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A NOTE ON PERFECT
GENERALIZED ORDERED SPACES

HAROLD R. BENNETT, MASAMI HOSOBUCHI AND DAVID J. LUTZER

ABSTRACT. In this paper we examine certain recent gen-
eralizations of the topological property “X is perfect,” i.e.,
closed subsets of X are Gs-sets, to determine which are equiv-
alent to being perfect in the category of generalized ordered
spaces. We use these results to give necessary and sufficient
conditions for X* and L(X), the two most common linearly
ordered extensions of the generalized ordered space X, to be
perfect.

1. Introduction. Recall that a topological space X is perfect if each
closed subset of X is a Gs-subset of X and that X is perfectly normal
provided X is both normal and perfect. Experience has shown that
many problems in ordered space theory reduce to recognizing when a
given ordered space is perfect, and the purpose of this note is to update
an earlier paper [6] on that topic.

In Section 2 we will show that several recent generalizations of perfect
normality are, among ordered spaces, equivalent to perfect normality.
In Section 3 we use our results to give necessary and sufficient conditions
for L(X) and X*, the two most familiar linearly ordered extensions of a
generalized ordered space X, to be perfect. In Section 4 we discuss two
interesting generalizations of perfect normality that are not equivalent
to perfect normality in ordered spaces, namely Kocinac’s weakly perfect
property, see [12, 13, 11] and [5] and the property called S-normality,
see [4].

A linearly ordered topological space, LOTS, is a linearly ordered set
(X, <) equipped with the usual open interval topology of <. By a
generalized ordered space, or GO-space, we mean a linearly ordered set
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equipped with a Hausdorff topology that has a base of open, convex
subsets, where we say that a set C is conver in X, provided for any
a<b<cin X, if {a,c} C C then b € C. It is known that the class
of GO-spaces coincides with the class of subspaces of linearly ordered
topological spaces. It will be important to distinguish between subsets
of a space X that are relatively discrete, i.e., discrete in their subspace
topologies, and those subsets that are both closed and discrete. Other
notation and terminology will follow [8] and [14].

2. Properties equivalent to perfect in GO-spaces. Reed [15]
defined that a space X is strongly densely normal provided for each
open set U C X there are open sets V(1),V(2),... in X such that
cl(V(n)) C U and such that U{V(n) : n > 1} is dense in U. A weaker
concept was introduced by Kocinac [13] who defined that a space X
is almost perfect provided each open subset U C X contains a dense
subset S that is an F,-subset of X. For normal spaces, these two
notions coincide.

Lemma 2.1. If X is normal, then X is strongly densely normal if
and only if X is almost perfect.

Easy examples show that, even for compact Hausdorff spaces, the
properties “almost perfect” and “perfect” are quite different.

Example 2.2. The usual product space X = [0,1]¢ is compact
Hausdorff and almost perfect, but not perfect. (To see that X is almost
perfect, note that X is separable [8].)

However, in the class of GO-spaces, we have:

Proposition 2.3. For any GO-space X, the following are equivalent:
a) X is perfect,

b) X is strongly densely normal,

c) X is almost perfect;

d) if E is a relatively discrete subspace of X, then E is an F,-subset
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of X;

e) if S is a closed, nowhere dense subset of X, then S is a Gs-subset
of X;

f) each regularly closed subset T of X, i.e., T = cl(Int(T)), is a
Gs-subset of X.

Proof. Properties a) and e) are equivalent in any space, and the
equivalence of a) and f) for GO-spaces was proved in [6]. Clearly a)
implies b), and from (2.1), b) and c) are equivalent in any normal space.
Therefore, to complete the proof of this proposition, it will be enough
to show that ¢) = d) = a).

To prove that c) implies d), suppose that X is almost perfect and
that E is a relatively discrete subspace of X. Because X is hereditarily
collectionwise normal, there is a collection {U(e) : e € E} of open
convex subsets of X such that U(e) N E = {e} and U(e) NU(e') = @
whenever e, e’ € E are distinct. Let U = U{U(e) : e € E} and choose
closed subsets D(n) C X such that U{D(n) : n > 1} is a dense subset of
U. Hence, for each e € E, there is an n > 1 such that D(n)NU(e) # @.
Let E(n) ={e € E:U(e)ND(n) # @}. Because E = U{E(n): n > 1},
it will be enough to show that each E(n) is closed in X.

For contradiction, suppose p € cl(E(n)) — E(n), and let W be any
convex, open neighborhood of p. Then the set W N E(n) is infinite.
Because {U(e) : e € E} is a pairwise disjoint collection of convex
sets, it follows that U(e) C W for some e € E(n). Because e € E(n),
@ # D(n)NU(e) C W so that WND(n) # &. Thus, each neighborhood
of p meets D(n) so that p € cl(D(n)) = D(n) C U. Now choose e € E
with p € U(e). But then U(e) is a neighborhood of p that contains at
most one point of E(n), contradicting p € cl(E(n)) — E(n). Hence,
E(n) is closed in X as required.

To prove that d) implies a), suppose X is a GO space having property
d) and p € X. We first show that the half-line H = |+,p[ is an
F,-subset of X. If p is not a limit point of H, there is nothing to
prove. Hence, assume that every neighborhood of p meets H. Let
k = cf(]+,p[) and choose a strictly increasing net {z(a) : @ < &}
whose supremum is p. Let E = {z() : @ < & is not a limit ordinal }.
Then E is a relatively discrete subspace of X so that, according to
d), E is the union of a sequence of closed sets E(n). Let C(n) =



1198 H.R. BENNETT, M. HOSOBUCHI AND D.J. LUTZER

{zr € X : x < efor some e € E(n)}. Then C(n) is closed in X and
H =U{C(n): n >1}. An analogous proof shows that |p, —[ is also an
F, in X. It follows that each convex subset of X is an F,-subset of X.

Now suppose that U is an open subset of X. Let {U(a) : a € A}
be the family of all convex components of U and for each « choose a
point p(a) € U(a). Let E = {p(a) : « € A}. The E is a relatively
discrete subset of X so that E = U{E(n) : n > 1} where each E(n)
is closed in X. Let A(n) = {a@ € A : p(o) € E(n)}. For each
a € A(n), let C(a,n,1) C C(a,n,2) C --- be closed convex subsets of
X having p(a) € C(a,n,1) and U{C(a,n,m) : m > 1} = U(a). Define
F(n,m) = U{C(a,n,m) : « € A(n)}. Then each F(n,m) is closed in
X and U = U{F(n,m) : n,m > 1} as required. o

Remark 2.4. The equivalence of a) and d) in Proposition 2.3 is due
to Faber [10, Theorem 2.4.5].

3. Perfect ordered extensions of generalized ordered spaces.
There are two familiar constructions in ordered space theory for em-
bedding any GO-space into an LOTS. For any GO-space (X,T), let
7 denote the usual open interval topology of the given ordering of X.
Then Z C T. Define subsets of X as follows:

R={zeX:[z—>[eT -1},
and
L={zeX:|+,z]eT -1}
Let N be the set of all natural numbers and define
L(X) = (X x {0} U (R x {-1}) U(L x {1})
and

X" =X x{0}H)U({(z,—n):xz € R,n e N})
U{(z,n):z € L,ne N}).

Order both sets lexicographically and endow each with the open interval
topology of the lexicographic order. Then X is a dense subspace of the
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LOTS L(X) and is a closed subspace of the LOTS X*. It is important
to note that L(X) is not a subspace of X*.

It is of some use in constructing examples to know conditions under
which X* and L(X) must be perfect.

Proposition 3.1. Let X be a GO-space. Then X* is perfect if and
only if X is perfect and the set RU L is o-closed discrete in X.

Proof. Suppose X* is perfect. Then so is its subspace X. Let 7 be
the given topology of X, and let R and L be as above. Consider
S = {(z,-1) : = € R}. Then S is a relatively discrete open
subset of X* so that there are closed subsets S(n) of X* having
S =U{S(n): n > 1}. Each S(n) is a closed, discrete subspace of X*.
Let R(n) = {z € R: (z,—1) € S(n)}. Because R = U{R(n) : n > 1}
it will be enough to show that each R(n) is a closed, discrete subset of
X. Fix n and fix any point p € X. We will find a neighborhood V of p
that contains at most one point of R(n). Consider (p,0) € X*. Because
S(n) is closed and discrete, there are points (u,i) < (p,0) < (v,j) of
X* such that |(u,1), (v,7)[N S(n) = @.

If p is an isolated point of X, then V = {p} is the required neigh-
borhood of p, so assume p is not isolated. Then at least one of the
sets [p, —[ and ]+, p] is not open in (X, 7). Without loss of general-
ity, assume that [p, —[ is not open. Then (p,—1) cannot be a point
of X* so that if (p,n) € X*, then n > 0. Because (u,i) < (p,0) we
conclude that u < p. We claim that Ju,p[ N R(n) = &. For, suppose
that ¢ € Ju,p[ N R(n). Then (z,—1) € S(n). Because u < z < p
in X, we have (u,i) < (z,—-1) < (p,0) < (v,j) in X*. But then
(z,-1) € |(u,1), (v,7)[N S(n) = @. Hence Ju,p[N R(n) = @.

If the set V' = Ju, p] is open in X, then V is the required neighborhood
of p with [V N R(n)| < 1, so assume that |u,p] is not open in X. Then
(p,+1) ¢ X* so that (p,n) € X* implies n < 0. But then (p,n) € X*
implies n = 0 so that (p,0) < (v, j) implies p < v in X. As was the case
with the interval Ju, p[, the set |p,v[N R(n) = @. But then V = Ju, v[ is
a neighborhood of p in X having |V N R(n)| < 1, as required to show
that R(n) is a closed discrete subset of X. Therefore, R is o-closed
discrete in X as claimed. Analogously, L is o-closed discrete in X.

To prove the converse, suppose that R U L is o-closed discrete in
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X. We first show that the set X* — X is an F, in X*. Write
R = U{R(n) : n > 1} where each R(n) is a closed, discrete subset
of X. For each k < 0, define R(n,k) = {(z,k) : © € R(n)}. Because
R(n,0) = R(n), the set R(n,0) is closed and discrete in X*. Suppose
k < 0 and let (p,j) € X*. We will find a neighborhood W of (p, j) in
X* that contains at most one point of R(n,k). If j # 0, then {(p,j)}
is the required neighborhood, so assume j = 0. Because R(n) is closed
and discrete in X, there is a neighborhood U of p in X that is convex in
X and has [UNR(n)| < 1. There are four cases to consider, depending
upon the shape of U.

Case 1. Suppose U = {p}. Then W = {(p,0)} is open in X* and has
|W N R(n, k)| <1 as required.

Case 2. Suppose that U = [p, q[ with ¢ > p and that {p} is not open
in X. Then |p,q[ # @ and we may choose r € |p,q[. Because [p,q] is
open in X, either p has an immediate predecessor in the ordering of X
or else (p, —1) € X*. In either case, the set W = [(p, 0), (r,0)[ is open in
X*. If (z,k) € WNR(n,k), then z € R(n) and (p,0) < (z,k) < (r,0).
Then in X, p < < r, so that z € R(n) N [p,r] C R(n) N [p,q[. By
choice of U = [p, q[ there is at most one point x € R(n) N [p, g so that,
k being fixed, there is at most one point in R(n,k) N W.

Case 3. Suppose U = ]g,p] with ¢ < p and {p} is not open in X.
This case parallels Case 2.

Case 4. Suppose U = |q,r[ and that neither [p, —[ nor ]+, p] is
open in X. Then we may choose ¢ € |g,p[ and ' € Ip,r[. If
(z,k) € R(n,k)N](¢,0),(r',0)], then z € R(n) and ¢ < =z < r' so
that x € R(n) N [¢’,r'] C R(n) N]g,r[. But there is at most one such
point z so that if we let W = |(¢’,0), (r/,0)[ then (p,0) € W and, k
being fixed, there is at most one point in W N R(n, k).

Analogously, the set {(x,k) : « € L and k > 0} is a o-closed discrete
subset of X*. Because z € R U L whenever (z,k) € X* has k # 0, we
see that X* — X is a o-closed discrete subset of X*.

To complete the proof that X* is perfect, suppose that U is any
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open subset of X*. Then U N X is relatively open in X so that, X
being perfect and closed in X*, U N X is an F,-subset of X*. Because
U—-X C X*— X, we also know that U — X is an F,-subset of X*.
Hence, so is U, as required. a

We can also give necessary and sufficient conditions for the space
L(X) to be perfect, but the result is less satisfactory than (3.1) because
the conditions are not internal to the GO-space X. We prove a slightly
more general result, namely:

Proposition 3.2. Suppose X C Y are GO-spaces with X dense in
Y. Then 'Y is perfect if and only if each relatively discrete subspace of
X is an F,-subset of Y. In particular, for a perfect GO-space X, the
LOTS L(X) is perfect if and only if each relatively discrete subspace of
X is an F,-subset of L(X).

Proof. If Y is perfect, apply (2.3)(d) to conclude that any relatively
discrete subspace of X is an F,-subset of Y.

To prove the converse, we again apply (2.3). Suppose that D is a
relatively discrete subspace of Y. We will show that D is an Fj,-subset
of Y. Write D = (DN X) U (D — X). By hypothesis, DN X is an F,-
subset of Y, so it is enough to show that the set D — X is an F,-subset
of Y.

Because D — X is a relatively discrete subset of Y, foreachd € D— X
there is a convex open subset U(d) of Y such that U(d)N(D—X) = {d}
and, because Y is hereditarily collectionwise normal, we may assume
that the sets U(d) are pairwise disjoint. For each d € D — X there is
a convex open subset V(d) of Y with d € V(d) C cl(V(d)) C U(d).
Because X is dense in Y, we may choose z(d) € V(d) N X. Then
P ={z(d) :d € D— X} is a relatively discrete subspace of X, so, by
hypothesis, P is an F,-subset of Y, say P = U{P(n) : n > 1} where
each P(n) is closed and discrete in Y. Let A(n) ={d € D— X : z(d) €
P(n)}, and let V(n) = {V(d) : d € A(n)}. It will be enough to show
that each set A(n) is closed in Y, because D — X = U{A(n) : n > 1}.
To show that A(n) is closed in Y, it will be enough to prove that V(n)
is a discrete collection in Y. To that end, suppose ¢ € Y. If ¢ € UV(n),
choose the unique set V(d) € V(n) with ¢ € V(d). Then V(d) is a
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neighborhood of ¢ meeting at most one member of V(n). So suppose
g ¢ UV(n). Because P(n) C UV(n) we know that ¢ ¢ P(n). Hence,
there is a convex, open neighborhood W of ¢ that is disjoint from P(n).
If W meets more than two members of V(n), then convexity forces W to
entirely contain some member V(dy) € V(n). But then dy € W N P(n)
contrary to our choice of W. Hence W meets at most two members of
V(n). If W meets only one member of V(n), we are done; so suppose
there are two distinct members V(dy),V(d2) € V(n) that both meet
W. Recall that cl(V(d;)) C U(d;) so that cl(V(dy)) Ncl(V(dy)) = @.
We may assume that ¢ ¢ cl(V(dy)). But then W — c1(V(dy)) is a
neighborhood of ¢ that meets at most one member of V(n). Thus,
V(n) is indeed a discrete collection of open subsets of Y. But then the
set A(n) is a closed discrete subset of Y, as required. O

4. Two generalizations of perfect normality in ordered
spaces. Recall that a space X is weakly perfect if each closed subset
C of X contains a set D having:

a) D is a Gs-subset of X; and
b) the closure of D in X is C.

This property was introduced in [12] and [13] and studied by Heath
in [11]. The current authors have studied weakly perfect generalized
ordered spaces at length in [5]. For this paper it will be enough
to note that a linearly ordered space can be weakly perfect but not
perfect: the usual space of countable ordinals is one such example, and
[5] constructs examples of compact linearly ordered spaces that are
hereditarily weakly perfect but not perfect. In addition, [5] contains
examples showing that if X is a (weakly) perfect GO-space, then
the ordered extensions X* and L(X) might, or might not, be weakly
perfect.

Another generalization of perfect normality, called S-normality, was
studied in [4]. A topological space X is said to be S-normal if, for each
closed C' C X, there is a countable collection S of open subsets of X
such that, if p € C and ¢ € X — C, then for some S € S we have p € S
and ¢ ¢ S. As will be seen in (4.2), this property is strictly weaker
than perfect normality in ordered spaces.

Our next result is easy to verify and gives several sufficient conditions
for a space to be S-normal.
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Proposition 4.1. A topological space X is S-normal if any one of
the following holds:

a) X is perfectly normal;

b) X has a countable open cover U that separates points of X, i.e., if
x,y are distinct points of X, then some U € U has x € U C X — {y};

c) X has a weaker topology that is separable and metrizable;

d) X can be embedded in an S-normal space Y.

Example 4.2. There is an S-normal LOTS that is not perfect.
Let R, P,Q denote the usual spaces of real, irrational and rational
numbers, respectively, and let Z be the set of all integers. Let X
be the lexicographically ordered set X = (R x {0})U (P x Z). With the
usual open interval topology of that ordering, X is a quasi-developable
LOTS [3] that is not perfect, because @ x {0} is a closed subset of X
that is not a Gs-subset of X.

To show that X is S-normal, for each pair of rational numbers r < s,
define U(r,s) = ](r,0),(s,0)[ in the ordered set X. Let C be any
closed subset of X, and let Uy = {(z,47) € C : (x,1) is isolated in X}.
Let U = {Up} U {U(r,s) : 1,s € Qandr < s}. Then U is a
countable collection of open subsets of X. Now suppose (z,i) € C
and (y,j) € X — C. If (z,i) € Up, we are done, so suppose (z,17) ¢ Up.
Then (z, ) is not isolated in X and hence x € () and i = 0. Because no
other point of X has x as its first coordinate, we conclude that y # x.
Hence, there are rational numbers r, s with 7 < x < s and either y < r
or s < y. In either case, (z,i) € U(r,s) C X — {(y,7)} as required.
]

S-normal spaces resemble perfect spaces in two important ways.
First, each point in such a space must be a G-set, so that an S-normal
GO space must be first countable. Second, we have:

Proposition 4.3. If T is a stationary subset of a regular uncount-
able cardinal k, then with the topology that it inherits from the usual
ordinal space, T is not S-normal. Therefore, any S-normal GO space,
and any monotonically normal space that is S-normal, must be heredi-
tarily paracompact.
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Proof. Let C be the set of nonisolated points of the set 7. Then C
is also stationary in k and is closed in 7'. Assume that 7" is S-normal.
Then there is a countable collection ¢ of open subsets of 1" such that
ifxeCCT-—{y}, thensome U el hasz € U C T — {y}.

Let U; be the family of all U € U such that some A(U) € T,
[AU),—=[NT C U. Because U is countable and « is uncountable
and regular, there is an ordinal p € C such that A(U) < p for each
U e€U. Then [p,—[NT C U for each U € U;.

Let Uy = U — Uy and index Uy as {U(n) : n > 1}. Let v be
the first element of 7" that is greater than pu. Then v is not an
element of the set C' and, for each A\ € C with A > v, we can
find some U € U with A € U C T — {v}. Because v > pu we
conclude that [u,—»[NT ¢ U so that U ¢ U;. Hence U € Us.
Therefore, for each A € Jv,—[N C, there is an integer n(A) > 1 with
A eU(n(A) C T — {v}. Define C(m)={ e CNly,—[:n(\) =m}.
Then C' N v, —[ = U{C(m) : m > 1} so that one of the sets C(my)
must be stationary. Observe that, for each A € C(my), A € U(my) so
that there must be an a(\) < A such that Ja(X), \JNT C U(my). Apply
the pressing down lemma to find some 8 and a cofinal set D C C(my)
with 8 = () for each A € D. Then |B8,\]NT C U(myg) for each
A € D, so that |8,—[NT C U(myp) because D is cofinal in T'. But
then U(mg) € Ui, contradicting the fact that U(mg) € Uz. That
contradiction establishes that the subspace 1" cannot be S-normal.

Now consider any GO space X, or any monotonically normal space
X that is S-normal. If X is not hereditarily paracompact, then there
is an uncountable regular cardinal x and a stationary subset T' C [0, ]
that embeds topologically in the space X [9, 2]. According to (4.1)
d), the space T' would be S-normal, and that is impossible by the first
part of this proof. Thus, X is hereditarily paracompact. ]

In [4] a property related to S-normality was used to characterize
quasi-developability in linearly ordered topological spaces. It is natural
to ask whether every quasi-developable LOTS must be S-normal. The
next example provides a negative answer.

Example 4.4. There is a quasi-developable LOTS that is not S-
normal. We will begin by constructing a quasi-developable GO space
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Y that is not S-normal and then, using techniques from [14], we will
embed it into a quasi-developable LOTS Y*. In light of (4.1) d), Y*
cannot be S-normal.

Let {Sy : a < K} be a well-ordering of the collection of all subsets of
the set R of real numbers, where x = 2¢ and where S, # Ss whenever
a < B < k. For each «, let M(S,) be the Michael line obtained by
isolating every point of the set S, and letting all points of C,, = R— S,
have their usual neighborhoods. Then C, will be a closed subset of
M(S,).

Let Y be the lexicographically ordered set [0,x[ x R. In the usual
open interval topology Z of Y, each set Y, = {a} X R is open and is
a copy of the usual space of real numbers. Modify the topology Z by
isolating every point of U{{a} x S, : @ < k}. The resulting GO-space
(Y, T) is a topological sum of copies of the Michael lines M (S,,) so that
(Y, T) is quasi-developable.

To prove that Y is not S-normal, consider the closed set C' =
U{{a} x Cy : @ < k}. Suppose there is a sequence U(1),U(2),...
of open subsets of Y such that, if (a,z) € C CY — {(8,y)}, then for
some n we have (a,z) € U(n) CY — {(8,y)}. Let V(n) = Intz(U(n))
for each n > 1 and observe that, for each a < k, V(n) NY, is an open
subset of R in the usual topology. Further, because Z-neighborhoods
and 7 -neighborhoods are the same for points of the closed set C, we
know that if (a,z) € C C Y — {(B,y)}, then for some n we have
(,z) e V(n)CY —{(B,y)}

The usual space of real numbers has only ¢ many open sets. Hence the
set Y = {(Wy1,Ws,...): each W is open in the usual topology of R}
also has | Y| = c¢. Using the fixed sequence (V(n)) found above, define
a function o : [0,k] = _ by the rule o(a) = (V(1)NY,, V(2)NY,,...).
(In the definition of o we are identifying the subset V(n) NY, of Y,
with the subset [V (n) NY,], where 7, : Yo, — R is second coordinate
projection.) Because k = 2¢, we know that o(a) = o(8) for some o #
in [0, K[

Because o # 8 we know that S, # Sg. Without loss of generality,
choose © € Sg — S,. Then (a,z) € C, C C while (8,z) ¢ C so that,
for some n, (o,x) € V(n) CY — {(B,z)}. However, from o(a) = o(f)
we conclude that V(n) NY, = V(n) N Y3 so that (a,z) € V(n)NY,
forces (8,z) € V(n)NYs C V(n), contrary to our choice of V'(n). That
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contradiction shows that Y is not S-normal, as required. ]

Example 4.5. Let X be the usual Sorgenfrey line. Then X is
perfect but its ordered extension X* is not S-normal. Consider the
closed subset C = X x {0} of X*, and suppose that S is a countable
collection of open subsets of X* as in the definition of S-normality. We
may assume that if S € S, then every convex component of S meets
C. Consequently, we may assume that every member of S is convex.
Choose (z,0) € C that is not one of the countably many endpoints
of members of S. Then the points (z,0) € C and (z,-1) € X* - C
cannot be separated by any member of S. u]

Example 4.6. Let X be the GO-space obtained by isolating every
point of [0,w1[. Then X is perfect but, because the ordered extension
L(X) contains a topological copy of the usual space [0, w1 [, (4.3) shows
that L(X) is not S-normal. o

In closing, let us note that the classes of weakly perfect GO-spaces and
S-normal GO-spaces are quite distinct. The usual space of countable
ordinals is weakly perfect but not S-normal, while the Michael line is
S-normal, by (4.1) c), but not weakly perfect.

REFERENCES

1. A. Arhangel’skii and L. Ko¢inac, On a dense G§-diagonal, Publ. Inst. Math.
(Beograd) (N.S.) 47 (1990), 121-126.

2. Z. Balogh and M.E. Rudin, Monotone normality, Topology Appl. 47 (1992),
115-127.

3. H. Bennett, On point-countability in linearly ordered spaces, Proc. Amer.
Math. Soc. 28 (1971), 598-606.

4. , LOTS with Ss-diagonals, Topology Proc. 12 (1987), 211-216.

5. H. Bennett, M. Hosobuchi and D. Lutzer, Weakly perfect generalized ordered
spaces, to appear in Houston J. Math.

6. H. Bennett and D. Lutzer, A note on perfect normality in generalized ordered
spaces, in Topology and order structure (H. Bennett and D. Lutzer, eds.), Math.
Centre Tracts 169, Mathematical Centre, Amsterdam (1980), 19-22.

7. H. Bennett, D. Lutzer and S. Purisch, Dense subspaces of generalized ordered
spaces, to appear.

8. R. Engelking, General topology, Heldermann Verlag, Berlin, 1989.



PERFECT GENERALIZED ORDER SPACES 1207

9. R. Engelking and D. Lutzer, Paracompactness in ordered spaces, Fund. Math.
94 (1977), 49-58.

10. M. Faber, Metrizability in generalized ordered spaces, Math. Centre Tracts
53, Mathematical Centre, Amsterdam, 1974.

11. R.W. Heath, On a question of Ljubisa Kocinac, Publ. Inst. Math. (Beograd)
(N.S.) 46 (1989), 193-195.

12. L. Kocinac, An ezample of a new class of spaces, Mat. Vesnik 35 (1983),
145-150.

13. , Some generalizations of perfect normality, Facta Univ. Ser. Math.
Infor. 1 (1986), 57—63.

14. D. Lutzer, Ordered topological spaces, in Surveys in general topology (G.M.
Reed, ed.), Academic Press, New York, 1980, 247-296.

15. G.M. Reed, Concerning normality, metrizability and the Souslin property in
subspaces of Moore spaces, Gen. Top. Appl. 1 (1971), 223-246.

DEPARTMENT OF MATHEMATICS AND STATISTICS, TEXxAs TECH UNIVERSITY,
LuBBOCK, TX 79409-1042
E-mail address: graddir@math.ttu.edu

DEPARTMENT OF MATHEMATICS, TOKYO KASEI GAKUIN UNIVERSITY, TOKYO,
JAPAN

DEPARTMENT OF MATHEMATICS, COLLEGE OF WILLIAM AND MARY, WILLIAMS-
BURG, VA 23187-8795
E-mail address: lutzer@math.wm.edu



