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THE EXISTENCE OF POSITIVE SOLUTIONS
FOR THE SINGULAR TWO-POINT
BOUNDARY VALUE PROBLEM
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ABSTRACT. In this paper, we consider the following boundary value prob-
lem:

(=" @)™ =nt" " Lf(u®t)) foroO<t<l,

u/(0) =0, wu(l)=0,
where n > 1. Using the fixed point theory on a cone and approximation
technique, we obtain the existence of positive solutions in which f may be
singular at « = 0 or f may be sign-changing.

1. Introduction

In this paper, we consider the following problem:

(= (#)") = nt" =1 f(u(t)) for0<t<1,

() W'(0) =0, u(l)=0,

where n > 1 and f is not identically zero.
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Such a problem arises in the study of radially symmetric solutions to the
following Dirichlet problem for the Monge—Ampere equations in R"™:

det(D?*u) = A\f(—u) in B,

1.2
(1.2) u=20 on 0B,

where B = {z € R" : |z| < 1} is the unit ball in R"” and D?*u = (8*u/dz;0x;) is
the Hessian of u (see [8]).

The Monge—-Ampere equation has attracted a growing attention in recent
years because of its important role in several areas of applied mathematics.
In [11], Lions considered the existence of a unique eigenvalue \; to the boundary
value problem (1.2) with f(u) = u™ and showed that \; acts like a bifurcation
point for the boundary value problem (1.2). Kutev [9] obtained the existence
of a unique nontrivial convex radially symmetric solution to the boundary value
problem (1.2) with f(u) = uP, for all 0 < p # n, reducing (1.2) to (1.1). Hu
and Wang [8] established sufficient conditions for the existence and multiplic-
ity of positive solutions to problem (1.1), where the function f is continuous
on [0,400). In [3], Dai discussed unilateral global bifurcation results for the
problem with f(u) = u™ + g(u). In [17]-[18], Wang considered the existence,
multiplicity and nonexistence of nontrivial radial convex solutions to systems of
Monge-Ampere equations with superlinearity or sublinearity assumptions for an
appropriately chosen parameter. In [16], using the Leggett—Williams fixed point
theorem, Wang and An investigated the existence of at least three nontrivial
radial convex solutions to systems of Monge-Ampere equations. We refer to [4],
[7], [12], [20] and references therein for further discussions regarding solutions to
the Monge—Ampere equations with continuous nonlinearities. For the case that
f(z) is singular at = 0, there are some interesting results also. In [10], us-
ing the existing regularity theory and a subsolution-supersolution method, Lazer
and McKennar discussed the existence and uniqueness of positive solutions to
singular BVP (1.2). Using the sub-super solution technique, Mohammed [13]-
[14] established the existence and uniqueness of negative convex solution also to
BVP (1.2).

The goal of this paper is to consider the existence of positive solutions un-
der the conditions that n > 1 and f(z) is singular at z = 0 and sign-changing.
Firstly, in order to overcome difficulties caused by singularity of f we pose new
conditions which are different from those in [8], [17]-[18], and establish the mul-
tiplicity of positive solutions to BVP (1.1) different from that in [10], [13]-[14]
under the condition that f(z) is suplinear at x = 4o00. Secondly, when f is
singular and sign-changing, we establish the existence of at least one positive
solution to BVP (1.1) which is different from that in [6], [8], [13]-[14], [17]-[18]
where f is supposed to be positive on (0, +00).
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Our paper is organized as follows. In Section 2, we present some lemmas and
preliminaries. Section 3 discusses the existence of multiple positive solutions to
BVP (1.1) when f is positive. In Section 4, we discuss the existence of at least
one positive solution to BVP (1.1) when f is singular at « = 0 and sign-changing.
Some of our ideas come from [1]-[2], [15], [19].

2. Preliminaries
Here we state some auxiliary lemmas needed in the sequel.

LEMMA 2.1 (see [6]). Let Q be a bounded open set in the real Banach space
E, P beaconeinE,0cQand A: QNP — P be continuous and compact.
Suppose NAx # x, for allz € 00N P, X € (0,1]. Then

i(A,QNP,P) = 1.

LEMMA 2.2 (see [6]). Let Q be a bounded open set in the real Banach space
E, PbeaconeinE, §€Q and A: QNP — P be continuous and compact.
Suppose Ax £ x, for allx € 002N P. Then

i(A,QN P, P) =0.

LEMMA 2.3 (see [6]). Let E be a Banach space, R >0, B ={z € E : ||z]| <
R}, and F: Bg — E be a continuous compact operator. If x # AF(x), for any
x € E with ||z|| = R and 0 < A < 1, then F has a fized point in Bg.

Let C[0,1] = {y: [0,1] — R : y(¢) is continuous on [0,1]} with the norm
lyll = m[gui] ly(t)]. It is easy to see that C[0,1] is a Banach space. Define
telo,
P ={y e C|0,1] : y is decreasing on [0, 1]
with y(t) > (1 —¢)||ly||, for all ¢ € [0,1] and y(1) = 0}.
It is easy to prove P is a cone in C]0, 1] (see [8]).

LEMMA 2.4 (see [8]). For any function v C C[0,1] with v(t) > 0 and v'(t)
decreasing in [0, 1], v(0) = |[v||, we have v(t) > (1 —t)[v|].

We shall pose the following conditions on the function f:
(C1) f:(0,00) = (—o0,00) is continuous.
(C2) lim f(z) = +oo.
3. Multiplicity of positive solutions to the singular BVP (1.1)

In this section, we consider the existence of multiple positive solutions to
BVP (1.1). For y € P, we define the operator

By @ - [ 1 ([ Sm"1f<max{s,y<7>}>d7)l/n ds,
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for0<t<1,1>e>0.

LeEMMA 3.1. Suppose (C1) hold and f(x) > 0 for all z € (0,+00). Then
T.: P — P is continuous and compact for all 1 > ¢ > 0.

PROOF. It is easy to prove that T, is well defined and (T.y)(t) > 0 for all
t € P. For y € P, we have

1/n

(190 = /Otns“f<max{e,y<s>}>ds> <0 on(0,1),

which implies that (Try)'(t) is decreasing on [0, 1]. Since (T:y)’(0) = 0, we have
(Tey)'(t) < 0 for all t € (0,1), which together with (T.y)(1) = 0, implies that

ITeyll = (Tey)(0).

Hence, Lemma 2.4 guarantees that T.P C P. A standard argument shows that
T.: P — P is continuous and compact (see [6]). O

Define

®, = {z € PNC?*((0,1),R) :||z[| < r and x satisfies

((=a'(t)")" = nt"~! f(max{e, z(t)}) = 0,
0<t<1,2'(0)=0,2(1) =0, forall 1 >¢ > 0}.

LEMMA 3.2. If @, # 0 and (C2) hold with f(x) > 0 for all x € (0,+00), then
there exists 6, > 0 such that

(3.2) z(t) > 6,(L—1t), foralltel0,1], x € P,.

PrROOF. Suppose z € ®,. By the proof of Lemma 3.1, we have x € P.
Condition (C3) guarantees that there exist 1 > b > 0 and a > 0 such that

f(x) >a, forall 0 <z <b.

Since f > 0 is continuous on [b, 1], we have m[})nl] f(z) > 0. Then
x€e|(o,

(3.3) F(z) > min {a, min f(x)} >0, forallze(0,1].

There are two cases to consider. (I) ||z|| > 1. Lemma 2.4 implies that

(3.4) z(t) > (1 —¢t)|z|| > (1—¢), forallte]l0,1].
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(IT) 0 < ||z|| < 1. (3.3) guarantees that

1 1/n
(3.5) = ( m'" L f(max{e, x(7)}) dT) ds
¢ 0
1 1/n
> d d
= ( ; n™ ! min {a xren[;)nl]f(x)} T) s
1/n 9
= mln{ xren[})nl } (1—1¢%)
1/n
= min {a xren[})nl f(z } (1+¢)(1—1¢)
1/n
>m — .
> {a xren[})nl f(z } (1—1t), foralltel0,]1]

1/n
Let 6, = min{l,min{a, m[%)nl] f(x)} } From (3.4) and (3.5), one has
xe|o,

x(t) > 6.(1—1t), forallte]0,1]. O

LEMMA 3.3. Suppose that f(x) > 0 for all x € (0,+00) and

(3.6) TN CO

z—+oo0 "
Then, there exists R’ > 1 such that for all R > R’
i(T.,QrNP,P)=0, forall0<e<l.
PrOOF. From (3.6), there exists Ry > max{1,r} such that
(3.7) f(z) > N*a", for all z > Ry,

where N* > 23", Let R = 2R; and Qg = {z € C[0,1] : |lz|| < R}, for all
R > R'. Now we show that

(3.8) T.yLy forye PNoQrand all 0 < e < 1.

Suppose that there exists yo € PN INg with T.yo < yo. Then, |jyo]| = R. Since
yo € P we have from Lemma 2.4 that yo(t) > (1—1¢)|lyol| > (1—¢)R for t € [0, 1].
For t € [0,1/2], one has

R>

yo(t) > R =Ry, forallte [0, 1],

2

N | =
DO =

which together with (3.7) yields that

39 flmas(e (@) = () = N (o) = N (3 R)
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for all ¢ € [0,1/2]. Then we have, using (3.9),

1o(0) > (70 40)(0) = /01 (/O =1 f(max {&, yo(7)}) d7-> 7
1/n

- [ 1 (f v wr flmax (e n(r))dr ) ds

1/2
1/n

1 1/2
> /1/2 (/0 nt" 1 f(yo(7)) dT> ds
1 1/2 1/n
n—1 nr* n
2/1/2 (/0 nt" " N*(yo(1)) d7> ds

1 1/2 1/n 1
| (/ 0" INY(1/2R)" dT) ds = < (N)'/"R > R = |uo].
172 \Jo 8

which is a contradiction. Hence (3.8) is true. Lemma 2.2 guarantees that
i(T.,QrNP,P)=0, forall0<e<1. O

THEOREM 3.4. Suppose that (C1) and (Cz) hold, 0 < f(v) < [g(v) + h(v)]"
on (0,00) with g > 0 continuous and nonincreasing on (0,00), h > 0 continuous
on [0,00) and h/g nondecreasing on (0, c0),

1 " du 1
3.10 sup / > —
(8.10) et TE R Jo 9w T2

hold. Then BVP (1.1) has a solution v € C[0,1] N C?(0,1) with v > 0 on (0,1)
and ||v|| < r.

PrOOF. From (3.10), choose 0 < r with

1 " du 1
(8.11) SR 3 T 5

Let ng € {1,2,...} be chosen so that 1/ng < r and Ng = {ng,ngo + 1,...}. Set
M ={y € C[0,1] : |ly]| < r}. For m € Ny, we define T/, as that in (3.1).
Lemma 3.1 guarantees that 77 ,,: P — P is continuous and compact.

Now we show that
(3.12) y # My, forallyeconP, Xe(0,1], m e Ny.

Suppose that there are yo € 9Q; N P and \g € (0,1] with yo = AT /myo, 1-e. Yo
satisfies

((=yo(t)™) = Ant™ ! f(max{1/m,yo(t)}) for 0 <t <1,

9(0) =0, (1) =0 for m € Ng, A € (0,1].
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Since yo is nonincreasing and nonnegative on (0,1) with yo(0) = 0, we have
90(0) = [lyol| = 7. Then,

(=0 =27 (e { ool

<ot (L )1+ Mo lipman(O)

<n o) {1+ 20}

Integrate both sides from 0 to ¢ to obtain

(—yh(t)" < ng"<yo<t>>{1 ; ’;8} / St g = tngwyo(t»{l i h”}

Then
(3.13) () < tg(you)){l 1 htr) }

Integrate both sides from ¢ to 1 to obtain
yo(t) 4 1 h
/ “<(1—t2){1+(r)},
(1) 9(u) ~ 2 g(r)

1 /yo(t) du 1 o 1
_ — < -(1-t)< =, forallte(0,1).
Th)jem S g S 203 ©.1)

Consequently

i.e.

1 /T du < 1
L+h(r)/g(r) Jo g(u) ~ 2°
This is a contradiction. Lemma 2.1 guarantees that

i(Tl/m,PﬂQl,P):l, for all m € Ny,

which implies that there exists v,, € P Ny with v, = T jmVm, 1-€. Uy € Dy
From Lemma 3.2, there exists a §, > 0 such that

(3.14) v (t) > 6,.(1 —t), forallte[0,1].
Now we will show that
(3.15) {Vm(t) }men, is a bounded, equicontinuous family on [0, 1].

Obviously, {vm,(t)}men, is uniformly bounded. Returning to (3.13) (with yo
replaced by v,,) we have
o

i) o fy  HonO)
g(om (1)) 9(vm(0))
Let I: [0,00) — [0,00) be defined by

J(Z):/Ozﬂz).

(3.16) }, for all t € (0,1).
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Note that I is an increasing map from [0, co) onto [0, c0) (notice that I(c0) = oo
since g > 0 is nonincreasing on (0, 00)) with I continuous on [0, A] for any A > 0.
For t,s € [0,1] we have

(0 (1)) = I(vm(5))] = ‘ /: m ‘”’
<{re sl [

(3.17) {I(vm(t))}men, is equicontinuous on [0, 1].

et

which implies that

Condition (3.17) and the uniform continuity of I=! on [0, I(r)] together with
[0m (£) = v ()| = [T (I (vm (1)) = T~ (I (v (5)))|

guarantees that (3.15) holds. Moreover, from (3.14), we have §,/2 < v, (t) < r,
for all ¢ € [0,1/2]. Hence,

(=i = st (max{ (o)} ) < st (5, ) {14 20 }

for all s € (0,1/2], which guarantees that

/!

the functions belonging to {(—v;,(¢))"}

are equicontinuous and uniformly bounded on [0,1/2],

and so

the functions belonging to {—v/,(t)}

3.18
(3.18) are equicontinuous and uniformly bounded on [0, 1/2].

The Arzela—Ascoli Theorem guarantees that {v,,(¢)} has a uniformly con-
vergent subsequence {vy,,} on [0,1] and {v;, (t)} has a uniformly convergent
subsequence {v;,. (t)} on [0,1/2]. Without loss of generality, we may assume
that there is a function v € C[0,1]NCt0,1/2] with W}gnoo U (t) = v(t) uniformly
on [0,1] and mlgnoo vy, (t) = v'(t) uniformly on [0,1/2]. Obviously, v'(0) = 0 and
v(1) = 0, ||v|| < r. In particular, (3.14) implies that v(t) > (1 — ¢)d, on (0,1).
Fixing t € (0, 1), we have that v,,, m € Ny, satisfies the integral equation

om(®) :vm(O)—/Ot (/OSnT"_lf(max{;,vm(T)}> dr>1/nds, te(0,1),

Let m — oo through Ny (we note here that f is uniformly continuous on compact
subsets of (0,r]) to obtain

v(t) = v(0) — /Ot </OS nt" L f(u(1)) dx) . ds, forallte (0,1).
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We can do this argument for each ¢ € (0,1) and so ((—v'(t))")" = nt" "1 f(v(t)),
for 0 < ¢t < 1. Finally it is easy to see that |jv|| < r. O

THEOREM 3.5. Suppose the conditions of Theorem 3.4 hold and

(3.19) lim @)

rz—+oo "

Then BVP (1.1) has at least two positive solutions.

= +o00.

ProoF. From (3.10) and (3.19), choose » > 0 as in (3.11), ng > 0 with
1/ng < r, and R > max{r, R’} in Lemma 3.3. Set Ny = {ng,no +1,...}, and

M ={yeC01]: [yl <r},  Q={yeC01]: |y <R}
From the proofs of Theorem 3.4 and Lemma 3.3, we have
i1, NP, P)=1 and i(Ty/p, QN P,P)=0,

which imply that
i(Th s (2 — Q)N P,P)=—1.

Then, there exist 1 ,,, € 3 NP and x2,, € (2 — Q1) N P such that
Tl/mwl,m = T1,m, T1/m$2,m =T2,m-

From the proof of Theorem 3.4, there exist a subsequence {1, } of {1 ,} and
r1 € PN Qy such that
mill{r—il-ooxl’mi (t) =z1(¢), foralltel0,1],
and moreover, z1(t) is a positive solution to BVP (1.1) with r > a1 (¢) > §,(1—1t),
for all t € [0,1].
A similar argument shows that there exist a subsequence {3, } of {Z2m}
and zo € PN (22 — Q1) such that

lim 2y, (1) = 22(t), forallte0,1],

m;——+00

and z3(t) is a positive solution to BVP (1.1); while (3.11) guarantees ||z2| > r.
Hence, 1 and z9 are two positive solutions to BVP (1.1). O

THEOREM 3.6. Suppose that all conditions of Theorem 3.5 hold. Then BVP
(1.1) has a minimal positive solution and a mazimal positive solution in C[0,1]N
C?(0,1).

PROOF. Let Q = {z(t) : z(¢) is a C[0,1] N C?(0, 1) positive solution to BVP
(1.1)}. From Theorem 3.4, we know that € is nonempty.

First, we show that Q is bounded. From (3.19), there exists Ry > 1 such
that

(3.20) f(z) > N*2", forallz > Ry,
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where N* > 23" Let R’ = 2R;. We have
(3.21) |z|| < R/, forall zeq.

Indeed, suppose that there exists zg € £ with ||xo|| > R’. Lemma 2.4 guarantees
that
xo(t) > (1 —t)||lzol| > (1 —t)R, for all t € [0,1].
Then
1 1, 1
l‘o(t)Z§||.T0||Z§R =Ry, forallte 0,5 ,

which together (3.20) implies that
1/n

20(0) :/01 (/Osmnlf(xo(r))m) ds
-/ [ wrseoryan)

1/n

1 1/2 1
> [ (/ nT"_lN*(xo(T))"dT> ds = & NV ol > o)l
0

1/2
a contradiction. Hence (3.21) is true. Now, Lemma 3.2 implies that there exists
drs > 0 such that
z(t) > (1 —t)dr, forallte]|0,1].

Define a partial order “<” in Q: a < y if and only if x(¢) < y(t) for any
t € [0,1]. We prove only that any chain in (2, <) has lower and upper bounds
in . The rest is obtained from Zorn’s Lemma.

Let {z(t)} be a chain in (Q2, <). Since C]0, 1] is a separable Banach space,
there exists an at most denumerable set {x,,(t)}, which is dense in {z,(¢)}.
Without loss of generality, we may assume that {z,,(¢)} C {z.(¢)}.

Set zp (t) = min{z1(t),...,zm(t)}, ym(t) = max{zi(t),...,zm(t)}. Since
{za(t)} is a chain, 2, (t), ym(t) € Q for any m € Ny and g/ (1 —t) < 211 (2) <
Zm(t), R > ym+1(t) > ym (t) for any m € No.

From the proofs of (3.15) and (3.18), we get that uniformly in ¢

G za() =0, 1€ lim (0= 20, tel0.1/2],
W}i_{noo ym(t) = y(t), te€]0,1], W}E)noo y;n(t) = yl(t)ﬂ t€10,1/2].

We prove that y,z € €. From Theorem 3.4, we know that y,, and z,,,
m € Ny, satisfy the integral equations
1/n

ym(t):ym(O)—/Ot (/OsnT”_lf(ym(T))dT) ds, forallt € (0,1),

Zm(t) = 2m (0) — /Ot (/OS nT" L f (2 (1)) dT) . ds, forallte (0,1).
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Let m — oo through Ny (we note here that f is uniformly continuous on compact
subsets of (0,7]) to obtain

v =)~ [ ([ v s6ear)
and
A(t) = 2(0) /Ot (/0 mnlf(z(T))dT>

and so z,y € €.

For any z(t) € {x4(t)}, there exists {@m, (t)} C {zm(t)} such that ||z, —
x|l = 0. Noticing that y(t) > ym, () > T, (t) > 2m, (t) > 2(t), t € [0,1], and
letting my — oo, we have y(t) > z(t) > z(t), t € [0,1], i.e. {zo(t)} has lower
and upper bounds in 2.

Zorn’s Lemma shows that BVP (1.1) has a minimal C[0,1]NC?(0, 1) positive
solution and a maximal C[0,1] N C?(0,1) positive solution. O

1/n
ds, forallte (0,1),

1/n
ds, forallte (0,1),

EXAMPLE 3.7. Consider

(3.22) (= @))") =" Hu* +uf +1 =sinu?)", 0<t<1,
u/<0) =0, y(l) =0,

where a > 0, 8 > 1 and
1 potl

1
su > -
TE(O,—I:OO) l+al+retrets ™ 2

Then BVP (3.22) has at least two positive solutions, a minimal positive solution
and a maximal positive solution in C[0,1] N C?(0,1).

It is easy to prove that all conditions of Theorem 3.6 hold and our conclusion

is true.

4. Positive solutions for singular boundary value problems
with sign-changing nonlinearities

We shall consider the following conditions:

(Hy) There exists a decreasing function F(y) € C((0,+o00),(0,+0c)) and
a function G(y) € C([0, +0), [0, 4+00)) such that f(y) < (F(y)+G(y))",
and there exists R > 1 such that

Ty (), G
[ re (v em) s
where G(R) = SIEI%(E)L’)I%] G(s).

(H2) n > 1 1is a even number.
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For y € C[0, 1], we define the operator T,, as

@) (Toy)t) = % +/tl (/0 m'"lf(max{;,y(r)}) dT)l/n ds,

for 0 <t<1,me{1,2,...}. From a standard argument (see [6]), we have the
following result.

LEMMA 4.1. Suppose (C1)—(Cs) hold. Then the operator T,, is continuous
and compact from C[0,1] to C[0,1].

LEMMA 4.2. Suppose (C1)—(Cz) and (Hy)—(Hz) hold. Then, form big enough,
there exists T, € C[0,1] with 1/m < z,(t) < R such that
1 1 s 1/n
42 o= [ ([ eamar) as vsis,
0

m t

PrOOF. From (C;), there exist two positive constants ¢ > 0 and b > 0 such
that f(y) > a, for all y € (0,b]. (Hy) guarantees that there exists g9 > 0 such
that

R — -1
dy < G(R)> 1

4.3 / —— 1+ == > —.

3 Lo \'TEmR)) 72

Choose ng > 3 with 1/ng < min{eg, b} and let Ng = {ng,ng+1,...}. Lemma 4.1

implies that the operator T}, is continuous and compact from C10,1] to C0, 1],

for m € Np.
Let Q@ ={y € C: ||ly|| < R}. For y € 99, we now prove that

(4.4) y(t) # MTmy)(t)

1 s 1/n
:A%—i—)\/t (/o nT"_1f<maX{nl%,y(T)}> dT) ds,

for 0 <t <1,n¢€Ngyandany A € (0,1].

Suppose that (4.4) is not true. Then there exist y € C[0, 1], with ||y|| = R,
and 0 < A <1 such that
(4.5)

1 1 s 1 1/”
) = MNTmy)(t) =X — + A n-l -, d ds,
)= AT 0 =343 [ ([ or g (max{ L)} ar) s
for 0 <t <1, néeNy We first claim that
1
(4.6) y(t)zx\a, for any t € [0, 1].

Suppose that there exists n € (0,1) with y(n) < A1/m. Let 9 = inf {t1 : y(s) <
A/m, for all s € [t1,n]} and v1 = sup{t1 : y(s) < A/m, for all s € [n,t1]}. Since
y(1) = A\/m, we have v; <1 and y(v1) = A\/m.
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If v > 0 we have y(t) < A\/m, for all t € (y9,71) and y(70) = y(71) = A/m,
which implies that there exists to € (79, 1) such that y/(¢9) = 0. Differentiating
(4.5), we have

0 =n(=y'(t)" " 'y"(to) = (= (to))")" = Antg " f(1/m) > 0,

a contradiction.

If 49 = 0, there two cases to consider.

(D) y(y0) = A\/m. By the same argument as for vy > 0, we get a contradiction.

(II) y(v0) < A/m. If there exists o € (0,v1) with y'(t9) = 0, we also get
a contradiction. If y/(¢t) # 0, for all t € (y0,71) = (0,71), we have y/'(¢) > 0, for
all t € (0,71). Differentiating (4.5), from (Hs), we have

n(=y'(£))" "1y () = ((—y'(t)") = Antg ™" f(1/m) > 0,

which implies that y”(t) < 0, for all ¢ € (0,71). Since y'(0) = 0, we have
y'(t) < 0. This is a contradiction. Consequently, (4.6) holds.

Let t* = sup{t : y(t) = R, ¥'(t) = 0}. Obviously, 0 < t* < 1, ¢/'(t*) = 0,
y(t*) = R, y(t) < R, for all t € (¢*,1]. Let t; = inf{t* <t <1:y(t) = Ay(1)}.
It is easy to see that t* < t; <1, y(¢) > y(t1) for all t € (¢*, ;).

Now we consider the properties of y on (t*,¢;). We get a countable set {¢;}
in (t*,¢1] such that

o th > .. . >ty Stop1 > ... >ty >ty >t3 >ty >t toy, — tF,

o y(t27,) - y(t2i+1)’ y/(t2i) = 07 1= 1) 27 ey
e y(t) is strictly decreasing in [to;, to;—1], ¢ = 1,2,... (if y(¢) is strictly
decreasing in [t*,¢1], put m = 1; i.e. [ta, t1] = [t*, t1]).

Differentiating (4.5) and using assumption (Hj ), we obtain
(41 (= @)Y = w2 f (max{ o })

cre (i) oo i)

0 }) (4 i)

)58

R

= \nt"LEF" < max {
< nt"LFE(y(t)) (1 + ER)Y

y(t)
y(t
—,y(t
< nt"LF" ( max {m y(t)

o

)
)

= Q

for t € [tzi,tgifl), 1=1,2,...
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Integrating (4.7) from to; to ¢, we have due to the decreasing property of F,
t Vol no ot
G(R) -1
ooy s (14 5] [ st m ) ds
/ F(R) to;

< Fr(y(t) (1 n ;’Eg) (" — 1),

for t € [to;,t2;—1), ¢ = 1,2,...; that is to say

(4.8) (y ()" < F"<y<t>><1 n E ;) (" — ),
for t € [tai,t2i—1), i = 1,2,... It follows from (4.8) th

Y
(4.9) Fy(t) = ( F(R )

for t € [to;,to;—1),i=1,2,...

On the other hand, for any z € (0,1) with y(z) > A1/m, we can choose i
and 2z’ € (t*,t1) such that 2’ € [ta;,,t2i,—1), Y¥(2') = y(2) and z < 2/. Integrating
(4.9) from tg; to to;—1, i =1,...,ip — 1, and from ¢9;, to 2/, we have

(4.10) /y:t_)) Fd(yy) < (1 + ?Eg) /tt_ tdt = (1 + ggg) %(tii_l — ;)

fori=1,...,ip — 1, and

(4.11) /:::_1) ng;) < <1+§,Eg)/fo_ltdt= <1+E); tas,12—2"%).

Summing (4.10) from 1 to ip — 1, we have by (4.11) and y(t2;) = y(t2i+1), that

Oy () TR e
/y<t1> Fly) = (H F(R)> 5t —=").

Since y(z) = y(#'),

y(2)
(4.12) /ym) ;(32) < (1+ (g) (t2 — 22).

Letting z — t* in (4.12), we have
R R = =

dy / dy ( G(R)) Lo w2 ( G(R)) 1

=5 < S\ 1+ == )58 =) < {1+ =77 |5

w F6) = o F) =\ E@) )2 = R )

which contradicts (4.3). Hence (4.4) holds.

It follows from Lemma 2.3 that T, has a fixed point x,, in C[0,1]. Using
Zm and 1 in place of y and A in (4.5), we obtain easily that 1/m < x,,(t) < R,
t €[0,1]. Since ., satisfies

s 1/n
T (t) = % + tl (/o nT"_1f<maX{Tln,xm(T)}> dT) ds,

for ¢t € [0, 1], we have that (4.2) holds. O
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LEMMA 4.3. Suppose that all conditions of Lemma 4.2 hold and x,, satisfies
(4.2). For a fized h € (0,1), let My, p, = min{xz,,(¢t) : t € [0, h]}. Then

My, = inf {M, »} > 0.

PROOF. Since zp,(t) > 1/m > 0, we get M;, > 0. For any fixed natural
numbers m (m > ng defined in Lemma 4.2), let ¢,,, € [0, h] be such that 2., (t,,) =
min{xz,,(t) : t € [0,h]}. If M) = 0, then there exists a countable set {m;} such
that

lim @y, (tm,) = 0.

m;——+00
So there exists Ny such that =, (tm,) < b (defined in Lemma 4.2), m; > Np.
Let Ng = {m; > Ny : m; € Ng with  lim =, (t,,,) = 0}. Then we have two

m; ——+00
cases.

Case 1. There exist my, € Ng and ¢}, € (0,1) such that =], (5, )= 0. By
the same argument as in Lemma 4.2, we have

(4.13) 0= (=, ()™ =0t 1 L (@, () > 0,
a contradiction.

Case 2. x, (t) <0 for all t € (0,1), m; € Ng. From lim &, (tm,) =0,

m;—+00
we have

(4.14) lim 2, (t) = 0 uniformly on [h, 1]

m; ——+00

and 0 < @, (t) < b, for all t € [h, 1], m; € Ny, which yields that f(z.,,(t)) > a,
for all ¢ € [h, 1], m; € Ng. Then, for any ¢ € [h, (h + 1)/2], we have

1 1 s 1/n

o) =t [ ([ e ar) s
1 1/n
/ ( nT” L (2m, (1)) dT) ds
(h+1)/2

1 (h+1 1/n
/ ( 7 (@ (7 ))dT) ds
(h+1)/

1 (h+1)/2 1/n

2/ (/ m'"_ladr) ds

(h+1)/2 \Jh

1/n h+1 " hr 1/n1_h 0
—n((f) —n) e

which contradicts (4.14). Hence, M}, > 0. O

Y

Y

THEOREM 4.4. If (C1)—(C3) and (Hy)—(Hsz) hold, then BVP (1.1) has at least
one positive solution.
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PrOOF. For any natural numbers n € Ny (defined in Lemma 4.2), it follows
from Lemma 4.2 that there exist z,, € C, 1/m < z,,(t) < R for all t € [0, 1],
satisfying (4.2). Now we divide the proof into two steps.

Step 1. There exists a convergent subsequence of {x,,} in [0, 1). For a natural
number k£ > 3, it follows from Lemma 4.3 that 0 < mi_y;; < 2p(t) < R,
t € [0,1—1/k], for any natural numbers m € No; i.e. {zy,} is uniformly bounded
in [0,1 — 1/k]. Since z,, also satisfies

(4.15) (=2, ()| < nt"THf(@m ()| <n max f(r),

z€[my_1/k,R)

for ¢t € [0,1 — 1/k], it follows from inequality (4.15) that {z,,} and {x],} are
equicontinuous in [0,1 — 1/k]. The Ascoli-Arzela Theorem guarantees that
there exists a subsequence of {z/ (¢)} which converges uniformly on [0,1 — 1/k].

We may choose the diagonal sequence {x,(f),(t)} which converges everywhere in
[0,1) and it is easy to verify that {z,(ck)/(t)} converges uniformly on any interval
[0,d] C [0,1). Without loss of generality, let {xék)/(t)} be {2/ (¢t)} in what fol-
lows. Putting x(t) = ngrfoo z,(t) and 2/(t) = ngrfoo 2, (t), t € [0,1), we have
that 2/(¢) is continuous in [0,1) and x(t) > my, > 0, ¢t € [0, ], for any h € (0,1)
by Lemma 4.3.

Step 2. Fix t € (0,1), we have
1/n

T (t) = 2, (0) — /Ot (/(JS nT" L f (20 (7)) dT) ds.

Letting m — +o0 in the above equation, we have

1/n

(4.16) :c(t):x(())—/ot(/os nT"—lf(x(T))dT) ds.

Differentiating (4.16), we get

(4.17) (=2’ (t)™) =nt" " f(z(t)), forallte (0,1).

Since z/,(0) = 0 and {«7,(¢)} is uniformly continuous on [0, k] for any 1 > h > 0,
we have

(4.18) 2/(0) = 0.

Let ¢y, = sup{t : z,(t) = ||zwml, z,,() = 0,t € [0,1)}. Then ¢, € [0,1),
T (tm) = ||zm| and ), (t,) = 0. Using 2,,(¢), 1, t,, in place of y(t), A and t*
in Lemma 4.2, from (4.12), we obtain easily by

/1/|jnm| Fd(ﬂ;) < (1 + %);(1 —£2).
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It follows from above inequalities that by = sup{¢,,} < 1. Fixed z € (b1, 1), we
get 1/m < zp(2) < ||xm| < R. From (4.12) and the proof of Lemma 4.2, one

easily has
w2 g G(R)\ 1
/ “””<(1+G(R))(1_z2), for all z € (b, 1).
1

m F(z) ~ F(R)/)2
Letting m — 400 in the above inequality, we have
(4.19) /OM Fd(“;) < (1 + ?Eg) % (1—22), forall ze (b1).
It follows from (4.19) that
(4.20) xz(1) = Zl_i)r{l_ x(z) = 0.

Combining (4.17), (4.18) and (4.20), z is a positive solution to BVP (1.1). O

EXAMPLE 4.5. Consider

(—u'(t)®) = 8t7(112 ud(t) + % w2 (t) — 100) for 0 <t <1,

u'(0) =0, wu(l)=0.

It is easy to prove that all conditions of Theorem 4.4 hold hence this problem
has at least one positive solution.

REFERENCES

[1] R.P. AGARWAL AND D. O’REGAN, Singular boundary value problems for superlinear second
ordinary and delay differential equations, J. Differential Equations 130 (1996), 335-355.
, Nonlinear superlinear singular and nonsingular second order boundary wvalue
problems, J. Differential Equations 143 (1998), 60-95.
[3] G. Dal, Figenvalue, bifurcation, existence and nonezistence of solutions for Monge—Am-
pére equations, Analysis of PDEs, arXiv:1007.3013 (2010).
[4] P. DELANOE, Radially symmetric boundary value problems for real and complex elliptic
Monge—Ampére equations, J. Differential Equations 58 (1985), 318-344.
[5] J.V.A. GoNcALVES AND C.A.P. SANTOS, Classical solutions of singular Monge—Ampére
equation a ball, J. Math. Anal. Appl. 305 (2005), 240-252.
[6] D. Guo AND V. LAKSHMIKANTHAM, Nonlinear Problems in Abstract Cones, Academic
Press, New York, 1988.
[7] C. GUTIERREZ, The Monge—Ampére Equation, Birkhduser, Basel, 2000.
[8] S. Hu AND H. WANG, Convez Solutions of Boundary Value Problems Arising from Monge—
Ampére Equations, Discrete Contin. Dyn. Syst. 16 (2006), 705-720.
[9] N.D. KuTEV, Nontrivial solutions for the equations of Monge—Ampére type, J. Math.
Anal. Appl. 132 (1988), 424-433.
[10] A.C. LAzZER AND P.J. MCKENNA, On singular boundary value problems for the Monge—
Ampére operator, J. Math. Anal. Appl. 197 (1996), 341-362.
[11] P.L. Lions, Two remarks on Monge—Ampére equations, Ann. Mat. Pura Appl. 142 (1985),
263—-275.
[12] L. Ma aND B. Liu, Symmetry results for classical solutions of Monge—Ampére systems
on bounded planar domains, J. Math. Anal. Appl. 369 (2010), 678-685.

2]




682
(13]
(14]

(15]

[16]
[17]
[18]
[19]

20]

Y. Niv — B. YaN

A. MOHAMMED, Ezistence and estimates of solutions to a singular Dirichlet problem for
the Monge—Ampére equation, J. Math. Anal. Appl. 340 (2008), 1226-1234.

A. MOHAMMED, Singular boundary value problems for the Monge—Ampére equation, Non-
linear Anal. 70 (2009), 457-464.

J. WANG, W. GAO AND Z. LIN, Boundary value problems for general second order equa-
tions and similarity solutions to the rayleing problem, Tohoku Math. J. 47 (1995), 327—
344.

F. WANG AND Y. AN, Triple nontrivial radial convexr solutions of systems of Monge—
Ampére equations, Appl. Math. Lett. 25 (2012), 88-92.

H. WANG, Radial convex solutions of boundary value problems for systems of Monge—
Ampeére equations, Anal. Partial Differential Equations, arXiv:1008.4614 (2010).

, Convex solutions of systems arising from Monge—Ampére equations, Electron. J.
Qual. Theory Differ. Equ. 26 (2009), 1-8.

G. YANG, Positive solutions of singular Dirichlet boundary value problems with sign-
changing nonlinearities, Comput. Math. Appl. 51 (2006), 1463-1470.

Z. ZHANG AND K. WANG, Ezistence and non-existence of solutions for a class of Monge—
Ampeére equations, J. Differential Equations 246 (2009), 2849-2875.

Manuscript received April 8, 2016
accepted July 17, 2016

YANMIN NIU

School of Mathematical Sciences
Shandong Normal University
Jinan, 250014, P.R. CHINA

E-mail address: 1398958626@Qqq.com

BAOQIANG YAN (corresponding author)
School of Mathematical Sciences
Shandong Normal University

Jinan, 250014, P.R. CHINA

E-mail address: yanbgcn@aliyun.com

TMNA : VOLUME 49 — 2017 — N°2



