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M-FREE ABELIAN GROUPS

MANFRED DUGAS, SHALOM FEIGELSTOCK AND JUTTA HAUSEN

ABSTRACT. We study M -free abelian groups with M -
basis X, i.e., each map f : X → M extends uniquely to a
homomorphism ϕ : A → M . We will find conditions under
which X generates a direct summand of A.

If F is an object in a concrete category, X a nonempty set and
i : X → F a map, then F is free on the set X if for each M in the
category and for each map f : X → M there is a morphism ϕ : F → M
such that ϕ◦i = f , cf. [7]. We will investigate, in the category of abelian
groups only, which objects are “free” if, in the above definition, “each
M” is replaced by “some fixed M .” The answer, of course, depends on
what kind of abelian group M actually is.

Definition. Let A,M be abelian groups and X a subset of A. Then
A is M -free with M -basis X if, for each map f : X → M , there is
a unique ϕ ∈ Hom(A,M) such that ϕ �X= f where ϕ �X is the
restriction of ϕ to X.

We say that A is split-M -free if A = H ⊕ 〈X〉 such that 〈X〉 is free
abelian with basis X and Hom (H,M) = 0.

Of course, split-M -free implies M -free, and the main purpose of this
paper is to investigate for which abelian groups M we have that all
M -free groups A are actually split-M -free.

Let Cent (R) denote the center of a ring R. We will prove:

Main theorem. Let A be M -free with M -basis X and M slender.
If either

(a) M is countable and End (M)+, the additive group of the endo-
morphism ring of M , is free abelian, or
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(b) |X| < ℵm, the first measurable cardinal and [Cent (End (M))]+ is
free abelian, then A is split-M -free with M -basis X.

Our notations are standard as in [5]. We define RM (A) = ∩{ker(ϕ) :
ϕ ∈ Hom(A,M)} and call A M -torsionless if RM (A) = 0. The
subgroup RM (A) is sometimes referred to as the M -radical of A. Note
that A = RM (A) + 〈X〉 if A is split-M -free with M -basis X. We will
see that A = RM (A)⊕〈X〉 ifM is not bounded. We will call A trivially
M -free if A = RM (A), i.e., X = ∅. To contrast our result above, we
will show that any abelian group A is M -free if M = Q or M = Jp,
the additive group of p-adic integers.

We say that an abelian group A has invariant M -rank if A is M -free
with M -basis X and whenever A is M -free with M -basis Y , then X
and Y have the same cardinality. We will show that each M -free A has
invariant M -rank if M is not torsion-free. We also have partial results
for torsion-free M .

Throughout the paper we will use the following fact derived from ele-
mentary homological algebra, cf. [5]: An abelian group A isM -free with
M -basis X if and only if Hom (A/〈X〉,M) = 0 (this gives “uniqueness”
in the definition) and the natural sequence 0 → Ext (A/〈X〉,M) →
Ext (A,M) → Ext (〈X〉,M) → 0 is short-exact. This implies that
Ext (A/〈X〉,M) ∼= Ext (A,M) via the natural map, if 〈X〉 is free
abelian.

We begin by collecting some elementary facts about M -free groups.

Lemma 1. Let A be M -free with M -basis X = ∅.

(a) If M is not bounded, then 〈X〉 is a free subgroup of A with basis
X.

(b) If pM = M , p a prime, then pA ∩ 〈X〉 = p〈X〉 and, if A is
p-torsion-free, then 〈X〉 is p-pure in A.

(c) If N is a subgroup of M such that (i)M/N is isomorphic to a sub-
group of M , or (ii)M/N is M -torsionless, or (iii) Hom (A/〈X〉,M/N) =
0, then A is N-free with N-basis X.

Proof. To show (a), let a =
∑k

i=1 rixi ∈ 〈X〉 be an element of finite
order n such that r1 = 0. Define f : X → M by f(x1) = m ∈ M and
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f(x) = 0 for all x1 = x ∈ X. Let ϕ ∈ Hom(A,M) with ϕ �X= f . Then
0 = ϕ(na) =

∑k
i=1 ϕ(nrixi) = r1nm and, since m ∈ M was arbitrary,

we have r1nM = 0, a contradiction to M not bounded. If a = 0, i.e.,
n = 1, we get the same contradiction, which implies that X is a basis
for the free abelian group 〈X〉.
To show (b), let m ∈ M \ pM and assume py =

∑t
i=1 rixi, xi ∈ X,

y ∈ A such that p doesn’t divide r1. Define a map f : X → M as above
and obtain ȳ = r1m ∈ M for some ȳ ∈ M . Since gcd (p, r1) = 1, we
infer m ∈ pM , a contradiction. Thus, ri ∈ pZ for all i.

Let N be given as in (c). Then (i) implies (ii), which implies (iii).
Let f : X → N be a map. Then there is a ϕ ∈ Hom(A,M) with
ϕ �X= f . Now ϕ induces a homomorphism ϕ̄ : A/〈X〉 → M/N , which
must be the 0-map by (iii). Thus ϕ(A) ⊆ N and ϕ ∈ Hom(A,N).
Note that Hom (A/〈X〉, N) = 0 since N is a subgroup of M and
Hom (A/〈X〉,M) = 0.

Lemma 2. Let A,M be abelian groups and X ⊆ M .

(a) If A is M -free with M -basis X and N a direct summand of M ,
then A is N-free with N-basis X.

(b) A is Πi∈IMi-free with Πi∈IMi-basis X if and only if A is Mi-free
with Mi-basis X for all i ∈ I.

(c) If M = ⊕i∈IMi and A is M -free with M -basis X, then A is Mi-
free with Mi-basis X. The converse holds if I is finite, but not if I is
infinite.

Proof. (a), (b) and the first part of (c) follow easily from the
definition. To obtain a counterexample for the second part of (c),
let M = ⊕∞

n=1enJp where Jp is the additive group of the ring of p-
adic integers, en = 1 in the nth copy of Jp. Let 0 = ai ∈ Z and
A = 〈⊕∞

n=1enZ, (enpnan)n∈N〉∗, a pure subgroup of Π∞
n=1enZ. Let

X = {en | n ∈ N}. Then 〈X〉 is pure in A with A/〈X〉 p-divisible, Jp
is pure injective, which shows that A is Jp-free with Jp-basis X. Now
define f : X → M by f(en) = en. This function does not extend to a
ϕ ∈ Hom(A,M). Thus A is not M -free.

The following result will allow us to assume that M -free groups are
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M -torsionless.

Lemma 3. Let A,M = 0 be abelian groups and B ⊆ RM (A). Then
A is M -free with M -basis X if and only if A/B is M -free with M -basis
X = {x+B : x ∈ X}.

Proof. Assume that A is M -free with M -basis X, and let f̄ : X → M
be a map. Let − : A → A/B be the natural epimorphism, which induces
a one-to-one map from X onto X because M = 0. define f : X → M
by f(x) = f̄(x̄). Then there is ϕ ∈ Hom(A,M) with ϕ �X= f . Thus
ϕ̄ �X= f̄ where ϕ̄ ∈ Hom(A/B,M) is the map induced by ϕ. (Note
that B ⊆ RM (A) ⊆ ker(ϕ)). Moreover, Hom (A/〈X〉,M) = 0 implies
Hom (Ā/〈X〉,M) = 0, and we have that Ā is M -free with M -basis X.
The converse is proved in a similar fashion.

Lemma 4. If A is M -free with M -basis X = {x} ∪ Y , x /∈ Y . Then
A/〈Y 〉 is M -free with M -basis {x+ 〈Y 〉}.

The easy proof is left to the reader.

Since the class of free abelian groups is closed with respect to direct
summands, one might expect the same to be true for M -free groups.
The following is a counterexample. Let p, q be two distinct primes and
1 = (1, 1) ∈ S = Zp ⊕ Zq. Then S is S-free with S-basis {1}. But Zp
is not S-free for any X since Hom (Zp,Zq) = 0 but Hom (Zp, S) = 0.

If A and B are free abelian groups with bases {ai : i ∈ I} and
{bj : j ∈ J}, respectively, then the tensor product A ⊗Z B is again a
free group with basis {ai ⊗ bj : i ∈ I, j ∈ J}. Thus it is natural to ask
if tensor products of M -free abelian groups behave in the same way.
We can prove that tensor products of M -free groups are M -free again
only if we assume some additional conditions. We do not know if these
conditions are actually necessary.

Proposition 5. Let M be unbounded, A M -free with M -basis X and
B M -free with M -basis Y such that A is torsion-free or B is torsion-
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free. Then A⊗B is M -free with M -basis X ⊗ Y = {x⊗ y : x ∈ X, y ∈
Y }.

Proof. Since M is unbounded, 〈X〉 and 〈Y 〉 are free by Lemma 1.
Assume that A is torsion-free. The natural map 〈X〉 ⊗ 〈Y 〉 → A⊗ 〈Y 〉
is an embedding since 〈Y 〉 is torsion-free by Lemma 1 and the map
A⊗〈Y 〉 → A⊗B is a natural embedding, since A is torsion-free. Thus
〈X〉⊗〈Y 〉=⊕x∈X,y∈Y (x⊗y)Z is free and naturally embedded in A⊗B.
Let X ⊗ Y = {x⊗ y | x ∈ X, y ∈ Y } and f : X ⊗ Y → M be any map.
For y ∈ Y define fy : X → M by fy(x) = f(x⊗ y). This map extends
to ϕy ∈ Hom(A,M). Since A⊗ 〈Y 〉 = ⊕y∈Y A⊗ y and A⊗ y ∼= A, we
can define ϕ : A ⊗ 〈Y 〉 → M by ϕ �A⊗y= ϕy. Let 0 = a ∈ A. Since
〈Y 〉 is torsion-free, 〈a〉⊗ 〈Y 〉 embeds into A⊗〈Y 〉. Define ga : Y → M
by ga(y) = ϕ(a⊗ y). Since B is M -free with M -basis Y , ga extends to
γa : B → M . Now define σ : A × B → M by σ(a, b) = γa(b). Since
γa ∈ Hom(B,M), σ is linear in the second variable. Moreover, define
for y ∈ Y and a1, a2 ∈ Aθ(y) = σ(a1 + a2, y) − σ(a1, y) − σ(a2, y) =
γa1+a2(y)−γa1(y)−γa2(y) = ga1+a2(y)−ga1(y)−ga2(y) = ϕ((a1+a2)⊗
y) − ϕ(a1 ⊗ y) − ϕ(a2 ⊗ y) = ϕ(0) = 0, since ϕ ∈ Hom(A ⊗ 〈Y 〉,M).
Thus θ extends to a unique θ̄ ∈ Hom(B,M), defined in terms of σ.
Now θ̂ = 0 since θ = 0 and σ is linear in the first variable as well. This
implies that σ(az, b) = σ(a, zb) for all z ∈ Z, and therefore σ is a middle
linear map, cf. [7]. Thus there is ψ : A ⊗ B → M with ψ(x ⊗ y) =
σ(x, y) = γx(y) = gx(y) = ϕ(x⊗ y) = ϕy(x) = fy(x) = f(x⊗ y), i.e., ψ
is extending f .

For the uniqueness of this extension, consider 0 → 〈Y 〉 → B →
B/〈Y 〉 → 0, which gives rise to 0→A⊗〈Y 〉→A⊗B→A⊗(B/〈Y 〉)→0
and Hom (A⊗ (B/〈Y 〉),M)∼=Hom(A,Hom(B/〈Y 〉,M))∼=Hom(A, 0)
= 0. Thus, each ϕ ∈ Hom(A ⊗ B,M) with ϕ �A⊗〈Y 〉= 0 is the
0-map. Similarly, let 0 → 〈X〉 → A → A/〈X〉 → 0 induce 0 →
〈X〉 ⊗ 〈Y 〉 → A ⊗ 〈Y 〉 → (A/〈X〉) ⊗ 〈Y 〉 → 0 with Hom((A/〈X〉) ⊗
〈Y 〉,M) ∼= Hom(A/〈X〉,Hom(〈Y 〉,M)) ∼= Hom(A/〈X〉,MY ) ∼=
(Hom(A/〈X〉,M))Y = 0Y = 0. Therefore, each ϕ ∈ Hom(A⊗〈Y 〉,M)
with ϕ �〈X〉⊗〈Y 〉= 0 is the 0-map. Thus Hom((A ⊗ B)/(〈X〉 ⊗
〈Y 〉),M) = 0 and A⊗B is M -free with M -basis X ⊗ Y .

We obtain:
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Corollary 6. If M is a torsion-free Zp-module and A is M -free
with M -basis X and torsion-free, then A⊗ Zp is M -free with M -basis
{x⊗ 1 | x ∈ X}.

Proof. Zp is M -free with M -basis {1}.

The following is easy to show.

Observation 7. Let A be M -free with basis X and B M -free with
M -basis Y ; then A⊕B is M -free with M -basis X ∪ Y .

For a few groups M , M -free groups are easy to describe.

Proposition 8. Let A and M be abelian groups.

(a) If M contains Q/Z, then A is M -free with basis X if and only if
A = 〈X〉 is free abelian with M -basis X.

(b) There is a subset X of A such that A is Q-free with Q-basis X.

(c) Let p be a prime. Then there is a subset X of A such that A is
Jp-free with Jp-basis X.

Proof. Q/Z is a cogenerator [1] in the category of abelian groups
and Hom(A/〈X〉,Q/Z) = 0. Thus A/〈X〉 = 0 and A = 〈X〉 is free by
Lemma 1. Let t(A) be the torsion subgroup of A and X ⊆ A induce a
basis of the Q-vector space (A/t(A))⊗Q. Then A/t(A) is Q-free with
Q-basis {x + t(A) | x ∈ X}. By Lemma 3, A is Q-free with Q-basis
X since RQ(A) = t(A). To show (c), let X be a subset of A such that
X = {x + RJp

(A) | x ∈ X} is a p-basis of Ā = A/RJp
(A). Since Jp is

p-pure-injective and Ā/〈X〉 is p-divisible, Ā is Jp-free with Jp-basis X.
Now apply Lemma 3.

A well-known notation that resembles “M -free” is “M -projective.”
Recall [1] that, for R-modules A and M , the module A is M -projective
if, for each epimorphism ψ : M → B and for each homomorphism
ϕ : A → M there is some γ ∈ Hom(A,M) such that ϕ = ψ ◦ γ,
i.e., the natural map Hom(A,M) → Hom(A,B) is surjective. The
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following example shows thatM -free does not implyM -projective, even
for abelian groups:

Let Jp be the group of p-adic integers. Then Jp is also a ring
with 1 ∈ Jp and Jp is Jp-free with Jp-basis {1} since End (Jp) =
Jp. Moreover, |Jp| = c = 2ℵ0 , the cardinality of the continuum.

There exists a short exact sequence 0 → K → Jp
ψ→ Z(p∞) → 0

and Jp has ⊕cZ(p∞) as an epimorphic image, which implies that
|Hom(Jp,Z(p∞))| = 2c > c = |Hom(Jp, Jp)|. This shows that Jp
is not Jp-projective but is Jp-free with Jp-basis {1}. Thus, “M -free”
does not imply “M -projective.” However we can modify the definition
of M -projective to obtain a positive result:

Definition. An abelian group A is M -torsionless-projective if, for
each epimorphism ψ : M → B with RM (B) = 0 and homomorphism
ϕ : A → B there is a β ∈ Hom(A,M) with ψ ◦ β = ϕ.

We have:

Proposition 9. If A is M -free with M -basis X, then A is M -
torsionless-projective.

Proof. With notations as in the definition, pick mx ∈ M such that
ϕ(x) = ψ(mx). Then there is β ∈ Hom(A,M) with β(x) = mx. Let
η = ψ ◦ β − ϕ. Then η ∈ Hom(A,B) with X ⊆ ker(η). Assume that
there is an a ∈ A with η(a) = b = 0. Since B is M -torsionless, there is
θ ∈ Hom(B,M) with θ(b) = 0. Thus θ ◦ η : A → M with θ ◦ η �X= 0.
Thus θ ◦ η = 0, a contradiction to (θ ◦ η)(a) = θ(b) = 0.

Observation. Let H,M be groups such that Hom(H,M) = 0. Then
Hom(H, (End (M))+) = 0.

Proof. Let E = End (M) and m ∈ M . Then Em = {ϕ(m) : ϕ ∈
E} ∼= E/annE(m) is a subgroup ofM , which implies Hom(H,Em) = 0.
Thus Hom (H,

∏
m∈M Em) = 0 and there is an embedding ϕ �→

(ϕ(m))m∈M of E+ into Πm∈MEm. This shows Hom (H,E+) = 0.
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We will use this observation in the proof of the following essential
result.

Lemma 10. Let A,M be abelian groups. The following are equiva-
lent:

(a) A is M -torsionless and M -free with M -basis X = {x}, a single-
ton.

(b) There is a subgroup B of [Cent (End (M))]+ such that idM ∈ B
and an isomorphism γ : A→B with γ(x)= idM and Hom(B/〈idM 〉,M)
= 0.

Proof. First we show that (a) implies (b). For a ∈ A define a
map γ(a) : M → M by [γ(a)](m) = ϕm(a), where ϕm is the unique
homomorphism ϕm : A → M with ϕm(x) = m. It is easy to see that
γ(a) ∈ End (M) and γ ∈ Hom(A, (End (m))+). If γ(a) = 0, then
ϕm(a) = 0 for all m ∈ M . Since Hom(A,M) = {ϕm : m ∈ M}, we
infer a ∈ RM (A) = 0 since A is M -torsionless. Thus γ : A → End (M)
is an imbedding. Note that [γ(x)](m) = ϕm(x) = m for all m ∈ M .
Thus γ(x) = idM . Let B = γ(A) ⊆ End (M). Since A and B
are isomorphic via γ and γ(x) = idM , we have that B is M -free
with M -basis {idM}. Thus Hom (B/〈idM 〉,M) = 0, which, by the
above observation, implies that Hom (B/〈idM 〉,End (M)) = 0. For
α ∈ End (M) one can define maps αr and αl from B into End (M) with
αr(b) = bα and αl(b) = αb for all b ∈ B. Since αr(idM ) = αl(idM ), we
have that αr−αl induces an element of Hom (B/〈idM 〉,End (M)) = 0.
Thus, αr = αl for all α ∈ End (M) and therefore B ⊆ Cent (End (M)).

Now we show that (b) implies (a). Let m ∈ M . Define a map
ψm : B → M by ψm(b) = b(m) for all b ∈ B. Then ψm ∈ Hom(B,M)
with ψm(idM ) = idM (m) = m. This, together with the hypothesis
Hom (B/〈idM 〉,M) = 0 implies that B is M -free with M -basis {idM}.
Moreover, if b ∈ B such that ψm(b) = 0 for all m ∈ M , then b(m) = 0
for all m ∈ M , i.e., b = 0 and we infer RM (B) = 0 and B is M -
torsionless. Now use the isomorphism γ−1 from (b) to conclude that A
is M -free with M -basis {x} and also M -torsionless.

Remark. Assume that the group B is as in part (b) of Lemma 10. Let
ϕ ∈ End (B) ⊆ Hom(B,Cent (End (M))). Since Hom (B/〈id)M〉,M) =
0 and Hom(B/〈idM 〉,End (M) = 0 by the above observation, we infer
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that there is an element αϕ ∈ Cent (End (M)) such that ϕ(b) = bαϕ
for all b ∈ B and ϕ(idM ) = idMαϕ = αϕ ∈ B. Thus End (B) ∼= {b ∈
B : Bb ⊆ B}, a subring of Cent (End (M)). Now we apply Lemma 10
to obtain:

If A is M -free with M -basis X = {x} a singleton and A is also
M -torsionless, then End (A) is commutative.

We want to extend Lemma 10 to the case where the M -basis has
arbitrary size. This will involve an embedding of A in the double-dual
Hom (Hom(A,M),M). We know that (provided thatM is unbounded)
Hom (A,M) is isomorphic to

∏
x∈XM , a Cartesian product of |X|

copies of M . Thus Hom(Hom(A,M),M) ∼= Hom(
∏
x∈XM,M).

Nothing much can be said about the latter, unless M is a slender
group. Recall [5] that M is slender if and only if M is torsion-free,
cotorsion-free and contains no copy of the Baer-Specker group.

Theorem 11. Let M be slender and ℵm the first measurable cardinal
(if it exists). The following are equivalent:

(a) A is M -torsionless and M -free with M -basis X and |X| < ℵm.

(b) There is a family of M -torsionless groups Ax, x ∈ X, such
that x ∈ Ax, |X| < ℵm, each Ax is M -free with M -basis {x} and
⊕x∈X〈x〉 ⊆ A ⊆x∈X Ax, the natural projection of A into Ax is
surjective for each x ∈ X and Hom(A/〈X〉,M) = 0.

(Note: If X is finite, then (a) and (b) are equivalent assuming M
unbounded instead of slender.)

Proof. Obviously, (b) implies (a). The converse requires more work.
Since A is M -free with M -basis X, Hom (A,M) = {(mx)x∈X | mx ∈
M} ∼= MX , where [(mx)x∈X ](y) = my for all y ∈ X. By [6, p.
204], which is a generalization of GLos’s result on Hom (ΠZ,Z), we
have Hom (Hom(A,M),M) = ⊕x∈XEnd (M) ◦ πx where πx is the
coordinate projection which can be identified with idM in the xth
coordinate. Consider # : A → Hom(Hom(A,M),M) defined by
a#(ϕ) = ϕ(a) for all ϕ ∈ Hom(A,M). Note that ker(#) = RM (A) = 0
and A ∼= A#. If ϕ = (my)y∈X , then x#(ϕ) = ϕ(x) = mx and
x# = πx follows. Thus ⊕x∈XπxZ ⊆ A# ⊆ ⊕x∈XEnd (M) ◦ πx. Let
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E = ⊕x∈XEnd (M) ◦ πx and Ax the image of the projection ηx of
A# into the xth coordinate, i.e., ⊕x∈XπxZ ⊆ A# ⊆ ⊕x∈XAx ⊆ E.
Since πx ∈ Ax ⊆ End (M), each map f : {πx} → M extends to a
ϕ ∈ Hom(Ax,M). Let ψ ∈ Hom(Ax,M) with ψ(πx) = 0. Extend ψ
to ψ̃ ∈ Hom(⊕y∈XAy,M) by setting it 0 on the Ay with y = x. Then
ψ̃ �A# (X#) = {0} which implies x̃ �A#= 0. Since the projection ηx of
A# into Ax is onto and ψ̃ �A#= ψ ◦ ηx = 0 we conclude that ψ = 0.
Thus Ax is M -free with a one element M -basis.

Lemma 12. Let 0 = M be a slender group and I, J sets with
M I ∼= MJ . If at least one of I, J is infinite, then |I| = |J |.

Proof. Since M = 0 and M I is slender if and only if I is finite,
both I, J are infinite. Pick 0 = m ∈ M and define mi ∈ M I by
mi(j) = m if i = j and mi(j) = 0 if i = j. Then

∏
i∈I miZ is a

subgroup of M I . We may assume that J is well-ordered by some order
relation. Let θ : M I → MJ be some isomorphism and, for i ∈ I,
define Ei = {j ∈ J | [θ(mi)](j) = 0}. Note that each Ei = ∅ and,
for each j ∈ J , {i ∈ I | j ∈ Ei} is finite since M is slender. Define
σ : I → J by σ(i) = least element in Ei and call i1, i2 ∈ I equivalent
if σ(i1) = σ(i2). Of course, this is an equivalence relation such that all
equivalence classes are finite, i.e., there are as many classes as there are
elements in the infinite set I, and there is a one-to-one function from
the set of classes into J . Thus |I| ≤ |J |.

Theorem 13. Let M be slender and A be M -free with M -bases X
and Y . If X or Y is infinite, then |X| = |Y | and 〈X〉 ∼= 〈Y 〉.

Proof. MX ∼= Hom(A,M) ∼= MY and Lemma 12.

We will employ some results by Eda [3] that can be found in [4] to
get rid of the cardinality restriction on |X| in Theorem 11.

Theorem 14. Let M be a countable, slender group with (End (M))+

free abelian. If A is M -free with M -basis X, then A is split-M -free with
M -basis X.
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Proof. We have Hom(A,M) ∼= MX . Let D be the set of all ℵ1-
complete ultrafilters on X, cf. [EM ]. Let Ā = A/RM (A). Then Ā
embeds into Hom(AX ,M) = ⊕D∈DHom(MX/D,M) where MX/D =
MX/{(mx)x∈X | {x ∈ X | mx = 0} ∈ D}. While in general there
may be nonprincipal ultrafilters D ∈ D, the fact that M is countable
implies that MX/D ∼= M and Hom (MX ,M) ∼= ⊕D∈DEnd (M), a
free abelian gorup. Thus Ā is free and A = RM (A) ⊕ F , Ā ∼= F is
free and Hom (RM (A),M) = 0. For x ∈ X write x = x1 + x2 with
x1 ∈ RM (A) and x2 ∈ F . Then x �→ x2 is a one-to-one map since
〈X〉 ∩ RM (A) = 0. It is easy to see that F is M -free with M -basis
X2 = {x2 | x ∈ X}. Let G = F/〈X2〉. Then Hom(G,M) = 0 and 0 →
Hom(G,M) = 0 → Hom(F,M) → Hom(〈X2〉,M) → Ext (G,M) →
Ext (F,M) = 0. Since F is M -free with M -basis X2, we conclude
Ext (G,M) = 0 = Hom (G,M). Let p be a prime. Then pM = M
since End (M)+ is free abelian. Now 0 → pM → M → M/pM → 0
gives rise to Hom(G,M) = 0 → Hom(G,M/pM) → Ext (G, pM) = 0
since the slender group M is torsion-free and thus M ∼= pM . We
infer Hom(G,M/pM) = 0 and G is divisible and torsion-free by
Lemma 1(b).

Assume that G = 0. Then G contains a summand isomorphic to
Q and Ext (Q,M) = 0 follows. This means that M is cotorsion, a
contradiction to M slender. Thus G = 0 and F = 〈X2〉, We may
change complements and obtain A = RM (A)⊕ 〈X〉, i.e., A is split-M -
free.

The main result is now a consequence of Theorem 14. By Lemma 1(a)
we obtain:

Corollary 15. (a) Let A be M -free with M -basis X such that M has
a summand isomorphic to Z. Then A ∼= H⊕〈X〉 with Hom(H,M) = 0.

(b) Let M be slender such that [Cent (End (M))]+ is free abelian, and
let A be M -free with M -basis X and |X| < ℵm. Then A is split-M -free.

Proof. A is Z-free with Z-basis X and thus A ∼= H ⊕ 〈X〉, such that
Hom (A/〈X〉,M) = 0 = Hom(H,M).

Item (b) follows from Theorem 11 and Lemma 10.
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We will now study the case of nontorsion-free groups M .

Lemma 16. If the p-primary torsion part Mp of M is not 0 and A
is M -free with M -basis X, then A/〈X〉 is p-divisible.

Proof. Let m ∈ Mp have order p. If Ā = A/〈X〉 is not p-divisible,
then pĀ = Ā. We can find maps Ā → Ā/pĀ → Z/pZ → mZ ⊆ M
whose composition is = 0, a contradiction to Hom (Ā,M) = 0.

Suppose that 〈X〉 is not p-pure in A. Then there are xi ∈ X, ri ∈ Z,
and y ∈ A such that pky =

∑m
i=1 rixi and, we may assume, pe is the

highest power of p that divides r1 and e < k. Mapping x1 tom ∈ M and
the other x’s to 0, we get pkym = mspe where gcd (s, p) = 1. Let 1 =
sα+ pk−eβ with a, β ∈ Z. Then pkymα = m(sα)pe = m(1− pk−eβ)pe

and mpe = pk(ymα + mβ) and thus pe(m − pk−e(ymα + mβ)) = 0.
This shows that M = M [pe] + pk−eM . Since k − e ≥ 1, we infer
M = M [pe] + pnM for all natural numbers n. If Mp contains a copy
of Z(p∞), then A/〈X〉 is p-torsion-free and, by Lemma 1(b), 〈X〉 is
p-pure in A, a contradiction to our assumption. Thus Mp is bounded
and, with Lemma 16, we have:

Theorem 17. Let A be M -free with M -basis X such that, for some
prime p, the p-primary part Mp of M is not bounded. Then 〈X〉 is a
p-pure free subgroup of A with basis X such that A/〈X〉 is p-divisible,
i.e., 〈X〉 is a p-basic subgroup of A. (All such subgroups have the same
rank.)

The following follows from Lemma 1(a) and the fact that Z(p∞) is
injective in the category of abelian groups.

Lemma 18. An abelian group A is Z(p∞)-free with Z(p∞)-basis X
if and only if 〈X〉 is a free subgroup of A such that A/〈X〉 is torsion
with (A/〈X〉)p = 0, i.e., A/〈X〉 is a torsion p′-group.

We now look at the case where Mp is bounded and thus has a
summand isomorphic to Z(pe), e ≥ 1.
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Lemma 19. A is Z(pe)-free with Z(pe)-basis X if and only if
A = 〈X〉 + peA and peA ∩ 〈X〉 = pe〈X〉 and 〈X〉/pe〈X〉 is a free
Z(pe)-module.

Proof. The “if” part is easy and left to the reader. Assume that A
is Z(pe)-free with Z(pe)-basis X. Let xi ∈ X and zi ∈ Z such that
w =

∑k
i=1 zixi ∈ peA. Fix 1 ≤ j ≤ k and define f : X → Z(pe) by

f(xj) = 1 and f(xi) = 0 for i = j. Let ϕ ∈ Hom(A,Z(p∞)) extend
the map f . Then 0 = ϕ(w) = ϕ(xjzj) = zj ∈ Z(p∞), i.e., pe divides
zj . This shows that 〈X〉/pe〈X〉 is a free Z(pe)-module. Moreover,
peA∩〈X〉 = pe〈X〉 follows as well. Note that peA ⊆ RZ(pe)(A) and, by
Lemma 3, Ā = A/peA is Z(pe)-free with Z(pe)-basis X = {x + peA :
x ∈ X}. Now Ā is pe-bounded and Hom(Ā/〈X〉, Z(pe)) = 0. Thus
Ā = 〈X〉 and we have A = 〈X〉+ peA.

Theorem 20. (a) If A is Z(p∞)-free with Z(p∞)-basis X, then A is
Z(pe)-free for each e ≥ 1.

(b) If A is Z(pe)-free with Z(pe)-basis X for each e ≥ 1 and A/〈X〉
is torsion with (A/〈X〉)p = 0, then A is Z(p∞)-free with Z(p∞)-basis
X.

Proof. (a) follows from Lemma 1(c). To show (b), note that
Lemma 19 implies that 〈X〉/pe〈X〉 is a free Z(pe)-module with basis
{x + pe〈X〉 | x ∈ X}. This implies that 〈X〉 is free abelian with basis
X. Now apply Lemma 18.

The hypothesis in (b) that A/〈X〉 is p′-torsion is actually needed as
the following example shows.

Let 0 → K → F → Z[1/p] → 0 be a free resolution of the p-divisible
torsion-free rank 1 subgroup Z[1/p] of Q and K is free with basis X.
For all e ≥ 1 we have F = K + peF . Then F is Z(pe)-free with
Z(pe)-basis X, but F is not Z(p∞)-free with Z(p∞)-basis X.

Lemma 21. Let A be split-M -free with M -basis X and M un-
bounded. If A is M -free with M -basis Y , then 〈X〉 ∼= 〈Y 〉 and A has
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invariant M -rank.

Proof. A = H ⊕ 〈X〉 with 〈X〉 free and Hom (H,M) = 0. Also
〈Y 〉 is free with H ∩ 〈Y 〉 = 0 and thus rank 〈Y 〉 ≤ rank 〈X〉. If
rank 〈Y 〉 < rank 〈X〉, then A = B ⊕ 〈x〉 with 0 = x ∈ 〈X〉 and Y ⊆ B.
Thus Hom(A/〈Y 〉,M) = 0, a contradiction.

We leave the proof of the following result to the reader.

Lemma 22. If A is Jp-free with Jp-basis X, then X = {x+RJp
(A) |

x ∈ X} is a p-basis of Ā = A/RJp
(A) and |X| = |X|. Thus A has

invariant Jp-rank. Conversely, each p-basis of Ā gives rise to a Jp-
basis of A.

We now summarize our results on invariant M -rank as:

Theorem 23. Let A be M -free with M -basis X and M = 0. Any of
the following conditions implies that A has invariant M -rank:

(a) For some prime p, pM = M and A is p-torsion-free.

(b) M = Jp for some prime p.

(c) M is not torsion-free.

(d) M has a direct summand H that is countable, slender and
[Cent (End (H))]+ is free abelian.

(e) M has Z as a direct summand.

(f) M has a slender summand S = 0 and all M -bases of A have
cardinality < ℵm.

(g) M is unbounded and A has a finite M -basis.

Proof. We have to prove (g). Assume that X and Y areM -bases of A
with X finite and |X|≤|Y |. Let S be the center of End (M) and S+ the
additive group of S. By Theorem 11, using X = {xi | i = 1, 2, . . . , n},
we have A ⊆ ⊕ni=1Ai ⊆ ⊕ni=1S = S(n) such that xi is the 1 in the
ith copy of S. Moreover, Hom (A,S+) = {4b = (b1, . . . , bn) | bi ∈ S}
such that if 4a = (a1, . . . , an) ∈ A, then 4b(4a) = 4b · 4a =

∑n
i=1 aibi, the
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natural dot product of the free S-module S(n). Note that Hom (A,S+)
is naturally isomorphic to Hom S(S(n), S). For y ∈ Y consider the map
θy : A → S defined as the composition of the maps A → A/〈Y −{y}〉 →
S such that θy(y) = 1 ∈ S. Here we use Lemma 10 and Lemma 4.
Clearly, θy ∈ Hom(A,S+) with θy(x) = 0 for y = x ∈ Y . Note
that all the maps in Hom(A,S+) are S-linear. Let y1, y2, . . . , yk be
elements of Y , a subset of S(n), and assume there are si ∈ S such
that

∑k
i=1 yisi = 0. Then 0 = θyj

(
∑k
i=1 yisi) = θyj

(sj = sj , i.e., Y
is a linearly independent subset of the S-module S(n). Let J be a
maximal ideal of S. Then F = S/J is a field and S(n) = S(n)/(JS(n))
is an F -vector space of dimension n. Since θy is S-linear, it includes
θ̄y : S(n) → F such that

θ̄y(x̄) =
{
1 if x = y

0 if x = y
.

As above, this shows that Y = {ȳ | y ∈ Y } is linearly independent over
F .

Thus Y is finite and |Y | ≤ n = |X| ≤ |Y |, which implies |X| = |Y |.

We conclude this paper with some examples:

(1) Let p, q, r be three distinct primes and M = (Z[1/p]⊕ Z[1/q]) +
[(1/r), (1/r)]Z. Then End (M) =

(
1 0

0 1

)
Z ⊕

(
0 0

0 r

)
Z is free and any A

that is M -free with some M -basis X is split-M -free with M -basis X.

(2) A popular class of groups is obtained as follows: Let π ∈ Jp
be transcendental over Zp, and let Mπ be the p-pure subgroup of Jp
generated by 1 and π such that Mπ is homogeneous of type 0. Then
End (Mπ) ∼= Z and Mπ-free implies split-Mπ-free.

(3) If E is any E-ring, then E+ is E+-free with E+-basis {1}.
(4) Let p, q be distinct primes and A = (xZ ⊕ yZ[1/q]) +

∑
n〈(x −

yπn)/pn〉 where πn =
∑n

i=0 p
iai, ai ∈ Z. Then A is Z[1/p]-free with

basis {x} and RZ[1/p](A) = yZ[1/q] is not a summand of A. Note that
A/RZ[1/p](A) ∼= Z[1/p].

(5) Let π ∈ Jp be transcendental over Zp and E = Zp[π]∗ ⊆ Jp the
pure subring of Jp generated by 1 and π. Then E is an E-ring. Let A
be any pure subgroup of E with 1 ∈ A. Then A is E-free with E-basis
{1} and also E-torsionless. All of these As are indecomposable.
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(6) Another example where 〈X〉 is not a direct summand: Let M
be a torsion-free Z[1/p]-module. Then End (M) is a Z[1/p]-module
and thus not free abelian. Let 0 → 〈X〉 → F → B → 0 be short
exact with F free abelian, X a basis of 〈X〉 and B a torsion p-group.
Then Hom (F/〈X〉,M) = 0 = Ext (B,M), since M is p-divisible and
B is p-torsion. This shows that F is M -free with M -basis X, F is
M -torsionless, but 〈X〉 is not a summand of F .
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