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ON AN ADDITIVE REPRESENTATION
ASSOCIATED WITH THE L;-NORM
OF AN EXPONENTIAL SUM

M.Z. GARAEV

ABSTRACT. Let N be a large positive integer parameter,
f(n) be an integer valued strictly increasing function of the
natural argument n. It is well known that a nontrivial upper
bound estimate for the number of solutions of the diophantine
equation

f@)+ ) =Ffw)+fv), 1<zyuv<N

has an important application in obtaining a lower bound for
the Li-norm of an exponential sum. In this paper by a
short argument we obtain a result which implies a well-known
estimate of Konyagin.

1. Introduction. Let N be a large positive integer parameter, f(n)
a strictly increasing integer-valued function of the integer argument
n,1 <n < N. A famous Littlewood conjecture states that

1) / 1

This conjecture was independently proved in 1981 by Konyagin [5] and
McGehee, et al. [7]. The relation [8, page 67]

[

shows that the order log NV in (1) is sharp. However, for a wide class of
sequences f(n), the estimate (1) can be improved. Bochkarev [1] has

improved (1) for sequences of the type f(n) = [eA“”B], where 0 < 8 < 1.

da > log N.

Z exp(2miaf(n))

4
da = — log N + O(1)

N
Z exp(2mian)
n=1
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The approach in [1] is based on harmonic analysis. Karatsuba [4] has
found a connection between the Littlewood problem and the problem of
obtaining a nontrivial upper bound estimate for the number of solutions
of the corresponding diophantine equation. Let J := J(NN) denote the
number of solutions of the equation

f@)+fy) = fw) + f(v), 1<z9,u0<N.

One of the results of [4] reads as follows.

Lemma 1. For arbitrary coefficients v(z), |y(z)| = 1, the estimate

I:=1I(N)= /01 dov > <N73>1/2

N .
Z ,Y(x)€21rzaf(z)
=1

holds.

This statement allows to approach the problem of Littlewood in
different ways. For example, in the above mentioned work [4] it is shown
how the result of [1] can be improved using tools of analytic number
theory. Konyagin [6] has used some methods from combinatorial
number theory to get a substantial improvement even for a more general
sequence. He established that if

(2)  0<f(2)—f(1)<fB)—f(2) <+ <f(N)— FIN-1)
then J < N®/2. In particular, I > N/4,

In our works [2, 3], among other results, new proofs of Konyagin’s
estimate have been obtained. The aim of the present paper is to obtain
by a short argument new information which also includes Konyagin’s
estimate. Our argument can also be useful on other related questions.

2. The result and its corollary. For a given element A of the set

H={f(z)+f(y) [1<z,y <N},

we denote by m(h) the number of solutions of the equation

(3) f@)+ fly)=h, 1<z<y<N.
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Let hy, ha, ..., h, be all the elements of the set H numerated such that
m(hy) > m(ha) > ... > m(h,). It is clear that

(4) J < 4im2(hi)
and
(5) 3 mihg) = TEEL,

For a fixed L, 1 < L < N, we denote by Jr, := J(IN) the number of
solutions of the equation

(6) @)+ fly) = flz+t)+ f(2)
in positive integers x,y, z,t subject to the condition

(7) 1<z<y<N, 1<t<L, z+t<z<N.

Theorem 2. For any integers L,r with 1 < L < N —1 and
1 <r < w, the inequality

N-1 Jg
|
Tt

m(h;) <
holds.

Proof. For simplicity, denote m; = m(h;). If m, = 1, then the
statement of Theorem 2 is trivial.

Let m, > 2. Following (3) we write out all the representations of the
numbers hiy,...,h, as

hi = f(z11) + f(y1) = f(@12) + f(y12) = - = f(@1my) + F(Y1m,),

h, = f(wrl) + f(yrl) = f(mTZ) + f(yr2) == f(wrmr) + f(mir)a
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where
T11 < T2 <+ < Timgs

Tpl < Tpg < 0+ < Tpm,

and z; ; < y; j. Suppose that among the (my — 1) + (mg — 1) +--- +
(m, — 1) collections of positive integers

T12 —T11, 13 — T12,--- 5 Tim; — L1mi—1s

Lr2 = Tply Lr3 — Lr2y-++ 5 Trm, = Lrom,—1

there are V numbers greater than L and v numbers less than or equal to
L. Each number [ of our collection is associated with the corresponding
solution of the equation

f@)+fly)=fle+)+f(2), 1<z<y<N,z+1<z<N.

Therefore,
v S JL-

On the other hand the total sum of the numbers of our collection is
< Nr —r. Hence,

VL < Nr—r.

Besides,
(m—1D+(me—1)+...+(m,—1)=V 4.
Therefore,
N -1
r(mrfl)g( )r—i—JL
L

and the result follows. o

From Theorem 2 we can easily deduce Konyagin’s estimate.

Corollary 3. If the function f(n) satisfies the condition (2), then
the estimate

J < N°/2
holds.
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Indeed, from (2), (6) and (7) we see that the inequality 1 <y — z <
t < L holds, since otherwise

)= f(z) = fz+1) = f(2) > f&+ 1) - f(a),

contradicting (6). Therefore, the number of all the possible triples
(y,2,t) is less than L?>N. For fixed y, z and ¢ there is at most one value
for = satisfying (6). Therefore, J; < L2N. From Theorem 2, by taking
L = [r'/3], we obtain

m(h,) < Nr—/3.

Combining this with (4) and (5) we conclude

J< > mP(h)+ > m?(h)
i§N3/2 i>N3/2
<<N5/2 +N1/22m(h1) < N5/2.

i<w
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