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ALMOST PERIODIC SOLUTIONS
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ABSTRACT. We state existence theorems for almost periodic solutions of
evolution problems, namely, quasi-autonomous problems and more gener-
ally, time dependent evolution equations. We apply these theorems firstly,
to a boundary value quasilinear hyperbolic equation of first order, and sec-
ondly, to a boundary value quasi-parabolic equation.

1. Introduction

In this paper we draw general conditions of existence for almost periodic
solutions of evolution problems in a real Banach space X.
Firstly, we prove (in Section 3) the existence of almost periodic solutions of

the following quasi-autonomous evolution problem:

du
QP(f) o (1) € Au(t) + f(t), teR,
where f: R — X is an almost periodic function and A: X — X a multivalued
nonlinear densely defined operator such that A+w/ is, for some w > 0, dissipative

with compact resolvent.
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Secondly, we extend (in Section 4) this existence result for almost periodic
solutions to abstract evolution equations (EV) governed by suitable families
(A(t))ter of nonlinear multivalued operators from X to X

du
(EV) E(t) € A(t)u, teR.

Finally, these theoretical results are applied to two examples of boundary
value problems (Sections 5 and 6).

A continuous function f: R — X is said to be almost periodic if for each
€ > 0, the set of almost € periods is relatively dense in R. An almost ¢ period of
f is a real number p satisfying

(1.1) igglIf(t+p)—f(t)Il <e.

A subset D C R is said to be relatively dense if there exists an [ > 0 such that
any interval [a, a 4[] has a nonempty intersection with D.

An equivalent definition is that a continuous function f is almost periodic if
and only if the set of translated functions Tsf: t — f(s 4+ ¢) is precompact in
Cy(R, X), the set of bounded functions from R to X endowed with the supremum
norm.

Evidently, a periodic function is an almost periodic function. Almost periodic
functions arise naturally in vibrating phenomena (as superposition of harmonics
with frequencies that are not all multiple of the same fundamental frequency).

The existence theorems given in this paper complement for instance the
existence of almost periodic trajectories given in the autonomous case, in [12] or
in [1] and [2] (where X is additionally assumed to be a Hilbert space), associated
with autonomous equations @(t) = Au(t), t € RT, generating suitable semi-
groups of contractions. More generally, in this paper, we shall consider time
dependent problems involving evolution operators S(s,t).

It was underlined in [13] that in the quasi-autonomous case QP(f), the exis-
tence of almost periodic solutions is an open problem. We provide an answer to
this question when A+wl is, for some w > 0, dissipative with compact resolvent.

Similar problems were studied by many researchers (see for example [4], [19],
[17], [14] and [3]). The closest one is [4]. But there the conditions are formulated
in terms of Yosida’s approximation, so it seems to be difficult to apply the result
of [4] to problems, which we consider in the present paper. In the present paper,
conditions are imposed on the operator itself.

We generalize also, in particular, the existence result for almost periodic
solutions obtained in [20] in the non-autonomous case, to the special case where
the state space X is a Hilbert space and the operator (¢, u) — A(t, u) is uniformly
continuous in v and (—w)-dissipative in ¢, with w > 0.



ALMOST PERIODIC SOLUTIONS OF EVOLUTION EQUATIONS 67

The present approach is based on nonlinear methods in semi-groups theory:
more precisely, two fundamental ingredients are used, namely, on the one hand,
integral inequalities involving the evolution operator S(s,t) associated with suit-
able time-dependent families (A(t))¢ecr, as introduced in [8] and [7], and on the
other hand, a general compactness result deduced from [6].

Examples studied in the two last sections underline the relevance of the
abstract framework drawn out in Sections 3 and 4. In Section 6, dedicated to
the boundary value quasi-parabolic equation, we will need technical arguments
from the topological degree method developed in [16]. It is well known that
these methods are not applicable to almost periodic problems (see [18]) but we
use them only to prove that the corresponding operator is m-dissipative. Section
2 contains useful notations and preliminaries.

2. Notations and preliminaries

Let J C R be an interval. We denote by Cy(J, X) the Banach space of
bounded continuous functions from R to X endowed with the supremum norm
Il - lloo- The symbol I stands for the identity map on X. Let us start with some
definitions.

DEFINITION 2.1 (Evolution operator). Let I' = {(s,t) € R? : s < t} and
denote by C(X, X) the set of continuous functions from X to X. Then a map
S: T — C(X,X) is said to be an evolution operator on X if the following two
conditions hold:

(a) For any fixed x € X, the function S(-, - )x is continuous on I
(b) For all (¢, ), (s,r) € T, we have S(s,t) o S(r,s) = S(r,t) and S(t,t) = I.

DEFINITION 2.2 (Complete trajectory. Solution of (EV)). The continuous
function u: R — X is said to be a complete trajectory for the evolution operator
S if, for all s,t € R, we have

s<t = u(t)=S(s,t)u(s).

If S is the evolution operator associated with (A(t)):er (see Definition 2.3 below),
such a complete trajectory u is called a solution of (EV).

Let (A(t))ter be a family of multivalued m-dissipative operators on X. Let
ug € X and J = [a,b) with —o0o < a < b < 400, a subinterval of R. Let us
denote by EV(J,u") the evolution problem

du
(2.1) (B € A)u forte
u(a) = u’.

The concept of solution of EV([a,b),u’) should always be considered (and in
particular in the quasi-autonomuos case) as a mild solution (see for instance [§],
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[6], [9], [10]). Such a solution is a continuous (uniform on compact subintervals
of J) limit of time-implicit discrete schemes. In this paper, regularity assump-
tions on the time dependence will allow to restrict to the case of constant path
subdivisions in the discrete schemes. In particular, such a solution is unique. In
addition, if J' = [e,d] (with ¢ < d) is a compact subinterval of J = [a,b), and u
is a solution of EV(J,u®), then the restriction u|; is a solution of EV(J’, u(c)).

DEFINITION 2.3 (Associated evolution operator). The evolution operator
S(s,t)u’ associated with (A(t))ser is defined as the value at t > s of the unique
solution u of EV([s, t], u?).

With assumptions given further, for s < t, the evolution operator S(s,t) will
can be described as

LT t—s
S(s, t)uo = 11511 H J(t—s)/n (8 +1
=1

)uo, u’ e X,

where, we have set Jy(t) = (I — AA(¢))~!. In the quasi-autonomous case
At)u=Au+ f(t), teR, ueX,

the evolution equation (EV) will be denoted by QP(f) and the quasi-autonomous

problem
du

22) S (O €Aut f(t) forteJ=[ab),

u(a) = uP.
will be denoted by QP(f, J,u°).
Let us recall that a multivalued operator A on X is dissipative if —A is
accretive, namely, for all (u, &, (s)) € A(s), (v,&(s)) € A(s),

(2.3) —[u—v,=&u(s) + &(@)] <0,
where, the bracket (see [9] for instance), is defined, for u,v € X, as
w4 Aol — ]
=lim———1—.
i A

An operator A on X is m-dissipative if A is dissipative and R(I — AA) = X for
all A > 0. It is well known that QP(f, J,u°) has a unique solution for all u® € X,
when A is m-dissipative.

In the sequel, the following definition (adapted from [6]) is needed.

DEFINITION 2.4 (The set W). Notation § € W will mean that for some [,
there is a finite number of continuous functions gx: R — X, for k = 1,...,1,
satisfying

1
0(s,t) =D llgn(t) —gu(s)l, s.teR.
k=1
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This set W is a subset of the set W defined in [6]. Let 6 € W. Then we
introduce the following three properties (see [6]).

(i) For w > 0 given, each operator A(t) + wl is a nonlinear densely defined
multivalued m-dissipative operator on X.
(i) For all s,t € R and all (u,&,(s)) € A(s), (v,&(t)) € A(t),
(2.4) = 0, —6u(s) + Et)] < 0(s,8) — wollu — ]|
(iii) For all A > 0 and all bounded subsets K C X, the set
(2.5) U —raw) (k)
>0

is relatively compact.

DEFINITION 2.5 (Conditions C(f,w) and CK(0,w)). Let w > 0. We say
that (A(t)):., satisfies C(0,w) if conditions (i), (ii) hold. We say that (A(t))
satisfies CIC(, w) if conditions (i), (ii) and (iii) hold.

ter

PRrROPOSITION 2.6 (Condition CK, quasi-autonomous case). In the quasi-
autonomous case A(t)u = Au+ f(t), condition CK(0,w) holds with

0(s,t):=lf(s) = f(O), s.teR,
if the following three properties hold:
(a) A+ wl is densely defined, m-dissipative with w > 0;
(b) for each X\ > 0, the operator Jy = (I — AA)~1 with X > 0 is compact;
(c) f€ (R, X).

PROOF (see [6]). Relations (i) and (ii) of CK(,w) follow immediately from
assumptions. Claim (iii) of CX(0,w) is provided by the equivalence

(v=(I-XMA®)'w) & (v=>U—=NA)"w+ ().
and the fact that {\f(¢) : t € RT} is bounded. O

Let us recall now Bénilan’s integral inequalities for mild solutions in the
quasi-autonomous case, when A + wl is densely defined, m-dissipative and f €
Lioc(R, X). Let u be a solution of QP(f,[s,T],u’) and v be a solution of
QP(g, [T + 8,7 + T)],2°) for a given 7 € R; then we have for t € [s,T),

t—s
[[u(t)—v(t+7)]| < 6_““_5)IIUO—UOII+6_““_S)/ e flo+s)=Trg(o+s)| do,
0

where T’ is the translation operator defined in Introduction.
In particular, with (wo, wg) € A, taking g(t) := —wg, we obtain

t—s
(2.6) [[u(t) — wo| ge—w(t—s>||u0—w0|\+e—w<f—3>/ 7|\ f (o + 8) + 5| do-
0

Therefore if f is bounded, it follows from the last inequality (according to w > 0,
T — +00) that u is bounded on [s, +o0.
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3. The quasi-autonomous case
We restrict our attention to the quasi-autonomous case QP(f). We assume
that

e A+ wl is nonlinear densely defined, m-dissipative for some w > 0.
e For all A > 0, the operator Jy = (I — AA)~! is compact.
e f: R — X is almost periodic.

THEOREM 3.1 (Existence of an almost periodic solution). Under the above
assumptions, the quasi-autonomous equation QP(f) possesses an almost periodic
solution.

The proof of Theorem 3.1 will result from the following auxiliary results.

PROPOSITION 3.2 (Initial sequence). There is a strictly increasing sequence
of positive real numbers (ry)y, satisfying liin rr, = +0o0 and for all k € N, the real

number ry, is a 1/2F almost period of f, namely

1
(3'1) ||f_TTk(f)||OO < 27]@
PROOF. The proof follows by induction using the almost periodic assumption
on f. O

PROPOSITION 3.3 (Suitable shift). Fiz u® € X. Let u(t) = S(0,t)u’ for
t > 0 be the solution of QP(0,+o00,u’) and let (ry)x be the sequence built in
Proposition 3.2. There is a strictly increasing sequence of positive real numbers
(pr)k, satisfying:

(a) (pr)k is a subsequence of (1i)k;

(b) (u(px —m))x is convergent in X for all m € N, with the convention that

u(py —m) = u® if pp —m <O0.

LEMMA 3.4 (Precompactness of the positive orbit). Let u(t) = S(0,t)u’ for
t >0 be the solution of QP(0,+o0,u’). Then, u(R*) is precompact in X.

PrROOF OF LEMMA 3.4. The lemma a consequence of Theorem 4.1 in [6].
Nevertheless, we give here a sketch of the proof.

Let us show that for all u € X, the pointed family (A + f(¢),u"):>o satisfies
BV(6,w,w,0), (notation explained below) with 0(s,t) := ||f(t) — f(s)]|| for s,t €
[0, +00[. Let (u?), be a sequence satisfying limu? = u® and v € D(A). As
claimed in the previous section, the family (A Jﬁ F())ter fulfills CIC(0, w) with

0(s,t) == |£(t) = f(s)]].
Now, for all n € N, let us introduce the continuous function f, : [0, +00[, which is
affine on each interval [k/(n + 1), (k+ 1)/(n 4+ 1)] with k£ € N, with nodal values

k k
f"<n+1) ::f(n—i—l)’ kel
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Since the almost periodic function f is uniformly continuous, each function f,
(for n sufficiently large) is Lipschitz on [0, +o0o|. Setting

(3.2) eni=  sup [f() = F(s)l and mnu(t) = [lF() — fu (@),

|t—s]<1/(n+1)

we obtain for ¢ > 0, with k/(n+1) <t < (k+1)/(n+ 1),
k k
mi < |10 - £() |+ [r(557) - 0]
k k k
§€n+(n+1)Hf(nii> _f(n+1>H<t_ n+1) < 2e,.

Thus
(3.3) lim supn,(t) = 0.

o t>0
For each n € N, let us define for s,t > 0,
(3.4) An(t) = A+ fu(t),  On(s,t) = [lfu(t) = fu(s)]-

Then the family (A, (t),u):>o satisfies BV (6,,,w,w), namely the following defi-

nition.

DEFINITION 3.5 (Condition BV(6,,,w,w)). The family (A, (t),u?):>0 satis-
fies BV (0, w,w) if the following four conditions are fulfilled:

(a) C(0,,w) (see Definition 2.5),

—

(b) for any uf € Au®,

1 —
(3.5) limsup - [[un (h) — up || < [luf]| < +o0,
nio R
(c)
1 h/
(3.6) 60,,(0+,0) = limsup f/ 0,(1,0) dr < +00,
no hJo
(d)
b or On(T+ R
(3.7 V,, = sup lim sup e*“t/ e“T On(r +17) dr < +o0.
>0 hlo 0 h

Indeed, (3.5) is provided by (2.6); (3.6) holds (by continuity and definition
of 0,,) with 0,,(04,0) = 0; (3.7) holds with V,, := L,,/w, where L,, is a Lipschitz
constant of f,.

Now, condition BV(6,w,w,0) (see [6]) holds for (A + f(t),u%);>o0.

DEFINITION 3.6 (Condition BV (6, w,w, 0)). We say that BV (6, w,w, 0) holds
for (A(t),u®);>0 if there is a sequence (A,(-),z9,60,), fulfilling the following

rno

conditions:
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(a) For each n, the pointed family (A, (-),uY) satisfies BV(6,,,w,w) and
CK(0p,w), and limul = u°.

(b) There is a sequence of functions (7). such that

(3.8)  —[u—v,—&u(s) +& )] < 0(s,t) +nn(s) +nn(t) — wlu— |
and liTan Nyr(nn) =0,

for all (u,&u(s)) € A(s), (v,&0(t)) € Ap(t) and all s,t € RT.

Indeed, according to Proposition 2.6, condition CK(8,,,w) holds for the family
(A + fn(t))i>0 introduced in (3.4). Thanks to (3.3), relation (3.8) is verified by
functions 7, introduced in (3.2). Therefore, the sequence (A + f,,(+),u,0n)n
is a BV(6,w,w,0) approximation of (A + f(t),u%);>0 in the sense given in [6].
Consequently, the claim preceding Definition 3.6 is shown to be true. Thus
Theorem 4.1 in [6] can be applied: we can now conclude that u(R™) is precompact
in X, ending the proof of Lemma 3.4. O

REMARK 3.7 (On BV and compactness conditions). When the family
(A(t),u%);>0 of m-dissipative operators densely defined fulfills BV(6,w,w),
BV (6, w,w,0) holds automatically for (A(t),u"), with u® € D(A(0)) such that

0 0

limu, =v" and mn, =0.

n
In addition, (3.7) holds for instance if 0, (s, t) = || fn.(t)— fn(s)|| with f,, Lipschitz.
Conditions BV and the compactness condition (2.5) on the resolvent are used
in this paper only to insure the relative compactness of the positive orbit of
solutions of (EV). In [4], no such condition is invoked, but almost periodicity of
t — Jx(t)z is required for all z € X.

PROOF OF PROPOSITION 3.3 (Diagonal process). By the above Lemma 3.4,
u(R*) is precompact in X. Consequently, for all m € N, a strictly increasing
sequence (0,,(j)); of real numbers such that (u(o,,(j) — ¢))x is convergent in
X for all ¢ € {0,1,...,m} can be found by induction. With this goal, we
will take as (o4(j)); a suitable subsequence of (04—1(j));, with the initialization
(0-1(k))k = (ri)r. Now the diagonal sequence (ox(k))r := (pr)x fulfills the
announced conditions (a) and (b) of Proposition 3.3. O

ProprosITION 3.8 (Existence of a precompact complete trajectory). Let u(t)
= S(t,0)u’ for t > 0 be a positive trajectory. There is a precompact trajectory
which is complete for S.

PROOF. (a) Let (px)x be the sequence of Proposition 3.3. We are going
to prove that there is a function w € C(R, X) such that the sequence (T}, u)
converges uniformly to w on all compact subsets of R. For all m € N set I,,, :==
[—m, +oo[ and put vi(t) := u(pg + t), for t > —py.
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Let m € N. For t € I, and ¢,j € N with p; > m and p; > m, we have
[0i(t) = v; ()] = 1150, ¢+ pi)u’® = S(0,t + p;)u’||
=15(0,t +m + p; — m)u® — S(0,t +m + p; — m)u||
<||S(pi — m,t +m +p; —m) o S(0, p; — m)u’
= S(pj —m,t +m+p; —m)oS(0,p; —myu’||
<|IS(pi —m, (t+m) + pi — m)u(p; —m)
= S(p; —m, (t+m) +p; —m)u(p; —m)|

< e up; — m) — u(p; — m)|

t+m
+e‘w<t+m)/ el fpi —m+s) = f(pj —m+s)| ds
0

< e u(p; — m) — u(p; —m)|

t+m
et [T g, fem ot s) < T, 49 ds
0

< e oy (=) = vy (—m)|

t+m
et [T (I3, fem et 5) = fl-m )]
0

7 (m 4 5) = Ty, F(-m o+ 5) ) ds
it 1 1\1—ewtim)
< o) — vy(-m)] + (55 + 57 )

We used Bénilan’s inequalities and relation (3.1) (in view of py >ry).

W

These computations and Proposition 3.3 imply that (vg)x is a Cauchy se-
quence in Cy(I,,, X). Therefore, for all m € N, the sequence (vy), converges
towards some wy, in Cy(Ly,X). Since wy,(t) = wy,(t) whenever m < p and
t € I, we can define w: R — X as w(t) := wy,(t), for t € R, where m := m(t)
is any positive integer satisfying ¢t > —m.

(b) Let 7,t € R with 7 < ¢t. By using the continuity of x — S(r,t)z, we
obtain
(3.9 w(t) = liin S(0,t 4 pp)u’ = lilrcn S(1 + pr,t +pr) 0 S(0,7 + pp)u’

= lim S(7+ pr,t + pr) (ve(7)).

But, thanks to Bénilan’s inequalities, we have

(310)  [IS(r+pint +pr)oi(r) — S(r, ()] < e oy (r) — w(r)]|
t—7
I / T fr + ) — F(r + 5)]] ds
0

i 11— efw(tf'r)
<e (t )<||Uk(7') —w(7)| + 2k>
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Since by definition we have w(r) = liin vi(7), using (3.9) and (3.10), we then

obtain
S(r, t)w(r) = w(t)( = lilgn S(T+ pr,t + pk)(vk(T)))

Therefore w is a solution of the quasi-autonomous equation QP(f).

(¢) Invoking Lemma 3.4 and the inclusion w(R) C u(R*), we can claim that
the trajectory w(R) is relatively compact (or equivalently precompact). O

END OF PROOF OF THEOREM 3.1. Let us consider the function w built in
Proposition 3.8. It remains to prove that w is an almost periodic function. Let
€ >0 and p € R. Set

M = Sgg lw(s)l, op = ||Tpf — flloo-

Fix a > 0 (sufficiently large) such that 4Me~¥%* < ¢ and with 7 € R, put
t: =71 — a. We have
[Tp(w)(7) —w(T)| = [IS(t +p,t +p+ @)w(t +p) = St t + a)w(t)||
<e M w(t +p) —w(t)| +67““/ eI Tpf(s+1) — f(s + 1)l ds
0

1l—e™@* ¢ 1

<2Me ™9+ 0, ——— < =4+ 9, —.

< e +0p " <3 + P
Thus, each 1 almost period p of f, such that n := cw/2, is an € almost period
of w. Consequently, the set of € almost periods of w is relatively dense in R.

Thus w is almost periodic, ending the proof of Theorem 3.1. O

4. A generalization

We are going to generalize the problem of existence of almost periodic so-
lutions to more general families of operators than the previous ones. In this
section we consider the evolution problem (EV), where, the family (A(¢)):er
satisfies assumption H(6,w), constituted by the following two conditions:

e CK(0,w), with w > 0.
e The function 6 is defined for some [ by

!
(4.1) 0(s,t) = > llgr(s) — ge(®)l;
k=1
with g;: R — X almost periodic and Lipschitz for all k =1,... L.
Then we have the following existence theorem.

THEOREM 4.1 (Existence result). Under assumption H(6,w), there exists an
almost periodic solution of (EV).
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PRroOF. The proof is analogous to the proof in the previous section. Indeed,
the operator evolution S(s,t) associated with (A(t)):er enjoys the same proper-
ties that the evolution operator of the quasi-autonomous case. Indeed, first we
have inequalities analogous to the Bénilan’s translation inequality, namely, if u
is the solution of EV([s, T],u") and v is the solution of EV([r + s, 7 + T],v°), for
a given 7 € R, then we have for ¢t € [s,T") (see [6] or [8] or [7])

t—s
u(t) — vt +7)|| < e <9 u® -0 + e*w@ﬂ)/ e“70(c + 5,0+ s+ 1) do.
0

Precompactness of the positive orbit stated in Lemma 3.1 follows from [6]
in the same way: indeed, H(f,w) is exactly what we have used in this lemma
for checking the requirements of Theorem 4.1 in [6]. Thanks to the Lipschitz
assumption (see Remark 3.7) on g, condition BV is satisfied with A,,(t) = A(t)
for all n. Moreover, the new expression (4.1) for € is not an obstruction for
building suitable sequences of positive integers (74 ) and (pg)r as in the quasi-
autonomous case: indeed, under the assumption that each g is almost periodic,
f=1(91,.-.,91): R — X! is almost periodic (see [11]) and thus, for each ¢ > 0,
the set of common (to all gi) € periods is relatively dense in R. (]

5. A quasilinear hyperbolic equation

In order to show the relevance of the general framework defined in the pre-
vious section, let us now consider the following quasilinear hyperbolic boundary
value problem, set up for instance, in [10] (in the case when the time interval is
bounded):

v =—p(v), —wv for (¢,z) € R x [0,1],

(BVP1) =
v(t,0) = g(t) for t € R.

Under suitable assumptions, we are going to prove the existence of an almost
periodic solution of this problem.

Assumption (HBVP1). The function g is here assumed to be almost pe-
riodic on R, and ¢ to be (continuous) strictly increasing with p(R) = R, such
that ¢ o g is Lipschitz on R.

Take X = L!([0,1]) endowed with its usual norm denoted by | - [1. Set
S’ :=10,1]. Define for all ¢, the family (A(t)):er as follows:

A(t)v = —p(v), — wu,
D(A(t)) ={v e X : v(0) = g(t) and ¢(v) is absolutely continuous on S'}.
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We will prove further that for v € D(A(s)) and w € D(A(t)), we have

(65.1) —[v —w,—A(s)v + A(t)w]
1
=le(g(s)) = e(g(®)] = le(v(1)) — @(w(1))] - w/o v(z) — w(@)| de
<le(g(s)) — (9] - w/ [o(x) = w(z)| d.
0

As it was claimed in [10], A(t) + wI is, for almost all ¢ > 0, m-dissipative with
dense domain.
Let us show that condition CK(6,w) holds for (A(t)):er, with

(5:2) 0(s,t) = [(9(t)) — ¢(g(s))| = ll(g(t)) — ¢ (g(s))ll1-

We underline that for fixed s,¢, the function |p(g(t)) — ¢(g(s))| is constant in
x € [0, 1], justifying the last equality.

(a) First in order to prove (5.1), we are going to use the computation of the
bracket in X = L([0, 1]), namely

1
[u,v] = max u*vdx,
u*eJ(u) Jo

where u,v € X and the multivalued duality map operator J is the sign operator
defined as

J(u) = {u" e L>([0,1]) : |u*| <1, u*u = |ul}.

Set u := v —w and y := p(v) — p(w). We have J(u) = J(y) since ¢ is strictly
increasing. We then obtain

1
[u, (p(v) — p(w)).] = ugrel3>(<u)/0 u*(p(v) — p(w))s do

1 1
. d
= max [ wyde= [ jylde = [y(1)] - (O]
0 o aT

u*€J(y)
We have used that |y| is absolutely continuous since y is; in particular, we have

d dy
_ = — = O
dz v dz
almost everywhere on the set {y = 0} (in other words the set {v = w}). Now it
is easy to prove (5.1).
(b) Let us prove the precompactness condition on the resolvent operators.
Consider the dissipative operator B(t) := A(t) + wl. First, let us remark that

for A > 0,

(v=(I—=XA{t) ) & (v=(-AB@1) *(u—Iwv)).
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Consequently, since (I + \A(t))~! is contractive, we have to prove that for each
bounded subset K C X, the set
U = aB@) (k)
teR
is relatively compact. With this goal in sight, let K C X be a bounded set. The
relationship
v=(—-AB(t) '(u), uckK,

is equivalent to the following one:

v+ Ap(v) =u foru € K,
v(0) = g(t) for p(v) € AC(5"),

where AC(S’) denotes the set of absolutely continuous functions on S’.
Set w := p(v). We obtain
1

w' + 3 = (w) =

Since the operator w +— o~ 1(w)/\ is m-accretive continuous on R, the above
equation has a unique (continuous) mild solution w, (which is a strong solution
and is) given by

(5.9 we) = (o) - [ et [ M
for x € S’. Denote by W C X the set of functions w satisfying (5.3) with u € K.
We only need to prove that the set V := {v = o= (w) : w € Wy} is precompact
in X. This will be done in four steps.

(i) V is bounded in X, since dissipativity of B(t) gives ||v||1 < |Jully-

(ii) Owing to (5.3), a consequence of (i) is that

2
(5.4) lwlloo < €+ S lully = L,

where we have set C' := max(|o(—||9llco)s |¢(||9]loc)]). Therefore Wy is bounded
in X.
(iii) Putting

we obtain for any h € R,

1 plnl
| Thw — wls < / / 2 + €)] dé da,
0 0

where, we have set w(§) =0 for £ ¢ S’. As a consequence

lim sup [|[Thw —wl; =0,
h—0 weEW,
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which proves that Wy is relatively compact because it is bounded.

(iv) The map ¥: Wy — X defined as ¥(w) := ¢~ !(w) is continuous on the
compact subset Wy. Let us prove it by contradiction. Suppose that ¥ is not
continuous at w, € Wy. Then, there exist € > 0 and a sequence (w,,),, with

(5.5) wn € Wo,  lim lw, — w1 =0, flo™" (wn) =7 (w) 1 > &

These conditions imply that there is a subsequence (wy, )i such that
1i7anwnk (x) = wi(z) aa.zels.

Invoking (5.4), we finally deduce

Im U(wy, )(z) = U(wi(z)) aa z€S and |[¥(w,,)(z)|<L aa zel.

n

As L is an integrable function on S, the Lebesgue dominated convergence theo-
rem yields

lim [ (wy,,, ) = W (w.)[lr = 0,

which contradicts (5.5).

In conclusion, V¥ is continuous and thus V = ¥(Wy) C ¥ (W) is relatively
compact. In this, verification of CIC(6,w) is fully completed. In addition, because
g is almost periodic, ¢ o g is almost periodic in R (see Proposition 4.2.5. in
[12]) and, consequently, ¢ o g as a function ¢t — ¢ o g(t), with values in X (by
assimilating the constant ¢ o g(t) with the corresponding constant function in
X), is almost periodic. We then conclude that assumption H(6,w) is checked
and applying Theorem 4.1 we can claim that there is an almost periodic solution
of (BVP1). O

6. A quasi-parabolic equation

Consider now the following quasiparabolic equation with boundary value
problem:

Uy = @(’U)ww — wv for (th) €Rx [O’ 1]’
,0) =go(t) forteR,
1) =g1(t) fort eR.

Let us remark that this boundary value problem is different from Example 4.9
in [15, p. 112] since the boundary conditions do not coincide.

We are going to show that in this application, condition H(#,w) holds again
(with suitable assumptions on the data) and then that there exists an almost
periodic solution.
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Assumption (HBVP2). We assume that gy and g¢; are almost periodic
and Lipschitz on R, and ¢ € C%(R) is strictly increasing with ¢(R) = R. Set
S’ = [0,1] and consider here again X = L'(S’). Define for all ¢, the family
(A(t))ter as follows:

A(t)v = (V) 4o — W,
D(A(t)) = {v € X : (¢(v))2(0) = go(t), (¢(v))x(1) = g1(t)

and ¢(v), is absolutely continuous on S’}.
Let us introduce the function
(6.1) 0(s,t) = lg1(s) = g1(D)| + lgo(s) — go(®)], s,t €R.

Taking into account (5.2) and assumption (HBVP2), we remark that 0 satisfies
(4.1). So, in order to check H(6,w), we just need to prove that CA(0,w) holds.

STEP 1. The bracket condition. Let us begin by establishing the following
estimate:

—[u—v,—A(s)u+ A(t)v] < 0(t,s) —wllu — vl.

Let u € D(A(s)), v € D(A(t)) and A > 0. Then for every monotone increasing
Lipschitz continuous function p: R — R satisfying |p| < 1 with p(0) = 0, we
have

/O (1) — () 'p(p() — o)) da

1

= (p(u) = @(v))'p(p(u) = p(v))], - /0 [o(u) = o (v) 12D (p(u) = @(v)) dz

<lg1(s) = g1 (DIl (u(1)) — e(v(1)))] + [90(s) — go(t)||p((u(0)) — ¢ (v(0)))]
<lg1(s) = g1 ()] + [g0(s) — go(?)]-

Since |p| < 1, we obtain
/O u— v — M A(s)u — A(E))| do

- / (1 + M) — ) — Ap()” — ()")] d

1
> / (1+ 3w) (1 — 0)plp(u) — p(v)) da

0
2 [ = o) Ipletu) = olo) do
0

1
> (14 w) / (u— 0)p(() — p(v)) dz — N(s, 1)
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Replacing p by p,, defined by

ns if [s| < 1/n,
pn(s) = . .
signs if |s| > 1/n,

and letting n — oo, since (u — v)p,(p(u) — p(v)) = |u — v|, we obtain
lu—v = A(A(s)u = A)) |1 = [Ju = vlli + Aw]lu = v]L = 0(s, 1))
or
A (llw = v = MA(s)u = At)lly = lu = vll1) > wllu = v}y = 6(s, ).

Thus
—[v—u,—A(s)v + A(t)u] < 0(t,s) —wllv — ul1.

STEP 2. The m-dissipativity condition. Let B(t) := A(t) + wl, as in the
example of Section 5, let us now prove that B(t) is m~dissipative. Since B(t) is
dissipative, we need just to prove that

(6.2) R(I — AB(t)) = L(5),

for all A > 0. It is actually sufficient (see Miyadera [15, p. 22]) to show that (6.2)
holds at least for a certain A > 0.

So set A = 1. As in the previous section, we denote by AC(S’) the set of
absolutely continuous functions on S’ = [0,1]. Let an arbitrary H € L*(S’) be
given. In order to solve u — B(t)u = H, we introduce v = ¢(u) and look for
a function v which satisfies v, € AC(S’) and

o 4o () = B,
(6.3) V'(0) = gol),

v'(1) = g1(8)-
The function

(6.4) Kz) o= 5 (Par(0) — (1 - 2)00(0))

obviously satisfies the zero boundary conditions. Then v is a solution of (6.3) if
and only if z := v — k satisfies the following linear boundary value problem:

="+ H(2) = h,
(6.5) Z'(0) =0,
Z(1) =0

with h:= H + g9 — ¢1-
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Let us introduce Ag = Ap(t) the (linear) operator A(t) with zero boundary
conditions (this operator does not depend on t) and By = Ag + wl. If z is
a solution of (6.5), set z := ¢(w). The dissipativity of Ay gives
(6.6) o™ ()l = [wls < lw—0+1-(Aow—Ao0)[l1 = [lp™"(2) 2" Iy = [|Al]1-

With the help of Index Theory let us now establish that (6.5) has a solution.
Recall that Index Theory is not applicable to almost periodic problems and we
use it only to prove that the operator A(t) is maximal for each t. Let us recall
the following known properties (see [16]).

PROPOSITION 6.1 (Abstract linear decomposition). Let L: L'(S") — L'(S")
be a linear operator with domain D(L). Let P:1LY(S") — LY(S) be a linear
projection operator satisfying Im P = ker L. Then:

(a) the restriction operator Lp: D(L) Nker P — Im L, given as
Lp(z) = L(z), forall z € D(L)NkerP,

s a linear isomorphism;
(b) the operator Kp:Im L — D(L) Nker P, given as

Kp = L;l, forall z € Im L,
satisfies Kp o Lz := z — Pz for all z € D(L).

PROPOSITION 6.2 (Linear Fredholm operator of zero index). Let L: D(L) —

LY(S") be a linear Fredholm operator of zero index such that Im L is a closed
subspace of L1(S"). Then:

(a) there exist linear continuous projection operators P,Q: L1(S") — L(S")
satisfying Im P = ker L and Im L = ker Q;
(b) the canomical projection I1: LY(S’) — LY(S")/Im L, given by
y=y+ImL,
s a continuous linear operator;
(c) there exists a continuous linear isomorphism A: coker L — ker L;
(d) the equation Lx =y, for y € L}(S"), is equivalent to
(I = P)z = (Al + Kpq)y,
where I is the identity in L1 (S") and the operator Kp o : L(S") — L1(S")
18 given by the relation

Kpq(y) = Kp(y — Qy).

In our application, we are concerned with the case

Lz=2",

(6.7)
D(L) = {z e L\(§) : 2" € LM(S"), /(0) = 2/(1) = 0}.
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It is well known that L is a Fredholm operator of zero index. One can find in
the literature a proof of this fact in the case of L?(S’) but not in L1(S’). Let us
give a sketch of proof for the ! case.

(6.7) implies Lz = 0 if and only if z = const. Hence dimker L = 1.

Let us show that L'(S’) = Im L @ ker L. We can represent an arbitrary
z € L1(S") as z = 21 + 23 where z; € ker L and 2o € Im L with 2; = fol vdx and
zo = z — z1. Routine computations show that

ImL = {h cLY(9): /

0

1

h(s)ds = O}.
Hence Im L Nker L = {0} and dim coker L = 1. Thus, in our case
1
Pz=Qz= / z(s) ds
0
and
1
Az = / zZ(s)ds with Zz € coker L.

0

Consider the equation y — Qy = Lz (2 € D(L) Nker P), namely
1
Y — / y(s)ds = 2" with 2/(0) = /(1) = 0,
0

where z € D(L) Nker P. Solving the last one, we obtain the following form for
the operator: Kpg: LY(S") — L1(9'):

Kra(t) = | 1 () = S5 = Dats)as,

establishing its compactness. For V C L'(S’), set Coin(L,F,V) := {z € V :
Lz = F(z)}. The following theorem is proved in [16] .

THEOREM 6.3 (Degree theory). Let U be an open bounded subset of L'(S').
Let F: U — LY(S") be such that the maps IIF and KpoF are compact and the
following conditions are fulfilled:

(a) Lz # pF(z) for all p € (0,1], z € D(L) N oU,

(b) 0 £TIF(z) for all z € ker LN OU,

(¢) degkerL(AﬂFbkeIL,UkerL) # 0, where the symbol deg.,; means the

topological degree evaluated in the space ker L and Uyer, = U Nker L.

Then we have §) # Coin(L, F,U) C U N D(L).
We apply this theorem with the operator L given in (6.7) and F' defined by
F(2) = ¢ 1(2) — h.

The choice of U will be done further.
Let us already notice that, in view of the definitions, the conclusion of the
theorem, namely Coin(L, F,U), implies that (6.5) has a (unique) solution.
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Let us check in our application condition (a) of Theorem 6.3. Suppose that
there exists z, € D(L) such that we have

Lz, =z, = pF(2) = p(p~ ' (2) = h).
Then, according to (6.6),
le™ (z)llx < IRl

the following inequalities hold:
1 1
(6.8) |2, ()] S/O |2 ()| ds = u/o o™ (2) — hlds < 2|A]l1,

(6.9) 2 ()] < < [2u(0)] + 2[|A][x-

2,(0) + /Ow z,(s)ds

The set {2,(0) : © € (0,1]} C R is bounded. Indeed, by contradiction,
without loss of generality, suppose z,(0) — +00. As far as In[%)i] |2, ()] < 2]|A[[1,
z€|0,

we have m[in] 2 — +00. As ¢ is strictly monotonous, we obtain
z€[0,1

1 .
n 4) + b
ot (min z) > +oc

in contradiction with
1

©10) Il >l Gl = [ ) ds 2 o7 (min (@),
Let us now choose R > sup {z,(0)} + 2[/h|; and set
ne(0,1]
(6.11) U={zeLYS): |z < R}.

Note that any function z € D(L) such that Lz = puF(z) satisfies (6.9) and,
as a consequence, ||zl < R. Hence Lz # pF(z), for every pn € (0,1] and
z€ D(L)naU.

Now we are going to prove condition (b) of Theorem 6.3, where IT is defined by

m: LY(S") - LYS)/ImL, Ty=y+ImL.
The compactness of IIF' is obvious. As ker LNIm L = {0}, so
1
IF(z) = / F(z(s))ds +Im L.
0

Pick R € R! such that |p(R)| > ||k|l; and |¢(—R)| > ||h||1. Note that

1 1
(ker LOOU) = {f1, f} and /|f1\ds:/ ol ds = R.
0 0

Then will have

1
/0 o(f)lds — (11l

0< <'/1so(fi)—h(s)ds, i=1,2
0
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ie. IIF(z) # 0 when z € ker L N 0U. We have

ATTF(2) = /0 o(2(5)) — h(s) ds.

Arguing in a similar way, we can show that there exist R > 0 and 21,25 €
OU Nker L such that AIIF (z) > 0 and AIIF(z2) < 0, where U is given in (6.11).
So the third condition of Theorem 6.3 is fulfilled.

Since all conditions of Theorem 6.3 are satisfied, the boundary value problem
(6.5) has a unique solution, hence (6.3) also has a unique solution. Therefore,
B(t) + wl is m-dissipative.

STEP 3. The compactness condition. Now suppose that K C L(S’) is
an arbitrary bounded set and A > 0. Then, for every h € K, there exists
2, € L1(S"), a solution of

3+ 7Nz = h,
Z'(0) =0,
Z'(1) =0,
and the set V' = {z},: h € K} is relatively compact since (see Miyadera, p.113)

we have

lzn(@)] 20Kl [zn(2)] < C+ 2| K],
where C' = sup{|z,(0)| : h € K} (the existence of C' can be established by using
(6.10)) and ||K|| = sup ||A||1

heK

Let us define (see (6.4))
G:=JV®), withV(t)=V+{k},
teR

where, we have set

@) = 5 (o (0) — (1= 2a0(0).

The set G is clearly relatively compact. Then, as we have already shown in
the example in Section 5, the set ¢~ 1(G) = (I — AB(t))"1(K) is also relatively
compact in X.

STEP 4. The densely defined condition. Recall that ¢ is assumed strictly
monotone satisfying ¢ € C2(R), ¢(R) = R and ¢(0) = 0. The corresponding
operator @: C'(S’) — C(S’) defined by

(@y)(s) = e(y(s)), yeCS,

is thus bijective and continuous.
We are going to prove that the set

D(A(#)) := {u € C(S') : (¢(w)) (k) = gr(t), k € {0,1} and (pou)" € AC(S")}
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is dense in L1 (S"). Since C?(S’) is dense in L*(S), it is sufficient to show that for
every function y € C?(S’) there exists a sequence (u,), of functions satisfying

{un,} C D(A(t)), meN, and liml|y—u,|;=0.
n

Let y be an arbitrary function y € C?(S’). We construct the approximative
sequence (u,), in the following way. Set v = ¢ o y. Since v € C%(S"), it follows
that v € AC(S’). Set a, = 1/n and b, = 1 — 1/n. Consider the following
sequence of functions (vy,)n:

v(a,) + ;<fu’(an) <Si - an) - (a"an‘s)z go(t)> if s € [0,a,),
on(s) = v(s) 1 _ 1f $ € [ap, by],
o(ba) + 5 {v’(bn)< =1 (- 1)) ]
1f s € (bn, 1].

Obviously, each v, is continuous. Note that v/, (a,) = v'(ay,) and v}, (by,)
hence {v,} € C*(S’). We also have

v'(bn);

0 = (Ve =+ =L g))| —ai.
i = (V00 15 - 5 aw)| | a0,

Their derivatives are uniformly bounded in C(S), i.e.
sup [vpllegsy < +oo.
Indeed, if s € [0, a,,], we have
[vp(s)] = [v'(an)ns + (1 = ns)go(t)] < [V'llc(sn + 190()],
and, if s € [by, 1], then

o ()] = [n(1 = $)v"(bn) + n(s = bu)gr (W)] < [[V'lcs7) + [91(D)]-

Note that
n(0) = oan) - 5 (202 4 2),
on(1) :u(bn)Jr;(U/(:; ) +QITE )).

Thus, the set {v, : n € N} is bounded in C(S’), i.e. there exists M > 0 such
that

(612) sup ||vnHC'(S’) < M.

Since v,,(s) — v(s), we have (p~! owv,)(s) — y(s). From (6.12), we deduce

™" 0 wn) ()] < max(Jo™ (=M)], [ (M))).
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Then, the Lebesgue dominated convergence theorem gives

lim ||y — ¢~ ova[l1 = 0.

The set {u, : n € N} = {p7(v,) : n € N} is a subset of D(A(t)) since the
following conditions hold:

(1) u, = o t(v,) € C(S"),

(2) (poun)(0) =v,(0) = go(t) and (¢(un)) (1) = v},
(3) (pouy) =v), € AC(Y).

~
—~
—_
~—
I
N
[
—~
~
~

The density assertion is now proved. U

REMARK 6.4. The condition ¢ € C?(R) is only required to guarantee (poy)’

in AC(S’) since it is not always true, as shown in the following example.

EXAMPLE 6.5. Let ¢ be such that

1

zsin—+1 if z € (0,1],
x

1 if x =0,

¢'(x) =

then ¢ is continuous and strictly monotone on S’ but we have (poy)’ ¢ AC(S’)

with y(s) = s.
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