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CONGRUENCES FOR LUCAS u-NOMIAL
COEFFICIENTS MODULO p3

LING-LING SHI

ABSTRACT. In this paper we prove two congruences mod-
ulo p2, p3 (where p > 3 is prime) for generalized coefficients,
Lucas u-nomial coefficients defined in terms of order recurrent
sequences with initial values 0 and 1.

1. Introduction. Let N = {0, 1, 2, . . . }, Z+ = {1, 2, 3, . . . } and
Z∗ = Z \ {0}. Fix A, B ∈ Z. The Lucas sequence {un}n∈N is defined
as follows:

(1) u0 = 0, u1 = 1, and un+1 = Aun − Bun−1 for n ∈ N.

(In the case A = 1 and B = −1, this yields the Fibonacci sequence
{Fn}n≥0.) Its companion sequence {vn}n∈N is given by

(2) v0 = 2, v1 = A, and vn+1 = Avn − Bvn−1 for n ∈ N.

It is well known that

un =
{

(αn − βn)/(α − β) if Δ �= 0,
n(A/2)n−1 if Δ = 0,

and vn = αn + βn,

where

Δ = A2 − 4B, α =
A +

√
Δ

2
and β =

A −√
Δ

2
.

It follows that

2um+n = umvn + unvm, v2n = unvn

and
v2n = v2

n − 2Bn for n ∈ N.
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For x, y ∈ Z, let (x, y) denote the greatest common divisor of x and
y. Lucas in [1] showed that if (A, B) = 1, then (um, un) = |u(m,n)|
for m, n ∈ N. It is known that un �= 0 for all n ∈ Z+ except that
A2 = B = 1.

We set

[n] =
n∏

k=1

uk, [n]F =
n∏

k=1

Fk, [n]j =
n∏

k=1

ukj and [n]Fj =
n∏

k=1

Fkj .

for n ∈ N, and regard an empty product as value 1. For n, k ∈ N with
[n] �= 0, we define the Lucas u-nomial coefficient

[ n

k

]
and Fibonomial

coefficient
[ n

k

]F as follows:

[
n
k

]
=

{
[n]/([k][n − k]) if n ≥ k,

0 otherwise.[
n
k

]F

=
{

[n]F /([k]F [n − k]F ) if n ≥ k,

0 otherwise.

Or, more generally,

[
n
k

]
j

=
{

[n]j/([k]j [n − k]j) if n ≥ k,

0 otherwise.[
n
k

]F

j

=

{
[n]Fj /([k]Fj [n − k]Fj ) if n ≥ k,

0 otherwise,

where {uij/uj}i∈N is also a Lucas sequence, i.e., {ui(vi, B
j)}i≥0. In

the case A = 2 and B = 1,
[ n

k

]
coincides with the usual binomial

coefficient
( n

k

)
because un = n. When A = q + 1 and B = q where

q ∈ Z and |q| > 1,
[ n

k

]
is exactly the Gaussian q-nomial coefficient( n

k

)
q

because uj = (qj −1)/(q−1) for j ∈ N. For generalized binomial
coefficients formed from an arbitrary sequence of positive integers, see
[7].

Let d > 1 and q > 0 be integers with d | uq. If (A, B) = 1 and d � uk

for k = 1, . . . , q − 1, then for any n ∈ N we have

d | uq ⇐⇒ d | (un, uq) = |u(n,q)| ⇐⇒ q = (n, q) ⇐⇒ q | n,
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this property is usually called the regular divisibility of {un}n∈N. If
(d, uk) = 1 for all 0 < k < q, then we write q = d∗ and call d a
primitive divisor of uq while q is called the rank of apparition of d.
When (A, B) = 1, q = d∗, n ∈ N and q � n, we have

(d, un) = ((d, uq), un) = (d, (un, uq)) = (d, u(n,q)) = 1.

When p is an odd prime not dividing B, p∗ exists because p | up−(Δ
p )

as is well known where (−) denotes the Legendre symbol.

Here are two well-known properties concerning binomial coefficients
[1, 4]:

(1) For any prime p > 3, we have

(
ap
bp

)
≡

(
a
b

)
(mod p3).

(2) (Lucas’s theorem). For a, b, s, t ∈ N with s, t < p, we have

(
ap + s
bp + t

)
≡

(
a
b

) (
s
t

)
(mod p).

In 1995, Kimball and Webb [3, 6] proved the following congruences
for generalized binomial coefficients:

[
τa
τb

]F

≡
(

ta
tb

)
(mod p2),

[
ar
br

]F

≡ ε(a−b)br

[
a
b

]F

(mod p2),

[
ar
br

]
≡

(
vr

2

)(a−b)br (
a
b

)
(mod p2),

where τ is the period of the Fibonacci sequence modulo an odd prime
p, r is the rank of apparition of p (that is, Fr is the first nonzero Fi

divisible by p), and t = τ/r is an integer. In [9] it is shown that
t ∈ {1, 2, 4}. The number ε is defined as follows: ε = 1 if τ = r; ε = −1
if τ = 2r; and ε2 ≡ −1 (mod p2) if τ = 4r, in this case p ≡ 1 (mod 4).
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They [4] also proved that for any prime p > 3 and any a ≥ b ≥ 0, if
r = p ± 1, then

(3)
[

ar
br

]F

≡ (∓1)(a−b)b

[
a
b

]F

r

(mod p3).

In 1998, Wilson [10] proved that for any prime p �= 2, 5, we have

[
ar
br

]F

≡
[

a
b

]F

F
(a−b)br
r+1 (mod p),

and [
ar + s
br + t

]F

≡
(

a
b

) [
s
t

]F

F
(br+t)(a−b)+b(s−t)
r+1 (mod p).

In 2001, Hu and Sun [2] proved the following result which extends
Lucas’s theorem as well as a result of Wilson:

Suppose that (A, B) = 1 and A �= ±1 or B �= 1. Then uk �= 0 for
k ∈ Z+. Let q ∈ Z+, a, b, s, t ∈ N and 0 ≤ s, t < q. Then[

aq + s
bq + t

]
≡

(
a
b

) [
s
t

]
u

(bq+t)(a−b)+b(s−t)
q+1 (mod wq),

where wq is the largest divisor of uq relatively prime to u1, . . . , uq−1.

In this paper, we study two congruences modulo p2, p3 (where p > 3 is
prime) for Lucas u-nomial coefficients. The main results are as follows:

Theorem 1. Suppose that (A, B) = 1, and A �= ±1 or B �= 1. Let
p > 3 be a prime not dividing B. If the rank r of apparition of p is
p + 1 or p − 1 (and hence r = p− (A2−4B

p )), then for any a, b ∈ N we
have

(4)
[

ar
br

]
≡ (−1)(a−b)bB

(a−b)b
( r

2

) [
a
b

]
r

(mod p3).

Remark 1. In the case A = −B = 1, this yields the theorem of
Kimball and Webb [4]. Here, from the fact that if (A, B) = 1, p � BΔ
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and up−(Δ
p ) ≡ 0 (mod p), then p | u(p−(Δ

p ))/2 ⇔ (B
p ) = 1. We can

know p ≡ 3 (mod 4) for B = −1 and r = p ± 1 = p − (Δ
p ).

Theorem 2. Suppose that (A, B) = 1 and A �= ±1 or B �= 1. Let
p > 3 be a prime not dividing B. If r is the rank of apparition of p,
then for any a, b, s, t ∈ N and 0 ≤ s, t < r, we have
(5)

[
ar + s
br + t

]
≡

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

(−1)t−s−1B
−
(

t−s

2

)
u(a−b)r u−1

t−s

× u
(a−b)(t−1)−b(t−s)
r+1

[
ar
br

] [
t
s

]−1

(mod p2) if s < t,

uat+bs−2bt
r+1

Sa,s

Sb,tSa−b,s−t

[
ar
br

] [
s
t

]
(mod p2) if s ≥ t,

where Sk,n = 1 − (kBur)/ur+1

∑n
j=1(uj−1/uj).

If p � Δ, then
[ ar

br

]
in (5) can be replaced by (vr/2)(a−b)br

( a

b

)
.

Remark 2. In the above two theorems, p > 3 can’t be replaced by
p ≥ 3 because there exist counterexamples for p = 3.

Example 1. For p = 3 (in this case r = 2). If A = 2, B = 1, a = 2,
b = 1, then

[
ar
br

]
=

(
ar
br

)
=

(
4
2

)
= 6, and (−1)(a−b)bB

(a−b)b
( r

2

) [
a
b

]
r

= −2.

Obviously, 6 �≡ −2 (mod 33).

Example 2. For p = 3 (in this case r = 2). If A = 2, B = 1, a = 2,
b = 1, s = 2, t = 1, then

[
ar + s
br + t

]
=

(
6
3

)
= 20, and uat+bs−2bt

r+1

Sa,s

Sb,tSa−b,s−t

[
ar
br

] [
s
t

]
= 36.

Obviously, 20 �≡ 36 (mod 32).
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2. Several lemmas and propositions.

Lemma 1 [2]. Suppose that (A, B) = 1 and A �= ±1 or B �= 1. Then
uk �= 0 for k ∈ Z+.

Lemma 2 [5]. Let p > 3 be prime and r the rank of apparition of p.
Then

r−1∑
k=1

vk

uk
≡ 0 (mod p).

Moreover, if r = p ± 1, then

r−1∑
k=1

vk

uk
≡ 0 (mod p2).

Corollary 1.

1
2

(
vmr

2

)r−2(
umr +

vru
2
mr

vmrur

) r−1∑
k=1

vk

uk
≡ 0 (mod p3).

Lemma 3. Let p > 3 be prime and r the rank of apparition of p.
Then

r−1∑
k=1

(
vk

uk

)2

≡ (r − 1)Δ −
r−1∑
k=1

2vr

ukur−k
(mod p2).

Proof. Clearly,

(ukvr−k)2 + (ur−kvk)2 + 2ukvr−kur−kvk = (ukvr−k + ur−kvk)2

= (2ur)2 ≡ 0 (mod p2);

therefore,

2
r−1∑
k=1

(
vk

uk

)2

=
r−1∑
k=1

((
vk

uk

)2

+
(

vr−k

ur−k

)2)
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=
r−1∑
k=1

(vkur−k)2 + (vr−kuk)2

(ukur−k)2

≡
r−1∑
k=1

−2ukvr−kur−kvk

(ukur−k)2

≡ −2
r−1∑
k=1

vkvr−k

ukur−k
(mod p2).

That is,
r−1∑
k=1

(
vk

uk

)2

≡ −
r−1∑
k=1

vkvr−k

ukur−k
(mod p2).

As 2vk+(r−k) = vkvr−k + Δukur−k, we have

Δ +
vkvr−k

ukur−k
=

2vr

ukur−k
.

So

−
r−1∑
k=1

vkvr−k

ukur−k
=

r−1∑
k=1

(
Δ − 2vr

ukur−k

)
= (r − 1)Δ −

r−1∑
k=1

2vr

ukur−k
,

and hence
r−1∑
k=1

(
vk

uk

)2

≡ (r − 1)Δ −
r−1∑
k=1

2vr

ukur−k
(mod p2).

Lemma 4. Let p > 3 be prime and r the rank of apparition of p.
Then∏r−1

k=1 umr+k∏r−1
k=1 uk

≡
(

vmr

2

)r−1

− (r − 1)
Δ
8

u2
mr

(
vmr

2

)r−3

(mod p3).

Proof. From the identity 2ua+b = uavb + ubva, we can obtain
2umr+k = umrvk + ukvmr. As p | ur and ur | umr, we have p | umr,
and hence
(6)

2r−1
r−1∏
k=1

umr+k ≡ (vr−1
mr + vr−2

mr umrΣ1 + vr−3
mr u2

mrΣ2)
r−1∏
k=1

uk (mod p3),
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where

Σ1 =
r−1∑
k=1

vk

uk
, Σ2 =

∑
1≤i<k≤r−1

vivk

uiuk
.

Dividing both sides of (6) by 2r−1
∏r−1

k=1 uk, we get

(7)

∏r−1
k=1 umr+k∏r−1

k=1 uk

≡
(

vmr

2

)r−1

+
1
2

(
vmr

2

)r−2

umrΣ1

+
1
4

(
vmr

2

)r−3

u2
mrΣ2 (mod p3).

Note that

Σ2
1 =

( r−1∑
k=1

vk

uk

)2

=
r−1∑
k=1

(
vk

uk

)2

+ 2
∑

1≤i<k≤r−1

vivk

uiuk

=
r−1∑
k=1

(
vk

uk

)2

+ 2Σ2,

and thus

(8) Σ2 =
1
2

(
Σ2

1 −
r−1∑
k=1

(
vk

uk

)2)
.

From Lemma 2 and (8), we have

(9) u2
mrΣ2 ≡ − 1

2
u2

mr

r−1∑
k=1

(
vk

uk

)2

(mod p4).

From Lemma 2, Lemma 3 and (9), we have

u2
mrΣ2 ≡ − Δ

2
(r − 1)u2

mr + u2
mr

r−1∑
k=1

ur

ukur−k
(mod p4),
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and hence

u2
mrΣ2 ≡ − Δ

2
(r − 1)u2

mr + vr
u2

mr

ur

r−1∑
k=1

vr

ukur−k
(mod p4).

Since
∑r−1

k=1 ur/(ukur−k) = Σ1 and

2Σ1 =
r−1∑
k=1

(
vk

uk
+

vr−k

ur−k

)
=

r−1∑
k=1

vkur−k + ukvr−k

ukur−k
=

r−1∑
k=1

2ur

ukur−k
,

we have

u2
mrΣ2 ≡ − Δ

2
(r − 1)u2

mr + vr
u2

mr

ur
Σ1 (mod p4),

and thus∏r−1
k=1 umr+k∏r−1

k=1 uk

≡
(

vmr

2

)r−1

− Δ
8

u2
mr

(
vmr

2

)r−3

(r − 1)

+
1
2

(
vmr

2

)r−2(
umr +

vru
2
mr

vmrur

)
Σ1 (mod p3).

So it follows from Corollary 1 that
∏r−1

k=1 umr+k∏r−1
k=1 uk

≡
(

vmr

2

)r−1

− (r − 1)
Δ
8

u2
mr

(
vmr

2

)r−3

(mod p3).

This ends the proof.

Lemma 5. Let k ∈ Z+, 2 | r. Then

vkr ≡ (−1)k2Bkr/2 (mod p2).

Proof. As
2vkr = v(k−1)rvr + Δu(k−1)rur,

we have
vkr ≡ v(k−1)rvr

2
(mod p2).
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From p | ur, p � ur/2 and ur = ur/2vr/2, it is easy to obtain p | vr/2.
Therefore,

vr = v2
r/2 − 2Br/2 ≡ − 2Br/2 (mod p2).

Thus, the desired result follows by induction on k.

Lemma 6. If r = p ± 1, p � B and [n] �= 0 for n ∈ N, then

[
(m + 1)r − 1

r − 1

]
≡ (−1)mB

m

(
r
2

)
(mod p3).

Proof. We deal with the two cases separately.

Case 1. r = p + 1. In this case, from Lemma 4 we clearly have,∏r−1
k=1 umr+k∏r−1

k=1 uk

≡
(

vmr

2

)p

− Δ
8

u2
mr

(
vmr

2

)p−2

p ≡
(

vmr

2

)p

≡ ((−1)mB(mr)/2 + p2q)p ≡ (−1)mpB(mrp)/2

≡ (−1)mB
m

(
r
2

)
(mod p3).

Case 2. r = p − 1. In this case, from Lemma 4 we have[
(m + 1)r − 1

r − 1

]
=

∏r−1
k=1 umr+k∏r−1

k=1 uk

≡
(

vmr

2

)p−2

− Δ
8

u2
mr

(
vmr

2

)p−4

(p − 2)

≡ 1
4

(
vmr

2

)p−4

(v2
mr + Δu2

mr) (mod p3).

Since v2
mr + Δu2

mr = 2v2
mr − 4Bmr, we have

1
4

(
vmr

2

)p−4

(v2
mr + Δu2

mr) = 2
(

vmr

2

)p−2

− Bmr

(
vmr

2

)p−4

.
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It follows from Lemma 5 that

vmr

2
= (−1)mB(mr)/2 + p2q, for some q ∈ Z.

Thus,

(
vmr

2

)p−k

= ((−1)mB(mr)/2 + p2q)p−k

≡ (−1)m(p−k)B(mr(p−k))/2 + (p − k)p2q(−Br/2)m(p−k+1).

Note that, for r = p − 1, p � B, we have

Br/2 ≡
(

B

p

)
(mod p).

Therefore,

(
vmr

2

)p−k

≡

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(−1)m(p−k)B(mr(p−k))/2−kp2q (mod p3) if
(

B
p

)
=−1,

(−1)m(p−k)B(mr(p−k))/2

− (−1)m(p−k−1)kp2q (mod p3) if
(

B
p

)
=1.

In particular, if k is even, then we always have

(
vmr

2

)p−k

≡ (−1)m(p−k)B(mr(p−k))/2 − kp2q (mod p3),

and hence

2
(

vmr

2

)p−2

− Bmr

(
vmr

2

)p−4

≡ 2((−1)m(p−2)B(mr(p−2))/2 − 2p2q)

− Bmr((−1)m(p−4)B(mr(p−4))/2 − 4p2q)

≡ (−1)mp2B(mr(p−2))/2 − 4p2q − (−1)mpB(mr(p−2))/2 + 4p2qBmr

≡ (−1)mpB(mr(p−2))/2 + 4p2q(Bmr − 1)

≡ (−1)mB
m

( r

2

)
(mod p3),
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where we use Fermat’s little theorem in the last step. This ends the
proof.

Proposition 1. Let m, n ∈ N. If r = p ± 1, then

nr+r−1∏
k=nr+1

umr+k ≡ (−1)mB
m

(
r
2

)
nr+r−1∏
k=nr+1

uk (mod p3).

Proof. By Lemma 6, we have

nr+r−1∏
k=nr+1

umr+k =
r−1∏
k=1

u(m+n)r+k ≡ (−1)m+nB
(m+n)

( r

2

) r−1∏
k=1

uk (mod p3)

and
nr+r−1∏
k=nr+1

uk =
r−1∏
k=1

unr+k ≡ (−1)nB
n
( r

2

) r−1∏
k=1

uk (mod p3).

So ∏nr+r−1
k=nr+1 umr+k∏nr+r−1

k=nr+1 uk

≡ (−1)m+nB
(m+n)

( r

2

) ∏r−1
k=1 uk

(−1)nB
n
( r

2

) ∏r−1
k=1 uk

≡ (−1)mB
m

(
r
2

)
(mod p3),

i.e.,
nr+r−1∏
k=nr+1

umr+k ≡ (−1)mB
m

( r

2

) nr+r−1∏
k=nr+1

uk (mod p3).

Lemma 7. Let k, q ∈ Z+. Then for any j ∈ N we have

ukq+j ≡
m−1∑
i=0

(
k
i

)
uk−i

q+1(−Buq)i uj−i (mod um
q )

for m = 1, 2.
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Proof. By Lemma 2 of Sun [8],

ukq+j =
k∑

i=0

(
k
i

)
(−Buq)k−i ui

q uj+i.

Note that −Buq−1 = uq+1 − Auq ∈ Z. Clearly, ukq+j ≡ uk
q+1uj

(mod uq). For m = 2,

ukq+j =
k∑

i=0

(
k
i

)
(uq+1 − Auq)k−i ui

q uj+i

≡ (uq+1 − Auq)k uj + k(uq+1 − Auq)k−1 uq uj+1

≡ uk
q+1 uj − kAuk−1

q+1 uq uj + kuk−1
q+1uq uj+1

≡ uk
q+1 uj + kuk−1

q+1 uq(uj+1 − Auj)

≡ uk
q+1 uj − kBuk−1

q+1 uq uj−1 (mod u2
q).

Lemma 8. Let k, n ∈ N, and

Sk,n = 1 − kBur

ur+1

n∑
j=1

uj−1

uj
.

Then
n∏

j=1

(ur+1 uj − kBur uj−1) ≡ un
r+1Sk,n

n∏
j=1

uj (mod p2).

Proof. It is easy to obtain by simple calculation.

3. Proofs of the theorems.

Proof of Theorem 1. From Lemma 1, we have uk �= 0 for k ∈ Z+. By
Proposition 1, we have[

ar
br

]
=

uaruar−1 · · ·u(a−b)r+1

ubrubr−1 · · ·u1
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=
uaru(a−1)r · · ·u(a−b+1)r

ubru(b−1)r · · ·ur

∏(a−1)r+r−1
k=(a−1)r+1 uk · · ·

∏(a−b)r+r−1
k=(a−b)r+1 uk∏(b−1)r+r−1

k=(b−1)r+1 uk · · ·
∏r−1

k=1 uk

=
[

a
b

]
r

·
b−1∏
n=0

nr+r−1∏
k=nr+1

u(a−b)r+k

uk

≡
[

a
b

]
r

·
b−1∏
n=0

((−1)(a−b)B
(a−b)

( r

2

)
)

= (−1)(a−b)bB
(a−b)b

(
r
2

) [
a
b

]
r

(mod p3).

This ends the proof.

Proof of Theorem 2. From Lemma 1, we have uk �= 0 for all k ∈ Z+.
If a < b, then ar + s < (a + 1)r ≤ br + t and hence

[
ar+s

br+t

]
= 0 =

[ ar

br

]
.

Below we only need to consider a ≥ b ≥ 0. Observe that[
ar + s
br + t

]
=

∏ar
j=(a−b)r+1 uj∏br

j=1 uj

·
∏s

j=1 uar+j∏t
j=1 ubr+j

×
⎧⎨
⎩

∏t−s−1
j=1 u(a−b)r−j if s < t,∏s−t
j=1 u−1

(a−b)r+j if s ≥ t.

Case 1. 0 ≤ s < t < r. By Lemma 2, Lemma 7 and the fact
p | u(a−b)r, we get

[
ar+s
br+t

]
≡

[
ar
br

]
· u(a−b)r ·

∏s
j=1 ua

r+1uj∏t
j=1 ub

r+1uj

·
t−s−1∏

j=1

ua−b
r+1(−B−j)uj

≡
[

ar
br

]
· u(a−b)r · u(a−b)(t−1)−b(t−s)

r+1

[s][t−s−1]
[t]

(−1)t−s−1B
−
(

t−s

2

)

≡ (−1)t−s−1B
−
(

t−s

2

)
u(a−b)ru

−1
t−s

× u
(a−b)(t−1)−b(t−s)
r+1

[
ar
br

] [
t
s

]−1

(mod p2).
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Case 2. 0 ≤ t ≤ s < r. By Lemma 2, Lemma 7, Lemma 8 and the
fact p | ur, we get

[
ar + s
br + t

]
≡

[
ar
br

]
·
∏s

j=1 ua−1
r+1(ur+1uj − aBuruj−1)∏t

j=1 ub−1
r+1(ur+1uj − bBuruj−1)

·
s−t∏
j=1

ub+1−a
r+1 (ur+1uj − (a − b)Buruj−1)−1

≡
[

ar
br

]
uat+bs−2bt

r+1 ·
∏s

j=1(ur+1uj − aBuruj−1)∏t
j=1(ur+1uj − bBuruj−1)

·
s−t∏
j=1

(ur+1uj − (a − b)Buruj−1)−1 (mod p2).

So from Lemma 5, we have[
ar + s
br + t

]
≡

[
ar
br

]
uat+bs−2bt

r+1 · us
r+1Sa,s[s]

ut
r+1Sb,t[t][s − t]

· ut−s
r+1S

−1
a−b,s−t

≡ uat+bs−2bt
r+1

Sa,s

Sb,tSa−b,s−t

[
ar
br

] [
s
t

]
(mod p2).

Moreover, if p � Δ, then

[
ar
br

]
≡

(
vr

2

)(a−b)br (
a
b

)
(mod p2).

This concludes the proof.
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