hence Γ' U {<s,α» is L-coherent and so, by
Lemma 2.5(a), Γ U K ^ α ) ) is L-coherent too.

Lemma 2.12 If A is an L-consistent set of closed formulas of Si, then the dia-
gram {<0,<ρ> : φ E A] is \j-coherent.



QUANTIFIED MODAL LOGICS 273

3 Completeness results

Definition 3.1 Let Δ be a diagram. For all v G Supp(Δ), £„ is the sublan-

guage of £v that contains only those constants of £v occurring in formulas of

Δ(t ).

Definition 3.2 Let Δ be an L-coherent diagram. Δ is complete iff for all
υ,WE Supp(Δ)

(1) if υ < w, then <£* c £ * , and
(2) for any a G <££, {υya) G Δ or <v,-κ*} G Δ,

Δ is rich iff for all υ G Supp(Δ),

(1) if 3xa(x) G A(v) then there is a constant d £Ξ £υ such that a(x/d) G Δ(y),
and

(2) if <y, 0α> G Δ then there is a w G Supp(Δ) such that v < w and (w,a)E: Δ.

Δ is said to be ̂ -saturated iff Δ is L-coherent, complete and rich.

Theorem 3.3 If A is an L-consistent set of closed formulas of £, then there
is an L-saturated diagram A such that Supp(Δ) Q Q+ and {<0,φ): φ G A} c Δ.

Proof: Let <t>i,αi>,<ί;2,α2> . be an enumeration of all the elements of (P
(see Definition 2.1). Let us define the following chain of quasi-finite diagrams.

Ao= {<0,φ):φeA}

Let k > 1. First define

(Ak-ι) U [<vk9<xk)}9 if (Δ^_!) U [<vk,aky] is L-coherent,

(Δ*_!) U K ^ A Γ J " 1 ^ ) } , if (Δjt-i) U {(vk,ak)} is not L-coherent and
^ = " (Δ^_i) U {{vki-^ak)} is L-coherent,

ΔΛ_! otherwise.

Then let

' Δ i U ( ( ^ γ ( x / ί ) > ] , if α^ = 3JpγU), < ^ , ^ > G Δ ^ and rf is a
constant of C ^ such that A'k U «^,7(x/rf)>}
is an L-coherent diagram;

Δ^ = < Δ^ U {<5,γ>}, if αA: = Oγ, <vk,ak) G Δ^, 51 is some element
of Q+ such that s > υk, and A'k U {<5,7»
is L-coherent;

A ' k 9 otherwise.

Δ= U ίΔ*}.
keN

First, Δ is L-coherent. For, each Δ^ is an L-coherent diagram by construc-
tion; moreover, if Δ is not L-coherent, then there is a finite diagram Γ, Γ c Δ,
which is not L-coherent. Let k be the maximum index assigned to the formulas
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of Γ in the enumeration of (P. Now Γ c Ak+{, so by Lemma 2.5(a), Δ^+1 should
be L-incoherent, whereas it is not.

Second, Δ is complete.
(1) If v G Supp(Δ), then by Lemma 2.6 (v, D ( « - > α ) ) G Δ where a con-

tains constants of c£Δ. By Lemma 2.7, (w,(a -» α)> G Δ for all w > υ, and so

(2) We have to show that if v G Supp(Δ) and a G £ Δ , then (v,a) G Δ or
<f, -iα> G Δ. Let <f,α> = (υh,βh) in the enumeration we started with and sup-
pose by reductio that neither (υh,βh) nor (vh,-yβh) can be L-coherently added
to ΔΛ_!. Therefore, by Lemma 2.5(a) neither of them can ever be L-coherently
added to any extension of ΔΛ_ t. Since a G <£Δ, there is a point £ in the con-
struction of Δ when all the rational numbers, of which the constants of α are
proper constants, do belong to the support of Δ^. Therefore, by Lemma 2.8, for
any h> k, either Ah U \{vh,βh)} or Ah U {(vh, ->/3Λ» is L-coherent, contrary to
our supposition that neither of them can ever be L-coherently added to any exten-
sion of ΔΛ_!.

Because of Lemmas 2.10 and 2.11, Δ is also rich. So the theorem is proved.

Definition 3.4 Let Δ be an L-saturated diagram. A A-canonical model cMΔ =
(W,R,D,I) is defined as follows:

W = Supp (Δ), R = <, D is a function such that for all vGW,Dv is the set of
constants of <££, /is the interpretation function such that for all v G W, c G £$ and
predicate letter P", Iυ(c) = cand/,(PΛ) = {<c l f... ,cn> :Pn(cl9... ,cΛ) G A(v)}.

cMΔ, so defined, is a Kripke model with nested domains.

Lemma 3.5 If <MA = (W,R,D,I) is a A-canonical model for some L-satu-
rated diagram Δ, then, for all closed wffs a G <£Δ,

cMΔ h, a iff (v,α>G Δ.

Proof: Standard.

Theorem 3.6 If A is a QK4.3-consistent set of formulas, then there is a Kripke
model cM with nested domains based on a strict linear frame, such that cN[\=Λ.

Proof: Start with the diagram {<0,̂ >> : φ G A] and extend it to a QK4.3-satu-
rated diagram Δ. The Δ-canonical model is the required model.

4 Completeness for QK4.3.D.X and QS4.3 A feature of QK4.3 is that,
given a QK4.3-coherent diagram we cannot add, in general, a new point w (say,
for example, the pair < w,T » and still obtain a QK4.3-coherent diagram. Anal-
ogously, we cannot add to a diagram Δ the pair < w, a), if a contains constants
that are proper constants of rational numbers not belonging to the support
of Δ. This feature does not hold anymore for extensions of QK4.3.D.X, in the
sense that given a diagram Δ whose support is (Vγ,..., υn) we can always add
new points 4after v{\ therefore, if the support contains the zero, we can add to
Δ all of the positive rational numbers. The proviso 'after zV can be dropped for
extensions of QS4.3.

In this section we denote by L.D.X any logic extending QK4.3.D.X.
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Lemma 4.1 Let Γ be an L.Ό.X-coherent diagram.
(a) For any z G Supp(Γ) and w > z, Γ U {< w, T>} is L.Ό.X-coherent.
(b) IfOG Supp(Γ), then for any wff a, the diagram Ta is L.Ό.X-coherent,

where Γα = Γ U [<z,T>: there is a constant c G Cz that occurs in a}.

Proof:
(a) If Γ = 0 , then Γ U {< w, T>} is not L.D.X-coherent iff L.D.X h T - ^ 1

iff L.D.X h ±, which is not the case because of the consistency of L.D.X.
Let Γ Φ 0 . If w G Supp(Γ), then Γ U {< w, T>} is trivially L.D.X-coherent.

So let w ί Supp(Γ). Γ U {< w, T>} is not L.D.X-coherent iff for some finite sub-
diagram Δ of Γ, Δ U {< w, T >} is not L.D.X-coherent. Let Supp(Δ) = <υ\ , . . . , υn)
and Vi-ι < w < Vf. Then

hVXj [Δj (Xι) -> . . . -+ DVJf/_! [Δ/_! (Xi, . . . ,X/_i)

-• D l T - ^ D V ί / t Δ / ^ , . . . , * / )

- > . . . - * DVxJΔ n (x ! , . . . , iΛ) -> ± ] . . . ] ] ] . . . ] ,

where for eachy, 1 <y < «, x, is substituted for the list Cj of proper constants
of Vj occurring in Δ. Hence, by classical logic and Axiom X,

h V X ! [ Δ i - * . . . - > D V x , _! [ Δ / _ ! -+ D V * f [ Δ / - * . . . - • D V ί Λ [ Δ Λ - * ± ] . . . ] ] . . . ] ,

contrary to the L.D.X-coherence of Γ.
If υn < w, then Δ U {< w, T » is not L.D.X-coherent iff

hV*! [Δ! ->...-> DVJfπ [Δπ -• D [ T -> ± ] ] . . . ] ,

whence

hvjeαΔi->...-> D V X J Δ Π ^ D ± ] . . . ] .

Thus, by Axiom D,

HtfJΔi - * . . . - • D V ί Λ [ Δ π - * ± ] . . . ] ,

contrary to the L.D.X-coherence of Γ.
(b) Immediate from (a).

Corollary 4.2 Le/ Δ be an L.Ό.X-coherent diagram such that 0 G Supp(Δ).
(a) For any w G Q+, a G £ w , //Δ(w) h α, ^te« Δ' = Δ U {<w,α>} /5 L.D.X-

(b) For α ^ wEQ+ and any a G £W9 either Γ U {< w,α» is L.Ό.X-coherent or
Γ U «w,-ια>} is L.Ό.X-coherent.

(c) Δ U {< w, a v j3>} w L.Ό.X-coherent iff either AU[(w,α» is L.D.X-coΛere«ί

or A U {< w,j8» is L.Ό.X-coherent.

Proof: By Lemma 4.1(b), Aa is L.D.X-coherent, whence by Lemma 2.6, Δα U
{< w,α>} is L.D.X-coherent; therefore by Lemma 2.5(a), Δ' is L.D.X-coherent.

Analogously for (b) and (c).

As to the construction of Theorem 3.3 for logics extending QK4.3.D.X,
the third case in the definition of Δ!k can never be the case; hence Supp(Δ) =
Q+, and for any υ G Q+, <££ = £v.
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Theorem 4.3 If A is a QK4.3.D.X-consistent set of formulas, then there is
a Kripke model cΛΛ based on the extended frame (Q+,<,D) with nested
domains, such that <M \=A.

If A is a QS4.3-consistent set of formulas, then there is a Kripke model cM
based on the extended frame < Q +, <, D > with nested domains, such that cM 1= A.

Notice that Axiom T is needed only in the proof of Lemma 3.4 in order to
show that cMΔ ¥v Dα only if Dα <£ Δ(v) . 1

5 The logics Cm.QK4.3.D.Xand Cm.QS4.3, m>l Consider the propo-
sitional schema

C°m:βιvΠ(ΠβιΛβι-+β2) v . . . v Π(ΠβmAβm^ J L ) .

It is well known that K4.3 + C£, (S4.3 + C£,) is characterized by the class of
connected, transitive (and reflexive) frames of rank at most m.

Given a transitive frame T = (W,R), for every v E W, the cluster of υ is

Clυ={wG WI(WRVAVRW) or (w = v)}.

Clusters can be ordered by Clv <R Clw iff vRw. <R is transitive and antisymmet-
ric; therefore, by putting

Clv <R Clw iff Clv <R Clw and Clυ Φ Clw

we get a transitive and irreflexive ordering of the clusters. If R is connected, <R

is connected too. A cluster is degenerate if it consists of one non-reflexive point.
A frame T is said to be of rank m iff T contains at most m clusters. A

(reflexive) tower of rank mis a. frame (W,R) of rank m, where R is (reflexive)
transitive, connected, serial, and dense.

One could expect that, for example, Q.S4.3 -I- C£, would be characterized by
the class of Kripke models with nested domains based on reflexive towers of rank
at most m. On the contrary, in order to axiomatize that class of models, a
stronger version of Axiom C^, is needed, one which says that certain exchanges
between universal quantifiers and box operators are admitted.

Given the formulas αi(Xo>*i)» >α/(*o>*i> •>*/)>• ,αm+ι(x0,xu . . . ,
xm+ι), define

Ti = « i

7/+1 = D-iα/Λ-iα/Λαz+i

and put:

Cm = VX! [ 7 l -* DVx2 [y2-+ . . . -• DV*W [ym -+ DVxw + 1 [ 7 m + 1 -+ ± ] ] . . . ] ] .

Notice that for α m + 1 = T,

C m = V x 1 [ 7 1 - > D V X 2 [ 7 2 - > . . . - > Π V x m [ 7 w ^ D [ D - i α w Λ - i α m - > ± ] ] . . . ] ] .

Lemma 5.1 The logics Cm.QK4.3.D.X (Cm.QS4.3.), m > 1, are correct with
respect to the (reflexive) towers of rank at most m and with nested domains.

In this section, by Cm.L.D.X we denote any logic which extends
Cm.QK4 3.D.X. Let φ be a closed wff of <£ and suppose that Cm.L.D.X \f φ,
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m > 1. Let n = μs(Cs.L.Ό.X \f φ). Of course n < m. If n = 1, then, since
Cx.L.D.X V (Oβ -> D0)3) Λ (|3 -• 0/3) (see proof below), Q.L.D.X is equiva-
lent to QS5, and so φ can be falsified on a reflexive tower of rank 1, i.e., on one
nondegenerate cluster.

oί\ -> D (D~>αi Λ -ιαi Λ α 2 -• -L) Ci
0/5 -> D (00/3 v Oβ) OL\/Oβ; OL2/T

0<S-^D0<3 by Ax. 4

•(-iOj8->j8)-> ( D - Oi8^Di8) Ax. K
D(OiSviS)-^ (OOjSvDβ)
j8-* D ( D - I J 3 Λ - I J 3 - * ± ) f romC!
j8-* D(Oi3vi3)
j8 -• (00i8 v Dj8) by transitivity
β-^(OβvΠβ) by Ax. 4
β-+Oβ by Ax. D.

If n > 1, we show that >̂ can be falsified on a tower of rank n.
Let P ^ i be the universal closure of the instance of C Λ _ t obtained by

putting:

T l = -iPi(xl9yi,...,yk)

1 < i < /i,

where PΪ9... , P Λ are k + 1-ary predicate letters not occurring in <ρ. *
Now we show that

CΠ.L.D.X \fφv DP***!, for some k > 0.

For, CΠ_!.L.D.X h ^ and so

(*) CΛ.L.D.X h D ^ Λ . . . Λ Πψr-+φ9

where φu ... ,^ r are universal closures of instances of Axiom C π _i. Suppose,
by reductiOy that

CΠ.L.D.X hφv D P ί f t , for all A: > 0.

Therefore, by uniform substitution we get

CΠ.L.D.X y φvΠψγ and . . . and CΠ.L.D.X \-φvΠψr;

hence

CΠ.L.D.X Vφ V ( D I / Ί Λ . . . Λ D^ Γ ) ,

and so by (*)

C π . L . D . X h ^

contrary to the hypothesis.
Consider the rational interval [l,« + l) = { w E Q + : l < w < π + l} .Let

C Ί , . . . ,Cn be n countable sets of constants pair wise disjoint and for every
w G [/,/ + 1), i = 1, . . . ,n, let

<£w = £ U Ci U . . . U d
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and

(9 = {<w,α>: w e [l,/i + 1) and a G <£w}.

Define the diagram

Δ = {<l,O-.^>,<l,OiP1(c1,g)>,
<2,DP1(ci,e)>,<2,0iP2(c2 l?)>,

</i - l,DPΛ.2(cΛ.2,?)>,</i - l . O - i P ^ ί c ^ . e ) ) ,
</ι,DPII_1(cII_1,?»,</i>0iPII(cπ>g)>},

where Ci G Ci9 1 < / < n, e = ex,... ,ek E Ci and A: is such that CΠ.L.D.X \f
αvDP^_\.

We will refer to Δ as the base diagram and to 1,..., n as the base points. We
can easily see that Δ is CΛ.L.D.X-coherent. For, if not, then CΠ.L.D.X V φ v
Π P ^ \ , which is not the case.

In the remainder of this section, Δ will always denote the diagram we have
just defined and the index / will always vary on the set of natural numbers

It is important to notice that since < /, 0 -ιP, (q ,?)>EΔ and < / + 1, DP/ (c,, e)) G
Δ, / and / + 1 are not only distinct, but can never belong to the same cluster. This
leads to the following definition:

Definition 5.2 For any / < n, i and / + 1 are said to be strongly distinct if
there is a wff γ such that

(*) ΔU {</,7» andΔU {</+ 1, D-iγΛ- γ)}

are both necessary extensions of Δ, where Δ U {< w,a)} is said to be a necessary
extension of Δ iff Δ U {< w, -ια>} is not CΛ.L.D.X-coherent.

When (*) obtains, y is said to separate i from i + 1.

Given that the following is a theorem of CΠ.L.D.X:

Vx 1[O-ia 1(jc 1)-^DVx 2[(D3 1(Λ: 1)Λθ^a 2(x 2))^...^ DVxΛ[(DaΛ_i(α:Λ_i)

Λ O-*dn(xn)) ^ Π[Πdn(xn) -* ±] . . . ] ] ,

any diagram containing a subdiagram of this kind:

1 . . . 2 ••• n-\ n n + 1

•
0^! Πdx . . - D 3 Λ _ 2 Πdn_{ Πdn

o^d2 . . . o-iaπ_! o^dn

is not CΛ.L.D.X-coherent. In general, any diagram containing at least n + \
strongly distinct points is not Cπ.L.D.X-coherent.

The formulas 0^Px(cue), ΏPx{cue) A 0^P 2 (c 2 ,e) , . . . ,UPn-X(cn-Ue) A
0-ιPn(cn,e) we started with serve the purpose of labelling the points 1,... ,n
and guarantee that the support of Δ cannot contain further strongly distinct
points. In the following we will write simply P, instead of Pi(ci9e). It is easily
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seen that in any Cπ.L.D.X-coherent extension Γ of the base diagram Δ, for all
wffs j8,

(n,Πβ)GT iff <w,D/3> GΓ, where n< w.

Now we want to show that we can build a Cπ.L.D.X-saturated diagram Γ based
on [1, n + 1) which is an extension of Δ and in which the above property holds
for any w, v such that / < w, υ < i + 1. This obtains from the following lemmas.

Lemma 5.3 Let Γ be a finite and Cn .L.Ό.X-coherent diagram such that Γ ^ Δ
and for all w G Supp(Γ), if i < w < i + 1 then < w, O-i/5/) G Γ. Then
(1) if there is at least a point z between i and i + 1, then for all w G Supp(Γ),

if i < w < i + 1 and (w,β) G Γ /Λe/2 Γ U {< w, 0β>} w # necessary extension
ofT.

(2) //< w, Oβ) G Γ, / < w < i + 1, then there isak = i9...9n and an s such that
w < s and k < s < k 4- 1 tfjzd Γ U {(s,β)} is Cn.L,.Ό.X-coherent. Moreover
Γ U {<5,j8» U {<s,<>-ιPky} is a necessary extension ofT U {(s,β)}.

(3) if {i, O0> G Γ, then for any w, / < w < / + 1, Γ U {(w,<>β)} is a necessary
extension ofT;

(4) if for some w, i < w < i + 1, < w, D]S> G Σ ίΛeπ Γ U {</, Πβ)} is a necessary
extension ofT.

Proof:
(1) w Φ i. Then Γ U {</, Oβ)} is a necessary extension of Γ. Γ U {</, Oβ)} U

{<w, Π-ijS)} is L-incoherent, since it contains JZ + 1 strongly distinct points,
hence Γ U {<w,0j3>} is L-coherent.

w = /. Suppose by reductio that Γ U {</, 0^)} is not a necessary extension
of Γ, then Γ U «/,D-iiS>} is Cπ.L.D.X-coherent, so also Γ U {(z,Π^β)} is
CΛ.L.D.X-coherent, for some z,i < z < i + 1. Moreover, Γ U {(z9Π^β)} U
{<z, ^β)} contains n + 1 strongly distinct points and so Γ U {<z, • ~Ί3>} U «z,i3>}
is a necessary extension of Γ U {<z, D-iβ)}; therefore Γ U {</, <>β >} is a necessary
extension of Γ. So we get a contradiction.

(2) Subcase 1. For all base elements / of Γ, Γ U {</, D-.0» is not CΛ.L.D.X-
coherent. Then Γ U {(n,0β)} is Cπ.L.D.X-coherent and by Lemma 2.11, for
some s > n, Γ" = Γ U {(n,0β)} U {<s,0>} is CΛ.L.D.X-coherent. But then also
T' U {<5,0-ιPΛ» is Cπ.L.D.X-coherent, since Γ' U {(s,ΠPn)} contains n + 1
strongly distinct points (0-τPπ separates Λ from 51) and consequently is not
Cn .L.D.X-coherent.

Subcase 2. There is a base element / of Γ, w < i, such that Γ U {</, •—1/8»
is CΛ.L.D.X-coherent. Let Λ: + 1 be the least of them (/ is obviously greater
than 1). If Γ U {(k + l,/3>} is Cπ.L.D.X-coherent, then the lemma is proved.
Otherwise, by Lemma 2.11, for some s > w and k < s < k + 1, Γ' = Γ U {<k, Oβ)} U
{(s,β)} U {(k + l,D-<j3 Λ -ι/J» is Cn.L.D.X-coherent. Moreover T" = T' U
K^O-iP^)} is Cn.L.D.X-coherent, since Γ" U [(s,ΠPk)} contains n + 1 strongly
distinct points (0-\Pk separates k from s and β separates s from k + 1) and
consequently is not Cn.L.D.X-coherent. Thus Γ U {<s,0>} U [(s,0^Pk)} is
Cn .L.D.X-coherent.

(3) Suppose, by reductio, that for some w, i < w < i + 1, Γ U {<w,0β>} is
not CΛ .L.D.X-coherent. Then Γ' = Γ U {< w, D~«iS>} is CΛ .L.D.X-coherent. But
then we have the following situation: Oβ separates / from w and 0-iP, separates
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w from / + 1, because (v,0-ιP, > E Γ and </ + 1, DP, > E Γ. Hence Γ' contains
n + 1 strongly distinct points and so is not CΛ.L.D.X-coherent. Consequently
Γ U {<w,0j3» is a necessary extension of Γ.

(4) Suppose, by reductio, that Γ U {<i, Πβ)} is not a necessary extension of Γ.
Then Γ U {</,0-i/3» is Cπ.L.D.X-coherent. Hence by (3), Γ U {</,0- /3>} U
{<w,O-ij3» is Cπ.L.D.X-coherent, contrary to the fact that <w, Dβ> E Γ.

Lemma 5.4 Let Γ be a finite and Cn .L.Ό.X-coherent diagram such that Γ 2 Δ,
and for all w E Supp(Γ), z/7 < w < / + 1 ίλe/i < w, 0-ιP, > E Γ.
(1) //" wk and wk+Ϊ9 i < wk, wk+ϊ < / + 1 are two consecutive points, then the

diagram Γ" obtained by exchanging the order of wk and wk+i is CΠ.L.D.X-
coherent.

(2) If < w, 3ya (y)) E Γ, then Γ U {< w, α (y/d))} is Cn.L.Ό.X-coherent, for some
constant d E £w.

Proof:
(1) Let<H>!,.. .,wk,wk+ι,..., wn > be the support of Γ, where i<wk<wk+i<

/ + 1. The conjunction of the formulas of T(wk) is of the form (0-ιP, Λ γ)
and the conjunction of the formulas of Γ (w k + ϊ ) is of the form (0-iP f Λ 9). By
Lemma 5.3(1), Γ U{<w*,0(0-ιP, Λ7)>} is CΛ.L.D.X-coherent. Moreover, Γ U
{<wk+i,0(0-*Pi*y)>} is Cπ.L.D.X-coherent, for Γ U K ^ + 1 , D π ( 0 π P / Λ γ ) »
contains « + 1 strongly distinct points and so is not Cπ.L.D.X-coherent
( 0 ( 0 i P , Λ γ) separates wk from w^+i). By Lemma 5.3(2), Γ* = Γ U
{<*>£+!,0(0->P/Λ7)>} U {<s,(0-iPz Λ γ)>} is Cπ.L.D.X-coherent, where wk+ι <
s < i + 1. But Γ" (with wk instead of s) is a subdiagram of Γ* and consequently
is Cπ.L.D.X-coherent.

wx . . . wk wk+ι s •.• wn•
0-ιP/Λγ o-iP/Λa

0(0->P/Λγ) 0(0-iPf Λ7) O1P/Λ7

(2) If w = 1,... ,Λ, then the lemma is proved as for QK4.3. Let i < w <
i + 1, for some i = 1, . . . , n and 1^,..., vr be all the points of the support of Γ
such that / < V\ < . . . < vr < w. Let Γ* be the diagram which differs from Γ only
in that the relation < is replaced by <* which coincides with < except that the
points z, # ! , . . . , vr9 w are ordered as follows: w <* i <* V\ <*... <* vr. Then
by r + 1 applications of Lemma 5.4(1), we get the result that the diagram Γ* is
Cπ.L.D.X-coherent. So by Lemma 2.10, Γ* U {<w,α(y/d))} is Cπ.L.D.X-coher-
ent and by applying Lemma 5.4(1) again r + 1 times, we get the result that
Γ U {<w,a(y/d)}} is CΛ.L.D.X-coherent.

We can now extend our base diagram Δ to a Cπ.L.D.X-saturated one, as we
did for QK4.3, being careful to add < w, 0-iP/> to any new point. We can do this
in virtue of Lemma 5.3(2).

Let cMΓ = <Supp(Γ), <,£),/> be the Γ-canonical model as in Definition 3.4.
By Lemma 3.5, cMΓ K, a iff <w,a) G Γ.

Consider now the model cM = <Supp(Γ),/?,£>,/> which is like c/VlΓ except
that wRv iff either w < υ or w, v E [/,/ + 1). cM is based on a tower of rank n.
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Lemma 5.5 For any sentence y of <£w,

Proof: By induction on 7. Consider the case of 7 = Dd.
If cM Ψw Dd, then there is a v, wRv, such that cM Ψv d and so by the induc-

tion hypothesis there is a v, wRv, such that cMΓ ψv d. Hence cMΓ (=„ -id.
If w < v, then cMΓ #w Dd. If w, v E [/,/ + 1) for some base point /, then

cMΓ Ψi Dd, hence by Lemmas 5.3(4), cMΓ #w Dd. The other direction is trivial.
Consequently Λttφ, where φ is the wff we started with. It follows that

Theorem 5.6 If ĉm.QK4.3.D.x Ψ-> then there is a Kripke model cM with nested
domains based on a tower of rank at most m, such that <M # φ.

V ĉm.QS4.3 <*, then there is a Kripke model with nested domains cM based
on a reflexive tower of rank at most m, such that cM Ψ a.

6 Other extensions We recall that

BF = VxDo! -> ΠVxa
ML* = DVxODα -+ ODVxα
ML = VxODa -> Oαvxα

1 = D0α->0Dα.

It is clear that if L is any logic that extends QS4.3 and φ is a wff not provable
in L, then there is a model cM for L, based on the frame <Q+, <> with nested
domains, such that cM t̂  φ. Let us call the frame <<2+,<> the rational frame.

Using the constructions of Corsi and Ghilardi [2], it can be shown that
ML*.QS4.3 is characterized by <Q+ U 7V,<> with nested domains and
ML*.QS4.3.1 is characterized by <Q+ U {oo},<> with nested domains, where
< Q + U N, < > is the rational frame with maximum cluster and < Q + U {00}, <)
is the rational frame with maximum element.

As is well known, BF.QS4.3 (BF.QK4.3.D.X) is characterized by the extended
frame (Q+, <,£>> « β + , <,Z>», where the domain function D is constant. The
proof of this result by the method of diagrams is very simple. With each ratio-
nal number the same set C of new constants is associated and the notion of
coherence for a finite diagram Δ is so modified:

Definition 6.1 Let Δ be a finite diagram whose support is (v1,..., vn). Δ is
said to be coherent iff

\fy/x[A{ (c/x) - D [A2(c/x) - > . . . - * D [ Δ Λ ( c / x ) -> ± ] . . . ] ] ,

where c is the list of all the constants occurring in Δ.

Lemmas 2.6-2.11 are proved in the same way as for QK4.3. In the proof of
Lemma 2.10 Axiom BF is needed because of the new definition of coherence.
In the presence of Axiom BF, Axiom C m is equivalent to

VXiVX2...VXn[βι(Xι)vΠ[{Dβι(xι)->β2(x2))

v . . . v D [(Dβm(xm) -+βm+i(xm+i)] . . . ] ] ,

and so we easily get
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Theorem 6.2 The logics BF.Cm.QS4.3, m> 1, are characterized by the class
of reflexive towers of rank at most m and with constant domains.

Following [2], we easily see that ML.BF.QS4.3 is characterized by the rational
frame with maximum cluster and constant domains and that ML.BF.QS4.3.1 is
characterized by the rational frame with maximum point and constant domains.
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NOTE

1. It is worthwhile to notice that in the case of QS4.3 a different definition of support
and coherence could be given, see [1], i.e.:

Definition Supp (Δ) = d f {w: < w, a > G Δ, for some wff a}.

If Δ is a finite diagram whose support is (υί9..., vn), A is QS4.3-coherent iff

I/QS4.3 •VX 1[Δ 1(C 1/X 1) -> ΠVX2[A2(C1/XUC2/X2)

- > . . . - * nvxn[An(cι/xuc2/x2,...,cn/xn)-+ ±] . . . ] ] ,

where for all A:, 1 < k < n, ck is the list ckί,..., ckjk, 0 < j k < ω, of all the constants
of (£k - <£A:-I) occurring in wffs of Δ and Ak(c{/xu... ,ck/xk) is the wff obtained
by uniformly substituting for all h, 1 < h < k, xh for ch in Ak. When k — 1, &k-\
denotes the language £ we started with.

These definitions lead to some simplifications. For example, we do not need to
take into consideration the diagram Δα, once Δ and a are given, but at the same
time the proof of Lemma 4.1(a) depends on the fact that DVxDa (x) -• DVxa (Λ:) is
a theorem of QS4.3 and so Lemma 4.1(a) does not hold anymore for QK4.3.D.X.

Moreover in the proof of Lemma 2.11, the world s has to be chosen in such
a way that C Π £s = 0 , where C is the set of constants {cx,..., cm} occurring in
A(vh),... ,Δ(fΛ) and not belonging to <£y/I_r To this aim it is enough to choose an
s such that yΛ_i < s < min(z, vh), where z is the least rational number of which
Ci,... ,cm are proper constants.
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