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POSITIVE SOLUTION OF MULTI-POINT
BOUNDARY VALUE PROBLEM FOR
THE ONE-DIMENSIONAL P-LAPLACIAN
WITH SINGULARITIES

DE-XIANG MA AND WEI-GAO GE

ABSTRACT. In the paper, we get positive solutions of the
following multi-point singular boundary value problem with
p-Laplacian operator

(pp(u)) + q(t) f(t,u,u') =0 0<t<1,

u(0) =Y asu(€), (1) =Y B (E),
=1 i=1
where ¢p(s) = [s|P72s,p > 1; 51 (0,1), i = 1,2,...,n,
0<a, Bi <1,i=1,2,... ZZ az,zllﬁz<1

and f(t,u,u’) may be smgular at 0, E

1. Introduction. In this paper we study the singular boundary
value problem (BVP for short)

(@p(u)) +q) f(t,u,u') =0 0 <t <1,

where ¢,(s) = [s[P72s, p > 1; & € (0,1), i = 1,2,...,n, 0 < «,
Bi<l,i=12,...,n,0<>" > B <1and f(t,u,u’') may
be singular at w = 0, v’ = 0, ¢(¢t) € C[0,1]. The singular differential
boundary value problem arises in many branches of both applied and
basic mathematics and it has been extensively studied in the literature,
for details, we refer the reader to [2].
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When f(t,u,u') = f(t,u) has no singularity at v = 0, Bai [4] and Ma
[8] studied two problems similar to (1.1) respectively, i.e.,

(pp(u)) +q(t)f(t,u) =0 0<t<1
u'(0) = Zaiu/(fi), u(l) = Zﬁlu(@)’

and

W +qt)ft,u)=0 0<t<1

u'(0) = Zaiu/(ﬁi)a u(l) = Zﬁiu(fi)v

The tools used in [4, 8] are fixed point index theory and fixed point
theorem in cones due to Krasnoselskii, respectively. When p = 2, and
f(t,u,u’) has no singularity at v = 0, /' = 0, (1.1) has been also
studied in [5] and its references. But we may see easily the method
used in [4, 5, 8] is of no effect to (1.1) since f(¢, u, ') may be singular
at u =0, v’ = 0 in our paper. BVP (1.1) contains the following BVP
as a special case,

(1.2) {u”—i—q(t)f(t,u,u’)zo 0<t<1

u(0) =0, W'(1) =0,

when f(t,u,u’) may be singular at u = 0, v’ = 0. Equation (1.2) has
been studied extensively in [2].

In fact, when f(¢,u,u’) = f(t,u) has singularity at u = 0, the
first differential equation of (1.1) subjected to some other boundary
conditions has been studied, for example,

" G +af(E ) =0 0<t<1
' u(0) = 0, u(1) =0,

when f(t,u) = f(u) has singularity at « = 0, (1.3) has been studied in

[9], when f(t,u) has singularity at v = 0, (1.3) has also been studied

in [1]; and

(1.4) {i%(u;))”rq(t)f u) =0 0<t<l
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when f(¢,u) has singularity at v = 0, (1.4) has been studied in [8]. In
regards to (1.1), to our knowledge there is not a paper in the literature
which discusses it. As is known, one difficulty that appears is that, for
p # 2, the differential operator (¢,(v'))’ is nonlinear, and thus, it is
very difficult to change the differential equation in (1.1) to an equivalent
integral equation, but in this paper, we use a technique to solve this.
The method used in this paper is different from those of [1, 4-9].

We shall denote by C[0, 1], respectively C[0, 1], the classical space of
continuous, respectively continuously differentiable, real-valued func-
tions on the interval [0,1]. The norm in C[0,1] is denoted by
|wllo = max,efo,1) [w(t)]. The norm in C*[0,1] is denoted by |lw| =
max{|lwl|o, [|w'|lo}. Then both C[0,1] and C'[0,1] are Banach spaces.

In this paper, we say a function w(t) is a positive solution to problem
(1.1) if it satisfies the following conditions:

(i) w € Cl0,1] n Cto,1],
(ii) w(t) > 0 and w'(t) > 0 for any ¢ € (0, 1),
(iii) (¢p(w’))'(t) € L*[0,1] and
(Gp(w)) + (B (6w, w) =0 0<t<1

w(0) = Zaiw(fz‘% w'(1) = Zﬁz‘w/(fi)'
i=1 =1

We recall that a function w is said to be concave on [0, 1], if
w(>\t2 + (1 — )\)fl) > )\’w(tg) + (1 — )\)w(tl), t1,ta, A € [0, 1],

and a function is said to be monotone on [0, 1], if w(t) is nondecreasing
or nonincreasing. We denote
C1[0,1] = {w € C'[0,1] s w(t) >0, w'(t) > 0, t € [0,1]},
P ={we CL[0,1] : w(t) is concave on [0, 1]}.

It is easy to see that P is a cone in C'*[0, 1].

We know easily that, when p > 1, ¢,(s) is strictly increasing on
(=00, +00). So ¢, ! exists. Moreover, ¢, = ¢,, where (1/p) + (1/q)
=1.

The following conditions are needed in this paper:
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(H1) ¢(t) € C[0,1] with ¢(¢) > 0, ¢t € (0,1).
(H2) f:[0,1] x (0,400) x (0,400) — [0, +00) is continuous;
(

H3) there exist A = 0or A > 1; B> 1, C =0or C > 1
and0§k<mm{p—11}l>OsuchthatO<f(tuu)<
[f1(w) + f2(uw)][A(w)* + B(u)~ +C]0n[0,1]><(0a+00) (0, +00) with

f1 > 0 continuous, nonincreasing on (0, +00) and fo filw) du < 400
for any fixed L > 0; fo > 0 is continuous on [0, +00);

(H4) for any K > 0, N > 0, there exists a function ¢k n continuous
on [0,1] and positive on (0,1) with f(t,u,v) > ¥r n(t), t € (0,1), on
[0,1] x (0, K] x (0, NJ;

(S w(s)a(s) ds)) ™ € L0, 1] and fy(ct) € LY[0,1], f(ct)

’1(ft1 ¥(s)q(s)ds))~t € L0,1] for any fixed ¢ > 0.

When ¢ > 0, let

Gle) = / “(aw) + o)) du

o, (1) it
o A(gp'(t)+1)*+ B¢y (1)1 +C

Then both G(c) and I(c) are strictly increasing about c. So (I¢,) ™! (¢)=
¢y H(I71(c)) exists on (0, +00).

We state our main result as follows.

Theorem 3.1. Assume (H1)—(H5) hold and

c
sup

o To)HGOT

where

r— (1= i+ 300, @)
(1= e (1 =320 i)

Then (1.1) has at least one positive solution.

(I¢) " (llallo)-

The paper is organized as follows. After this section, some lemmas
will be established in Section 2. In Section 3, we prove our main results,
Theorem 3.1. An example is also given to show our results.
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2. Preliminaries. In this section, we suppose F : [0, 1] x [0, +00) %
[0,4+00) — [0, +00) is continuous and ¢(t) satisfies (H1).

Lemma 2.1. Suppose y € C*(0,1] with (¢,(y")) € C|0,1] satisfying

—(op(¥)'(t) 20 0<t <1,

n

y(0) = Z%‘Mﬁi% y'(1) = Zﬂz’y/(fi)-

Then, y(t) is concave and y(t) >0, y'(t) > 0 on [0,1], i.e., y € P.

Proof. The proof is very easy since 0 < > oy < 1,0 < Y0 3
< 1, and we omit it.

For any = € C}[0, 1], suppose u is a solution of the following BVP,

(Pp(u)) + qt)F(t,z,2/) =0 0<t<1,

(2.1) w(0) = Zaiu(&% u'(1) = Zﬂiu/(&‘).
i=1 =1

Then

W)= o [+ [ o) Gs.ats).0'00) 05
u(t) = By + /Ot o, {Am + /31 q(r)F(r,x(r),2'(r)) dr] ds,

where A,, B, satisfy the boundary conditions, i.e.,
(2.2)

¢, Ay = Xn:m;l (Am + /1 q(s)F(s,2(s),2/(s)) ds)

i=1 &

B, = zn:ai [Bx + /Ogiqspl (Ax + /Slq(T)F(T,x(r),x’(r)) dr) ds].

=1
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So,

Z?Zl o 0& gb;l (Ax + fsl q(r)F(r,z,x") dr) ds
1- Z?:l Qg

+ o oy ) () ir) ds.

where A, satisfies (2.2).

u(t) =

Lemma 2.2. For any = € C1[0,1], there ewists a unique A, €
(—o0, +00) satisfying (2.2). Therefore, for any x € CL[0,1], (2.1) has
a solution.

Proof. For any z € C1[0,1], define

H() = 67 (0) - gw (e [ dorG.ats). 2760 a5,

then H(c) € C((—o0,+00), R) and
n 1
H(0) = _Zﬂi%l(/g_ q(s)F(s,x(s),x’(s))ds) <0.

In what follows, we will divide into two cases to prove that H(c) =0
has a unique solution on (—o0, +00), which means that there exists a
unique A, € (—oo, +00) satisfying (2.2). And, as a result,
S foi (;5;1 (Am -+ fsl q(r)F(r,z,x) dr) ds

1-— Z?:l Q5

+/Ot ¢_1<Am+/slq(r)F(r,x,x’) dr) ds

is a solution of (2.1).

u(t) =

Case 1. H(0) = 0. Then

iﬁmf( / (o) Pl 2(5)215) s) =0

i
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So,
1
5@;1( / q(s)F(sw(s)w'(s))ds) —0, i=1,2,...n.
&
Therefore,
1
6,00 | a(s)F(s,0(9). /() ds =0, i=12...
&
Then,

H(c §;61¢p1(c+/;q )ds>
= 6;(0) gqb (80060 < /;q als).a/(s))ds )

=¢,"(c)

|
s
&
=

650 e+ 00(0) /g 0(6)Fs.0(0),2/(5)) s )

—65(0) - gﬁmp‘l(d - (1- §ﬁ)¢ ©

Obviously, there exists a unique ¢ = 0 satisfying H(c) = 0.
Case 2. H(0) # 0. Then H(0) < 0. (i) When ¢ € (—00,0),
n 1
0 = 0,0~ Y00y (e [ alo)F(sa(0). () )
i=1 i
0= 3 Ais o)
i=1

n

= (1 - ;ﬂz)gbl(c) <0.

So when ¢ € (—0,0), H(c) # 0.
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(ii) When ¢ € (0, +00),

where

i

_ n ! 8)F(s,x(s),2'(s)) ds
H(c):l—Zﬁi¢;1<1+ffq”( (s),2'(s)) )

c

Since H(0) # 0, that is,

iﬂi%l (/; q(s)F (s, 2(s), 2'(s)) ds) #0.

As a result, there must exist ip € {1,2,...,n} such that

@Oqs;l( / " (5) (s, 2(s), x’(s») ds 0.

io

Thus, we get H(c) is strictly increasing on (0, +00);

/1 q(s)F(s,z(s),'(s)) ds > 0
0
and Y., 3 > 0. Let

n ) 1
%/ a(s)F (s, 2(5), 2'(s) ds,

then ¢ > 0 and we have

Cc =

He) =1
(1= ¢ (X0 82)) [ a(s)F(s,2(5),2/(s)) ds

- Byt (1 +
i=1

> 0.

by (X0 Bi) [ a(s)F (s, x(s), 2'(s)) ds

)
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So, H(c) = ¢, (¢)H(¢) > 0. The mean value theorem guarantees that
there exists ¢o € (0,¢] C (0, +00) such that H(cp) = 0. If there exist
two constants ¢; € (0,+00), i = 1,2, satisfying H(c1) = H(cz) = 0,
then H(c;) = H(cz) = 0. So ¢; = ¢ since H(c) is strictly increasing
on (0,400). Therefore, H(c) = 0 has a unique solution on (0, +00).

Combining (i), (ii) and H(0) # 0, we obtain that H(c) = 0 has a
unique solution on (—o0, 4+00). The proof of Lemma 2.2 is completed.
O

Remark 1. From the proof of Lemma 2.2, we know that for any
x € C}r [0,1], if we let A, be the unique constant satisfying equation
(2.2) corresponding to x, then

—¢p(2?:1ﬁi) 1 S s, x(s),2'(s)) ds
Ave |0, 22 [ ) (s (), () ds|

For any z € C1[0,1], let A, be the unique constant satisfying
equation (2.2) corresponding to z. Then the following conclusion holds.

Lemma 2.3. A, : C1[0,1] — R is continuous.

Proof. Suppose {z,} € C1[0,1] with z, — zy € CL[0,1] in
C1[0,1]. Then, ||z, — zollo — 0 and |z}, — z{llo — 0. Let {A,},
n = 0,1,2,..., be constants decided by equation (2.2) corresponding
to zn, n = 0,1,2,.... Since ||z, — zollo — 0, ||z, — z(llo — 0 and
F :[0,1] x [0, +00) x [0, 4+00) — [0, +00) is continuous, we get that, for
e = 1, there exists N > 0, when n > N, for any r € [0, 1],

0< F(Tv xn(r),a:;l(r)) < [1 + F(T, :L‘o('l“),.%‘é(?‘))]

(23) < {1 + Tlél[%ﬁ] F(r, ,’Eo(T)7 2176(7“))} .

So, by Remark 1,

bp (301 Bi)
An [0’ il

which means that {A,} is bounded.

1+ mx Flrao(r) ()] lalo|-
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Suppose A,, does not converge to Ag. Then there exist two subse-
quences {Ank} and {Ank} of {A,} with ASQ — ¢; and Ag?,c) — ¢g since
{A,} is bounded, but ¢; # ca.

By construction of {A,}, n =0,1,2,..., we have
(2. 4)
1
A2 =3 ey () + [ a8, 0 ).

Using (2.3) and letting ny — 400 in (2.4), we get
¢y ' (c1)

:nili%ozﬁz ()« [ 1q<s>F<s,wS,3<s>,<x;13>’<s>>ds)

i
1

—Z@ () + i [P (s a6 0l o) s

e Je,
1
- Zm,,l(cl # [ aF (s ofs) () ds ).
i=1 g
Since {A,}, n=0,1,2,3..., is unique, we get ¢; = Ap.

Similarly, co = Ag. So ¢; = ¢g, which is a contradiction. Therefore,
for any z, — o, A, — Ao, which means that A, : CT[0,1] — R is
continuous.

The proof of Lemma 2.3 is completed. ]

For any = € C1[0, 1], define

S foi qﬁ;l (A —|—f1q (r)F(r,z(r),x'(r)) dr) ds
1_2 =1

v [ (a4 ] (VP a(r). () ir) as,

where A, is the unique constant in equation (2.2) corresponding to x.
By Lemma 2.2, we know Tz is well defined and

(Tz)(t) =

(Tz)'(t) = ¢, ' (Aw + /t1 q(r)F(r,x(r),z'(r)) dr>.
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Furthermore, we have the following result.

Lemma 2.4. T : P — P is completely continuous, i.e., T is
continuous and compact.

Proof. For any = € P, from the definition of Tz, we know (Tz) €
C10,1], (¢,((Tz)"))" € C[0,1] and

—(¢p((T2)))'(t) = q(t)F(t,2(t),2'(t)) >0  0<t<1,

n

(Tz)(0) = Y ai(Ta)(&),  (Ta)'(1) = BilTz) (&)
i=1 i=1

By Lemma 2.1, T« is concave and (Tz)(t) > 0, (Tz)'(t) > 0 on [0, 1],
ic., Te € P. So TP C P.

The continuity of T is obvious since we have proved A, is contin-
uous about x in Lemma 2.3. Now, we prove T is compact. Let
) C P be a bounded set. Then there exists R such that 1 C
{z € Pl|lzllo < R, ||2']lo < R}. For any = € Q, we have 0 <

1
f() Q(S)F(87$(8)7x/(8))d8 S maXSG[O,l],uE[O,R],UE[O,R] F(Suu7v)||qH0
M. From Remark 1, we get

00 (11 B0) Jy a()F (s, 2(s). 2/ () ds _ 6, (S, B) M

‘AI| : 1- ¢P (Z?:l ﬁz) T 1- ¢p (E?:l 51)
Therefore,
() < ATt i i€ 0 ()
oY a0 b (L= 6y (50, Ao)
s
\(T) % M) 165((T2))) o < M.

o <
o< 6, o, )

The Arzela-Ascoli theorem guarantees that T is relatively compact in
P, which means T is compact.

The proof of Lemma 2.4 is completed. o

The following lemma is very important in the proof of our main result.
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Lemma 2.5 [3]. Assume (2 is a relatively open subset of a convex
set K in a normal space E. Let A : Q — K be a compact map with
0 € Q. Then either

(a) A has a fived point in Q, or
(b) there is an x € 0 and a 0 < A < 1 such that x = AA(x).

The following properties of (I¢,)~! are needed in our paper.

Lemma 2.6. Assume A=00rA>1,B>1,C=0o0rC>1 and
0 <k<min{p—1,1}, I > 0. Then, when u >0, v > 0,

(i) (Top) " H(u+v) < (Idp)~H(u) + (Idp) " (v);
(if) (L)~ (uv) < (Ip) ™ ()T bp) ™ (0).

Proof. (i) For any ¢; > 0, ¢o > 0,
(Igp)(c1 + c2)
= I(¢p(c1 + c2))

_ /¢p(01 +c2) (;5;1 (t) gt
0 Ayt (t) + 1)k + B(¢p (1))t + C

_ /¢p(cl) ¢;1(t) dt
0 Ay (t) + 1)k + B(gyp (1))
1

B(
¢p(c1+c2) ¢p (t)
* /%(q) A6 O+ F+ B @) 1+¢

B cit+e2 ( _1)u17—1
= (I6,)(c) + / s L
—D(ute)?!
Au+c1+1) —I—B(u—i—cl)*l—l—C

(P = D(w)”
_(I¢p)(61)+/0 A(u+ 1)k + B(u)~! T

) bl 40
- (I¢P)(Cl)+/o AG O+ )F+ B@ @)+
= (Igp)(c1) + (I¢p)(c2)-

du

I¢p Cl
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Thus, we get

(2.5) (Igp)(er + c2) = (Igp)(c1)(Ipp)(ca).

When u > 0, v > 0, let ¢; = (I,) " (u) > 0 and co = (I¢,) " (v) > 0
in (2.5) to obtain

(I6p) " H(u+v) < (I¢p) ™ (u) + (I¢p) ™" ().
(ii) For any = > 0, y > 0,
B
(6" (y))!
=I'(z) [A(%l(x) + 1)k 4

) | 4G5 (o) + 1) + +c]

B
@ @) C]
B

(én" ()"

> 1)1 ()| 44005 ) + 1 + s + 7

B
@ @) C]'

x I'(y) {A(qﬁ;l(y) +1)F + +C}

> I'(@)I(y) [A(qs;l(wy) +1)
Thus,
(2:6) I'(ey) > T'@)I'(y).

For any z > 0, integrate (2.6) from 0 to z to obtain I(zz) > xI'(x)I(z).
Remembering, since 0 < k <1,
~1
Q) = —— ¢, () _
A(gp () + 1)k + B(gp (¢)) 7' +C

is increasing about ¢ when ¢ > 0 and I(0) = 0, we get zI'(z) > I(z).
So,

(2.7) I(xz) > I(x)I(2), x>0, =z>0.

When u>0, v>0,let z = I"*(u) > 0and z = I~*(v) > 0 in (2.7) to
obtain

(2.8) I uw) < T Hu) I (v).
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The conclusion (ii) follows easily after (2.8) since ¢, ! (uv) =g, ' (u) ¢, (v).
3. Proof of Theorem 3.1.

Proof. Since

c
sup > 1,

c€(0,4+00) (I¢)_1(G(C))F
there must exist M7 > 0 such that

M,y
(I¢)~H(G(My))T

> 1.

Choose 1 > ¢ > 0 to satisfy

M,

@) (GOL T et~ &

Choose ng € {1,2,3,...} with 1/ng < ¢, and let Ny = {ng,no+1,n0+
2,...}. In the following, we will show for each m € Ny,

@) a0 (bt 2o+ 2 =0 0<i<l,
u(0) = Zaiu(fi), W(1) = Zﬂiu/(fi),
=1 i=1

has a solution in P. Obviously, for each m € Ny, Fp,(t,u,u’) =
ft,u+ (1/m),u" + (1/m)) € C([0,1] x [0, 4+00) x [0, +00), [0, +00)).

To show that (3.1)™ has a solution in P for each m € Ny, we will
apply Lemma 2.5. So now, for any = € P, define

S e fy 6" (Ae + 1 a()Fnlr (), /() dr ) ds
(T (1) = S

+/Ot ¢_1(Aw+/51q(r)Fm(r,x(r),x’(r))dr) ds.

Then, by Lemma 2.4, T,, : P — P is completely continuous. It is well
known that a fixed point of operator T,, in P must be a solution of
(3.1)™ in P.
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Define

0= {oePllelo <. 12/l

(16,)" (allo) I6p) " (C(M; + 1))
(= S "%}

<

In what follows, we will prove for each m € Ny that 7}, has a fixed
point in €.
We first show that
(3.2) u# NTpu, for Ae(0,1), wue .
Otherwise, then there exists a A € (0,1) and u € 9Q with u = AT, u.

Then by the definition of T}, u,
(3.3)

—(¢p(u)) = %(A)q(t)f(t,u + % u' + %) >0 0<t<l,

u(0) = Z%‘U(fz‘% u'(1) = Zﬂiu/(fi)
i=1 i=1

by Lemma 2.1 we get that u(t) is concave and u(t) > 0, v/(¢t) > 0 on
[0,1].

Also, notice by (H3) that
= (¢p(u))’
1 1 L1 k o 1
<qt)| filut+t—)+fo{lut— ) A{v+—=) +B{v+—) +C
m m m m
1 1
<q(t) <f1 (u+ E) +f2 <u + E)) (AW + D)+ BW) ' +0).
Multiply the above inequality by v/, v’ > 0, to obtain

—(¢p(u))'v!

(34) A(u’—i—l)’“-l—B(u/’)_l—i—C = |q”°<f1 (u+ %)“LfQ (“+ %))"/
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Integrating (3.4) from ¢ to 1, we obtain

ép(u'(t)) ¢;1(2) .
/p Ayt (2) + 1)k + B(gp'(2)) "t + C :
u(1)+1/m

< lallo / 11(2) + fa(2)] d=

u(t)+1/m

Therefore,

(Tep) (W' (1)) < (I9p)(u' (1)) + llglloG(u(1) + £)).

By Lemma 2.6, we get

0< /(1) < (Ip) ™ [(Ip) (' (1)) + llgllo G(u(1) +€)]
(3:5) </ (1)+ (Iop) (llallo G(u(1) +¢))
< u'(1) + (Lgp) " (llallo) (Idp) " (G u(1) +¢)), te[0,1].
Thus,
ey OSSR o)1) G +9)

1=1,2,.

Combining (3.6) and v/(1) = Y. | B/ (&), we get

(37) 0< (1)< =P (1631 (lglo)To,) (G (1) + ).

N Zi:l Bi
So,
38) 0 <0(0) < Ty (16,) (lalo)(16,) ™ (Gu(1) + ).
Integrate (3.8) from 0 to &; to obtain
(3.9)
0 < u(E) < u(0) + sy (16,) o) (16,) (G lu(1) ).

1=1,2,...,n
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Combining (3.9) and u(0) = Y7 ;| a;u(&;), we get

u0) < gt s (1) ()

x (Ip) " (G(u(1) + ).

Integrate (3.8) from 0 to 1 to obtain

u(1) <u(0) + ﬁ (Ip) " (llallo) T dp) ™ (G (u(1) +€))

< 1t Doy i = Do

T A=Y ) (-0 B)

= (I9p) " H(llallo) = (Tdp) " H(G(u(1) +¢))
= (19) 1 (G(u(1) + o)),

where

I = (L= g0+ 3, aii)
(1= o) (1= 20, i)

(I6)~ (llallo)-
So

which means that
(3.10) [ullo = u(1) # M,

and, as a result, [Jullo = u(1) < M; since u € IQ. At the same time,
by (3.8), we have,

(3.11)

||u’||0 = u’(O) < #n—lﬂz (I¢P)71(||q||0)(1¢p)71(G(M1 n E))
< ﬁ (Ip) " (llgllo)(Idp) " (G(My + 1)) = M.

Obviously, (3.10) and (3.11) show a contradiction to u € 9 and
consequently (3.2) is true.

Now, Lemma 2.5 implies T, has_ a fixed point u,, in Q, which means
that (3.1)™ has a solution u,, in Q for each m € Nj.
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We next show that (1.1) has a solution. To see this, we will conclude

{tm neny, {u/m Fnen,

3.12
( ) is a bounded, equicontinuous family on [0, 1].

To do that, since {um,}nen, € Q, we only need to show {u/, }nen, is
an equicontinuous family on [0,1]. Now (H4) implies that there is a
continuous function ¢ : [0, 1] — (0, +00), independent of m, with

1, 1
Ftm®+ 20+ 1) 200, e 0.0
ie.,

(3.13) —(¢p(um)’) = P(t)q(t), te(0,1).

Integrate (3.13) from ¢ to 1 to obtain

1 1
Dp(tim)' (£) > Bp(tim) (1) + / B(s)q(s) ds > / (s)q(s) ds,
(0,1)

i.e.,

(3.14)  (um)'(t) = ¢, (/t P(s)q(s) ds) =:01(t) >0, te(0,1).

Integrate (3.14) from &, to 1 to obtain

(1) () > (u™)(0) + / s ( / L)) dr) s

> /Og ¢;1(/81 b(r)q(r) dr) ds =: 6 > 0.

For any m € Ny, since u,, is nondecreasing and concave, we have
when t € [0,&,], um(t) > (0/&nt); when t € [£1, 1], upm(t) > 6.

Let 0

0 t e &, 1]
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Then for any m € Ny,
U (t) > 02(t), t€10,1].

Since f1(y) is nonincreasing about y, we have
(3.15)
1

0 (G0 = ) (8um0) 4 - )+ )

m

< lao[£i(52(e) + _ max  £o(r)] {A( Myt 1)

B
oadd
By (H5), the right-hand function of above inequality is Lebesgue
integrable. Thus, by the absolute continuity of integral interval, we
get {op((um)’)}h2,, is equicontinuous and, as a result, {(um)’)};5H>

m=ng
is equicontinuous. So, (3.12) holds.

The Arzela-Ascoli theorem guarantees that both {((w,,)")}, and

m=ngo

{um}522,, are compact in C[0,1]. So there is a subsequence N* C Ny

and a function 20 € C[0,1)(j = 0,1) with u,, — 2 and u/, — 2
uniformly on [0,1] as m — +oo through N*. By the definition of
U (t), we have

(3.16)
Gp((um)'(t)) = ¢p((um)'(0))

/t 1, 1
- q(s)f(&um(s)—i——,um(s)—i——) ds 0<t<l,
0 m

Un(0) = Y it (&). w1 = D B (&),

Letting m — +oo through N* and using Lebesgue’s dominated con-
vergence in (3.16), we get

0,(/(0) = 0) = [ 0l (s.2(5). () ds 0 <<,

2(0) = Z%‘Z(fi% Z'(1) = Zﬁizl(fz‘%

ie.,

(0p(z' (1)) + q(t) f(t, 2(t), 2'(s)) = 0 0<t<l,

n

2(0) = Z @;z(&i), Z'(1) = Zﬂizl(fi)~
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FromM1>u()25() € [0,1], we have M; > z(t) > d2(2),
€ [0,1], so z(t) > 0, t € (0, )FromM2>u()251()t€(01)
WehaveM2>z()2(5() € (0,1),s02'(t) > 0,t € (0,1). Moreover,

by
—(9p((2)'(1)) = a(t) f(t,2,2)

< llgllo [£1(6a(t)) + max fa(r)] - [AM% + ﬁi))l +C| e L'o,1],

we get (¢,((2)'(t)))" € L*[0,1]. Above all, 2(¢) is a positive solution to
(1.1).

An example. Now, we give an example to show our result. Consider
(4.1)

) 1
(' [/ + et [ WOt g +|sn 1/2” wyis =0 0<t<l,

1L 11 1 .1

0 — — — — — /1 = — I— — /—.

w0y =gugtgquyp  wl)=gugt+ vy

Comparing to Theorem 3.1, conditions (H1)—(H5) are all satisfied.
Moreover, if

171/2
O<p< 95e3(23)/6 95/2
then
¢
sup ————— > 1.

c€(0,4+00) (I¢p) (G(c))T

According to Theorem 3.1, (4.1) has a positive solution when

171/2

0< p< 25e3(23)/695/2°
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