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SYMMETRY INCREASING BIFURCATIONS
VIA COLLISIONS OF ATTRACTORS

CORDULA HEINRICH

ABSTRACT. In 1988, Chossat and Golubitsky observed
numerically, in discrete dynamical systems equivariant under
the action of a finite group, a phenomenon for which they
coined the name symmetry increasing bifurcation. They ob-
served that, while varying a parameter, conjugate attractors
of such a system may collide yielding an attractor with larger
symmetry group than before.

One of the questions arising in this context is the following:
Given a group I', which subgroups ¥ of I' are admissible in the
sense that Y-symmetric attractors of a I'-equivariant mapping
may undergo a symmetry increasing bifurcation?

In this paper we extend the approach to solve this prob-
lem made by Dellnitz and Heinrich. We construct collisions
of attractors at arbitrary reflection hyperplanes, as well as
collisions which take place at points of trivial isotropy. Com-
bining these results we are able to give necessary and sufficient
criterions for admissibility of these collisions.

1. Introduction. Discrete dynamical systems on R™ equivariant
under the action of a finite group I' typically possess attractors display-
ing symmetry. More precisely, these attractors as a set are invariant
under the action of a subgroup of I'. If a parameter is introduced into
the system, preserving the symmetry, then one can often observe that
these attractors collide with conjugate attractors yielding an attractor
with larger symmetry than before. This phenomenon was observed by
Grebogi, Ott, Romeiras and Yorke [11] and Chossat and Golubitsky
[6], who named these transitions symmetry increasing bifurcations.

Since then, other mechanisms by which symmetry can be increased
have been observed. In particular, three mechanisms have been de-
scribed in [7]. Apart from collisions, also “explosions” of attractors
may take place, see also King and Stewart [13], and, for continuous
groups, an attractor may start to “drift” along its group orbit yielding
larger symmetry than before, see Dellnitz, Golubitsky and Melbourne
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FIGURE 1. A symmetry increasing bifurcation. An attractor collides with
two conjugate counterparts yielding an attractor with increased symmetry.

[7] and Aston [4]. Contrary to symmetry increasing bifurcations caused
by a collision of attractors, one may also observe, for so called Milnor
attractors, that these attractors touch their conjugate counterpart but
do not merge with it to form an attractor with increased symmetry, see
Ashwin [2].

In this paper we consider the special type of symmetry increasing
bifurcation caused by a collision of attractors. The group I' is always
assumed to be a finite subgroup of O(n) with the standard action
on R™. We investigate the following question. Given a group I, a
subgroup ¥ of ' and an element x € T'\X, when does there exist a I'-
equivariant, parameter dependent, continuous system on R™ in which
we may observe a Y-symmetric attractor A colliding with its conjugate
attractor kA and merging to form an attractor with symmetry (X U
{r})?

To answer this question, another problem has to be considered first,
namely, which subgroups ¥ of I are admissible in the sense that there
exists a X-symmetric attractor of a continuous I'-equivariant system.
Melbourne, Dellnitz and Golubitsky [14] stated necessary conditions
for admissible subgroups and Ashwin and Melbourne [3] proved that
these conditions were sufficient as well. They showed that admissibility
depends crucially on the reflection hyperplanes of elements in I'\X. The
Y-symmetric attractor may not intersect these hyperplanes, and hence
it must be contained in certain connected components bounded by these
reflection hyperplanes. For diffeomorphisms, the question of admissible



SYMMETRY INCREASING BIFURCATIONS 561

subgroups was treated by Field, Melbourne and Nicol [9].

To prove their results, Ashwin and Melbourne use embedded -
symmetric graphs, on which they define the dynamics. We apply their
methods to construct parameter dependent embeddings. This approach
was first made by Dellnitz and Heinrich [8]. The authors considered
collisions taking place at precisely one reflection hyperplane and came
to the conclusion that in this case a symmetry increasing bifurcation
could take place if and only if £ commuted with all elements in 3.

In this paper we extend this approach. We not only admit collisions at
arbitrary reflection hyperplanes, but we also look at collisions where
is not a reflection, thus allowing  to be any element in I'\X. Moreover,
we extend the construction in [8] beyond the critical point of collision,
that is, we construct attractors with symmetry group (X U {x}) after
the collision. Our main results are two theorems, Theorems 4.10 and
4.21, which treat the two separate cases depending on whether « is a
reflection or not. Each of these theorems gives a necessary and sufficient
condition for admissibility of symmetry increasing bifurcations.

An example of an admissible symmetry increasing bifurcation can
be observed in Figure 1. Here, the underlying group I' is D3, and
the group ¥ of the attractor before the collision is D;. From the
picture, it appears that a transition from D; to full Ds-symmetry is
admissible, and indeed it follows from Theorem 4.10 that this is the
case. On the other hand, it will turn out that a transition from Zj3 to
D3s-symmetry is not possible although both groups may be symmetry
groups of attractors of a D3-equivariant system. Other examples can be
found in Section 4.5, where all admissible transitions of the tetrahedral
group have been classified.

This paper is an excerpt from my Ph.D. Thesis [12].

2. Symmetry increasing bifurcations. In this section we are
going to define what we mean by a symmetry increasing bifurcation.
Roughly we wish to apply this term to the phenomenon of a collision
of chaotic attractors of discrete dynamical systems.

2.1. Preliminaries. Throughout the paper we consider discrete dy-
namical systems, given by a continuous parameter dependent mapping
f:R™ xR — R"™. Now suppose that I' < O(n) is a finite group with
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the standard action on R™ and that f is equivariant under this action,
i.e.,

f(ﬁ)/xv )‘) = ’Yf(xv >‘)

for all x € R™, A € R and v € T". For a fixed parameter value, there
may be attractors associated to the dynamical system. We define an
attractor to be a stable w-limit set, precisely

Definition 2.1. A set A C R" is called stable (in the sense of
Liapunov) if, for any neighborhood U of A, there exists a neighborhood
V of A such that for any j € N we have f/(V) C U.

The w-limit set w(z) for any € R™ is the set of accumulation points
of the orbit of z, that is, of the sequence (f7(z));jen.

An attractor is a stable w-limit set.

An attractor of a mapping f has the symmetry of a subgroup of the
group I' under which f is equivariant. By this we mean the following:
We define the symmetry group of a set B C R™ to be the subgroup of
I" which fixes B as a set, that is,

Sp={yel|~vB=B}.

If ¥ = Xp, we say that B is Y-invariant. Moreover, we call a X-
invariant w-limit set B X-symmetric, if B contains points of trivial
isotropy.

If an attractor A has a symmetric group ¥ which is strictly smaller
than I, it is easy to check that there must exist conjugate attractors yA
for any v € T'\X. In this context the following result is most relevant,
which was first proved by Chossat and Golubitsky [6] and was then
reproved in [14] in the current setting.

Proposition 2.2. Let A be an attractor of a I'-equivariant mapping
f- Then, for any v € T', we have either A =~vA or ANyA = @.

This proposition helps us to understand why symmetry increasing
bifurcations occur. Suppose that we observe a Y-symmetric attractor
A in a T-equivariant system, and let x € T'\X. Hence, there exists
a conjugate attractor kA which, by the above proposition, does not
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intersect A. Now suppose that, while varying a parameter, these two
conjugate attractors collide. Then, by Proposition 2.2, we would expect
them to merge and form an attractor with a larger symmetry group,
namely (X U {k}).

2.2. Admissible subgroups of I'. To understand the setting
of a symmetry increasing bifurcation, it is necessary to look at the
symmetry groups and specific properties of the attractors involved.
A first observation is that a Y-symmetric attractor A may not, by
Proposition 2.2, intersect any reflection hyperplanes of reflections that
are not contained in 3. Recall that a reflection is defined as a group
element 7 € O(n) such that dim (Fix (7)) = n — 1, where we let

Fix (1) & {r e R" | T2 = z}.

If A is a A-symmetric attractor, the reflection hyperplanes of the set

KA % {r € T\A | 7 is a reflection}

cannot intersect A. That is, AN La = @, where

(2.1) La ™ | Fix(r).
TeEKA

The set La separates R™ into connected components. These com-
ponents play a crucial role in determining which symmetry groups of
attractors are admissible in the sense that there exists a continuous I'-
equivariant dynamical system with a >-symmetric attractor. Precisely
we define, using the notation of [3],

Definition 2.3. A subgroup ¥ of a finite group I' < O(n) is
called admissible if there exists a continuous I'-equivariant mapping
f:R™ — R" with a 3-symmetric attractor A.

Moreover, we call such a subgroup X strongly admissible, if f and A
can be chosen such that A is connected.

An admissible subgroup which is not strongly admissible will be
denoted weakly admissible.



564 C. HEINRICH

Now we are in a position to state the main result in [3], which gives
a classification of the admissible groups.

Theorem 2.4. Let T be a finite subgroup of O(n), n > 3.

(a) A subgroup A < T is strongly admissible if and only if A fizes a
connected component of R™\ L.

(b) A subgroup ¥ < T is admissible if and only if X is a cyclic
extension of a strongly admissible group A, i.e., if A is normal in ¥
and /A is cyclic.

Remark 2.5. This theorem is also valid for n = 1,2 except in the case
when n equals 2 and I' is cyclic. In this case both I' and 1 are strongly
admissible and all other subgroups are weakly admissible.

As stated in the theorem, every admissible subgroup ¥ has a strongly
admissible subgroup A such that ¥/A is cyclic. However, this subgroup
need not be unique. For example, consider the group I' = D; acting
on R? by a reflection. Then both 1 and D; are strongly admissible.
Hence we may choose either D; or 1 as a strongly admissible subgroup
of Dy. The cyclic group is then either Dy /D 2 Z; or Dy/1 & Zs.

In what follows we will describe a way in which to find a unique
subgroup A. That is, given a Y-symmetric attractor A, we want to
determine a specific strongly admissible normal subgroup of ¥ which
we are going to call the associated group of A. For this purpose we
need to explain some notation and results obtained in [14], where the
necessary conditions of Theorem 2.4 were proved.

To begin, we let L be a subset of R™ and define Py as the set
containing L and all the preimages of L under f, that is,

Pr=J D).
k=0

Because of f~1(Pr) C Pr, we then have a mapping
f : Rn\PL — Rn\PL

Connected components of R™\Py, are mapped into connected compo-
nents, since f is continuous. For an attractor, we have the following
result for these components (the proof can be found in [14]).
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FIGURE 2. Sketch of a Da-symmetric attractor of a Dy-equivariant system.
The associated group A is generated by the reflection whose reflection hyper-
plane intersects the attractor.

Lemma 2.6. Let L C R™ and, let A be an attractor of f : R™ — R".
Suppose that AN L =&. Then the following holds.

(a) The attractor A is covered by finitely many connected components
Co, ce 707‘—1 Of Rn\PL

(b) These components can be ordered such that f(C;) C Citimodr
holds.

As our set L, we choose the following set

L= U Fix (1)
T€T reflection,
Fix (1)NA=g
and consider the connected components of R"\P. By Lemma 2.6, A
is covered by finitely many of these components, which we denote by
Oo, ‘e 7Cr—1- Now let

(2.2) A={6€X|0C;,=C;forallie{0,...,r—1}}.

In the proof of Theorem 4.10 in [14] it is shown that the group A
as defined here is in fact a strongly admissible normal subgroup of X.
Moreover, we even have La = L with this choice of A, see [8]. We
define

Definition 2.7. Let A be a X-symmetric attractor, and suppose
that A is constructed as in (2.2). Then we call A the associated group
of A.
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To illuminate the choice of the associated group, we consider the
following example. Let I' = Dy, and suppose that A is a Do-symmetric
attractor, outlined as shown in Figure 2. Of the copies of D7 contained
in Dy, just one may be chosen as the associated group A of Do,
namely the one generated by the reflection whose reflection hyperplane
intersects the attractor. This reflection is, apart from the identity, the
only element in Dy fixing connected components of R™\ L, namely the
ones in which the attractor is contained.

2.3 Admissible triples. We will now introduce our definition of
a symmelry increasing bifurcation via a collision of attractors. To
begin with, let us state some notations which we assume to be valid
throughout the paper.

Notation 2.8. Let I' < O(n) be a finite group. We assume that the
group A is a strongly admissible subgroup of I'; for a definition of a
strongly admissible subgroup, see Definition 2.3, and for a classification
of admissible subgroups, see Theorem 2.4. Moreover, let X be a cyclic
extension of this group. We denote the order of /A by p and choose
an element p € ¥ of a generator of ¥/A.

Now let x be an element of I'\A. We wish to consider collisions of
attractors conjugated by k. If x is a reflection, we will allow x € X.
Later, it will become apparent why we admit this case although it does
not lead to an increase in symmetry, see Remark 4.31. If x is not a
reflection, we assume x € I'\X. Finally, we define La as in (2.1) and
let D be a connected component of R™\ LA which is fixed by A.

Definition 2.9. The I'-equivariant mapping f : R" x R — R”
undergoes a symmetry increasing bifurcation via a collision of attractors

for A = A, if the following holds:

(C1) For a sequence \; /" A, j € N, the mapping f(-,\;) possesses
Y-symmetric attractors A;. For all j, let A be the associated group of
A;.

(C2) There are sequences z; € A; N D and y; € kA; N kD such that
x; and y; both converge to a periodic point x of f(:, Ac) for j — oo.

(R) If k is a reflection, let the isotropy group of z be {1, x}.
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(NR) If  is not a reflection, we assume x € D N kD.

(C3) All A; consist of precisely k connected components for some
ke N.

(C4) There is a sequence :\j ¢ Ac such that, for any j € N, there
exists a 5 < (XU {k})-symmetric attractor A; of f(-,\;).

If there exists a mapping f undergoing a symmetry increasing bifur-
cation, we say that the triple (3, A, k) is admissible.

There are some technical assumptions in this definition which are
clarified in the following remarks:

Remarks 2.10. (a) The assumption that the attractors collide at
a periodic point x in (C2) can for our purposes be weakened to the
assumption that the first k iterates of x have the same isotropy group
as z itself, k € N is defined in (C3). Note also that we do not require
x to be the only point of collision.

(b) The assumptions (R) and (NR) can be understood as follows. If
k is a reflection and the attractors A; are connected, A; and kA; must
be separated by the reflection hyperplane Fix (x), and hence we must
have z € Fix (k). Of course, if the A;’s are not connected there might
be other possible collisions which do not take place at Fix (), but we
could then find an s € N such that a collision in the mapping f¢ would
not be a collision of conjugate attractors, see [12].

We do not allow a larger isotropy group than {1,x} for x because
after the collision we do not wish to observe an increase in symmetry
beyond the symmetry group ¥ = (X U {x}). Observe that, from (R),
it follows that

dim (Fix (k) N0D) =n — 1.

This means that Fix (k) is one of the reflection hyperplanes which are
essentially forming the boundary of D.

If x is not a reflection, then the collision should not take place
at a reflection hyperplane, because again this could mean that after
the collision there might be additional symmetries not contained in
> = (Y U {k}). This leaves only the possibility of a collision inside D
(one can show that all components of R™\La which contain part of

the A; are fixed by A, hence D may be chosen accordingly). From the
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viewpoint of the attractors xA;, the collision should then take place
inside kD; hence, we ask that x € D N «kD.

(c) The assumption (C3) is equivalent to the assumption that the
number of connected components of the A; is bounded. Considering
the fact that an attractor which contains a periodic point of period m
can have at most m connected components, see [14], this assumption
is not too restrictive as well.

3. Necessary conditions. In this section we are going to derive
necessary conditions for symmetry increasing bifurcations. As pointed
out in the last section we have to distinguish two cases depending on
whether k is a reflection or not. In both cases we are going to find
necessary conditions, which will later turn out to be sufficient as well.

3.1. k is a reflection. First let us consider the case where & is a
reflection. Then the following holds.

Proposition 3.1. Let k € T\A be a reflection. If the triple (X, A, k)
is admissible, then it follows that

(3.3) dim (Fix (cko ™) NOD) =n —1
forall o € X.

Proof. Suppose that the mapping f undergoes a symmetry increasing
bifurcation. For each j, by Lemma 2.6 there exist connected compo-
nents Co(Aj),...,Cr_1(A;) of R"\Pr, covering A; (by (C3) we may
without loss of generality assume that r does not depend on j). We
define A% = A; N Cy()\;). The mapping f(-,A;) permutes the C;();)
cyclically for fixed j € N, hence it permutes the A?, e ,Ag_l as well.

Now consider the sequence z; € A; N D, which exists by (C2).
Without loss of generality we may assume that all elements of the
sequence x; are contained in AY. As the C;();) cannot intersect the
boundary of D, A? must be fully contained in D.

All iterates of & by f(-, ;) have the same isotropy {1, x}, since this
is true for x and x is a periodic point. As the A;- are being permuted
cyclically by f(-,A;) we may find, in all Aé-, sequences converging to
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Fix (k), in the point f*(z,\.). Apart from & this point does not possess
any other nontrivial isotropies.

Now let 0 € ¥X. The A; are ¥-symmetric, hence we may find
a sequence in each A} converging to a point with isotropy group

{1,0k0~1}. In particular this holds for Ag. However, these components
are fully contained in D, which proves the proposition. a

3.2 k is not a reflection. We now turn to the case where s is not
a reflection.

Proposition 3.2. Suppose that k € T\X is not a reflection. If the
triple (X, A, k) is admissible, then we have

(3.4) o 'koDND # @

forall o € X.

Proof. Suppose that the mapping f undergoes a symmetry increasing
bifurcation. We take a closer look at the sequences z; € A; N D and
y; € kA; N kD, which exist by (C2). Both sequences converge to
x e DNkD.

Again we use the sets Aj» = A;NC;();), which are permuted cyclically
by f as stated in Lemma 2.6. Without loss of generality we may assume
that z; is contained in A} C D for all j and y; € /@Aé— C kD for some
fixed I € {0,...,r —1}.

For a given o € 3, we may find a k € {0,... ,r — 1} such that, for all
j, the equation f’“(A‘;, Aj) = A;? = O'A?- C oD holds. We may conclude
FE(xi,05) € fF(A) N)) =0A) CoD and

fk(yj7 >‘]) € ka(Aé'a Aj) = Hfl(A;'Ca )‘j)
= I{fl(UA(;, )\J)
= HJAé— C koD.
Now recall that f¥(z,).) is the limit of both sequences for j — oo,

which implies fk(a:, Ae) € koD NoD. But & € DN kD; thus, z is not
contained in any fixed point space of a reflection in K or in K Alﬁ.
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Moreover, x is a periodic point; hence, the same is valid for all iterates
of x under f. Thus we obtain f*(x,\.) € koD No D, which proves the
proposition. u]

4. Sufficient conditions. The proof that the conditions derived in
the last section are sufficient as well requires much more work than the
necessity. This is due to the fact that we have to construct mappings
undergoing a symmetry increasing bifurcation. Since we rely heavily
on the methods developed by Ashwin and Melbourne [3], we begin
by giving an outline of their method of construction for symmetric
attractors, which they use to prove Theorem 2.4.

4.1. Equivariant dynamics on graphs. Ashwin and Melbourne
use embedded Y-invariant graphs to construct I' equivariant mappings
with 3-symmetric attractors. In this subsection we give an outline of
their method of construction. For a sketch of these methods we begin
with a simple lemma. Its proof may be found in [3, Lemma 4.1].

Lemma 4.1. Let T’ be a finite group acting on the topological spaces
Y and Z. Suppose that X is a closed subset of Y such that Y =
UyeryX. Finally, suppose that f : X — Z is a continuous mapping
satisfying f(yx) = vf(x) whenever x and yx are both contained in X
for some v € T'. Then f can be uniquely extended to a continuous
I'-equivariant mapping f:Y — Z.

We now consider graphs invariant under the operation of a finite
group. For elementary graph theory the reader is referred to [5]. The
aim is to embed these graphs into R™ and to turn these embedded
graphs into attractors. Each graph may be seen as a metric space by
identifying each edge with the unit interval, see [3]. Subsequently, we
will do so without further notice. However, we note that this leads to
an ambiguity in the definition of a graph. On the one hand, a graph is
a set of vertices and edges; on the other hand, we look at a set of points
with a metric structure. It should be clear from the context which of
these viewpoints we assume in the given setting.

Definition 4.2. Let A be a finite group. A graph G is called a
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A-graph, if
(i) A acts isometrically on G,

(ii) the set of edges (or equivalently the set of vertices) of G is
invariant under the action of A on G, and

(iii) A acts fixed point freely on the set of edges of G.

A subgraph J C G of a A-graph G is called a fundamental subgraph,
if G = UseadJ holds and, moreover, for each edge E € J and every
0 € A we have §F € J if and only if § = id.

Assumption (iii) is equivalent to the existence of a fundamental
subgraph, as can easily be shown. In particular, for every A-graph
G there exists a fundamental subgraph.

The reason for introducing A-graphs is that we may define a A-
equivariant dynamical system on such a graph such that the whole
graph becomes an w-limit set of this system. This is the contents of
the following proposition by Adler and Flatto, as stated in the appendix
of [3], see also [1].

Proposition 4.3. Suppose that G is a finite graph with edges
Ey,... ,Ep, and let g : G — G be a continuous mapping with the
following properties.

(i) For every j, g(E;) is the union of certain other E;’s.
(ii) Let By = E; N g~ Y(E;). Then g|g,, is an invertible C*-map.

(iii) There exist ¢ € N and 6 > 1 such that |(g?)'| > 6 wherever it is
defined.

(iv) For all j we have Upeng?(E;) = G.

Then G is topologically transitive, periodic points are dense in G and
there is sensitive dependence on initial conditions. Moreover, there
erists a g-invariant ergodic Lebesgue-equivalent measure on G. If,
instead of (iv), we have the stronger property

(iv)" There exists p € N such that g?(E;) = G for all j € {1,... ,m},
then G is even topologically mizing.

For a definition of the properties names in the definition, we refer
the reader to [3]. We proceed by defining a A-equivariant dynamical
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system with the help of the previous proposition. The degree of a vertex
is the number of edges emanating from this vertex. With this notation
a Fulerian graph is defined as a graph having an even degree at each
vertex. It is well known that, for any vertex of a Eulerian graph, there
exists a path starting and ending at this vertex and passing through
each edge of the graph precisely once.

Theorem 4.4. Suppose that G is a Eulerian A-graph where each
vertex has at least degree four. Then there exists a continuous A-
equivariant dynamical system g : G — G with the following properties.

(i) G is topologically mizing; in particular, it is topologically transi-
tive.

(ii) Periodic points are dense in G and there is sensitive dependence
on initial conditions.

(iii) There is a unique g-invariant, and Lebesque-equivalent, ergodic
measure on G.

(iv) The vertices of G are fized points of g.

(v) Let J be a fundamental subgraph of G, and let an arbitrary
function F : J — G be given, assuming to each edge E € J an edge
F(E) of G. Suppose that xg denotes the midpoint of the edge E; then
g may be constructed such that g(xp) = xpg) for all E € J.

The proof of the first three conclusions may be found in [3, Theorem
4.3] (with the restriction on the degree of the vertices). We have added
(iv) and (v) since we are going to need them for the subsequent sections.
To prove these statements, it is necessary to give a short outline of the
construction in [3].

Sketch of Proof. We choose an arbitrary fundamental subgraph J of G
and remove an edge F from this subgraph. Since G is Eulerian, we may
find a path in G\ E connecting the vertices v and w which correspond
to E, and passing through every edge of G\E precisely once. We let
g(v) = v, g(w) = w and g(F) = G\FE such that, while x € E moves
from v to w, the point g(z) follows the path chosen above. In this way
we may define g on every edge of the fundamental subgraph and extend
g using Lemma 4.1 to obtain a A-equivariant mapping g : G — G.
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We are free to change the parametrization of g on the edges. This
allows us to construct g in such a way that the requirements of
Proposition 4.3 (with ¢ = 1 and p = 2) are satisfied. From the
construction it is immediately apparent that (iv) is also valid.

It remains to show (v). Let a fundamental subgraph J and a function
F as in (v) be given. Since the construction of g on each edge of the
fundamental subgraph is independent of the outer edges, it suffices to
consider each edge separately. Suppose that some arbitrary edge ¥ € J
is given. There are two cases we have to consider.

If F(E) = E, we temporarily consider the midpoint x5 € F as a new
vertex. Then E consists of two new edges which we treat precisely as
described above when defining g. With this definition of g, x g becomes
a fixed point of g and hence we have g(rg) = g = Tp(p).

On the other hand, if F(E) # E, by the above definition of g the
midpoint zpgy € F(E) lies in the image of E under g. Hence we may
parametrize g on E such that g(zgp) = 2pg) is satisfied. However,
when looking at the properties in Proposition 4.3, we have to pay
special attention to (iii). No difficulty occurs if, while transversing
the path, the edge F'(F) is not hit as the first or the last one (in the
chosen metric on the graph all edges have the same length). But we
had assumed previously that each of our vertices has at least degree
four, which means that apart from E at least three other edges are
connected with the vertices v and w. This implies that we may always
choose a path from v to w which does transverse F(E) as neither the
first nor the last edge in the path. O

Now we want to embed the A-graph into R™. It is therefore necessary
to define the concepts of embeddability and extendability of a A-graph.

Definition 4.5. A A-equivariant embedding of a A-graph G into R"
is a continuous one-to-one mapping e : G — R™ such that the following
assumptions hold:

(i) e is A-equivariant.
(i) ve(G) Ne(G) = @ for all v € T\ A.

Using this concept we are in a position to embed the graph of a
group A fixing a connected component of R™\La. The aim is to turn
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the image of this graph in R™ into a A-symmetric attractor. If X
is a cyclic extension of such a group A, we are going to construct the
attractor by extending the A-graph. The precise definition is as follows:

Definition 4.6. Let p € N(A)\A. A A-graph G is called p-
extendable if there exists a A-equivariant isometry h : G — pG. This
isometry is called a p-extension. If G may be p-extended for any
p € N(A)\A, we say that G is extendable.

We note that the graph pG mentioned in this definition is defined
formally as the set {px | x € G}. Since p is an element of the normalizer

of A, we may define an operation of A on pG by §(pFE) def p(p~LopE)
for any edge £ € G and any § € A.

The following Theorem 5.4 from [3] leads directly to the proof of
Theorem 2.4.

Theorem 4.7. If there exists a Fulerian, embeddable and extendable
A-graph, then A is strongly admissible, and any cyclic extension of A
1s admissible.

To prove Theorem 2.4, it remains to show that for any subgroup A
of T fixing a connected component D of R™"\La, we may construct
a Eulerian, embeddable and extendable A-graph. For such A, the
following lemma is implicit in [3, Section 6].

Lemma 4.8. Let n > 3, and suppose that A fizes a connected
component D of R"\La. Then there exists a A-graph and a A-
equivariant embedding of this graph into D. Moreover, this A-graph
is Bulerian and extendable.

Remark 4.9. A short note on the construction of the graph and
its embedding will make the arguments in the following sections more
transparent. The difficulty of the construction lies in the fact that A
itself may contain reflections. In this case the component D is separated
into fundamental domains of the subgroup A of A generated by its
reflections. The A-graph is then constructed in such a way that its
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embedding has a fundamental subgraph J contained entirely inside the
closure of one of these fundamental domains, with its vertices lying
inside the reflection hyperplanes of reflections in A which bound this
fundamental domain. In this way, images of the edges of J under
elements of A will intersect these reflection hyperplanes only in vertices,
and hence the embedding remains one-to-one.

If A does not contain any reflections, the construction of the A-graph
and its embedding is much less complicated. For our purposes it suffices
to note that in this case there are no (n — 1)-dimensional obstructions
inside D, and hence each embedded edge may be connected with the
boundary of D by a curve which does not intersect any fixed point
space.

4.2 k is a reflection. In this section we aim to construct symmetry
increasing bifurcations for the case when x is a reflection. Using
the methods developed by Ashwin and Melbourne, as outlined in the
preceding section, we are able to prove that the necessary condition
found in Proposition 3.1 is indeed sufficient for symmetry increasing
bifurcations.

Theorem 4.10. We assume Notations 2.8 and let k € T\A be a
reflection. The triple (X, A, k) is admissible if and only if

(4.5) dim (Fix (cke ™' NOD) =n — 1
for all o € X

Since we have shown the necessity of (4.5) in Proposition 3.1, it
remains to construct a mapping undergoing a symmetry increasing
bifurcation for a given triple (X, A, k) satisfying (4.5).

Throughout the proof we shall assume n > 3. The cases n = 1 and
n = 2 will be treated separately in Section 4.4.

An overview of the proof is as follows. The first step is to construct
a suitable A-graph and a corresponding embedding e into R"; this we
accomplish in Lemma 4.11. We then introduce a parameter A into the
embedding and, by varying this parameter, move the embedded edges
of the graph towards the reflection hyperplanes of the elements oko !
such that they touch these spaces for A = 1, see Lemma 4.12.
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Precisely as in [3] we define the dynamics f on the embedded graph
by first choosing a mapping g on the graph and then conjugating
this mapping with the previously defined embedding e, that is, we let
f(,A) =e(,\)ogoe (-, X). We then want to extend f I'-equivariantly.
However, for A = 1 the embedded graphs touch conjugate embedded
graphs, which corresponds to a collision of conjugate w-limit sets in
R”™. At this critical point we have to take special care not to destroy
the equivariance of the mapping f. This problem is an essential point
in the proof, and we treat it in Lemma 4.16.

After the collision, for A > 1, we have to change the dynamics on the
embedded graph to obtain Y-symmetric w-limit sets instead of merely
Y-symmetric ones. We do this by enlarging the image of a particular
embedded edge under the mapping f, such that it additionally contains
small pieces of the conjugate graphs. To ensure the continuity of f,
these pieces have to shrink when A \ 1. For this purpose we introduce
new edges into the embedded graph, see Lemma 4.18, whose length goes
to zero as A \, 1. We then expand the image of the above mentioned
embedded edge under f onto these new edges. In Lemma 4.19 we
show that, by using this method, we indeed obtain S-symmetric w-limit
sets after the collision. Afterwards we have to extend the mapping f
equivariantly onto all of R™, such that the constructed w-limit sets
become attractors. This is accomplished in Lemma 4.20.

Now we turn to the proof. In the following lemma we guarantee the
existence of a A-graph fulfilling the requirements we will need later on.

Lemma 4.11. There exists a finite Eulerian A-graph G(A) with the
following properties. The graph is extendable and embeddable into D,
contains a fundamental subgraph numbering at least (2p+1) edges, and
all vertices of the graph have at least degree four.

Proof. An embeddable and extendable Eulerian A-graph exists by
Lemma 4.8. If this graph does not satisfy the properties of the lemma,
for each edge E of the fundamental subgraph we introduce another edge
E’ connecting the same vertices as E. We extend this construction
A-equivariantly. The new edges may be embedded into R™ without
difficulty, since n > 3. Moreover, we may easily extend any p-extension
h of the graph onto the new edges: for each “new” edge E’ we simply
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let h(E’) = h(E)" where h(E)" denotes the “new” edge corresponding
to the “old” edge h(F). This extension of h is clearly a p-extension of
the new graph.

Now we have obtained a graph where the number of edges as well
as the degree of the vertices has doubled. Since the former graph was
Eulerian, each vertex of the new graph must have at least degree four.
If the new fundamental subgraph still contains less than (2p+1) edges,
we repeat the construction until this requirement is satisfied. a

Let us now choose a graph G(A) satisfying the properties of the
lemma. We take p edges Ey, ..., Ep—1 from the fundamental subgraph
J of this graph, and we call their midpoints z; € E; for all ¢ €
{0,...,p—1}. Later on, we will choose an additional edge E,,.

The next step is to introduce a parameter into the embedding be-
longing to the graph G(A) and, by varying this parameter, to move
the embedded edges such that for a given parameter value they touch
the fixed point spaces Fix (cko~!), o0 € .

Lemma 4.12. There exists a continuous mapping e : G(A) x[0,1] —
R™ with the following properties.

(a) For any A € [0,1), the mapping e(-, ) is a A-equivariant embed-
ding of G(A) into D.

(b) e(-,1) is a A-equivariant one-to-one mapping of G(A) into D
and, for each i € {0,1... ,p— 1}, there is a o; € p, such that

(i) yi ef e(w;,1) € Fix (o0;k0; 1) N OD,

(ii) the T'-group orbits of the y; are pairwise disjoint and do not
coincide with T-group orbits of the embedded vertices of G(A), and

(i) each y; possesses the isotropy {1,0,k0; ' }.

Proof. By Lemma 4.11 we know that for G(A) there exists an
embedding into D. We denote this embedding by e(-,0) : G(A) — R™.

The o; are chosen as follows. If A contains reflections, then denote
the subgroup of A generated by its reflections by Ar. The connected
component D is then separated into fundamental domains by the
reflection hyperplanes of the elements in Ag, see Remark 4.9. By this
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remark, the embedding of the fundamental subgraph J is contained in
the closure of one of these fundamental domains F'. By (4.5) and, since
elements of Ag act transitively on these fundamental domains, for each
i € {0,...,p— 1} the fundamental domain F is bounded by at least
one reflection hyperplane Fix (7;x0; ') for some o; € p'.

If A does not contain any reflections, we choose the o; € p* arbitrarily.

Now we claim that, for each i € {0,...,p — 1}, the embedded mid-
point e(z;, 0) may be connected with the fixed point space Fix (amoi_l)
by a continuous curve which does not intersect any other edges or fixed
point spaces. We may do this since we have chosen the o; precisely
such that e(x;,0) is not separated from Fix (o;x0; ') by any other re-
flection hyperplane. Moreover, the dimension of the space is at least
three and the group I is finite, which means that we may move around
other edges or fixed point spaces.

Using these considerations we now move the embedded edges E;
continuously towards the fixed point spaces Fix (o;k0; 1). We do
this by fixing the vertices and moving the midpoints e(z;,0) of the
embedded edges e(F;,0) towards the fixed point spaces. The edges in
J\{Eo,...,Ep_1} remain fixed. Since n > 3 and T is finite, we may
do this in such a way that in orbit space, the embedded edges never
intersect themselves or the images of other embedded edges. We also
may avoid fixed point spaces of nontrivial groups. We will denote the
homotopy which we have obtained in this way by e : J x [0,1] — R™.

Let e be parametrize in such a way that all embedded edges e(E;, \)
touch the corresponding fixed point spaces simultaneously for A = 1
in precisely one point, which is y; = e(z;,1). We may assume that
this point has o;x0; 1 as the only nontrival isotropy. Since we may
perturb the y; inside Fix (0;x0; ') and since T is finite, we may fulfill
the assumptions (ii) and (iii) by a suitable choice of the y;’s.

Using Lemma 4.1, for each A € [0, 1] we extend the mapping e(, \)
equivariantly. It remains to show that e(-,A) is one-to-one. We fix
A € [0,1] and suppose for contradiction that e(E, \) and e(E, \) have
a nonempty intersection, where E, E are arbitrary edges in G(A). If
there is no & € A\1 satisfying 6E = E, then the embedded edges
e(E,\) and e(E, \) are not conjugate to each other and hence they
belong to different edges of the fundamental subgraph in orbit space.

By our construction they cannot intersect each other.
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Hence, suppose that §E = E for some 8§ € A\1. We then choose a
parametrization s of e(E,\) and define the induced parametrization
5 on e(E,\) by 3(t) = ds(t). From s(t;) = 3(ty) we compute
05(t2) = ds(t1) = §(t1). Then we have either t; = to which means
that e(E,\) intersects the fixed point space Fix (d), or t; # to, and
in this case the curve e(E,\) intersects itself in orbit space. However,
we had excluded both cases during the construction of the homotopy
e. We may conclude that indeed e(-, A) is one-to-one for all A € [0, 1].
O

Up to now we have mainly considered the strongly admissible group
A. Now we turn to the case ¥ # A, in which we need to extend the
A-graph G(A) to a X-graph. As in [3], we define

G(X) = G(A)UpG(A)U- - UpPLG(A).

We apply Lemma 4.1 to the mapping e constructed in Lemma 4.12 to
obtain a ¥-equivariant mapping e : G(X) x [0,1] — R™. For each A < 1
the mapping e(-, ) is a ¥-equivariant embedding of G(X). For A = 1,
there are two cases to be considered.

Remark 4.13. (i) k ¢ ¥. The oy; are pairwise disjoint for all o € ¥
and i € {0,...,p— 1}, since we had chosen the y; to lie on different
group orbits and to have o;x0; ! as the only nontrivial isotropy. Hence
the images e(p'G(A), 1) are pairwise disjoint for all i € {0,... ,p — 1},
which implies that e(-, 1) is one-to-one.

(ii) k € X. Using y; = amaflyi for all i € {0,...,p— 1}, we arrive
at
e(oxi, 1) = oy; = e(ooiko; 'x;,1) for all o € X

This means that e(-, 1) is no longer one-to-one. Actually, for each ¢ € 3
and ¢ € {0,...,p — 1} there are precisely two preimages of oy;, and
the mapping is one-to-one on all other points of the graph. However,
we may restrict the mapping e to a one-to-one mapping as follows. If
o € pF, then ooma;1 is contained in p"t?/2, since by Lemma 3.2 in
[8] in this case p is even and x € pP/2. We let

L8 p/2<i<pdeA)
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and denote by é(-, 1) the restriction of e(-, 1) to

G2 Y eE@)\{ori|oeD,ied0,...,p—1}}

Our considerations imply that é(-, 1) is one-to-one.

We now construct the dynamics on the graph using Theorem 4.4.
Precisely we choose a mapping ga on G(A) satisfying the assumptions
(i) to (v) of the theorem. In Lemma 4.11 G(A) was constructed in a
way which allows us to apply this theorem.

Case 1. ¥ = A. We choose a function F as in (v) of Theorem 4.4,
such that this function satisfies F(Ep) = Ep. On all other edges of
the fundamental subgraph F' may be defined arbitrarily. Hence, the
mapping ga then obtained by the theorem satisfies ga(zg) = zo. We
let

£z 0) Ee(gale™(2,0),\)

for all A € [0,1] and z € ¢(G(A),\). By Lemma 4.12, the inverse of e
on e(G(A), \) exists by Remark 4.13 (i) for any fixed value of A\. Now
f is topologically conjugate to ga which implies that f satisfies all the
properties of Theorem 4.4.

Case 2. ¥ # A. For each i € {0,...,p — 1}, the image of the
graph pG(A) under e(-,1) contains a point ¢ inside Fix (o;x0; ).
This is due to the construction of e. The set e(G(A),1) intersects
Fix (ocko~1) for any o € %, and by equivariance the same holds for
e(pG(A),1) = pe(G(A),1). We denote the preimage of 7, under e(-, 1)
by &, € pG(A). If k € X, this preimage is not well defined, see
Remark 4.13 (ii), so in this case we choose the preimage of g, under
the mapping é defined in this remark. Using the Y¥-equivariance of e
we see that Z is the midpoint of an edge in pG(A).

Moreover, there exists a p-extension h : G(A) — pG(A) by
Lemma 4.11. For each i € {0,... ,p—1}, we denote by z/ the preimage
of #, under h. This point is again the midpoint of an edge E, € G(A),
since h is an isometry.

We now define a function F, later to be used when applying Theo-
rem 4.4, on the edges of the fundamental subgraph J as follows. On
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the subset {Ey,... ,E,_1} of J we let F(E;) = E;. On all other edges
F may be defined arbitrarily. However, for subsequent considerations
we will need an additional property of F', which can also be satisfied in
the strongly admissible case.

Lemma 4.14. There exists an edge E, in the fundamental subgraph
J, E, # E; foralli € {0,... ,p—1}, and the function F may be chosen
such that

F(E) #0E,

for all 0 € A and all edges E € J.

Proof. By Lemma 4.11, the fundamental subgraph J contains at least
(2p + 1) edges. From these we had chosen p edges F;, i =0,... ,p—1,
and at most p more edges of J are conjugate to the edges EI, i =
0,...,p — 1 defined above. Hence, there remains at least one edge ),
in the fundamental subgraph J which is not conjugate to any of the
above mentioned edges. We have chosen F to satisfy F'(E;) = E{. On
all other edges, we may define F' arbitrarily. Hence, there is a choice of
F which satisfies the assumption stated in the lemma. Note that the
proof works as well in the strongly admissible case. i

We will need this lemma later on for the construction of attractors
after the collision. Now we proceed by choosing a mapping ga :
G(A) — G(A) using Theorem 4.4 with the function F' chosen above.
Then ga satisfies ga(z;) = o) for all : € {0,... ,p — 1}.

For an overview of the correlations between the mappings e, ga and
h we include the following diagram:

(16) (G, L G(A) 25 G(A) 5 pG(A) = pe(G(A), 1)
We now extend the mapping h o ga X-equivariantly to obtain a
mapping gs : G(X) — G(X) using Lemma 4.1. For gy, the property
(iv)" in Proposition 4.3 does not hold anymore. Hence, G(X) is
not topologically mixing, but at least topologically transitive, since
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property (iv) of this proposition is still valid. This implies that all
properties of Theorem 4.4 except (i) remain true for gs.

For k ¢ X, we let

def _
F(z,0) = elgs(e™(2,0)),A)
for all A € [0,1] and all z € e(G(X,),A) (note that by Remark 4.13 (i)
e is one-to-one in this case). The mapping f is topologically conjugate
to gs;, hence possessing all properties of gy, we have listed above. In
particular, f is topologically transitive and has a ¥-symmetric w-limit
set.

For k € 3, we are going to use the mapping é defined in Remark 4.13
(ii). We have to show that in this manner we obtain a well-defined
mapping f:

Lemma 4.15. Let k € ¥. Then the mapping
Flz0) % { e(gs(e™(2,X)),A) for A€ [0,1),2 € e(G(X), ),
’ e(ge(é71(2,1)),\) forA=1, z € e(G(X),1),

1s well-defined and continuous.

Proof. By Remark 4.13 (ii) we already know that ¢ is one-to-one and
hence f is well defined. The continuity of f may only be violated in
the points oy; for i € {0,...,p — 1} and o € X. Therefore, we have
to check that whether we use ox; or oo;ko; Ly, as a preimage for oy;
under e(-, 1), we get the same result when applying e(-, 1) o g5, to these
points. We compute, see (4.6),

e(gs(0w:),1) = oe(h(ga(z:)), 1) = oe(h(x}), 1) = oe(F,1) = oj}
and
e(gs(ooiko; 'a;),1) = ooiko; ‘e(h(ga(z:)), 1) = ooiko; ' = o},

since the isotropy group of 7/ is {1, 0,k0; '}. O

We have succeeded in defining the mapping f on the embedded >3-
graph for all possible cases. Now we wish to extend it to a I'-equivariant
mapping on

B Y {(z,)\) | A€ [0,1],z € Te(G(A), M)}
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Lemma 4.16. Let f be defined as above. Then f can be extended to
a T'-equivariant mapping f : B — R"™.

Proof. For each A € [0,1), we want to apply Lemma 4.1 to f(-,\)
to obtain an I'-equivariant mapping on I'e(G(A),A). There are no
obstructions for A € [0,1). Here, e(G(A),\) is fully contained in D
and does not intersect conjugate sets. For A = 1, however, we have to
show f(vz,1) = vf(z,1), whenever there exists v € T' such that, for
some z, both z and z are contained in e(G(X), 1).

By definition, f(-,1) is ¥-equivariant on e(G(X),1), and this set is
contained in

(XD)u U Fix (oko ™).
ocx
Hence, we need only consider the case z = oy; for some i € {0,... ,p—
1}, 0 € ¥ and v € T'\X. By assumption we have vz € ¢(G(2),1),
implying that there must be a & € ¥ such that yoy; = dy; (we have
used Lemma 4.12 (b) (ii) in this step).

Moreover, the element o;k0; ! is the only nontrivial isotropy of y;
which allows us to conclude yo = Go;k0; ! (otherwise we would have
~vo = &, which can only hold if « is contained in ).

To verify the equation ~f(oy;,1) = f(yoy;, 1), we begin by calculat-
ing the value of f(y;,1). We ask the reader to recall the definitions of
x;, x and T, as displayed in (4.6). Suppose that ¥ # A and s ¢ X,
then we compute

Using this consideration we conclude
f(yz,1) = f(yoys 1) = f(Goiko; 'y, 1) = 6 f(ys, 1) = 63;
= Goiko; G = 7o f (Y1) = 7f(0yi 1) = 7f(2,1),

since we had chosen ¢; to have the isotropy o;x0; L

In the case k € X there is nothing to show, since yo = 601',%0;1
implies v € 3. Finally, if ¥ = A, we arrive at the same conclusion.
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Note, however, that in this case we have p = 1, f(yo, 1) = yo, and there
is no p-extension h, which simplifies the calculations.

We have shown that even for A = 1 the Lemma 4.1 may be applied.
Hence, for all A € [0,1] we obtain a I'-equivariant mapping f(-, ) on
I'e(G(A),A). The mapping f : B — R is even continuous, since the
extension by Lemma 4.1 does not destroy the continuity. ]

The next step is to construct a Y-symmetric w-limit set for A > 1.
We remind the reader that we have defined ¥ = (¥ U {x}). From
the following construction it will become apparent that ¥ is indeed an
admissible subgroup of I' with strongly admissible subgroup

(4.7 A= (AU{oko |0 eX}).

Case 1. k € ¥. Here the construction of a Y-symmetric w-limit

set turns out to be no problem at all. Since ¥ = ¥, such a limit set

already exists for A = 1. To simplify notation, we let G ef e(G(A), \)

for A € ]0,1) and G & e(G(A),1) for A € [1,2]. Then we may extend

f to the following set

def

B = {(z,\) | A €[0,2],2 € T'G,}.

Lemma 4.17. Let k € 3. Then f: B — R"™ may be extended to a
continuous I'-equivariant mapping

f:B—R"

such that for each X\ > 1 the mapping f(-,\) possesses a S-symmetric
w-limit set.

Proof. Welet f(z,A) ' f(z,1) forall A € (1,2] and = € Te(G(A), 1).

Since we have ¥ = ¥, there is nothing to show. o

Case 2. k ¢ 3. In this case there is considerably more work to
be done. On the one hand, for A = 1 the w-limit sets have already
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collided; thus, there exists an embedded Y-invariant graph ie(G (A), 1)
consisting of several w-limit sets. Apparently this set presents itself as
the one on which we should construct our i—symmetric w-limit set. On
the other side, to this end we need to modify the dynamics of f on this
graph such that this set indeed is turned into the Y-symmetric w-limit
set we are looking for.

We will achieve this goal by a slight modification of the embedded
graph and the mapping f defined on it. The first step is to introduce
addition “small” edges W;(A) near the collision points y; into the
embedded graph for A > 1. Afterwards, we define a mapping f(-,\)
on this slightly larger graph by modifying the image of the set e(E),, 1)
under the mapping f(-,1). This image will then additionally contain
the edges o;ko; 1Wi()\) in the neighboring embedded graphs. We will
then show that the dynamics of f(-,A), when defined in this way,
extends onto the whole Y-symmetric graph in the sense that this set
becomes an w-limit set of f. To preserve continuity while extending f,
the length of the additional edges must approach zero when A decreases
to one.

We introduce some additional notation first. Since we only work on
the embedded graph from now on, we denote the embedded edges by
Z; =e(E; 1) foralli=0,...,p, and we name the embedded A-graphs
Gy = e(G(A), ) for all X € [0,1]. If z,Z are two points inside an
edge Z € Gy, then denote by [z, Z]; the piece of the edge Z which
is bounded by these points. For A > 1 we intend to define a graph
G, which essentially consists of the edges in (G1 plus some additional
“small” edges W;(\) near the collision points. To this end we begin by
defining points w;(\) on the edges Z; of G, which will later be turned
into the endpoints of our new edges W;(\).

Lemma 4.18. For any i € {0,...,p — 1}, there exist continuous
functions w; : [1,2] — Z; with the following properties:

(i) For each | € N, fY(w;(1+ 1/1),1) is a vertez of Gy.

(ii) For each j <, the set f7([yi,w;(1+1/1)]z,,1) is fully contained
in a single edge of G1. This edge is not contained in the A-group orbit
of the edge Zp.

(111) wz(l) = Y;.
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Proof. We remind the reader of the function F' : J — G(A)
defined to obtain the dynamics ga on the graph G(A) with the help of
Theorem 4.4. In Lemma 4.14 this function was chosen in such a way
that for all edges E € J and all § € A we have F(E) # 6E,. Since
midpoints of edges are again mapped onto midpoints by f, this implies
in particular that none of the points y; is ever being mapped onto a
point in Z, or onto an edge in its group orbit. Hence, if we choose a
point on Z; close to y;, for a large number of iterates this point is not
going to be mapped onto AZ, as well. This remains true at least for
as long as the images of this point and of y; under f’ remain in the
same edge.

For some fixed i € {0,... ,p—1} and | € N there exists a point z(I, )
in Z; which is mapped onto a vertex of GGy after precisely [ iterations by
f(-,1) and whose image by f7(-,1) will remain inside the same edge of
(1 as that of y; for any j < [. This can be seen as follows. We choose a
piece [y;, 2(1,4)]z, so small that for all j <1 the set f7([y;,2(l,i)]z,1)
is contained in one single edge. Now we move z(l,i) on Z; away from
y; until f!(z(1,4),1) hits a vertex. Then f!([y;, 2(1,)]z,,1) is precisely
one half of an edge (recall that y; is always mapped onto a midpoint).
Since f is expanding, all sections f7([y;, z(l,1)]z,,1) are fully contained
in one edge for any j < [.

There are two possibilities to choose z(l, i), since it may be positioned
on either side of y;. We choose the z(I,7) such that for fixed i =

0,...,p—1 and any [ the point z(l,%) lies on the same side of y;, and

we define w;(1 + 1/1) Lof z(l,4). With this choice we have satisfied (i)

and (ii). We just remind the reader that by definition of the function
F in Lemma 4.14 the second property in (ii) holds as well.

Now we have to extend the points w;(1+1/1) to continuous functions
wj : [1,2] — Z;. There is no difficulty in doing this, since the sequence
(wi(1 +1/1))1en converges monotonically on Z; towards y; for I /" oo.
This is again due to the expanding properties of the function f(-,1).
This especially proves (iii), which completes the proof of the lemma.
O

Using the points w;(\) we now define new graphs G, for A € (1,2]
as follows. Let GG contain all the edges and vertices of the graph G;.
Additionally, let the w;(\) be the vertices, and we introduce additional
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edges W;(\) connecting the vertices y; and w;(A) and having no other
common points with the remaining edges of the graph or with their own
group orbits. Moreover, we may choose the W;()) in such a way that,
apart from y;, they are fully contained inside D and such that their
length goes to zero as A decreases to one. This last request is possible
since, by Lemma 4.18 (iii),the vertex w;(\) converges to y;. Finally we
add the A-group orbits of the vertices w;(A) and of the edges W;(\) to
the graph G,. In this way we obtain, for each A\ € (1,2], a A-graph in
R"™.

Moreover, we let Gy = AG,, see the definition of A in (4.7). This
graph is obviously a A-graph and even connected, since G is connected
to the conjugate graphs O'iFLO';lG)\ via the points y;, and together with
the elements in A the elements o;x0; ! generate the group A.

We proceed by defining the dynamics on Gy. To this end we modify
f(-,1) to a mapping f(,A) defined on I'Gx. This function will then

have Y-symmetric w-limit sets for A > 1, but only for certain parameter
values. We define

BE {(z,y) | A€ [0,2],x € TGy}

and obtain the following lemma.

Lemma 4.19. Let k ¢ X. The mapping f can be evtended to a
continuous and I'-equivariant mapping f : B — R". For each | € N,
f(-, 1+ 1/1) possesses a L-symmetric w-limit set.

Proof. For A € (1,2] and z € Gy\\(A{Z,}) we define f(z,\) def

f(z,1), that is, on all edges which are not contained in the group orbit
of Z, we do not change the dynamics. In particular, all properties of
Lemma 4.18 hold not only for f(-,1) but also for f(-, ), A > 1. This is
due to the fact that in (ii) of this lemma, the relevant points are never
mapped onto points in the A-group orbit of Z, by f7(-,1) for any j < I,
and hence f7(-,1) and f7(-,\) are identical at these points.

We define f on the new edges W;(A),i=0,...,p—1, as follows. Let
the image of the edge W;(A) under f(-,\) be the same as that of the
section [y;, w;(\)]z,. We may assume that the edges W;(\) have been
chosen so small that the expanding property of f as in Proposition 4.3
(iil) is not destroyed by this extension.
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Fix(ai/coi_l)

FIGURE 3. Part of the path in the image of the edge Z, under f(-,\).

On the edge Z, we intend to modify the dynamics in such a way
that all of XG is turned into an w-limit set of f(-,\). Let us assume
first that ¥ = A is strongly admissible. Then f(Z,,1) describes a path
containing all the edges in Gi1\{Z,}. Especially, it contains all the
points y; and in these points touches the conjugate graphs oiﬁaflGl.

For A > 1let f(Z,,\) be defined as the path described by f(Z,,1).
However, for every i € {0,...,p — 1} we replace the piece [w; (), yi]z,
in the image of f(Z,,1) by the path obtained by joining the sections
[wi(N), il z,, oiko; "Wi(\) and [Ui/ﬁU;lwi()\),yi]a_ina__—lzi in this order,
see also Figure 3. At all other points z € Z, we let f(z, A) = f(z,1).

Hence the image of f(Z,, ) contains small loops inside the conjugate
graphs JmaflGA. We claim that by defining f(-,A) in this way, the
whole graph G is turned into an w-limit set. Note that f still expands
sections of the graph, since f(Z,, \) covers a longer path than f(Z,,1).

Now we extend the construction of fA-equivariantly for any \ €
(1,2]. We may do this because f(-,1) is I'-equivariant and all changes
in the mapping f while varying A have been accomplished inside of D
(recall that Z, C D and W;(A\)\{y:} C D by Lemma 4.18).

We claim that f(-,1+1/1): él+1/l — élﬂ/l satisfies the properties
of Proposition 4.3 for each fixed [ € N. To prove the claim, we begin by
defining new vertices of Gy1/;. Let all midpoints of the former edges in
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G be additional vertices and, moreover, we consider all the images of
the vertices w; (14-1/1) under f7(-,14+1/1), j € N, and their group orbits
as additional vertices. By Lemma 4.18, after finitely many iterations
these vertices are mapped onto “real” vertices of G141 /; hence, with
this method we only obtain a finite number of new vertices.

We have chosen these vertices mainly because now f(-,1+ 1/l) maps
vertices onto vertices. Hence, property (i) of Proposition 4.3 is satisfied.
For a suitable choice of parametrization of f, the properties (ii) and
(iii) may also be fulfilled. The critical property is (iv)’. We have to
find p € N such that fP(Z) = él+1/1 for any edge Z € G,.

For a given [ € N, the image of each edge in G, after [ iterations
by f(-,1 4 1/1) will at least contain a half edge of the graph Gj.
Another iteration will then yield at least one “real” edge, and after
(I +4) iterations the image will cover all of G/, except the group
orbits of the edges W;()), and additionally the edges orxo~1W;(\) of
the conjugate graphs cko =!G, for all ¢ € ¥. Now we apply the
argument above to these small pieces in the conjugate graphs and
conclude that these neighboring graphs will also be covered after (I44)
more iterations. By this time we will also cover the edges W;(1 + 1/1)
of the graph Gy, plus additional “small” edges (loops) of other
conjugate graphs.

In the worst case G 1+1/1 consists of a finite number ¢ of such conjugate
components and with each (I+4) iterations we reach just another one of
these components. Then p = ¢(I 4 4) is sufficient for our purposes. We
have shown that the assumption (iv)’ of Proposition 4.3 is satisfied with
this choice of p; hence, we may apply this proposition and conclude that
the mapping f (-,14+ 1/1) possesses a i—symmetric w-limit set, namely
Git1/1-

If ¥ is weakly admissible, we proceed in a similar fashion as above.
We only have to recall that the image of G, under f(-,\) is contained
in pGx. Hence, we have to define the path f(Z,,\) such that it
contains the corresponding “small” edges inside the conjugate graphs
neighboring pG) instead of Gj.

As was the case for A < 1, in the nonstrongly admissible case the
mapping will not satisfy property (iv)’ in Proposition 4.3. But in a
similar manner as above, we may verify the properties (i)—(iv). In
particular, for each [ € N the set iGlH /1 1s topologically transitive
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and hence an w-limit set.

Finally, we remark that f is continuous since, for A \, 1, the
additional edges W;(A) shrink and all points on W;(\) converge to y;.
O

Now we have constructed a mapping f : B — R” which, for all
A < 1, possesses Y-symmetric w-limit sets and, for at least a sequence
of X’s greater than one, ¥-symmetric ones. The final step in the proof
demands to extend this mapping equivariantly onto R™ x [0, 2] such
that these w-limit sets are turned into attractors.

Lemma 4.20. The mapping f : B — R™ can be extended to a
T-equivariant mapping f : R™ x [0,2] — R™ such that for all A < 1,
f(-, N) possesses B-symmetric attractors and, for all\ = 1+1/1,1 € N,

Y-symmetric ones.

Proof. We begin by forming closed, tubular, A-symmetric neighbor-
hoods Uy C D of e(G(A), \) for each A € [0,1). We may assume that

their boundaries vary continuously and converge to U; % e(G(A),1)
as A increases to one.

On Uy, we define f(-, ) precisely as in the proof of Theorem 5.4 in [3].
Roughly speaking this means that all points inside these neighborhoods
are being mapped directly onto e(G(X), ).

Since we have Uy C D, for fixed A we may apply Lemma 4.1 to obtain
a [-equivariant mapping on I'Uy. In particular, the set e(G(X), \) now
becomes a X-symmetric attractor of f(-, ).

For A € (1,2], we define closed A-symmetric neighborhoods Uy of
Gy such that they are fully contained in AD. As before we may
construct these neighborhoods in such a way that their boundaries vary
continuously and converge to AU as A decreases to one. Just as before
we may now extend the mapping f(-,\) onto Uy as in Theorem 5.4 of
(3]

Afterwards, for each A we extend f I'-equivariantly onto I'Uy. In this
manner we obtain, at least for all A = 1+ 1/l, [ € N, Y-symmetric

attractors ©G,. For all remaining A > 1 the sets YG, are at least
stable.
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Now we have defined the mapping f on the set
UYL\ | Xe[0,2],z € TU L.

On this set, f is continuous since the boundaries of the U, vary
continuously.

Finally it remains to extend f onto all of R™ x [0,2]. The set U
is closed; hence, we may use the Tietze extension theorem to extend
f to a continuous mapping on R™ x [0,2]. Afterwards for each fixed
A € [0, 2] we average f over the group to obtain a I'-equivariant mapping
f(-;A). Since this process preserves the continuity of f, we have finally
constructed the desired map. i

Proof of Theorem 4.10. Choose an arbitrary sequence A; ' 1.
Then the mapping f constructed above satisfies (C1) in Definition 2.9
by Lemma 4.16 with the choice of A; = e(G(X),);), j € N. By
construction we have fP(e(G(A),1),1) = e(G(A),1). Since the set
e(G(A),1) NFix (k) contains only finitely many points, there must be
a periodic point z € Fix (k) N D. Again, by construction, this point
must have isotropy {1,x}. Moreover, we will obviously find points
xz; € Aj N D converging to z. If we additionally let y; = kz;, then
we have satisfied (C2)—(R) as well. Property (C3) is obvious, since
each of the A;’s consists of precisely p connected components. Finally,
we have taken care of the property (C4) in Lemma 4.17, respectively,
4.19. This shows that indeed the mapping f undergoes a symmetry
increasing bifurcation via a collision of attractors. ]

4.3. k is not a reflection. In this section we are going to construct
symmetry increasing bifurcations for the case when & is not a reflection.
As described in Section 2.3, the collision should then take place inside
the connected component D. In Proposition 3.2 we have found a
necessary condition for such collisions. Now we are going to show that
this condition is sufficient as well.

Theorem 4.21. Assume the Notations 2.8, and suppose that k €
I'\X is not a reflection. Then the triple (3, A, k) is admissible if and
only if

(4.8) o 'koDN D # @,
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for all o € X

The proofs of Theorems 4.10 and 4.21 are quite similar. In this section
we therefore restrict ourselves to pointing out the differences between
the two proofs instead of going through all of the proof of Theorem 4.10.

As in the preceding section, assume n > 3. The lower dimensions will
be treated in Section 4.4. The case n = 2 is an exception and, even
though the theorem is valid in this case, we ask the reader to take a
look at Proposition 4.32 and the remarks preceding this proposition.

The main difference between the two proofs will be that, instead of a
collision at a reflection hyperplane, we are going to construct a collision
at a point with trivial isotropy lying inside of D. As a consequence of
the trivial isotropy, we will have to make two embedded edges collide
which are not conjugate to each other, instead of just moving one
embedded edge towards a fixed point space and then obtaining the
collision of two edges by equivariance. Due to this procedure we require
a graph with a larger fundamental subgraph than previously.

Lemma 4.22. There exists a finite Fulerian A-graph G(A). This
graph is extendable and embeddable in D, possesses a fundamental
subgraph with at least (4p+ 1) edges and the degree of all vertices is at
least four.

The proof is essentially the same as that of Lemma 4.11, the only
difference being that we need a larger number of edges in the funda-
mental subgraph. Now let G(A) be a graph satisfying the properties
of Lemma 4.22. The next step is to choose an embedding and to in-
troduce a parameter into this embedding. In this fashion we are going
to move certain embedded edges of the graph towards other embedded
edges of some conjugate graph. The following lemma corresponds to
Lemma 4.12.

Lemma 4.23. There exists a continuous mapping e : G(A) x[0,1] —
R™ with the following properties.

(a) For each A\ € [0,1), the mapping e(-,\) is a A-equivariant
embedding of G(A) into D.
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(b) e(+,1) is a A-equivariant one-to-one mapping into D and, for each
i €{0,...,p—1}, there exist edges K; and K; in G(A) with midpoints
x;, respectively &;, such that

() v e(zi, 1) = pinpie(ds, 1) € e(G(A), 1) N p~ikpie(G(A), 1),

(ii) the T-group orbits of the y; are pairwise disjoint and do not
coincide with the group orbits of the embedded vertices of G(A),

(iil) the edges K; and Kj are pairwise conjugate to different edges of
the fundamental subgraph J of G(A) and

(iv) each y; possesses trivial isotropy.

Proof. Let e(-,0) : G(A) — R™ denote a A-equivariant embedding
of G(A) into D. First we need to show that, for all i € {0,... ,p — 1},
parts of the sets p~‘kp’e(G(A),0) are indeed contained inside of D,
since we want to move edges of the embedded graph towards these
conjugate graphs without leaving D.

Suppose first that A contains reflections and denote the subgroup
of A generated by its reflections by Ag. As stated in Remark 4.9,
the corresponding reflection hyperplanes separate D into fundamental
domains. Similarly, D is separated into fundamental domains by
the hyperplanes of the reflections in the group kAgrx~!. Because of
kD N D # @ and since x maps reflection hyperplanes onto reflection
hyperplanes, there has to be at least one fundamental domain Fyy which
D and kD have in common. Because of (4.8), we conclude the same
for any o'k D. In particular, for any i € {0,... ,p — 1} we may find
a fundamental domain F; C p~*kp’D N D. Since the elements of Ag,
respectively p*Agp’, act transitively on these fundamental domains,
in each F; we may find a whole fundamental subgraph of e(G(A),0),
respectively of p~ikpie(G(A),0).

If A does not contain any reflections, by similar considerations as
above, we must even have o0 koD = D for all ¢ € ¥. This
implies that, for each ¢ € {0,...,p — 1}, the whole embedded graph
ptkpte(G(A),0) is fully contained in D.

We proceed by describing the construction in the case when A
contains reflections. For each i € {0,...,p — 1} we choose an edge

K; € G(A), such that its embedding is contained in F;. The F; contain
a fundamental subgraph of the embedded graph p~‘xpie(G(A),0) as
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well. Hence, for each i € {0,...,p — 1} we choose an additional edge
K; € G(A) with midpoint &; such that p~*kp’e(K;,0) C F; holds. By
Lemma 4.22 and, since each F; contains a fundamental subgraph of
e(G(A),0), we may choose these edges such that the K; and K; are
pairwise not conjugate to each other. We have satisfied (iii) of the
lemma.

Since we have n > 3, we may connect the embedded midpoints e(z;,0)
with the points p~'kp'e(#;,0) without intersecting fixed point spaces
or other embedded edges. Hence, we are now able to move the em-
bedded edges K; continuously towards the edges p~ikpie(K;,0). The
latter edges remain fixed in this process, just as all other edges of the
fundamental subgraph. While varying A\, we keep the embedded ver-
tices fixed and move e(x;, \) towards p~‘kp'e(Z;, \) = p~ikple(;,0)
such that we touch this embedded edge for A = 1. As noted previously,
we may do this without intersecting fixed point spaces or other em-
bedded edges. We may also avoid that the embedded edges intersect
themselves in orbit space. The homotopy obtained in this fashion is
denoted by e : J x [0,1] — R™. For A = 1, all embedded edges K;
simultaneously touch the corresponding edges in precisely one point
yi = e(x;, 1) = p~irpe(dy, 1), as stated in (i). By construction this
point has trivial isotropy, which proves (iv). Obviously we may also
satisfy (ii). Using Lemma 4.1, for each fixed A € [0,1] the mapping
e(-, A) can be extended equivariantly onto G(A). Just as in the proof
of Lemma 4.12 we see that e is one-to-one.

If A does not contain any reflections, we do not have to concern
ourselves with obstructions posed by reflection hyperplanes inside of
D. As mentioned above we then even have ¢ 'koeD = D for all
o € Y. Hence we may choose the K; and KZ with less restrictions,
but nevertheless proceed in a similar fashion as above.

Now, for ¥ # A, let
G(Z) = G(A)UpG(A)U---UpP~LG(A).

Using Lemma 4.1 we extend e to a Y-equivariant mapping e : G(X) x
[0,1] — R™. For each A\ < 1, the mapping e(-, \) is a X-equivariant
embedding of G(X). Since x ¢ ¥, the mapping e(-,1) is at least one-
to-one if not a Y-equivariant embedding.

Now we construct the dynamical system on the graph. We again use
Theorem 4.4 to obtain a mapping ga on G(A), satisfying the properties
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(i)—(v) of the theorem. In Lemma 4.23 we have constructed G(A) such
that we may apply this theorem. However, we again need a special
choice of the function F' mentioned in (v) of this theorem.

Case 1. ¥ = A. We define F by F(K,) = Ky and F(Ky) = K,
and choose arbitrary values for F' on all other edges of the fundamental
subgraph. Hence, the mapping ga obtained by applying Theorem 4.4
satisfies ga (o) = xo and ga(Zg) = &p. We let

F(zA) = e(gale™(2,1)),A)

for all A € [0,1] and z € e(G(A), A).

Case 2. ¥ # A. By Lemma 4.22 there exists a p-extension
h: G(A) — pG(A). Since px; is contained in pG(A) for each 4, there
exists u; € G(A) satisfying h(u;) = pz,;. Similarly, for Z; there exists
4; satisfying h(d;) = p&;. Now h is an isometry and hence the u; and
ii; are midpoints of certain edges L;, respectively L;, in G(A).

We define_the function F' mentioned in (v) of Theorem 4.4 on
the subset J = {Ko,... ,K,_1} U{Kp,...,K,_1} of a fundamental
subgraph of G(A) by letting F(K;) = L(it1)modp and F(K;) =
ﬁ(iﬂ)modp. We extend J to a fundamental subgraph J and define
F arbitrarily on the remaining edges of this graph. However, for later
use we again need a certain property of F stated in the next lemma.

Lemma 4.24. There exists an edge K, of the fundamental subgraph
J, K, # K; foralli € {0,... ,p—1}, and the function F can be chosen
such that all edges K € J satisfy

F(K)#0K, foralldeA.

Proof. By Lemma 4.22, J contains at least (4p + 1) edges. Of these
edges, 2p are the K; and Ki, 1=0,...,p—1, and at most 2p additional
edges are conjugate to the edges L; and L-, i =0,...,p— 1. Hence,
there remains at least one other edge K, in J. Since we had defined
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F(K;) = L(i41)modp and F(IA{l) = f/(i+1)m0dp and since F' may be
chosen arbitrarily on all other edges, we can satisfy the lemma with an
appropriate choice for F. The argument remains true if ¥ = A. i

Now choose a dynamical system ga : G(A) — G(A) using The-
orem 4.4. With our particular choice of F', this mapping satisfies
IA(Ti) = U(ig1)modp AN ga (L) = T(it1)modp for all i € {0,... ,p—1}.
We give a graphical overview of the definitions of the z;, Z;, u; and ;,
for simplicity we write (i 4+ 1) instead of ((i + 1) mod p),

(4.9)
e(G(A), 1) S5 G(A) 22 G(A) 5 pG(A) = pe(G(A), 1)

Yi — Ty == Uit1 = PTi+1 — PYi+1
P Y= B G = pRig —p K i
Using Lemma 4.1 we extend the mapping h o ga X-equivariantly to
a mapping gy : G(2) — G(X) and define

f(zv )‘) = 6(92(6_1(27 )‘))v )‘)

for all A € [0,1] and all z € e(G(X),A). This mapping is well defined
since e is one-to-one. We now aim to extend f I'-equivariantly. Let

B Y {(z,)) | A€ [0,1],2 € Te(G(A), \)}.

Then, analogously to Lemma 4.16, we obtain

Lemma 4.25. The mapping f can be extended to a continuous,
I'-equivariant mapping f : B — R™.

Proof. The idea, once again, is to apply Lemma 4.1 to extend f
I'-equivariantly. The difficulties lie once more in the case A = 1,
for all A < 1 there are no obstructions. We have to show that
f(yz,1) =~vf(2,1) whenever there is v € I" and z,vz € ZU;.

Suppose first that ¥ is not strongly admissible. The mapping f(-,1) is
Y-equivariant and contained in the set e(G(X), 1) C £D. Hence we only
have to consider the cases z = oy; for o € ¥ and i € {0,... ,p—1} since
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in precisely these points the embedded graph touches conjugate graphs.
Moreover, we may restrict to v € T'\X because f is 3-equivariant.
Suppose vz = ~yoy; is contained in e(G(X),1). By Lemma 4.12 we
have
e(z;,1) =y; and

e(Z:,1) = p~ w1 ply;.

Now ~yoy; is contained in e(G(X),1) if and only if the preimage of
~voy; under e(-,1) is defined and hence contained in G(X). The first
equation yields yoz; € G(X) implying v € X, which we had excluded
previously. Hence, only the second equation remains and here we find
that yoy; € e(G(X),1) if we have yop~ikp'2; € G(X) or, equivalently,
yopTikpt =G € X.

With these considerations in mind we check the equation f(vyz,1) =
~vf(2,1). Using the definitions of x;, Z;, u; and @; as shown in (4.9), we
obtain

f(Z, 1) = f(in7 1) = Uf(yi7 1) = Ue(h © gA('ri)a 1)
= Ue(h(u(i+l)modp)7 1) = Ue(px(iJrl)modpv 1)
= 0PY(i+1)modp>
and hence
f(y2,1) = fyoyi, 1) = f(6p~ 'K plyi, 1)
=Gf(p~ v p'ys 1) = Ge(ho ga(ii), 1)
= &e(h(ﬁ(i+1)modp)> 1) = &e(pfi'(iJrl)modpa 1)
= Gpp~ D =1+
=6p" "6 pY(ist 1) modp

= YOPY(i+1)modp = 1f(2,1).

(i+1)modp

Thus, for X # A, we may, by the above calculation, extend the map f
I-equivariantly using Lemma 4.1. For ¥ = A, we only need to consider
z = 0yp. Using

e(zo,1) = yo

e(Zo,1) = ko,
we obtain, applying similar arguments as above, vyox = & for some
& € X. Analogously, we compute

f(z,1) = f(oyo, 1) = 0 f(yo0, 1) = ge(g9a(x0),1) = oe(zo,1) = oyo
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and hence, for vz,

f(yz,1) = f(yoyo, 1) = f(GK o, 1) = 5 f (k™ o, 1)
= cge(ga(Zo), 1) = ge(io, 1)
=6k Yo = yoyo = 7f(2,1).

This shows that in the strongly admissible case as well we can apply
Lemma 4.1 to obtain a I'-equivariant mapping f on B. ]

Finally, for A > 1 the mapping f has to be extended such that we
can observe a X = (¥ U {k})-symmetric attractor. The construction
of these attractors can be carried out using almost precisely the same
arguments as in the preceding section. Hence we refrain from stating
all the arguments again and restrict ourselves to citing the final result.
The proof can be done by showing lemmas analogous to Lemmas 4.18,
4.19 and 4.20. In the verification of the first one of these lemmas, we
have to use Lemma 4.24 instead of Lemma 4.14. For a more detailed
argument we refer the reader to [12]. Using this procedure we arrive
at

Lemma 4.26. The mapping f : B — R™ can be extended to a T'-
equivariant mapping f : R™ x [0,2] — R™ such that, for all A < 1,
| possesses L-symmetric attractors and for all A = 14+ 1/l, | € N,
i—symmetric ones.

Finally we are in the position to prove the main result of this section.

Proof of Theorem 4.21. Given any sequence A; /' 1, A > 0,
the mapping f satisfies (C1) in Definition 2.9 when choosing A; =
e(G(X),A;). The set e(G(A),1) N ke(G(A), 1) contains only finitely
many points. Since fP(-,1) fixes this set, it must contain a periodic
point x which, by construction, is lying inside D N kD. Obviously, we
may also find sequences z; € A; N D and y; € kA; N D converging
towards x. This proves (C2)—(NR). Since the A; each consist of
precisely p connected components, (C3) is also true. Finally, (C4) has
been shown in Lemma 4.26, at least for a sequence of parameter values
A =1+ 1/l converging towards the critical value A\, = 1. This proves
that indeed the triple (3, A, k) is admissible. O
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Both Theorems 4.10 and 4.21, respectively their conditions (4.5) and
(4.8), can be reduced in particular cases. Suppose that k£ commutes
with all 0 € ¥. Then these conditions reduce to

dim (Fix (k) NOD) =n —1

if k is a reflection and
kDND#o

otherwise. We have already stated these assumptions in Notations 2.8.
Hence we obtain the following corollary, see Theorem 5.2 in [8].

Corollary 4.27. Suppose Kk commutes with all o € X. Then the
triple (X, A, k) is admissible.

In particular, for k € ¥, according to Lemma 3.2 in [8], x always
commutes with the elements of ¥. Hence, a triple (3, A, k) for kK € &
is always admissible.

If ¥ is strongly admissible, the conditions of the theorems can be
reduced in the same manner. This is due to the fact that a strongly
admissible subgroup ¥ = A fixes D and hence its boundary as well.
We obtain, see Corollary 5.9 in [8],

Corollary 4.28. Suppose % is strongly admissible. Then the triple
(3,%, k) is admissible.

4.4. Dimensions one and two. For a full proof of Theorems 4.10
and 4.21, we have to deliver constructions for the admissible triples in
the dimensions one and two. These will be treated now on a case-by-
case basis.

To begin with, consider a one-dimensional mapping f : R x R — R.
We denote the elements of O(1) by 1 and k. The strongly admissible
subgroups are 1 and Zo, and there are precisely two admissible triples.

Proposition 4.29. Let n = 1. Then both triples (1,1,x) and
(Z2,1,K) are admissible.



600 C. HEINRICH

Proof. We only give a sketch of the proof; for details the reader is
referred to [12]. Generally, the methods of Theorem 4.10 can be applied
in this case as well; we only have to consider the special geometry of R.
Note, for example, that a graph embedded in R can never by Eulerian.
We therefore choose a graph G(1) consisting of two edges E; and Fs
and three vertices Vj, V1 and V5, see the figure above.

We let the dynamics g : G(1) — G(1) on this graph be given as
follows: Let the edge E; be mapped onto all of the graph G(1) and
similarly for the edge FEs, only here we change the direction of the
path. In particular, for the vertices of the graph we have g(Vy) = Vb,
g(V1) = Vo and g(V2) = V. Note that Vp is the only vertex of G(1)
which is fixed by g. The assumptions of Proposition 4.3 apply to g with
qg=p=1.

We embed G(1) on the positive real axis and then move the embedded
vertex Vj towards zero. Using methods from the proof of Theorem 4.10,
we are able to construct the desired equivariant mapping f up to
the point of collision. At this point there are no obstructions to
equivariance, since the embedded vertex Vj is a fixed point of g.

For A > 1, we introduce a new embedded vertex z(\) satisfying
z(1) = e(Va,1) for A = 1 and then increasing monotonically. An
additional vertex Z(\) satisfying Z(1) = 0 is introduced close to zero,
see the following figure.

We define f(-,A) for A > 1 in the following way. If Z; = e(V;,1)
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denote the embedded vertices, we choose f such that the vertices are
being mapped as follows:

f(Zo,\) =20 =0
f(Z 7>‘):ZOZO

2
f(z(A),A) = —2(A).
Since we have z(1) = Z3 and 2(1) = Zj, we may extend f continuously
and equivariantly. Using an appropriate parametrization we can show,
in a similar fashion as in the proof of Lemma 4.19 that, for a sequence
of parameter values A; \, 1 the mapping f defined in this way possesses
a Zg-symmetric w-limit set [—z(X),z(A)]. Note, however, that on
the interval [Zs, z(A)] the mapping f is not expanding and hence in
Proposition 4.3 we have to use ¢ = 2. Finally, we may extend f
equivariantly to a mapping f : R X [0,2] — R as in the proof of
Lemma 4.20 such that the set [e(Vp, ), e(Va, A)] for A < 1, respectively
[—2(A), 2(A)] for X = A; > 1, become attractors. This shows that the
triple (1,1, k) is admissible.

To verify admissibility of the triple (Zs, 1, k) we merely multiply the
mapping f constructed above with —1. o

We can now prove Theorems 4.10 and 4.21 for n = 1 using the
preceding result: since k is a reflection, there is nothing to show for
Theorem 4.21, and Theorem 4.10 states that both triples (1,1, x) and
(Z2,1, k) are admissible. For an example of such a one-dimensional
symmetry increasing bifurcation, see the odd logistic mapping as dis-
cussed in [6].

Now we turn to dimension two. The finite subgroups of O(2) up to
conjugacy are Z,, and D,, for m € N. We begin by verifying Theorem
4.10. In this case we only need to consider D,, since Z,, does not
contain any reflections. The strongly admissible subgroups of D,, are
D,,, D; and 1, the weakly admissible are Zg, 2 < k | m and D5 if m
is even, see Theorem 7.2 in [3]. We note that we distinguish between
D; and Z,. The first group is generated by a reflection, the last one
by a rotation. Only the first one is strongly admissible. The following
proposition yields the classification of the two-dimensional case when
k is a reflection. It can easily be checked that the proposition agrees
with the contents of Theorem 4.10.
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Proposition 4.30. Let n = 2, and let k € T\A be a reflection in
D,,. Then the triples

Admissible Triple | Symmetry Group after the Collision
(1,1, K) D,
(Dy,1, k) D,
(D1,Dq, k) D,,

are admissible. If m is even, additionally the triples

Admissible Triple | Symmetry Group after the Collision
(Z2,1,k) D,
(Dy,1, k) D,
(D9, Dy, k) D,,

are admissible. The triples (Zy, 1, k) for 2 < k < m are not admissible,
as well as (D1,1, k) if the symmetry group after the collision is D,,,
that is, if we have (D1 U {k}) = D,,.

Remark 4.31. We take a closer look at the group D;. A transition
from Dy to D,,-symmetry is possible only if D1 itself is the associated
group of the attractor. In other words, the attractor has to intersect the
reflection hyperplane corresponding to the reflection in D;. If this is
not the case, that is, if 1 is the associated group, then the attractor may
first collide with itself at this reflection hyperplane, and only afterwards
a transition to full D,,-symmetry becomes possible. This is the reason
why we have admitted the case k € 3 if k is a reflection.

Proof. We do not need to show that (Zy, 1, x) for k > 2 and (D4, 1, ),
k ¢ Dy, are not admissible. This follows from Proposition 3.1 where
we have made no restriction to the dimension n.

To show admissibility of the remaining triples, we may even apply
the methods of Theorem 4.10 directly. We only have to make sure
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that appropriate graphs exist, can be embedded in R? and can then
be deformed such that certain edges collide with reflection hyperplanes
without intersecting other edges. This may easily be seen using a sketch
for each of the triples. a

Now we turn to the case when x is not a reflection. Then we need
not consider D,,, since in this group there does not exist any triple
(3, A, k) where £ is not a reflection and satisfies kD N D # @.

Hence we turn our attention to Z,,. This group is an exception con-
cerning admissibility. From [3] we know that Z,, and 1 are strongly
admissible and Zy, 1 < k < m divides m, weakly admissible. If we ap-
plied the criterion for strongly admissible subgroups as in Theorem 2.4,
then we would obtain that all subgroups must be strongly admissible
since Z,, does not contain any reflections. However, any connected Z-
symmetric attractor, k > 1, has to contain a closed curve around zero or
zero itself, which already makes it fully symmetric by Proposition 2.2.

This special property of Z,, affects our problem as well. First note
that the construction of the associated group does not work in this
case, since it always yields the full symmetry group of the attractor

which may not be strongly admissible. However, we may always choose
A=1.

If we apply Theorem 4.21 to the triples (X,1,k), ¥ < Z,,, we
conclude that all triples must be admissible, since Z,, does not contain
reflections and we therefore have D = R?. The following proposition
shows that indeed this statement is true. In the proof, however, we have
to pay special attention to the structure of the group. Suppose we look
at I' = Z4 and want to observe a transition from trivial to Z,-symmetry.
Then a connected attractor with trivial symmetry would first collide
with its direct neighbor yielding Z4-symmetry instead of merely Zo.
We may circumvent this problem by choosing an attractor with two
connected components. Hence, to prove the following proposition
we have to construct attractors with a larger number of connected
components than usually.

Proposition 4.32. Let ' = Z,,, m € N, then all triples (Zi,1, k)
where k < m divides m and k € Zy,\Zy, are admissible.
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Proof. Again we restrict to a sketch of the proof. The full proof can
be found in [12]. Let p be a generator of Z,,, and let Z;, | = kp, be
the group generated by Z; and k. Without loss of generality we may
assume x = p™/!, since this element generates Z;.

We choose some half line 7' emanating from zero and consider the
set Z,,T. This set separates R? into connected components, which
can be seen as “fundamental domains” for the group Z,,. We take
one of these components, F say, and some appropriate 1-graph G(1).
Now we embed this graph p times into F' using the embeddings
ei(,0) : G(1) - F, i = 0,...,p — 1, such that the images of the
embeddings do not intersect. We denote the embedded graphs by
E; % ¢;(G(1),0) and let E = UPZ}E;.

Now choose a dynamical system g : G(1) — G(1) with the properties
of Theorem 4.4. Define f(-,0) for z € E; by

f(za 0) d:ef Ke(iJrl)modp(g(ei_l(Zv 0))) O)

for all i =0,...,p — 1 and extend Z,,-equivariantly onto Z,, E. Then
one can check that the set

-1

A= F(Eo,0)

Jj=0

becomes an f-invariant Zj-symmetric w-limit set of f(-,0) and f
satisfies the properties (i)—(iv) of Proposition 4.3.

We proceed by introducing a parameter into the embeddings, such
that the set A collides with its conjugate sets k*A fori =1,...,1 -1
(without intersecting any other conjugate limit sets). To this end, we
deform the embeddings such that for A = 1, some arbitrary chosen
vertex V' € G(1) is mapped onto some fixed y € F by all ¢;(-,1).
Without loss of generality we may assume that the embeddings of
G(1) have been chosen such that such a collision is possible without
intersecting other edges during the deformation process. We extend f

by defining

f(Z7 )‘) d:ef He(i+1)modp(g(ei_l(z7 )‘))a )‘)

for all z € €;(G(1),\), ¢ = 0,...,p—1, and extend f equivariantly.
The mapping f(-,1) is well defined in y, since V is a fixed point of g.
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0.5

FIGURE 4. A symmetry increasing bifurcation.

After the collision we extend f in much the same way as in the proof
of Lemma 4.19. Then we may construct attractors and finally obtain
the desired mapping f : R? x [0,2] — R? just as in Lemma 4.26. u]

Example 4.33. Figure 4 shows a symmetry increasing bifurcation
for a cyclic symmetry group.

In this example we have I' = Z,4, and the corresponding admissible
triple is (Z9, 1, k) with (Zy U {k}) = Z4. As a dynamical system, we
have chosen the mapping

f(z,A) = (au+ v+ A +iw)z + vz

the parameters are m =4, a = 2.0, 3 = 0.0, v = 1.0, w = 0.1, and the
collision takes place between A = —1.78 and A = —1.79. For additional
numerical examples in R?, we refer the reader to [8].

4.5. An example: The tetrahedral group. In this section
we apply our results by classifying all admissible triples of the group
T ® Z5 < O(3), which is the symmetry group of the tetrahedron
(T) plus the group Z§ generated by —id. This example was already
discussed in [8], Example 5.10. Now, however, we are able to give a
full classification using both Theorems 4.10 and 4.21.

We use the notation as in [10]. Then, by Table 1 in [3] we have the
following list of admissible subgroups of T @ Z5.
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strongly admissible | T @ Z$, Do & Z3, Zs3, D3, Z,,1
weakly admissible Z;®Zs, 2, ®ZS, 15, Zs
inadmissible T, D,

We also add a list of inclusions between the different subgroups, see
[3, Proposition 8.3].
T®Zs DT, Dy ®ZS,Z3s d Z5
T D Z3,Ds
Dy @ Z5 D Dy, Zy & Z5, D5
Z3sdZ5 D Zs,Zs
D, D> 7Z,
Zo®Z5 D7y, 75,75
D > Zy,Z;
Z,,75.7; ,75 D 1.
Applying Theorem 4.10 we can conclude, as in [8], which of the triples

are admissible when & is a reflection. The admissible triples are listed
in Table 1.

TABLE 1. Admissible triples by Theorem 4.10.

Admissible Triple (¥, A, k) | Resulting Group

1. (1,1,k) Z;

2. (Z5,1, k) D3

3. (Z5 .25 . k) Dz

4. (Z2,1, k) D3

5. (Z2,1,K) Zy & 75

6. (Z§,1,k) Z, & 75

7. (D3,Z5, k) D, ¢ Z§

8. (D3,D3, k) D, @ Z§

9. (Zy® 75,75 , k) D, & Z§
10. (Zs,Z3, k) T ¢ Zs
11. (Zs ® 75,23, k) T ¢ Zs




SYMMETRY INCREASING BIFURCATIONS 607

If k is contained in X, then the following triples are admissible:
(Z5',1,K),(D3,Z; , k) and (Dq @ Z3, D3, k).
Now we apply Theorem 4.21 to look at the cases where k is not a
reflection. Then we compute that the triples in Table 2 are admissible.

Note that in 1, 2 and 5 we even have 0~ 'koD = D, whereas for 3 and
4 only 0~ koD N D # @ is true.

TABLE 2. Admissible triples by Theorem 4.21.

Admissible Triple (X, A, k) | Resulting Group
1. (1,1,x) Zs
2. (25,1, k) Zs @ Z5
3. (Z,,Z5 , k) T & Zs
4. (De & Z3,D3, k) T & Z§
5. (D2®Z§,Dy®Zs, k) T ® Z§

Acknowledgments. I am most grateful to my advisor Michael
Dellnitz for excellent support and encouragement during my time as
a Ph.D. student. Part of this work was done at the University of
Houston, whose hospitality is gratefully acknowledged. During my stay
in Houston, Mike Field, Marty Golubitsky and Ian Melbourne have
helped me tremendously. I am also grateful to the German Academic
Exchange Service DAAD for supporting my visit.

REFERENCES

1. R. Adler and L. Flatto, Geodesic flows, interval maps and symbolic dynamics,
Bull. Amer. Math. Soc. 25 (1991), 229-334.

2. P. Ashwin, Attractors stuck on invariant subspaces, Phys. Letters A 209
(1995), 338-344.

3. P. Ashwin and I. Melbourne, Symmetry groups of attractors, Arch. Rational
Mech. Anal. 126 (1994), 59-78.

4. P. Aston, Bifurcation and chaos in iterated maps with O(2)-symmetry, Inter.
J. Bifurc. Chaos 5 (1995), 701-724.

5. B. Bolobds, Graph theory, Springer, New York, 1979.



608 C. HEINRICH

6. P. Chossat and M. Golubitsky, Symmetry-increasing bifurcation of chaotic
attractors, Physica D 32 (1988), 423-436.

7. M. Dellnitz, M. Golubitsky and I. Melbourne, Mechanisms of symmetry
creation, in Bifurcation and symmetry (E. Allgower, K. Bohmer, M. Golubitsky,
eds.), Internat. Ser. Numer. Math., Birkhauser, Basel, 1992.

8. M. Dellnitz and C. Heinrich, Admissible symmetry increasing bifurcations,
Nonlinearity 8 (1995), 1039-1066.

9. M. Field, I. Melbourne and M. Nicol, Symmetric attractors for diffeomorphisms
and flows, Proc. Lond. Math. Soc. (3) 72 (1996), 657-696.

10. M. Golubitsky, I. Stewart and D. Schaeffer, Singularities and groups in
bifurcation theory, Vol. 2, Springer, New York, 1988.

11. C. Grebogi, E. Ott, F. Romeiras and J.A. Yorke, Critical exponents for crisis
induced intermittency, Phys. Rev. 36 (1987), 5365-5380.

12. C. Heinrich, Symmetriegewinnende Verzweigungen, Dissertation, Universitat
Hamburg, 1996.

13. G. King and I. Stewart, Symmetric chaos, in Nonlinear equations in the
applied sciences (W.F. Ames and C.F. Rogers, eds.), Academic Press, New York,
1991.

14. 1. Melbourne, M. Dellnitz and M. Golubitsky, The structure of symmetric
attractors, Arch. Rational Mech. Anal. 123 (1993), 75-98.

HOLSTEINER STR. 15, D-22941 BARGTEHEIDE, GERMANY



