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BOUNDEDNESS IN A TWO-SPECIES QUASI-LINEAR
CHEMOTAXIS SYSTEM WITH TWO CHEMICALS

JIASHAN ZHENG

ABSTRACT. We consider the two-species quasi-linear chemotaxis system
generalizing the prototype

ur =V - (D1(w)Vu) — x1V - (S1(w)Vv), z€Q, t>0,

(0.1) 0=Av—v+uw, €N, t>0,
' wy =V - (D2(w)Vw) — x2V - (S2(w)Vz), z€Q, t>0,
0=Az—z+u, z€eN, t>0,

under homogeneous Neumann boundary conditions in a smooth bounded
domain Q@ C RN (N > 1). Here D;(u) = (u+1)™i~1, S;(u) = u(u+1)%—1!
(i = 1,2), with parameters m; > 1, ¢; > 0 and x1, x2 € R. Hence, (0.1) al-
lows the interaction of attraction-repulsion, with attraction-attraction and
repulsion-repulsion type. It is proved that

(i) in the attraction-repulsion case x1 < 0: if ¢1 < m1 + 2/N and g2 <
ma + 2/N — (N —2)T /N, then for any nonnegative smooth initial data,
there exists a unique global classical solution which is bounded;

(ii) in the doubly repulsive case x1 = x2 < 0: if g1 < mi + 2/N —
(N —2)t/N and g2 < ma +2/N — (N — 2)* /N, then for any nonnegative
smooth initial data, there exists a unique global classical solution which is
bounded;

(iii) in the attraction-attraction case x1 = x2 > 0: if 1 < 2/N +m; — 1
and g2 < 2/N +mg2 —1, then for any nonnegative smooth initial data, there
exists a unique global classical solution which is bounded.

In particular, these results demonstrate that the circular chemotaxis mech-
anism underlying (0.1) goes along with essentially the same destabilizing
features as known for the quasi-linear chemotaxis system in the doubly
attractive case. These results generalize the results of Tao and Winkler
(Discrete Contin. Dyn. Syst. Ser. B. 20(9) (2015), 3165-3183) and also
enlarge the parameter range ¢ > 2/N — 1 (see Cieslak and Winkler (Non-
linearity 21 (2008), 1057-1076)).
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1. Introduction

In this paper, we consider the initial-boundary value problem for the two-
species quasi-linear chemotaxis system with two chemicals

us =V - (D1(w)Vu) = x1V - (S1(w)Vv), z€Q, t>0,

TV = Av — v 4w, e, t>0,
wy =V - (Da(w)Vw) — x2V - (S2(w)Vz), z€Q, t>0,
(1.1) Tz = Az — 2 + u, e, t>0,

ou Ov OJw 0Oz
aiafgf%f(x x €N, t>0,
u(z,0) = uo(x), w(z,0)=wy(x), z €,

where 7 € {0,1}, Q is a bounded domain in RY (N > 1) with smooth boundary
00, A= % 02022, 8/0v denotes the outward normal derivative on 99, x; € R
(i=1,2) zeafrle parameters, which determine the attraction-repulsion case (x; = 1
and x2 = —1), the repulsion-repulsion case (x1 = x2 = —1) and the attraction-
attraction case (y1 = x2 = 1), respectively.

The first species, with density denoted by u, adapts its motion according to a
chemical substance with concentration v, the latter being secreted by the second
species, mathematically represented through its density w. The individuals of
the second population themselves orient their movement along concentration
gradients of a second signal with density z which in turn is produced by the first
species. Moreover, we assume that

(1.2) D;, S; € C?([0,00)) and S;(u) >0 forallu >0,
satisfy

(1.3) Di(u) > Cp,(u+1)™~1 for all u >0,

(1.4) Si(u) < Cgu? for all u > 0,

with m; > 1, ¢;,Cp,,Cs, >0 (i = 1,2).

System (1.1) may be viewed as a simplified variant of a fully parabolic two-
species chemotaxis model with two chemicals, involving slightly more general
crossdiffusion mechanisms, as it has been proposed in [22] to describe chemotaxis-
driven processes of cell sorting.

During the past decades, the chemotaxis models have become one of the best
study models in numerous biological and ecological contexts, and one of the main
issues is under what conditions the solutions of chemotaxis system blow up or
exist globally. In order to better understand problem (1.1), let us mention some
previous contributions in this direction. When w = u and v = z, PDE system
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(1.1) transforms into the classical chemotaxis system (one-species chemotaxis
system with one chemical),

up =V - (Dw)Vu) — xV - (S(uw)Vv), z€Q, t>0,

T = Av+u — v, e, t>0,
(1.5) Oou Ov

52520, xG@Q,t>O,

U(:LO) = uO(z)7 U(:ZZ,O) = UO(I)v T e Q7

where y > 0. This model has been studied extensively on blow-up and global
existence (see e.g. Horstmann et al. [14], [15], Tao and Winkler [25], Ishida et
al. [16], Winkler [35], Cieslak and Stinner [6], [7]). In particular, with D(u) =1
and S(u) = wu, (1.5) turns into the classical Keller-Segel system, which has
successfully been investigated up to now.

It is known that the model has only bounded solutions if N = 1 ([21)); if
N = 2, there exists a threshold value for the initial mass that decides whether
the solutions can blow up or exist globally in time ([11], [14], [33]); while in the
case N > 3, there is no such threshold ([6], [33]-[35]). Especially, if S(u) = u,
Horstmann and Winkler ([15]) showed that the solutions of (1.5) are global and
bounded provided that S(u) < c(u + 1)2V== for all « > 0 with some ¢ > 0
and ¢ > 0; while, if S(u) > c(u 4 1)>N*¢ for all w > 0 with € > 0 and ¢ > 0,
Q C RY (N > 2) is a ball, and some further technical conditions are satisfied,
then the solutions become unbounded in finite or infinite time. In [25], Tao and
Winkler proved that if S(u)/D(u) < c(u+1)2N+¢ for all u > 0 with some £ > 0
and ¢ > 0, then the corresponding solutions are global and bounded provided
that D(u) satisfies some other technical conditions. We should point out that
Winkler and Djie ([36]) discussed the following initial-boundary value problem:

ug =V - (D(uw)Vu) — xV - (S(u)Vv), ze€Q, t>0,
0=Av— M + u, e, t>0,
(1.6) %:%:0, x € o, t>0,
U(J),O) = U’O(£)7 HARS Qv
/v(x,t)zO, t>0,
Q

where M := (1/|Q|) [, uo(z) dz, and the functions D(u) = u™? and S(u) = ul
as u 2 oo with some p > 0 and ¢ € R. They proved that if p + ¢ < 2/N, then
all solutions of (1.6) are global in time and bounded. Conversely, if p+ ¢ > 2/N
with ¢ > 0, and  is a ball, then the corresponding solutions of (1.6) will blow
up in finite time.

However, to the best of our knowledge, few results are known for the two-
species chemotaxis system with two chemicals (see Bellomo et al. [2], Murray [20],
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Cantrell et al. [5], Hibbing et al. [12], Kelly et al. [18], Painter and Sherratt [23],
Biler et al. [3], Conca et al. [9], Espejo et al. [10], Lin et al. [19], Tello et al.
[24], [28]). In particular, in [3], [24], [28], the authors showed that two species
produce the same signal the gradient of which directs their movement. Let us
remark that in the recent paper [27], Tao and Winkler proved the boundedness
and blow-up to a two-species chemotaxis system with two chemicals

up = Au — x1V - (uVv), zeQ, t>0,
0=Av—v+w, e, t>0,
wy = Au — x2V - (wVz), €N, t>0,
(1.7) 0=Az—z+u, e, t>0,

ou Ov Ow 0Oz
5_5_5_5_0’ red, t>0,

u(z,0) = up(z), w(z,0) =wo(x), €.

They found that the circular chemotaxis mechanism underlying (1.7) goes along
with essentially the same destabilizing features as known for the classical Keller—
Segel system in the doubly attractive case, but totally suppresses any blow-up
phenomenon when only one, or both, taxis directions are repulsive.

Motivated by the above works, the aim of present paper is to study the
chemotaxis system

us =V - (D1(v)Vu) = x1V - (S1(w)Vo), x€Q, t>0,

0=Av—v+w, zeQ, t>0,
wy =V - (Da(w)Vw) — x2V - (S2(w)Vz), z€Q, t>0,
(1.8) 0=Az—z+u, z e, t>0,

ou v Ow Oz
%75757570’ x €N, t>0,
u(z,0) = uo(x), w(z,0) = wo(x), x €1,

where D; and S; (i = 1,2) satisfy (1.2)—(1.4).

THEOREM 1.1. Assume that the initial data ug, wo are nonnegative functions
with (ug,wp) € (C°(Q))? and D;, S; (i = 1,2) satisfy (1.2)—(1.4). If one of the
following cases holds:

<0 <yt 2 4 gy <mgt+ 2 DT
mi + — an me+ — — ————
X1 y @1 Y a2 2Ty N )
<0 cmit 2 W=D <mp 2 W=D
= m+————"— an me+ — — ————
X1 = X2 y @1 Y N a2 2T Ny N )
2 2
x1=X2>0, 1 <—=4+m;—1 and q2 < — +mg — 1,

N N
then problem (1.8) possesses a unique and uniformly bounded global classical
solution (u,v,w, z) € (C°(Q x [0,00)) N C1((Q2 x (0,00)))%.
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REMARK 1.2. (a) If Dy(u) = S1(u) = (u+ 1)™"Y, Do(u) = Sa(u) = u(u +
)91 x1 = x2 = x > 0 and m = 1 — p, then Theorem 1.1 is consistent with
Corollary 3.3 of Tello and Winkler ([36]). The result concerning a chemotactic
collapse in the special case Di(u) = Da(u) = (u+ 1)7? and Sy(u) = Sa(u) =
u(u + 1)77 for problem is optimal. Namely, in [36], Winkler and Djie proved
that if p+¢ > 2/N with p > 0 and ¢ € R, Q C RY is a ball, then the solutions
will blow up.

(b) If Dy(u) = S1(u) = (u+ 1)™"L, Do(u) = So(u) = u, x1 = x2 = x >0
and m = 1 — p, then problem (1.8) possesses a unique and uniformly bounded
global classical solution, which is consistent with Theorem 2.4 of Ciedlak and
Winkler ([8]). The result concerning a chemotactic collapse in the special case
Dy(u) = Dy(u) = (u+1)"P and Si(u) = S3(u) = u for problem is optimal.
Indeed, in [8], the boundedness result was obtained for p < 2/N — 1, whereas for
each p > 2/N — 1 radially symmetric solutions were constructed that blow up in
finite time.

This paper is organized as follows. In Section 2, we recall some preliminary
results and prove the local existence of classical solution to (1.8). Section 3 is
devoted to prove the main results of this paper. More precisely, in this section,
we first give a suitable upper bound of the L¥(Q) (k > 1) norm of solutions to
problem (1.8). Next, the main results are proved by the standard Alikakos—Moser
iteration (see e.g. [1] and Lemma A.1 of [25]).

2. Preliminaries

Before proving our main results, we will give some preliminary lemmas, which
play a crucial role in getting the main results. As for the proofs of these lemmas,
here we will not repeat them again. Throughout this paper the Hilbert space
H = L?(Q) is equipped with usual inner product (-, -) and norm | - |5.

LEMMA 2.1 ([37]). Let 0 € (0,p). There exists a positive constant Can such
that for all w € WH2(Q) N LY(Q),

lull @) < Con(IVulgllul 53, + o).
is valid with a = (N/8 — N/p)/(1 — N/2+ N/6) € (0,1).
The following lemma plays an important role in the proof of Theorem 1.1.
LEMMA 2.2 ([29]). Let y(t) > 0 be a solution of problem

y'(t)+ Ay? < B, t>0,

2.1
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with A >0, p>0 and B > 0. Then we have

B 1/p
y(t) < max {y07 (A) }7 t>0.

The following local existence result is rather standard, which is similar with
the reasoning in [8], [30], [31], [32], [36], [37]. We omit it here.

LEMMA 2.3. Let the nonnegative pair of functions (ug,wo) € (W1>(Q))2.
Then there exist a mazimal existence time Tnax € (0,00] and a quadruple of
nonnegative functions (u,v,w,z) € (C°(Q x [0, Tmax)) N C*H(Q X [0, Timax)))*
classically solving (1.8) in Q X [0, Trax). Moreover, if Tax < 00, then

(22) ||u( : 7t)||L°°(Q) + ||’U)( : 7t)||L°°(Q) — 00 ast /‘ Tmax~

3. A priori estimates

In this section, we are going to establish an iteration step to develop the main
ingredient of our results. Before proving the main results, we shall introduce
some notations. We can assume that Cp, = Cs, = 1 (i = 1,2) without loss of
generality. The iteration depends on a series of a priori estimates.

LeEMMA 3.1 ([4]). Suppose f € L*(Q). Let ¢ be a solution of the following
initial boundary value problem:
A+ =f x€Q,
W _

=0, x € 0N.
ov
Then, for alll € (1, N/(N — 1)), there exists a constant ¢ > 0 such that
loC Ollwee <cllfllor) +clldllni  for all o € C() fulfilling 0711//) =0.

Firstly, let us derive the following a priori boundness for the solutions of
model (1.8).

LEMMA 3.2. Assume that (u,v,w, z) is the solution of (1.8). Then
/Qu(x,t) dx = /Quo(az) dx  for allt € (0, Tinax)
and
/Qw(:z:,t) dr = /ng(x) dz  for allt € (0, Timax)-
Applying Lemmas 3.1 and 3.2, we can get the following lemma:

LEMMA 3.3. For alll € (1, N/(N — 1)), there exists a constant ¢ > 0 such
that

lo(-, )lwre <e and ||z(-,t)||lwie <c forallt € (0, Tiax)-
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PrOOF. By Lemma 3.1, for all [ € (1, N/(IN — 1)), there exists a constant
¢ > 0 such that

[0 ) lwra < el flloi) + el for all ¥ € C(Q) fulfilling 81/)

== =0,
v
where f = —Avy + 1. Hence

lo(- ) lwra < el|—=Av+vl| Loy +cllvllpr)  for all v e C(Q) fulfilling % =0.
On the other hand, due to Lemma 3.2, we have

[v(- . Dllwre < el = Av+vlLra) + clvllLie) = cllwll @) + cllvllrie) < e
By the same arguments as in the above proof, we get |w(-, )| < c. O

Next, we are in a position to improve the regularity of v in a higher LP space.
Firstly, we give the following lemma which plays an important role in obtaining
the main results.

LEMMA 3.4. Assume that x2 < 0. Let (u,v,w,z) be a solution to (1.8) on
(0, Tinax)- Then, for all k > 1, there exists a positive constant C' such that

(3.1) /(w(x,t) +1)fde <C for all t € (0, Tax)-
Q
PrROOF. Without loss of generality, we may assume that yo = —1. Multi-
plying (1.8)3 by (w + 1)*~1, integrating over €, we get

1d _

=—(k—1) /Q Sy (w)(w + 1)*"2Vw - Vz dr.

Integrating by parts the first term on the right-hand side of (3.2), we obtain from
the second equation in (1.8)

(3.3) —(k—1) | So(w)(w+1)*2Vw-Vzdr = —(k—1) | V¥(w)- - Vzdzx
Q Q

:(k—l)/Q\I/(w)(z—w)de(k—l)/\ll(w)zda:

Q
<(k—-1) /Q(z +1) /Ow So(7) (T 4+ 1) 2 drdx

(k—1) / ktqa—1
- @7 1 1 q2 d
S Q(z+ Y (w+1) x

< k=l ( [ o pytrein da:) m( [e+v dx) "
Tkt —-1\Jq Q ’

(3.4) U(w) = /Ow So(T)(r+ 1)k2dr
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and 1/y+1/9" = 1.

CAst 1. N <2, due to Lemma 3.3 and the Sobolev embedding theorem, we
have

1/
(3.5) (/ (z+ 1) d.%') <Ch||z+ 1||W1,5(Q) < Oy,
Q

where C; (i = 1,2) are independent of Tiax and v/ < 4+00. As g2 < ma + 2/N,
choose v/ =1+ 1/(m2 4+ 2/N —g2) > 1 in (3.5). Next, due to (3.3) and (3.5),
we have

(3.6) —(k— 1)/952(10)(10—}— DF2Vu - Vzda

1/v
gcg,</(w+1)<q2+’“>7 dx)
Q

o —1)/2 | 2(@aHk—1)/(k+mz—1)
203H(w+1)(k+ : 1)/2||2(Zz+k—1)7/(k+722—1)
< C(|V(w + )EFme /2 | o 4 1) a0

+ ||(w + 1)<k+m2—1)/2Hz/mmz_1))2<q2+k71)/(k+m271>

<Cs(|V(w+ 1)(k+m271)/2|;>\(Q2+k71)/(k+m271) 1)

with
N[k+mga—1] N[k +mg—1] N N
_ 2 20 +k—1)y 2 2(gat+k-—1)y
A= N Nlk+mg—1] = lk+me —1] N  N[k+mg —1]
A L L - o+ 2
2 2 2 2
n (0,1). As g2 < mg +2/N, we have
N N
2Mg2+k—1) 2 2q+k— 1)y
3.7 —_—= =2 k-1
(37) kE4+mg—1 (g2 + ) N  Nlk+mg —1]
e R

1
N<QQ+]<:—1—)
2

CASE 2. N > 3, due to Lemma 3.3 and the Sobolev embedding theorem, we
have

1/4'
(38) (fe+va) " <l tlwm <o
Q

where C; (i = 1,2) are independent of T,ax and v < N/(N — 2).
As gu <mg+4/N —1, choose v/ = N/(N —2) —e(ma +4/N —1—¢q) > 1
in (3.8), where € > 0 is a small constant.
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Due to g3 < mg +4/N — 1, we have

N N
2X(g2 + k— 1) 2 2 +k—1)y
. AMeth—l)_, 1
(39) e pa U A R N i Sr—" |
L R R

1
N(qg—l—k—l—)
v

Next, due to (3.3) and (3.8), we have

(3.10) —(k—1) /ng(w)(w +1)*2Vw - Vzdz

1/
< 03(/ (w + 1)(a=tE=1n dx)
Q

2(q2+k—1)/(k+m2—1)

=Cs|(w + 1)(“7”271)/2“2((;2% 1)/ (k+ma—1)

<C4(’V w + )(k+m2 1)/2‘ H +1) (k+ma— 1)/2H2/(k+m2 .
htma—1)/2 2(qa+h—1)/(k+mz—1)
+ || (w + 1) Fm==1/ ”2/(k+m2 1)) 2 .
<C5(|V(w+ 1)(k+m271)/2|;)\(!m+k D/ Gktma=1) 0
with
Nlk+mg—1]  N[k+my—1] Ny N
- - e 4k 1)y _ 2 2 tk—1)y
A= N  N[k+my—1] = [k+mg —1] N N o
et - 4=
2 9 5 5

n (0,1). Thus, combining (3.6)—(3.9) and using the Young inequality, we have
that there exists a positive constant Cg such that

(3.11) f(kf1)/{152(w)(w+1)k’2Vonzdx

<

-1
)/Dg(w)(w+1)k_2|Vw|2dx+Cg,
Q

which together with (3.2) implies that

1 1
(3.12) T ||w + 15 r e + ) / Dy(w)(w + 1)* 2| Vw|?* dz < Cr,
Q
where C7 is a positive constant. Employing the Holder inequality to the second
term on the left-hand side of (3.12) and using Lemma 2.2, we obtain the desired
results. 0
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LEMMA 3.5. Let (u,v,w, z) be a solution to (1.8) on (0, Tymax). Then for any
k > 1, there exists a positive constant C' such that

(3.13) /(u(a:,t) +1)*de <C  forallt € (0, Tax)-
Q
PROOF. Multiplying (1.8); by (u + 1)*~!, integrating over Q, we get

(3.14)

| =

d _
Gl e+ (= 1) [ i)+ 1)V da

=(k—-1xa /Q Sy (u)(u+1)*"2Vu - Vo dz.

Integrating by parts to the first term on the right-hand side of (3.14), we obtain
from the second equation in (1.8)

(3.15) (k—1)X1/Sl(u)(uﬂ)k*?vu-vudx
Q
:(kfl))a/QV\II(U)Vvdz
:—(kfl)xl/ﬂlll(u)(vfw)dzg (k—l)xl/Q\I/(u)wdx

S(k—l))ﬁ/ﬂ(w—kl)/ou S (7)(r + 1) 2 drdx

(k—1) / ktqi—1

c T 1 1 q1 d

,k+Q1—1X1 Q(w+ )(u+1) z

< (k_l)X1</(U+ 1)(k+q171)7 d.l?) 1/’Y</(w + 1)7/ dm) . ?

kt+aq—1 o o
where
(3.16) (u) Z/ Si(r)(r+ 1) 2dr
0

and 1/v 4+ 1/4" = 1. On the other hand, due to Lemma 3.4, we have

1/
(3.17) </ (w+1)7 dx) <0y forally > 1.
Q

By ¢1 < my+2/N, choosing v =1+1/(m1 +2/N —¢1) > 1in (3.17) and from
(3.15), we have

(3.18) (k—1)X1/Qsl(u)(u+1)k—2vu-vudx

1/v
SQ(/W+D“m1”“>
Q

_ k4+mq—1)/212(q1+k—1)/(k+m1—1)
—C2||(“+1)( =/ ||2(q1+k—1)fy/(k+m1—1)

< (| (u+ )EF R () EEmR G



BOUNDEDNESS IN A TWO-SPECIES QUASI-LINEAR CHEMOTAXIS SYSTEM 473
(k+m1—1)/2 2(q1+k—1)/(k+my—1)
+[(w+1) H2/k+m171>

<Cy(|V(u+ 1)(k+m1—1)/2E)\(th-&-k—l)/(k-i-ml_l) 1)

with
N[k—i—ml—l}_N[k—i—ml—l] N N
_ 2 20 +k—1)y 2 2 t+k-1)
A= N Nhrmo1  Frm o N o 1)
AL I 1- S 4=
2 2 2 2
n (0,1). Since g1 < my +2/N, we have
N_ N
2\ (1 +k—1) 2 2Aqtk—1)y
3.19 —_— =2 k—1
(3.19) k+mp—1 (¢ + ) N Nlk+mq —1]
1= 5+ 5

Thus, combining (3.18) with (3.19) and using the Young inequality, we have that
there exists a positive constant C5 such that

(3.20) (k—1)x1 /Q Si(u)(u+ 1) 2Vu - Vo dzr

k—1
< % / Dy (u)(u+ 1)*72|Vu|? dz + Cs,
Q
which together with (3.2) implies that
1d k-1
o) gl + S5 [ Dl v < c,
k di 2/,

where Cg is a positive constant. Employing the Holder inequality to the second
term on the left-hand side of (3.21) and using Lemma 2.2, we obtain the desired
results. 0

LEMMA 3.6. Assume that x1,x2 > 0,
2 2
(3.22) q1<N+m1—1 and q2<ﬁ+m2—1.

Let (u,v,w,z) be a solution to (1.8) on (0,Tmax).- Then there exist positive
constants C and o such that

(3.23) /Q(u(x,t) + 1)* dx + /Q(w(x,t) +)rkde < C

for allt € (0, Timax) and k € (1,70].
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PrOOF. Firstly, due to (3.22) there exists

. 2/N+m1717q1 2/N+m2717q2 2 1
71€<1’1+mm{ ¢ ’ g2 ’(N—2)+7N})7
such that
(3.24) Y1q1 < 3 +m;—1 and 71q2 < z +me — 1.

N N

Hence, it then follows from ¢; > 0 (i = 1,2) that there exists vy > max {N/2,
Y1/(71 = 1) = q1,71/(m1 — 1) — g2} such that

71
m—1

2
(3.25) max{’yl('yo +q — 1), } =mw+a -1 <yw+—=+m —1,

N

(3.26) max {71 (o + g2 — 1), n
-1

2
}=%(%+q2—1)<%+N+m2—1.

Multiplying (1.8); and (1.8)3 by (u + 1)*~! and (w + 1)*~1, respectively, and
integrating over 2, we get

1d
3:21) 3 g lut U + (k= 1) [ Difw)(u+ 12 Vup de
k dt Q
=(k—-1x1 / Sy (u)(u+ 1)*"2Vu - Vo dr,
Q
1d k k—2 2
(328) — — |lw+1lzrq) + (k—=1) | Da(w)(w+1)"|Vw|*dz
k dt 0

= (k= 1)x2 /Q So(w)(w + 1)*2Vw - Vzda.

Integrating by parts the first term on the right-hand side of (3.27) and (3.28),
we obtain from the second and the fourth equation in (1.8)

(3.29) (k—1)x1 /Q S1(u)(u+1)*"2Vu - Vo dx

(k—1) / kdqi—1
1 1)~
S T R AR LU 2

(3.30) (k— 1)><2/ So(w)(w 4+ )" 2Vw - Vz dx
Q

(k-1)

T k4+g—1

Hence, by the Young inequality and (3.25)—(3.26), we have

)(2/(u—&—1)(w—i—1)k+‘“_1 dx.
Q

(3.31) (k—1)X1/Qsl(u)(u+1)’f—2w.de

+(k—1)x2 /Q So(w)(w + 1)"2Vw - Vz da
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<Cy /Q((u + 1) 4+ 1) + (u+ 1)(w + 1)) dy
< C2</Q(u + 1y 4 1) dy
+ /Q(w F bt g m dm)

§C3(/Q(u+1)0‘1 dx+/9(w+1)’l2 dx),

where

1 1
(3.32) ap=mnk+a-1), a=yk+e-1), —+ =1L
71 '71
and C; (i = 1,2,3) are independent of Tj,.x and k. On the other hand, due to

Lemma 2.1, we have

(3.33) (k- 1)y /Q Sy (w)(u+ 1)F2Vy - Vo da
+ (k- 1))@/ So(w)(w + 1)*2Vw - Vz da
Q

§Cg/(u+1)°‘1dx—l—Cg,/(w—i—l)“zd:E
Q Q

=Csllu+ 1|5 + Csllw + 1]|52
2041/(]@4’77’7,171)
2a1/(k+m1 1)

+ Oy (w + 1) tkrma= /2| fae/ (ma D)

<G|V + )EFmD2 N e ) EFmD20

)2&1/(k+m1 1)

:C3||(u + 1)(k+m171)/2”

+ H u+1) (k+m1_1)/2H2/ k+mq—1)

+ G5 (|9 (w + DFFm 2 1)K R

mo— 2as /(k+mao—1)
+’|(w+1)(}H : 1)/2||2/(k+m2 1)) s

< Cs(|V( (u+ 1)k+ma— 1)/2|2A””/(’“+’””1 b +1)

+C7(|V(w + 1)““*’”2*1)/2@“"‘2/(“’”2*1) +1)

with
N[k+m1—1]_]\7[k—|—m1—1] ﬁ_i
2 2&1 _ _ 2 2&1
A= 1_E+N[k+m1—l] = [k +m 1]1_E+N[/€+M1—1]
2 2 2 2
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in (0,1) and
N[k+ms—1  N[k+my—1] N N
— 2 20[2 _ _ 2 20[2
H= N Nitm-1  Erme R, o]
-4+ ——F L =S —
2 2 2 2
in (0,1). By (3.25) and (3.26) and &k < 7, we have
N N
2)\0&1 E_E
3.34 =2
( ) k4+mq—1 all_g N[k+m1—1]
2 2
N(aq —
= (a1 — 1) <2
N  Nlk+mi—1]
1- =+
2 2
and
N N
2)ar2 2 2ay
3.35 =2
(3:35) k+mg—1 @2 N  Nlk+my—1]
1- %+
2 2
- N(CEQ—].)
N Nk +my—1] <2
2 2

Thus, combining (3.33)-(3.35) and using the Young inequality, we have that
there exists a positive constant C;7 such that

(3.36) (k—1)x1 /Q Sy (u)(u+1)*"2Vu - Vo da

+ (k—1)xe /Q So(w)(w + 1)*2Vw - Vzda

(k=1

<
- 2

/ Dy (u)(u+ 1)*72|Vul|? dx

Q

+ @ / Dy(w)(w + 1)*2|Vw|? dz + Cr,
Q

which together with (3.27) and (3.28) implies that

1d
1
+ D Dy )2 v e
Q
k-1
+ D [ Dy + ) vul e <
Q

where Cg is a positive constant.
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Since
/Dl(u)(u+1)k72|V’UJ|2dl‘2/|V(u+1)(m1+k71)/2|2d‘r
@ Q
209/ |(u+1)(m1+k71)/2|2dx
Q

and

/ Dy(w)(w + 1)*2|Vw|? dx 2/ |V(w + 1)(m2+k71)/2|2 da
@ Q
>Cho / |(w+ 1)(’"2““*1)/2}2 dz,
Q

letting
y::/(u+1)kdo:+/(w+1)kdx
Q Q

in (3.37), we get
d
% y(t) + Cllyh(t) < (g forallte (Omiax)

with some positive constant h. Thus a standard ODE comparison argument
implies boundedness of y(t) for all t € (0,Tmax). The proof of Lemma 3.6 is
complete. O

A straightforward adaptation of the well-established Moser-type iteration
procedure ([1] or Lemma A.1 of [25]) allows us to formulate a general condition
which is sufficient for the boundedness of u and w.

LEMMA 3.7. Assume that x1,x2 > 0 and (3.25)—(3.26) hold. Moreover,
suppose that the solutions of (1.8) fulfill

(3.38) sup [T 4u(-,t)llpe@) +  sup (T4 w(-,8)l[prq) < o0
t€(0,Tmax) t€(0,Tmax)

with some k > 1 satisfying k > max{N/2,v1/(m1 —1) —q1,m/(71 — 1) — g2},
where

2/N+m1—1—q1 2/N+m2—1—q1 2 1}
an ’ % (N-2)F'N |

Then there exists C' > 0 such that

1
=1+ ok min {
(3.39) [uC- . DllLe@) + lw(-, )llpe@) < C forall t € (0, Tiax).

PRrROOF. Firstly, according to (3.38) we can pick kg > max {N/2,v1/(11 — 1)
—q1,71/(m1 — 1) — g2} such that

(3.40) /(u + 1)k (z,t) da + / (w+ 1)k (z,t)dx < Cy  for all t € (0, Tmax)
Q Q
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with some Cy > 0. Now, we may invoke Lemma A.l in [25] which by means
of a Moser-type iteration applied to the first and the third equation in (1.8)

establishes
(3.41) lu(-, )| Lo () + [[w( -, 1) Loy < C forall t € (0,00).
The proof of Lemma 3.7 is complete. O

Collecting Lemmas 3.4-3.7, we can prove Theorem 1.1.

PROOF OF THEOREM 1.1. Theorem 1.1 will be proved if we can show that
Tiax = 00. Suppose on the contrary that Ti,.x < co. In view of Lemmas 3.4—
3.7, [u( -, 1)L () < C and |[w(-,t)|| gy < C for all t € (0, Tiax), where the
constant C' is independent of Ti,.x. This contradicts with Lemma 2.3. Hence
the classical solution (u, v, w, z) of (1.8) is global in time and bounded. O
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