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ON RAMANUJAN’S TAU FUNCTION

J.A. EWELL

ABSTRACT. A formula for Ramanujan’s function 7, de-
fined by the expansion

o0 oo
wH(l — ™) = Zr(n)w", |z < 1,
1 1

is presented.

1. A formula for 7. In this paper we present a formula for the
arithmetical function 7 defined by the expansion

oo

(1.1) acH(l — ") = Zr(n)m",

1

which is valid for each complex number z such that |z|] < 1. As
intimated in the above title, S. Ramanujan [6, p. 151] was the first
mathematician to consider this function. Since the formula involves
several additional functions, we collect these in the following definition.

Definition 1.1. For N := {0,1,2,...}, put P := N — {0}. Then,
for each k € P and each n € N,

rp(n) = |{(z1,22,... ,2k) € Zk\n =z + 23 ++wi}\

(Of course, Z := {0, £1,+2,...}.)

For each n € P, b(n) is the exponent of the exact power of 2 dividing
n, and then Od(n) := n27%™ is the odd part of n.

For each k € N and each n € P, oi(n) is the sum of the kth powers
of all of the positive divisors of n. For simplicity, o(n) := o1(n).
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We further require the identities:

o0

(1.2) [[a-a*)a+ e A+t e ) = iw"zt”

and

(1.3) JI@ -2 +aba® 1) (1 +a b 2
1

. (l + abilscz"*l)(l + aflbenfl)

[e*S) o0
2 2
— § me a2m § 1‘277' b2n
—o0 —o0

[e'S) [e'S)
2m(m+1) 2m—+1 2n(n+1)12n+1
+x E 2 )a E g2ty ,

— 00 — 00

which are respectively valid for each pair ¢,z and each triple a, b,z of
complex numbers such that ¢t # 0, a # 0, b # 0 and |z| < 1. The first
of these two identities, the triple-product identity,is a celebrated result,
and elementary proofs of it abound. For example, see [5, pp. 282-283].
The second identity, due to the author, is not so widely known. But
there is an accessible proof of it in [3, pp. 1287-1293].

We are now prepared to establish our main result.

Theorem 1.2. For eachn € P,

n

T(n) = Z(—l)"_krg(n —k)

k=1

Y os(2lk— ) - Dos(2i +1)

— 64> (—1)" Frg(n— k)
k=2

k—1
‘ Z 230 (k=) +30() 5y (Od (K — §))o3(0d(5)).

j=1



ON RAMANUJAN’S TAU FUNCTION 455

Proof. To prove this theorem we first appeal to identity (1.2) to
express each series on the right side of identity (1.3) as an infinite
product.

oo

H(l—m2")2(1+abx2"_1)(1+a_1b Lg2n=1)
1

(L+ab 2?1+ a o™

:ﬁ 1—z*)2(1+ a®2*"72)(1 + a22*"7?)
1
-(l+b2 An=2y(1 4 p~2An-2)
+az(a+a ) (b+bt Hlf:v 2(1 + a®z*)
1

(14 a2z (1 + b2zt (1 + b 2zin).

Next, in the foregoing identity, we let @ = b, and then let a — ia to get

H(l - w2n)2(1 + x2n71)2(1 - a2x2n71)(1 - a72x2n71)
1

_ H(l _ x4n)2(1 . a2x4n72)2(1 _ a72x4n72)2
1
— (a — a_1)21- H(l — m4n)2(1 _ a2w4")2(1 _ a_2w4")2.
1

In this identity we sequentially
(i) let x — —x,

(ii) multiply the resulting identity and the immediately preceding
identity, and
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(iii) in the product of the two identities let z — /2 to get

(e o]

(1.4) (a—a Nz H(l — 2" (1 — a®2*™)* (1 — a22?)*

—

— H(l o x2n)4(l N a2x2n71)4(1 B a72x2n71)4
1

oo

- H(l - w2n)4(1 - I2n71)6

1
. (1 o a4x2n71)(1 o a74x2n71)‘

Now, in identity (1.4), let # — —z. Then multiply the last identity and
(1.4) to get

(1.5) (a—a Y)®F(a,z) = —G(a,z) + H(a,z) + H(a,—z) — I(a,z),

where
F(a,z) := 2* H(l —2?)3(1 — a?2®")3(1 — a 22®")8,
1
G(a,z) == H(l — 22)8(1 — gtz )4 (1 — gt 2)4,
1
H(a,z) = H(1 — g2m)8(1 4 g2n1)
1
. (1 _ a2$2n—1)4(1 _ a_sz”_l)‘l
S+ a2 (14 a ™),
I(a, aj) = H(l _ x2n)8(1 _ $4n—2)6
1
. (1 _ a8$4n—2)(1 _ a—8x4n—2)'
With D, denoting derivation with respect to a, put 6, := aD,.

Our immediate goal is to operate on both sides of identity (1.5)
with 6% and thereafter let @ = 1. To this end we easily establish
03{(a — a=1)8F(a,2)}|a=1 = 2% - 8!F(1,z). Explicit evaluation of the
four terms

_QZG(av $)|a:1, GZH(a, w)‘azla GZH(a, —$)|a:1, —921(% $)|a:1
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is somewhat tedious. So we illustrate how to evaluate #5G(a, z)|q=1.
Put vg(2) := 2F/(1 — 2?¥), z a complex number such that |z| < 1 and
k € P. Then,

0,G(a,z) = G(a, x){ - 16ij:vk(ac?)(a‘“c - a“*’“)}

= G(a,2) - a(a,x),

say. Since 0 a(a,z)|,=1 = 0, whenever j is even, we have

3
7 —2j—
03G(a,2)]az1 = Z (2]' " 1) {67217 G(a,x)|az1}

j=0
{07 a(a, 2)la=1 }-

Computing the derivatives and subsequently simplifying, we find

—03G(a,z)|a=1 = G(1, a:){219 Z 27 5 (0d(n))z*”
1

— (22 x 7)) 2"™M5(0d(n))z"

1

. Z 20 55 (Od(n)) ™"
1

(o]

+ (2% x 105) [Z2b<">a(0d(n))x2"r

. Z 2% 55 (0d(n))z®
1

+ (222 x 35) [i 23b(")03(0d(n))az2"] 2

— (228 x 105) [i2b(")0(0d(n))a:2"]4}.
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Similarly, we compute 05H (a, z)|qa=1, 03 H(a, —x)|a=1, —051(a,x)|a=1,
and find

28 .81F(1,2) = —05G(a,2)|a=1 + 03 H(a, )]a=1
+ 0% H(a, —x)|q=1 — 031(a,2)|4=1

o0

=0-H(1,2))_2"™Mg7(0d(n))z’

1

+0-H(1,2) Zzbw (0d(n 2”225”(" (n))z?
— (2% x 315)H(1, ) [21:23“”)03(%(”))%2”] 2

+ (2% x 315)H(1, z) [iag(% + 1)»”02"“} 2
+0-H(1,z [221’(") (Od(n) ] 22"(" o3(0d(n))z*
+0-H(1,z) [21: 2b(")a(0d(n))w2"] .

Note. We easily verify that G(1,z) = H(1,z) = H(1,—z) = I(1, ).
Hence, observing that 28 - 8! = 2% x 315, we divide both sides of the
foregoing identity by 2'° x 315 to get

P(1,2) = H(1,2) [iag(gn Faan] 2

oo

— 64H(1,z) [Z 23b(")03(0d(n))m2"} 2,

1
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Hence,
Zr(n)azzn =F(l,z)
= 3 (=) s (n)a” [Z os(2n + 1)x2”“]

— 64> (—1)"rg(n)z" [Z 23b(")03(0d(n))x2"] .

Finally, expanding the right side of the foregoing identity, and subse-
quently equating coeflicients of like powers of =, we prove our theorem.

2. Congruence properties of 7.

Corollary 2.1. For eachn € P,

7(n) = 2 o3(2n —2j — 1)o3(25 + 1)
(2.1) + S (=1)"Frg(n — k)
k=1
k—1

o3(2k —2j — 1)03(2j +1)  (mod 64),

.
I
=)

[u

n—

(22) 7(n)= Z 03(2n —2j — 1)o3(2j +1)  (mod 16).

<

Proof. The first part (clause) of our statement is an obvious conse-
quence of Theorem 1.2. To see the second part, we recall the formula

rs(n) =16(-1)" > (-1)4d?,

d|n
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valid for each n € P. For example, see [5, p. 314]. mi

Corollary 2.2. For each n € P, if n is not an odd square, then

|
—

n

(2.3) o3(2n —j —1Do3(2j+1) =0, (mod 2).

<.
I
o

Proof. Let n € P. Then it is well known that 7(n) is odd if and only
if n is an odd square. For example, see [2, p. 39]. Hence, if n is not
an odd square, then 7(n) = 0 (mod 2), whence the desired conclusion
(owing to (2.2)). O

3. Concluding remarks. Embarking on a long discussion of
the function 7, G.H. Hardy [4, p. 161] wrote: “We may seem to be
straying into one of the backwaters of mathematics, but the genesis
of 7(n) as a coefficient in so fundamental a function compels us to
treat it with respect.” Hardy then proceeded to demonstrate the
importance and centrality of this function in the theory of modular
functions. Owur present discussion should certainly help to amplify
this point of view. For, our formula representation of 7 is a direct
consequence of identity (1.3), which is itself an easy and straightforward
consequence of the classical Gauss-Jacobi triple-product identity (1.2).
And the importance of the triple-product identity in both enumerative
combinatorics and additive number theory is beyond question.

In [2, p. 37] the author has derived another formula for 7, viz.,
7(n) = Z(—l)n_jrls(n — 7)2%9a3(0d(j)),
j=1

for each n € P. This formula has a simpler form than that of
Theorem 1.2. However, rig is certainly expressible as a convolution
of rg. So the “simpler form” is somewhat illusory.

It is perhaps instructive to compare the modular relation (2.2) with
a similar result of Bambah [1, pp. 91-93].

If n is odd, then 7(n) = o3(n) (mod 32). However, in [2, p. 39] the
following result, which contains Bambah'’s result, is presented.
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For each n € P,

7(n) = 22*™oy(0d(n)),  (mod 32).
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