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LOCALIZATION OF POSITIVE CRITICAL POINTS
IN BANACH SPACES AND APPLICATIONS

RADU PRECUP — CSABA VARGA

ABSTRACT. Two critical point theorems of M. Schechter in a ball of
a Hilbert space are extended to uniformly convex Banach spaces by exploit-
ing the properties of the duality mapping. Moreover, the critical points are
sought in the intersection of a ball with a wedge, in particular with a cone,
making possible applications to positive solutions of variational problems.
The extension from Hilbert to Banach spaces not only requires a major
refining of reasoning, but also a different statement by adding a third pos-
sibility to the original two alternatives from Schechter’s results. The theory
is applied to positive solutions for p-Laplace equations.

1. Introduction

Fixed point theory offers a large number of useful methods for the study of
nonlinear equations. Such a method is the Leray—Schauder continuation princi-
ple, see [8], [11], consisting in embedding the original equation in a one-parameter
family of equations in a such way that the solution of a simpler equation can be
continued inside a given set until a solution of the initial equation. This con-
tinuation process is guaranteed by the robustness of the simpler equation and
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by a condition making closed the boundary of the given set. Here is a simple
version of the Leray—Schauder continuation principle.

THEOREM 1.1. Let (X, || - ||) be a Banach space, R > 0 and let Xg be the
closed ball of radius R centered in the origin. Assume that N: Xp — X is
a compact map such that the following Leray—Schauder boundary condition is
satisfied:

(1.1) u# AN(u) for||u|| = R, and X € (0,1).
Then N has at least one fized point in Xg.

This theorem allows us to obtain the existence and localization of a solution
of the equation

(1.2) N(u) = u,

in the Banach space X, for a completely continuous operator N: X — X via
the so-called “a priori bounds” technique. Indeed, if there exists a number R > 0
such that all the solutions v € X of the equations AN (u) = u for A € (0,1) are
a priori bounded by R, i.e. ||u]| < R, then the condition (1.1) is trivially satisfied
and thus, according to Theorem 1.1, the equation (1.2) has at least one solution
satisfying ||u| < R. There is a huge literature devoted to the applications of the
Leray—Schauder continuation principle to lots of classes of nonlinear problems,
see [11], [12]. Variational versions of the Leray—Schauder principle are due to
Schechter [15], [16] (for the role of the Leray—Schauder boundary condition in
critical point theory, see also [13]). This kind of results allows to establish the
existence and localization of solutions to (1.2), of a precise level of energy, when
the equation (1.2) has a variational form, i.e. N(u) = u — E’(u) for some C*
(energy) functional E: X — R, where X is a Hilbert space identified to its
dual and with inner product (-; -). Clearly, in this case, the fixed points of the
operator N coincide with the critical points of the functional E. In order to
recall Schechter’s results, we introduce some notions and notations.

We say that a C! functional E: Xr — R satisfies the Schechter—Palais—Smale
condition at the level X\, (SPS), for short, in Xy if any sequence of elements
ug € Xg \ {0} for which

E(uk) — )\, E/(uk) —

as k — 00, has a convergent subsequence.

We say that the functional E: Xr — R satisfies the mountain pass geometry
in Xp if there are elements ug,u; € Xg and a number r > 0 such that |lug| <
r < ||lu1]| and

inf{ E(u) : ||u|]| = r} > max{E(uo), E(u1)}.
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Let us introduce the following notations:

I'r ={y € C([0,1]; Xgr) : 7(0) = uo, ¥(1) = u1 },

Er nf max (v(®),  mr Jnf (u)

We say that E is bounded from below in Xg, if mg > —oo.
With these definitions and notations Schechter’s theorems read as follows [16]:

THEOREM 1.2. Let (X,(-;-)) be a Hilbert space which is identified to its
dual, R > 0 and let E: Xr — R be a C* functional with (E'(u);u) > —vg for
|lull = R and some vy > 0. If E has the mountain pass geometry in Xg, satisfies
the (SPS) . condition, and the Leray-Schauder boundary condition

(1.3) E'(u)+pu+#0 for||ul| =R and p > 0,
then E has at least one critical point u € Xg \ {uo, u1} with E(u) = £g.

THEOREM 1.3. Let (X,(-;-)) be a Hilbert space which is identified to its
dual, R > 0 and let E: Xr — R be a C* functional with (E'(u);u) > —vq for
|lul| = R and some vy > 0. If E is bounded from below in Xg, satisfies the
(SPS),,,,. condition, and the Leray-Schauder boundary condition (1.3), then E
has at least one critical point w € X with E(u) = mp.

In [13] these results were extended to Hilbert spaces not identified to their
duals and for the localization of critical points in a wedge (particularly, in the
whole space or in a cone). Also, in [14], the results were completed in order to
localize critical points in annular conical sets and obtain multiplicity of positive
solutions. In the present paper we shall go further, namely we shall extend
Theorems 1.2, 1.3 to uniformly convex Banach spaces. As has already been
remarked in [9], the extension from Hilbert to Banach spaces is not immediate
and requires a major refining of the reasoning based on the use of the duality
map. Notice that in [9] only Theorem 1.3 was extended to general Banach spaces,
and this extension was done by a completely different method using Ekeland’s
variational principle. Some related topics can be found in the recent paper [10].
The theory that is developed in the present paper is then applied to positive
solutions for elliptic boundary value problems with p-Laplacian. Compared to [9],
here we shall localize not only one positive solution but two: a minimum and
a mountain pass type critical point. We can anticipate that a similar approach
is possible to some other homogeneous operators including the Finsler—Laplace
operator, see [1] and [5].

2. Main results

Let X be a real Banach space, X* its dual, (-, -) denote the duality between
X* and X. The norm on X and on X* is denoted by | - ||. By a wedge of X we
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shall understand a convex closed nonempty set K C X, K # {0}, with Az € K
for every z € K and A > 0. For a number R > 0, we denote:

Xgp={z e X :|z| <R}, 0Xgr={z € X :|z|| = R},
Kr=XrpNnK, OKr=KNoXg.

Now we recall some geometric properties of Banach spaces and the notion of
duality mapping. For details we refer to [2], [3], [7], [6].

A continuous function ¢: Ry — R is called a normalization function, if it
is strictly increasing, ¢(0) = 0 and ¢(r) — 0o as r — oc.

The duality mapping on X corresponding to the normalization function ¢ is
the set-valued mapping J,,: X — P(X*) defined by

Jor = {z" € X" : (2, 2) = p(z)|z], ll="] = (2]} }, =€ X.

The Banach space X is said to be uniformly convex if for each ¢ € (0,2],
there exists () > 0 such that if ||z]| = ||y|| = 1 and ||z —y|| > &, then ||z +y|| <
2(1—4(e)).

Throughout this paper we suppose that the following assumption holds:

(A1) X and X* are uniformly convex Banach spaces.

Under this assumption, the duality mapping is single-valued and bijective
and both Jy,, J I are bounded continuous and monotone operators. In what
follows, when there is no confusion, we shall denote J, and J; ! simply by J and

J. Hence
(Jz,z) = o(l|z])[|=], [ Jzl| = ¢(l[z]])
and
(2.1) (@*, Jz*) = o~ (|lz*|Dll2*], [Tz*]| = o~ (J|lz*])

for every x € X and z* € X*. Thus J appears as the duality mapping on X*
corresponding to the normalization function ¢ ~!. Notice that if o(t) = tP~!
(p > 1), then = 1(t) =771, where ¢ = p/(p — 1).

The following differentiability formula is useful.

LEMMA 2.1. Under assumption (Al), if ¢: Ry — Ry is a normalization
function, ¥(t) = fot ©(s), and o € CY(Ry; X), then

d

(22) 7 YUle @) = (Jeo (t), 0" (1))-
PROOF. The proof is similar to that of Proposition 1.4.9 in [3, p. 29]. Clearly
d d
(2.3) 2 U@l = e(lle@1) — lo @l

Also
(Joo(t),0(t)) = e(le@Dlo@)]
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and

(Joo(t),a(s)) < [|Joa(@)llllo(s)Il = el @)])llo(s)]]-
Substraction gives

(Jpo(t),o(s) —a(t)) < @(llo@) Do)l = llo@)]]-

If s > t, then

<J@0(t), U(Sig(t)> < o(lle@®)) w

-1 s—1
and letting s | t we obtain

(Joo(t),0" (1)) < e(lle(®)]])

For s < t we obtain the converse inequality. Hence

(2:4) (po(0),0) = e(lote) ) AL,

Now (2.3) and (2.4) yield (2.2). O

o]
dt

For the rest of the paper we assume that the duality mapping J on X cor-
responds to the normalization function o(t) = =1, where p > 1. The technical
result which follows is a common generalization to Banach spaces of Lemma 5.9.1
in [16] and Lemma 4.1 in [13].

LEMMA 2.2. Assume that the Banach space X satisfies the condition (Al)
and K is a wedge of X.
(a) Letve X\ {0}, w* € X*\{0},0>0and0<a<1—0.If

(2.5) —(w*,v) < Owllv] and - (Jo, Jw*) < OTw*|[||Tv],
then there exists h € X with ||h|| =1 such that
(w* h) < —allw*|| and (Jv,h) <O0.

(b) If in addition v € K and v — Jw* € K, then there exists \* > 0 such
that v 4+ ph € K for every u € [0, \*].

(c) Moreover, if 1 — 0 < 2a, ||v|| > p > 0 and || Jw*|| > w > 0, then \* does
not depend on v and w*.

PRrROOF. (a) Let

Jw* v 1
(2.6) hy = —— — B —, where 8 :=
[[Jw*]| o]
Since o < 1 — @, one has 8 > 6. Clearly ||ho|| < 1+ /. Let us show that hg # 0.
Assume the contrary. Then from (2.6) and (2.5),
(w0) _ (w*, Jw*)  [w*]|

—B = = < BO|w],

o] ([ w|| [Jwja=t

(67
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where ¢ = p/(p — 1). It follows that 1 < 86, which is false since 56 < 1. Hence
ho 7£ 0. Next

(w*, v)

(w*, ho) = = [lw™|| = B T —[lw* |l + 68w
=08 = D]w]| = —a(l + B)[[w*[| < —allw*||{|hol|.

Thus, if we take h := ho/||ho||, we have (w*, h) < —a|lw*||. Furthermore, since

B>,

(Jv, Jw*) (Jv,v)
<vah > DT -p
’ 1 Tw]| o]l
Ju, Jw* . _
= W) gt < (0 - Byl <o,
(| Jw*||
Hence (Jv, h) < 0 as desired.
(b) We have
1 Jw* v
v+uh—vu( +5>
[holl = \ || Tw*]] [v]l
p - 1% w3
:f(v—e}w* +<1_ — — )U.
ol 7] ) ol 7w~ Thollle]

Since v,v — Jw* € K, this shows that v + ph € K for all small enough p > 0
such that

p 1
(2.7) 1-— = - >0,
1o [l Tw*]| llhollllv]l
that is
ol
= /[[Jwr][ + B/v]|

(¢) If1 -0 < 20, then f < 1. Also ||hg|| > 1— 8 > 0. Then for ||v]| > p >0
and |[Jw*|| > w > 0, one has
el _1-8
V|| Jw*]| + B/llv]| — 1/w+5/p
Hence the condition (2.7) is guaranteed for every p € [0, \*], where
1—
A= _1-5 )
1/w+B/p
REMARK 2.3. If we denote (u,v)y := (Jv,u) and [u,v] := min{{u,v),
(v, u)+}, then the two inequalities in (2.5) can be put under a single inequality

o7 ()| <

The next technical result extends to Banach spaces Lemma 4.2 from [13].

as follows:
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LEMMA 2.4. Let G: Kr — X* be continuous and a > 0. Consider D =
{u€ Kg: |Gu| > a}, and a closed set Dy C {u € D : |[u|| = R}. Assume that
u—JGu € K for allu € K and there is 6 € [0,1) such that

—(Gu,u) < O|ul|||Gul| and — (Ju, JGu) < 0||Jul|||JGu|| for all u € Dy.

Then there exists o > 0 and a locally Lipschitz map H: D — X such that
|Hul| <1, u+ Hu € K,

<GU7HU> S—O[”G’LL”, UEE,
(Ju, Hu) <0, u € Dy.

PROOF. Let 0 < o/ < 1— 6 < 2a’. We look for a mapping h: D — X with
[[h(u)]] = 1 for all uw € D, such that

h(u) = —||JGu|| =" JGu, wue D\ Dy,

(Gu, h(u)) < —/||Gul, ue D,
(Ju,h(uw)) <0 u € Do,
u+ ph(u) € K for all u € D and p € [0, A*],

where A* = A\*(0,a’,a) > 0. For u € Dy, h(u) is given by Lemma 2.2 applied to
v = u and w* = G(u). Now we check the last two properties for v € D\ Dj.
Thus, in such case,

(Gu, h(u)) = (Gu, JGu) = —||Gu|| < —d/||Gul-

L
TG (u)|
Also

[ [ -
u—|—,uh(u)=(1— — )u—|— = (u — JGu)
1/ Gull [/ Gul|

and since || JGu|| > a?7!, we have u+ph(u) € K for all 4 € [0,a9!]. Thus h has
the required properties for some A* > 0. Clearly we may assume that \* < 1.
Next, based on this possibly noncontinuous mapping h, we shall construct the
desired locally Lipschitz map H. Let o/’ € (0,a’) be a fixed number. Because
G is continuous, it follows that for every u € ﬁ, there exists a neighborhood
V(u) C D of u, such that

(G, h(u)) < =a"[|Gol|, for all v € V(u).
If u € Dy, taking into account the continuity of J, we may assume that
(Jv,h(u)) <0, forall v e V(u).

For u € ﬁ\Do, we may take the neighbourhood V' (u) of u such that V(u)NDg =

0. Also we may assume that diam V (u) < r, for every u € D and some r > 0.
We have that {V(u) : u € D} is an open covering of D. Because D is

paracompact, it admits a local finite refinement {V;}. Let {t¢,} be a locally
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Lipschitz partition of unity subordinated to {V,}. For every 7, let u, € D be an
element with V; C V(u,) and let b(u;) = u, + A*h(u ) Clearly b(u,) € K for
every 7. Now we define the locally Lipschitz map H: DX by

o= v+ 3t (0)blu

Clearly
v+ Ho=> ¢ ()b(u,) € K, forallveD.

For every v € D and r € (0,1 — A\*], we have

’U,.,- — Ur +Zw‘r

||Hv||\ < Nir<l

Furthermore

(Gv, Hv) = —(Gw,v +Z¢T (G, b(uy))

_)‘*Z% WG, h(u,)) —|—Z¢T W Gv,u; —v)

< —)\*a”||Gv|| + |G| < —()\*a” —r)||Gv].
Hence (Gv, Hv) < —a||Gv||, where o := X*a” —r > 0 and r < M\*a”.
Next, if v € Dy, then

(2.8) (Jv, Hv) = A*Z¢T (Jv, h(uy)) +Z¢T (Jv,ur —v).

We have (Jv, h(u;)) < 0 whenever v € V(u,). Hence the first sum in (2.8) is
strictly less than zero. Also, if v € V(u;), since v € Dy, we have u, € Dy and
so ||v]| = |lur|| = R. Then

{(Jo,ur =) = (Jv,ur) = @([[olllv]l < @(lv)llurll = elvoll = 0.
Hence the second sum in (2.8) is less than or equal to zero. Hence
(Juv,Hv) <0, for all v € Dy. O

Before stating the main results concerning the existence of (SPS),, sequences,
we recall a global existence result for flows in Banach spaces, see [4].

LEMMA 2.5. Let X be a Banach space and let D be a closed convex set in X.
Assume that W: D — X is a locally Lipschitz map such that

W) <C,  liminfd(u+ AW (u),D) =0
A—0F

for all w € D and some constant C. Then, for any uw € D, the initial value
problem in Banach space

d

ch =W(o), o0 =u

has a unique solution o(u,t) on Ry and o(u,t) € D for every t € R,.
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Now we are ready to state and prove the extension to general Banach spaces
of two bounded critical point theorems of Schechter (Theorems 5.3.1 and 5.3.3
n [16]). We shall work more generally in a wedge K of a Banach space X. This
requires that X be everywhere replaced by Kp, including the definitions of
T'r,&r and mp. In what follows E will be a C! functional on X.

THEOREM 2.6. Assume that
(2.9) uw—JE'(u) e K  forallueK,
(2.10) min {(E'(u),u), (Ju, JE'(u))} > —vg for allu € OKp,

and some vg > 0. In addition assume that E has the mountain pass property
in Kr. Then there exists a sequence of elements (uy) such that

(2.11) E(uk) = &r
and one of the following statements holds:
(a) ug € Kg for all k and
(2.12) E'(ug) = 0;
(b) ur € OKg for all k and

(B (ug), ug)
Rp

(¢) ux € OKpg for all k and

(2.13) E'(ug) — Jug, — 0, (E'(ug),ur) < 0;

(Juk,jE’(uk»

(2.14) JE' (uy) — 7

ur — 0, <Juk,jE'(uk)> <0

PROOF. Assume that a sequence satisfying (2.11) and (b) does not exist.
Then there are a,d > 0 such that

-

when v € 0Kpg, |E(u) — €r| < § and (E'(u),u) < 0. Since X* is assumed
uniformly convex, and J is the duality mapping on X* corresponding to the

normalization function t9=1, ¢ = p/(p — 1), for any r > 0, there exists a continu-
ous strictly increasing convex function g: Ry — R4, g(0) = 0 such that (see [2,

p. 40])
(2.15) 2+ yll? = |27 > gly, Jx) + g(llyll)

for all z,y € X* with ||z|| < r and |ly|| < r (see [2, p.40]). Take x := nJu and
y = E'(u) — nJu with n := (E'(u),u)/RP. Then

{y, Jx) = (E'(u) = nJu, J(nJu)) = " *n{E" (u) = nJu,u) = 0.
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So (2.15) gives
IE" ()| = RP=DE (u), u)|* = || B ()] — |n]RP
> g(IE'(w) — nJull) > g(a) > 0.
Thus
RPVNE ()] = [(E (u), u)|* = R"TVg(a).
Let 8 > 0 be such that

1 _ _
i 1 < vy “RP=Vg(a).
Then, also using 0 > (E'(u),u) > —vg, we deduce
()it 57 ~1) < HE @ lg (BB @I - | .l
< RPOD|E (u) |7 = [(E (u), u)|“.

It follows that
(B (), u)|* < 97RPD B ()|,
Hence, since p(q — 1) = g, for all u € 0K g with |E(u) — &r| < 6, (F'(u),u) <0,
we have —(E'(u),u) < OR||E'(u)]|.
Next assume that there are no sequences satisfying (2.11) and (c). We may

assume that .

o (Ju, JE' (u))

HJE (u) — T u
when u € OKg, |E(u) — ér| < 6 and (Ju, JE'(u)) < 0. Similarly, since X is
uniformly convex, for any r > 0, there exists a continuous strictly increasing
convex function h: Ry — R, h(0) = 0 such that

>a

e+ yll” = llzl|” = p(Jz,y) + h(llyl),
for all z,y € X with ||z|] < r and |ly|| < r. Then, with the choice x = nu,
y=JE'(u) — nu and n = (Ju, JE'(u))/RP, we find that (Jz,y) = 0 and
ITE (@) = [nPllull” > h(|JE (w) = nul]) > h(a) > 0.
Thus
RPPV|TE w)||P — |{Ju, TE'(u))[” > R"*~Dh(a).

Assume that 1
1< vy PRPP Y1 (a).

Then
(T TE (W) (; - 1)
< |(Ju, TE () o™ (RPO=D[TE ()P — | (Ju, TE' (u))?)
< ROV [TE ()P — |(Ju, TE ().
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It follows that
|(Ju, TE' (u))P < 67 RP®~ V| TE (u)||".
Thus, for all u € 0K g with |E(u) — &r| < 6 and (Ju, JE'(u)) < 0, we have
—(Ju, JE'(u)) < ORP™|| TE' (u)|.
Hence
(2.16)  —(E'(u),u) < Ollu|[|E'(w)| and  — (Ju, JE'(v)) < 0||Jull[|TE' (u)]|

for all u € 0K g with |E(u) — &r| < J. Next assume that there are no sequences
satisfying (2.11) and (a). Then we may assume that ||E'(u)|| > a for all u in

Q:={ue Kgr:|E(u)—£&gr| <36}

Clearly we may assume that 30 < &g —max{F(ug), E(u1)} and that (2.16) holds
in@:=QNOKg. Let
Qo :={u € Kp :[E(u) — {r| < 26},
Q1 :=A{u € Kg : |E(u) - &r| < 6},
QQ = KR \ QOa
and let (4.0)
d U, J2
n(u) = .
= G Q) + dlw. Q)
Clearly n(u) =1 1in @1, n(u) =0 in Q2 and 0 < n(u) < 1 otherwise.
Applying Lemma 2.4 to Gu := E'(u) and Dy := @, we find an « > 0 and
a locally Lipschitz map H: D — X, where D = {u € Kg : |[E'(u)|| > a}, such
that

[H(u)]| < u+H(u)€Kforallu€ﬁ,
(E'(u), H(u)) < Oé||E'( ), weD,
(Ju, H(u)) < ueQ.

Let W: Kr — X be given by

W () n(u)H(u) foru e D,
u) = ~
0 forue Kg\ D.

This map can be extended to a locally Lipschitz map on the whole K, by
R
W(u) = W(Hu” u) for u € K, ||u|| > R.

Let o be the flow generated by W as shown by Lemma 2.5. From Lemma 2.1 it
follows that

ein) WO (o0, T8 o). H o)
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Now we prove that for every u € Kg, the flow o(u, ) does not exit K. Suppose
that ||o(u,t)|| < R for all t € [0,¢) and uy := o(u,ty) € IKg for some ¢y € Ry.
If uy € Q, then (Juy, H(up)) < 0 and (2.17) gives
df|o (u, t)||”
dt
in a neighbourhood [to,to + €) of t9. In consequence, ||o(u, -)|| is nonincreasing

<0

in the interval [to,to +¢). If uy ¢ @, then n(o(u,t)) = 0 in some vicinity of ¢,
and the conclusion for ||o(u, - )| is as above. Therefore o (u, -) does not exit Kg
for t € R4.

Using Lemma 2.4 we have

(2.18) dB(o(uw,t) _ <E’(a(u,t)), do(u,t)>

dt dt
= n(o(u, t))(E'(0(u, 1), H(o(u, 1)) < —n(o(u,t))aa,
which shows that E(o(u, -)) is a decreasing function.

For any number A, denote by E) the level set E\ = {u € Kr : E(u) < A}
Let t; > 20/(aa) and u € E¢,, 15 be an arbitrary element. If there is ty € [0,14]
with o(u,t9) ¢ Q1, then

E(o(u,t1)) < E(o(u,t)) < &g — 0.
Hence o(u,t1) € E¢,—s. Otherwise, o(u,t) € Qq for all ¢ € [0,t1], and so
n(o(u,t)) = 1. Then (2.18) yields
E(o(u,t1)) < E(u) —aat; <€p+d—20 =&r — 0.
Therefore
(2.19) J(E£R+6,t1) C EgR,(s.

Now by definition of g, there is a v € I'g with

(2.20) Y(t) € Eepys forall t €]0,1].

We define a new path 7; joining ug and uq, by

71(t) = a(v(t),t1), te[0,1].

Since 1 vanishes in the neighbourhood of ug and uq, we have that o(ug,t) = ug
and o(u1,t) = uy. Hence v1(0) = g, 71(1) = u1 and so ;3 € I'g. On the other
hand, from (2.19) and (2.20) it follows that E(y1(t)) < €g — 0 for all t € [0, 1],
which contradicts the definition of &g. U

Notice that in case of a Hilbert space identified with its dual, when J is the
identity mapping, the statements (b) and (c) coincide and the three alternatives
in Theorem 2.6 reduce to only two as in the original theorem of Schechter.

A similar result holds for mp replacing £r. It extends to Banach spaces
Theorem 2.2 in [13].
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THEOREM 2.7. Assume that conditions (2.9) and (2.10) hold. In addition
assume that E is bounded from below in Kr. Then there exists a sequence of
elements u, € Kr such that

(2.21) E(ur) = mg
and one of the statements (a), (b), (¢) holds.

PrOOF. The proof can be reproduced after that of Theorem 2.6 by replacing
&g with mp and making a mirror modification after relation (2.18), as described
below. Indeed, using the relation (2.18) i.e.
dE(o(u,t))
dt
if we fix any v € Q1 := {v € Kg: E(v) < mpg+ d} and take t; > 26/(aa), one
can deduce that o(u,t) € @ for all t > 0 and

< —n(o(u,t))aa,

E(o(u,t1)) < E(o(u,0)) — aat; = E(u) — aaty <mp + 9 —aaty < mpg — 0,
contradicting the definition of mg. O

DEFINITION 2.8. We say that E satisfies the (SPS), condition in Kp for
some p € R, if every sequence of elements uy € Kr with E(ux) — p which
satisfies any of the conditions (a), (b), (c), contains a convergent subsequence.

Under the above compactness condition, Theorems 2.6 and 2.7 yield the
following critical point results in Kg.

THEOREM 2.9. Under the assumptions of Theorem 2.6, if in addition E
satisfies the (SPS)¢y, condition in Kg, and the boundary condition

(2.22) E'(u)4+pJu#0 foralue dKg and u >0,
then E has a critical point u in Kr with E(u) = &g.

PROOF. Let (u) be a sequence as in Theorem 2.6 and let u be the limit of its
convergent subsequence guaranteed by the (SPS)¢,, condition. If we are in the
case (a) we are finished. Assume the case (b). Since (E'(ug),u) € [—vo, 0], pass-
ing if necessary to another subsequence we may assume that —(E’(ug), ug)/RP —
@ > 0. Then E'(u) + pJu = 0. The case u > 0 is excluded by hypothesis. It
remains that © = 0 and we are finished again. Assume (c). As above, we may
assume that —(Jug, JE'(ug))/RP — p > 0. Then JE'(u)+ pu = 0. In case that
> 0, from JE'(u) = —pu we deduce E'(u) = J(—pu) = —pP~1J(u). Hence
E'(u) + pP~1Ju = 0, which contradicts the hypothesis. Hence p = 0, and then
JE'(u) = 0, whence E'(u) = 0 as desired. O

THEOREM 2.10. Under the assumptions of Theorem 2.7, if in addition E
satisfies the (SPS)y,,, condition in Kr, and the boundary condition (2.22), then
E has a critical point u in Kg with E(u) = mg.
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3. Application
We consider the boundary value problem
Apu+ f(u) =0 in Q,
(3.1) u>0 in Q,
u=20 on Jf).

Denote by ¢, (1 < ¢ < p*) the embedding constant for W, ?(Q) C L9(52). Using
Theorems 2.9 and 2.10 we obtain the following result.

THEOREM 3.1. Let Q C RY be a bounded open set and f: Ry — Ry a con-
tinuous function. Assume that the following conditions are satisfied:

(a) There exist constants a,b >0 and q € [1,p*) such that
f(r)<ar®™ ' +b forall T €Ry;
(b) there exist 7o >0, @ >p—1 and ¢ > 0 such that
f(r)>cr® forall T €[0,7);

(c) one has

f(7)

p—1

lim sup
70+ T

< At
(¢c) the following inequality is true:

1 c
i Ta7p+1/ H(x)*Trdz < 0;
p oo+l (¢<1) )

(e) there exists R > 1o with
RPL > achq_l + bey.

Then (3.1) has at least one solution satisfying 0 < |u|W01,p(Q) < R. In case that
f(0) >0, (3.1) has at least two such solutions.

REMARK 3.2. (a) If f is such that f(7) > ¢7® for 7 € [0, 79] and some o > 0
and ¢ > 0, and conditions (¢) and (d) in Theorem 3.1 hold, then necessarily
a > p— 1. Indeed, if & < p — 1, then from ¢ PT1 < f(7)/7P~1 we deduce

limsup f(7)/7P~! = 0o, which contradicts (c). Also, if o =p—1, then (c) gives
T—04

. » . _
¢ < A1, while (d) shows that ¢ > 1/ f(¢S1) ¢(x)P dx. Since 1 = [§|yy1.0 (g and

f(¢§1) P(z)P dx < |¢|Izp(g)a we have 1/f(¢§1) P(x)P dv = |¢‘€V&,p(9)/|¢‘ip(g) =
A1. Hence ¢ > A1, which is contradictory.

(b) The condition (d) in Theorem 3.1 requires that for a given ¢ > 0, the
length 7y of the interval [0, 9] of “p-superliniarity” of f is large enough.

(c) If ¢ < p, then the condition (e) in Theorem 3.1 holds with any sufficiently
large R.
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ExAMPLE 3.3. The typical example of a function satisfying the assumptions
(a)—(d) is the following:
et for 7 € [0, 7o)
fr) = § b

a(t —710)t+ery for T > 1,

where a,¢ >0, p—1 < a <p*, 1 <qg<p*and 79 > 0 is large enough. Thus f is
“p-superlinear” on a large enough interval [0, 79] and has a p-subcritical behavior
on [0, 00).

PROOF OF THEOREM 3.1. Let E: W, *(Q) — R,

B(u) = /Q (; IVl —F(u)) do

be the energy functional associated to (3.1), where F (1) = fOT f(s)ds, and let
K :={uecWy"(Q):u>0}.
(1) E is bounded from below on the intersection of K with any ball of
WyP(€). Indeed, if u € K, then
B(u) = > u”’ Fu)de >~ [uf? 2 Juf b
(u) - 1; |U|W&1P(Q) - o (U) €r = 2; |u|W01,P(Q) - 6 ‘U|LQ(Q) - |U|L1(Q)'
Since ¢ < p*, the embedding W, (Q) ¢ L%(R) is continuous as well as W, ?(Q) C
L'(9). Hence
1
E) > =|ul?
() = ol

~ q i
ng’p(Q) - a’|u|W01,:D(Q) - b‘u|W01’p(Q)'

The function z? /p —axz? — b is bounded on each compact interval [0, R], whence
our claim.
(2) The mountain pass condition: Choose a number d such that

A
f@ <d< 2
TP

— lim sup
P r—ot

From (a) (here we use the strict inequality ¢ < p*) and (c¢), we deduce that
F(r) < drP +cgm?, forall 7 € R,.

Then, for every u € K,

‘u|§vl P

P (Q) * 1 d . .

> 0 _ p p > p — _ p —p .
E(u) = P A(du + Cal )dm = |U‘W(}1P(Q) <p )\1 Cdu|W&wP(Q)>

We have 1/p—d/A; > 0 and p* > p. Then there exist r € (0,79) and v > 0 such
that
E(’LL) >v>0 for u € K with |/u/‘W01,p(Q) =r.

Furthermore, if we take ug = 0 and u; = 79¢, then E(up) = 0, while from (b),

F(r) > a—(;—l ot forr e [0, T0]
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and so
T P erott
ET¢:—O—/FT¢dx§—O—07/ $(z)* T dx < 0.
00) =B [ Pz < B SB2 [ ote)

Thus the mountain pass condition holds.
(3) The boundary condition: Assume that for some u € K, with |u|W01,p(Q) =
R, one has E’'(u)+pJu = 0 for some p > 0. Then (14 p)Apu+ f(u) = 0, whence

(1+p)RP = /Quf(u) dx.
Using (a), we see that uf(u) < au? 4 bu, and so
/Quf(u) dx < alulf, + blu|pr < aclRY +bey R,
Then

RP < (1+ p)RP < aclR? + bey R,

which contradicts (e). Thus the boundary condition holds.
(4) The Palais—Smale condition: Let (uy) satisfy (2.13). Passing to a subse-
quence we may assume that —(E’(ug),ug)/RP — p > 0. Then

Vg = E’(uk) + pJu — 0.

We have vy, = —(1 4+ p)Apug, — f(ug), whence

=T () ).

Thus, in order that (ux) has a convergent subsequence, it is enough to show that
the sequence (f(ug)) is relatively compact in W=1P(Q). For this, we first note
that according to (a), the superposition operator associated to f maps L?" ()
into LP"/(¢=1(Q) and is a continuous bounded operator. Since (uy) is bounded
in W;?(Q), the embedding Wy?(Q) ¢ L?" () is bounded and the embedding
LP"/a=1(Q) ¢ W=1P(Q) is compact (since p* /(g — 1) > (p*)" when ¢ < p*), we
may infer that (f(uy)) is relatively compact in W~=1P(2), as we wished.

Let now (uy) satisfy (2.14). Passing to a subsequence we may assume that
—(Jug, JE' (ug))/RP — > 0. The case p = 0 is similar to the previous one. It
remains to discuss the case p > 0. If we let vy, := jE’(uk) + pug, then it is easy

to see that
1 1-

U = 1 Vi 1 J(Juk f(uk))
Now it is clear that the relatively compactness of the sequence (f(uy)) in W=1P(Q),
which follows as above, is enough to conclude about the same property of (ug).
The conclusion now follows from Theorems 2.9 and 2.10. (]
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