ROCKY MOUNTAIN
JOURNAL OF MATHEMATICS
Volume 22, Number 3, Summer 1992

NEW PROOFS FOR
TWO INFINITE PRODUCT IDENTITIES

RICHARD BLECKSMITH, JOHN BRILLHART AND IRVING GERST

Introduction. In the last few years, we have published a collection
of identities in [3-6] which, in addition to being of interest in them-
selves, have partition interpretations. Recently, Bhargava, Adiga and
Somashekara [2] have given alternate proofs of all but two of these
identities using formulas in [1]. In this note we present new proofs for
the remaining two identities (Theorems 2 and 3 below), using an idea
found in the demonstrations in [2]. These proofs differ from our origi-
nal proofs (as do those in [2]), in that no use of the quintuple product
identity is made in them.

1. Preliminaries. We begin this section by reviewing some of the
definitions and notations that will be used in this paper (cf. [6]).

Let 71, ... ,7; be distinct residues modulo m, and let S = {n € Z* :
n=r7ry,...,r (mod m)}. We then denote the infinite products
H (1—2") and H(l +z")
nes nes
by (r1,..-,7¢)m and [r1,...,7¢]m, respectively. For d,e € {0,1}, we
define four T-functions:
Tosye(hy1) = 3 (—1)7 25 —enghn®tin

(1) _ ﬁ(l _ (_1)5n$2kn)(1 + (_1)n6+aw2kn—k+l)

. (1 + (_1)(n+1)6+sx2kn—k—l)‘
(The latter equality derives from the Jacobi triple product, see [6, p.
302].) For example, using the product notation above, we have

Ty(k, 1) = 370 = el — Dl
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and -

Tk, 1) = Y (=1)"a* 1 = (0, £(k — 1)as.
Note that
(2) T.(k,—1) = T.(k,1), e=0or 1.

We will also need the following

Lemma 1. Let e1,e5 € {0,1} and (k,l1), (k,12) € {(i/2,5/2) :
(’L,_]) €zt x Z,i=j (mod 2)} Then Tgl(k ll) az(k 12) T5(2k,l1 —
12)T5(2k‘,ll + lz) + (—1)52$k+12T5(2k, i — 1o — 2k)T§(2k,l1 + Iy + 2]€),
where § = [1 — (—1)511¢2]/2.

Proof. Put m = 2, a = b =1, and kK = k; = ko in the general
expansion formula given in [6, Section 4]. O

We next prove a useful linear relationship between certain of the T’s.

Theorem 1. For §,c € {0,1} and 0 <1 < k/2,

(3)  Ty(2k,k — 20) + (—1)°2'T5(2k, k + 21) = Thyre <§ g - z> .

Proof. Using (1) and then (2) we have

k k > n(nt+1) En24(E_pn
Tuse (o 1) = ()P F sengtnt e

= (=)™ rEen)? ——l)2n+z 1)orte g §@n=12+ (5 ~D(2n—1)
— i( 1)5n 2kn? +(k—2l)n Emli 5n an —(k+20)n

= T5(2k, k — 21) + (—1)°2'T5(2k, k + 21). O



INFINITE PRODUCT IDENTITIES 821

Corollary 1. For d,e1,e2 € {0,1} and § =¢; + &2 (mod 2),

(4) Ty (b DTy (kb — 1) = T5(2k, ) Tase, (g : —z>.
Proof. If we put [y =1 and Iz =1 — k in Lemma 1, then we find that

T, (k, )T, (k, k—1) = T5(2k, k)T5(2k, 20 — k)

T5(

+ (- 1)52:1: Ts5(2k, —k)T5(2k, 21 + k)

= Ty(2k, k)[T5(2k, k — 20)+ (= 1) Ty (2K, k+20)]
(

k k
= T5(2k, k) Tos e, <§, 5~ l> ,

using (2) and Theorem 1. O

Remark. An alternate proof of this corollary can be given using the
product form for the T”s.

2. Proofs of the identities.

Theorem 2. (cf. [6, Theorem 1])

(5) H (1—-z") H (1+2") = Z(m%(nﬂ) +x6n(n+1)+1)'
n=6x(5,1) i, n=0
(mod 24) (mod 12)
Proof. From the Gauss formula [6, (13)]
S n(n+)k (0)2k:
o nZ:(J (k)2

we can write the right-hand side of (5) as

(0)s (0)2 1 (0)24(4)s
@ +$(12)24 = @ |:(0)s +$71
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(0)24(4)s _ (0)24(4,12,20)24 = (0,+4)94 = T1(12,8)

(12)24 (12)24

and

(0)s = (0,+£8)24 = T71(12,4).
Thus, the right-hand side is equal to [0]4[771(12,4) + «T31(12, 8)], using
the Euler result [6, (18)] that

1
™ e = e

By Theorem 1, with § =1, e = 0, Kk = 6 and [ = 1, this expression
becomes
[0]4T%(3,2) = [0]4(0, £5)12[£1, 6]12 = [0]12[*4]12(0)12(£5)12[£1L, 6]12
= (0 24(:|:5, i7)24 [:f:l, :i:47 6]12. [m}

Theorem 3. (cf. [6, Theorem 4])

(8) H (]‘ - wn) H (1 + l‘n) = Z(m (n+1) + xSn(n-ﬁ-l)-&-l)‘
"25’%‘:3 nE:T:l:lTZA) n=0
(mod 10) mod 10)

Proof. Using (6), we can write the right-hand side of (8) as

@ T (0)20 _ 0_)4 - (0)20(2)4
@ W)z () [1 BT 20(0)4] '
But
(0)20(2)4 _ (0)30(27 6,10,14,18)29 . Ty(10,8)71(10,4)

(10)20(0)a ~ (0)20(10)20(0,4,8,12,16)20  T1(10,6)T3(10,2)’

so the right-hand side becomes

20200750 11110, 6)T1.(10, 2) + 2T (10, 8)T3 (10, 4)]
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But the expression in the brackets equals T (5, 2)Tp(5, 4), which follows
by applying Lemma 1 to the product T} (5,2)Ty(5,—4) and using (2).
Thus, using (5), we obtain

[0]2
(0)20

~[0,2,4,6,8]10(0)10(0, £3)10[£1]1
(O, i3)10(0)10[i1]10 = Eo)mfo]m 0 0

= (O,:l:3)10[:t1,:':2,:t4]10. ]
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