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ASYMPTOTIC BEHAVIOR AND OSCILLATION
OF DELAY PARTIAL DIFFERENCE EQUATIONS
WITH POSITIVE AND NEGATIVE COEFFICIENTS

SHU TANG LIU, BING GEN ZHANG and GUANRONG CHEN

ABSTRACT. We obtain sufficient conditions for the oscil-
lation of all solutions of the linear partial difference equations
with positive and negative coefficients of the form

Amfl,n + Am,nfl — Amn +pAm+k - qu+k’ =0,
n+l1 n+i’/

and

Am—1n+Amn-1—Amh +PmnAm+tk — anAm+k’ =0,
n+l n+l’

where m,n = 0,1,..., and k, k’,l’,| are nonnegative integers
p,q € (0,00), and coefficients {gmn } and {pmn } are sequences
of nonnegative real numbers. In this paper Am = A;, .

n

ple, [3, 4, 6-11].

In this paper we consider the linear partial difference equations with

positive and negative coefficients in the form

(1.1)

(1.2)

Am—l,n + Am,n—l — Apin + PAmyk — quJrk:’ =0,
n+l n+l’

Amfl,n + Am,nfl — Amn +pmnAm+k: - qmnAmJ,-k’ = 0.
n+l n+l’
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Partial difference equations arise from various
practical problems and numerical analysis of partial difference equa-
tions [1-2]. In this area, the oscillatory and nonoscillatory behaviors of
delay partial difference equations have been investigated in, for exam-
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Let N; ={i,i+1,i+2,...,]:=0,1,2,...}, where

(1 3) ku k/>ll7l 6 N07 p7q 6 (07 00)7 pmn7qmn E [Nga (07 OO)]7
' E>kK, 1>1.

Note that in the case of ¢ = ¢, = 0, some results for the oscillation of
(1.1) and (1.2) have been obtained in [3, 6-8]. Regarding the definition
of the oscillation as well as initial conditions, the reader is referred to [3,
8]. As can be easily seen, a detailed and specific study of (1.1) and (1.2)
in such a general form is very difficult. Nevertheless, in this paper, we
are able to obtain some sufficient conditions for the oscillatory behavior
of all solutions of (1.1) and (1.2).

2. Preliminary lemmas. Consider the delay partial difference
equation

(21) Am—l,n + Am,n—l - Amn +pmnAm+lk =0.
n+

The following results are obtained based on [3, pp. 237-240]:

Lemma 1 [3]. Assume that one of the following two conditions is
satisfied:

(i)

1 m+k  n+l a®
e (Y 3 m)> g

i=m+1j=n+1

where oo = max(k, ).

(ii) For all large enough m and n,

(k +1)+D

Then every solution of (2.1) oscillates.
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Lemma 2 [3].

(24) YD (Aiia+ A1 — Ay)

i=my j=ni

m n—1 m
= E + § Ai,nlfl + Amlfl,n - Am,n~
i:m1 j:nl i:ml

Next we consider the following equation:

(25) Amfl,n + Am,nfl - pAmn +pmnAm+k: =0.
n—+l

The following results can be obtained based on [4]:

Lemma 3 [4]. Assume that (2.2) or (2.3) holds. Then the partial
difference inequality

(26) Amfl,n + Am,nfl - Amn +pmnAm+k S 0
n+l

cannot have eventually positive solutions, and

(27) Am—l,n + Am,n—l - Amn +pmnAm+lk Z 0
n+

cannot have eventually negative solutions.

Lemma 4 [4]. Assume that for all large enough m and n,

p2(k+l)+1(k + l)(k-i—l)
(k + 1+ 1)+

(2.8) Dmn > & >
Then every solution of equation (2.7) oscillates.

Now let s,t be positive integers and ¢ be a positive real number, such
that

(2.9) s<m, t<n, l<ec<2
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and
(2.10)

1 2(s+t—m—n)+1
Cst = 2S+t_m_nCAm+k + Ast - (_>

n+l 2
s t
(3 anti+ 3 anidoy)
i=m—k ntl' j—p G+
1 S t
- 5( Z Qi rAivk + Z 4m—k Am+k + 2Amn)-
imm—k n=U+l T el T
Let also
(2.11)  amn d:Cfpmn — Gy >0, form>k—F, n>1-10.
n—1"+1
Then
1
(2.12) Prmn = 5 Gmk'+k = Pmn = Gt/ 4k > 0.
n—1"+1 n—1"+1

The following results can be established based on (2.10):

Lemma 5. Assume that (1.3) holds and {Amn} is an eventually
positive solution of (1.2), that is, there exist positive integers M, N
such that App >0 asm > M, n> N. Then

(i) Crn s increasing in m,n, that is,

(213) Cm—l,n < Cmna Om,n—l < Cmn-

(ii) For sufficiently large M, N, when m > M, n > N, we have

(2.14) Comn < cApmn-
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(iii)

(2-15) Cm—l,n + Cm,n—l — Crn = —amn A m+lk an( ) 0,
n+

where

ﬂmn(A) - _Al + = AQ + Q‘ImnAm+k/ > O

n+l’
m—1 n—1
Ay = Z szLAz+k’+ Z qw] m+k'
i=m—k ntl'  j=p-1 G
m
Ny= Y g k+kAZ+k+ Z I — k+kAm+k:+2Amn

i ,knlJrl n+l

Il
3

jnljl+l J+l

Proof. (i) From (2.10), we obtain

(2.16)

Cmn - CAm-i-k + Amn - ( Z an 7,+k’ + Z Qmj m+k’ )

n+l i=m—k n+1’ j=n—I G+

1
< Z G i Airk + Z G 4k Am+k + 2Amn)
_p n—=l'41 n+l j=n—1 J— U+l g+l

m—1
CAm+k+Amn_ ( Z Gin 1+k’+ Z Qmj )
J+l’

ntl i=m—k n+l’ j=n—I
1
E q;— k+kAz+k+ E qm— k+kAm+k+2Amn
_p n—=U'41 n+l j=n—1 J— U+l J+l

- qm’l’LAmJ,-k/
n+l’

1 1
= CAm+k + Amn - _Al - _AQ - anAm-Hc'v
n+l 2 2 n+l’
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Cr—in =2 CAm+k+Am 1,n— < Z Qin z+k'+ Z qmj m+k)

et i=m—Fk n+1’ j=n—I J+

1 m—1
2[ Z Gii i Aitk + Z A — k+kAm+k+2Amn}
i=m—k =+ ntl Jnl J=U+ gt

1
1 n—
= 5 CAm+k + Am—l,n ( Z qzn z+k’ Z AmjAm+k
n+l i=m—k n+l’ j=n—1 J+

1
[ Z Git i Aitk + Z A — k+kAm+k+2Amn}
1mknl+ln+ljnl]l+l gt

1
= 2¢mnApr + §mek’+kAYn+k
n+l’ n—l'4+1 ntl
1 1
= — CAm+l<: + Amfl,n - 2A1 - —AQ - 2anAm+k’
2 n+41 2 ’nJrll
1
+ B Gt/ 1k Amt-
n—l'41 ntl

Since A,,n, > 0, we have

1
Cm—l,n_cmn =3 CAm—i-k + Am—lm QAI - _A2 - ZanAerk’

2 n+l n+l’
1
+ By T+ Am+k
n—l'+l nHl
1 1
— |cAm+k + Amn — =A1 — = Ay — anAm+k/n+l’}
n+l 2 2
1 3
= -z CAerk + Am—l,n — Apn — A — anAerk’
2 n—+l 2 n+l’
1
+ 3 T+ Am+k
n—l'41 ntl
1
< =5 Amik + An-rn+ Amno1 = Amn
n-+l
3 1
oo ImnAmir’ + 5O +xAm+k
ntl’ n—l'+1 ntl
1

- = CAm+k - pmnAm+k + anAm+k’
2 n+l n+l n+l’
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3 1
- §A1 - anAerk’ + §mek/+kAm+k
n+l n—l'4+1 nHl
1 1 3
= _( mn 5 quk’Jrk)Am—i-k - 5 CAm""k - §A1
n—1'+1 n+l n+l
1
< _(pmn - 5 qm—k’+k>Am+k < 0.
n—1'+1 n+l

That is, Cr—p—1 < Cpyp. Similarly we have Cp, -1 — Cpin, < 0.
(ii) From (2.16), we have

1 1
Comn = CAmJ,_k + Apn — A1 — ;A2 — QWmAerk’
n+l 2 2 n+l’

1
=cAmir — EAI
n-+l

1 m n
—§< Z it/ + 1 Aith + Z Qm—k’+kAm+k)

imm—k n=UHL mEL T e T

- anAm+k’
n+l’

< CAm-i—k:-
n+l

Thus, for sufficiently large M, N, when m > M, n > N, we have
Cmn < CAmn-

Furthermore, note that

1
C('rnm—l = 5 CAm-i-k + Am,n—l

n-+l
m n—1
—2( > A+ Y qmjAmM’)
i=m—k ntl' j—n_y G+

1 m n
B 5( Z Qi—k’+kAi+k + Z q?n—k’+kAm+k + 2Amn)

imm—k n=UHl LT Gt I

1
= = cAmik+ Amno1 — 20 — 1
2 n+l
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1 1
- §A2 — 2¢mn A + iqukurkAerk-
n+l’ n—l'+l n+l

Thus we have
Cm—l,n + Cm,n—l - Omn

1 1
=Am_1n+ Am n—1+ 2<_ CAm-i-k —2A1 - _AZ
) ) 2 ol 2

1
= 2qmn A ir + B Gt/ 1k Atk
n+l’ n—l'+1 n+l

1 1
- <CAm+k + Amn - §A1 - §A2 - qmnAerk/)
n+l n+l’

1
= Am—l,n + Am,n—l - Amn - gAI - §A2

- 3anAm+k’ + Qm—k’+kAm+k
n+l’ n—l'+1 1+l

7 1
= —PmnAmit T GmnApip — A1 — A9

- SanAerk' + mek'JrkAerk
n+l’ n—l'+1 ntl

7 1
- _amnAm—i-k - §A1 - §A2 - QanAm+k’

n—+l n+1l’
- _amnAerk - 6mn(A)

n+l
< _amnAm—Hc <0.

n+l

In particular, for the case of constant coefficients, we obtain the
following result:

Corollary 1. Assume that the conditions of Lemma 5 hold. Then
(i) The Cy,y, is increasing in m,n, that is,

C’mfl,n < Cmn; Cm,nfl < Cmn

(ii) For sufficiently large M, N as m > M, n > N, we have

Cmn < CAmn and Cmfl,n + Cm,nfl - Cmn = _aAm+k - ﬁ(A)u
J+l



ASYMPTOTIC BEHAVIOR AND OSCILLATION 961

where « =p—q >0 and

n—1
B(A) = (J[QAerk’ —< Z Az+k’ + Z qu+k)

n+l’ i=m—k n+1’ j=n—lI g+
1
E Aerk + E Aerk + 2Amn
i=m—k ntl j=n—I It

Lemma 6. Assume that (1.3), (2.9)—(2.11) hold. Further, assume
that form >k —Fk,n>1-1,

(zg Qin + i Qmj)

k j—n—l

( Z Qi—k'+5 T Z Grm— k+k+2)

zmk"l'HjnlJl‘H

(2.17)

N~

(3

Let {Apn} be an eventually positive solution of equation (1.2). Then
{Cmn} is increasing and eventually positive.

Proof. By Lemma 5, {C,,,, } is increasing in m, n. Next we shall show
that the {Ch,n} is an eventually positive. Because {A,,,} is an even-
tually positive solution of equation (1.2) and the {Cy,,} is increasing,
thus the limit of {C)yy, } exists. If limy, 100 Crnn = —00, a8 M, — 00,
then {A,,,} must be unbounded. There exists {(my,n;)} such that
limy, 0o My = 00, liMy 00 N = 00 and limy,— o0 Amytknp+1 = +00,
Atk +1 = MAXM<m<mg, N<n<ng Am+knti. On the other hand,

kank

= CAmk"l‘k? + Amknk
n;+1
( E qlnkAz+k’+ E Ty kark)
i=my—k et =g —1 J+

1 N
( Z qi- k+kAz+kr + Z Gy, — k+chmk+k+2Amknz>

zmkknkl+l ni+l j=ng,—l U+l Jj+l
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>Amk+k|:c__( Z qznk+ Z kaj)

ny+l i=mr—k j=nr—1

R R .

1mkk7lkl+l j=ng—1 U+l
>0,
a contradiction. Hence, lim,, n—oo Crun = B exists. If {A,,,} is
unbounded, then 3 > 0. Now we consider the case that {A,,,} is
bounded. Let 8 = limsup,, ,, oo Amn = liMym/— o0 n'—o0 Ams n/. Then

CAm/-i-k — leﬁn/

n'+1
< A g+ A — Cot
n'+1
PO Sy
i=m'—k n' -+ j=n—l +l/
1
( Z Qi sk Atk + Z - k+kAm’+k+2)
zm/kn—l-i-l n'+1 j=n'—1 G=U+1 J+l
<atennfi( 3 ws 3 o)
i=m'—k j=n’—l
( Z Qi—k'+k + qu k+k+2)]
i=m/—k ' —=U+l j=n’/—1 F=U'+1
where A(§m,nn) = maX{Az+k7]+l|J :l"_lk } Taking superior limit

on both sides of the above inequality, we have ¢ — B < cf, therefore
B > 0. Hence C,,,, >0 form > M, n > N.

In particular, in the constant coefficient case, we obtain the following
conclusion:

Corollary 2. Assume that (1.3)—(1.5) and (2.9)—(2.11) hold and
that, form >k —k', n>1—1, we have

glk+1+3)<c
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Let {Amn} be an eventually positive solution of (1.1). Then {Cpn} is
increasing and eventually positive in m,n.

3. Oscillation of equation (1.1).

Theorem 3.1. Assume that

O k>K>1,1>0I'>1,p>q¢>0,

(i) @ > &€ > (k+ )FHD /(k 4 1 4 1) kD),
(iii) ¢ —gq(k +1+3) > 0.

Then every solution of (1.1) oscillates.

Proof. (a) If k=K', 1 =1, then (1.1) becomes

(31) Am—l,n + Amm—l - Amn + (p - q)Am—i-lk = Oa
n+

and the oscillatory behavior of (3.1) has been studied in [3, 6, 7-8].

(b) If k > k', I > I, then we let {A,,,} be an eventually positive
solution of (1.1). This means that mg,no exists such that when
m > mg, n > ng, we have

(3.2) A > 0.

By Corollary 2 {C),,} is eventually positive and increasing. However,
by (ii) of Lemma 5, we have cA,,, > Cp,,. Also by Corollary 1, we
have

(33) Cmfl,n + Cm,nfl - Cmn + (P - q)Am+k < 0.
n+l

Hence

1
Cmfl,n + Cm,nfl - Cmn + (p - Q)_ Cm—i—k
C  ntl

S Cm—l,n + Cm,n—l - Cmn + (p - q)Am+k S 0.
n+l
It follows from condition (ii) of Theorem 3.1 and Lemma 1 that every
solution of

1
Cm-i—k =0

Cmfl,n + Cm,nfl - Cmn + (p - Q)_
& n—+l
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oscillates. However, Lemma 3 leads to a contradiction. The proof is
thus completed. ]

Example 1. Consider the partial difference equation

(34) Am—l,n + Am,n—l - Amn + @ Am+2 - i Am-‘rl = 0,
18 n+2 18 n+2

where k=2, =1,1=1"=2,¢q=(1/18),p = (53/18), k—k =1 > 0,
[-I'=0. For 1 < ¢ < 2, we have c—q(k+143) = ¢—(7/18) > 0. Taking
€ =1yields [(k+)*+0/(k+1+1)F+HHD] = (44 /5°) and a = p — ¢ =
(52/18) > 1 > (256/3125) = 41/5° = [(k + )0 /(k + 1 4 1)k+H+D],
It can be verified that all the hypotheses of Theorem 3.1 are satisfied.
Therefore, all solutions of (3.4) are oscillatory. In fact (3.4) has a unique
oscillatory solution given by {A,,,} = {(—=1)™*"}.

4. Stability of equation (1.2).

Theorem 4.1. Assume that (1.3), (2.11) and (2.17) hold and that
one of the following two conditions is satisfied:

(i) There exists a positive integer ag such that
(4.1) Prmn — Gkt = 0 form>k—k, n>1-1,
n+l—1'
or
(ii) There exists a positive constant By € (0,1) such that
(4.2)

1 m n 1 m n
§< Z Qin + Z qmj) + 5( Z Qik'+k + Z G-k +k T 2)
i=m—k j=n—1 i=m—k U+l jmpg G-V

<c—po form>ky, n>lo,

where kg =k +k,lo=1+1 and

(4.3) Z Z (Pij = Qi r—rr) = 0.

i=k-+k j=l+1'+1 JH=
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Then every nonoscillatory solution of (1.2) tends to zero as m,n — oo.

Proof. Tt suffices to show that every eventually positive solution
{Amn} of (1.2) tends to zero as m,n — oo.

It follows from Lemma 5 that {C),,} is increasing and positive.
Hence,

(4.4) lim Cp,, =¢€RY,

m,n— oo
where RT = (0,00). By Lemma 5 it is easy to see that

(45) Cmfl,n + Cm,nfl - Cmn = _amnAm-i-k.
Jj+l

Taking mq,ny sufficiently large, and summing both sides of (4.5) form
m1+ 1, n; +1— oo, we get

Z Z (Ciz1, +Cij—1 — Cij)

i=mi+1j=n1+1
o0
< - E E (pij —qi+k—k’)Aigrk-
i=mi41j=n+1 g+ it

(4.6)

Since Cy; > 0, we have

&S] o0
_Qle,nl S Z Cinl + Z lej - Qle,nl

i=m1 Jj=ni

= 3 N (Ciiry— Ciy) + (Cijor — Ciy)]

i=mi+1j=ni+1

= Z Z (Ciz1; +Ci o1 +2Cy5)

i=mi+1j=ni+1

Z Z (Cic1;+Cij—1— Cij)

t=m1+1j=n1+1

B Z Z (Pij = Qirn—n') Aivi,

i=mi1+1j=n1+1 j+l*l, g+

IA

IN
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or

(48) —2C, mi,my Z Z ng Qi k—k' )Ai—i-k-

i=mi+1j=ni+1 = g+l

First assume that (4.1) holds. Then (4.8) implies that

o0 o0
Z Z (Pij = Qigr—r') <0

i=mi+1j=n1+1 JH=

Since A;_j ;—; is a positive solution of (1.2), and from (4.1) and (4.8),
we have
lim A, ,=0.

Thus the proof is completed when (4.1) holds.
Next assume that (4.2) and (4.3) hold. From (4.8), it follows that

liminf A,,, =0.

m,n— oo

Also (2.16) implies Cp,p, < cApy and, in view of (4.4), £ = 0.

Now we claim that {A4,,,} is bounded. Otherwise, there would exist
a subsequence, {A,,, +&n,.+1} of {Amn} such that

Atk = maX{Am+k | n<7:n' forr=1,2,...}

n,.+1

and
lim Ay, 4k =

r—00 nptl

Then by (2.10) and (4.2), we have

Cmrnr = CAm,.-i—k + Amrnr

N1
Ny
( E Gin, Aipp + E: Am,.j m+k>
i=m,.—k netl j=n.—1 G+

1
( Z qi- I<:+k;Az+k + Z qm,—k +kAmr+k+2Am nr>

i=m,—k np—1'+1 nrtl j=n,—l1 J=U'+l g+
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>CAmr+k ( Z qw7 itk T Z qmv] 7‘+k/)

n—+l i=my—k n, 4+ JR— ]-‘rl/
1 s
2 ( Z q;—k' +kA1+k + Z A, —k' +kAm 4kt 2Am nr)
i=my—k nr—+l nrtl j=ng—1  J—U+ g+
1 M Ny
> Am, 4k |:C - §< Z Qin, + Z qmrj>
nrt i=m,—k j=n,—l
( Z Ciek' 4k + Z U, k+k+2)]
i=m,—k np—1'+1 j=n,.—1 J— =U'+l

> BoAm,yr — 00 as r — 00,
Nyl

which contradicts the fact that £ = 0. Therefore, {A,,,} must be
bounded. To this end, set

A = limsup 4,,

m,n— o0
and let {A,,, +kn,+i} be a subsequence of {A,,,} such that

lim Ams+k =\

§—00 ng+1

Then for sufficiently small € > 0 and for a sufficiently large s, it follows
from (2.10) and (4.2) that

Cmsns = |:CAm5+k + ‘AmsnS

ne+l
ms
( E Qin, A itk T E qmsj ms+k’ )
i=ms—k ns ' = ns—I J+
1
E qi—k +kAz+k + E Qm,—k' +kAm +k+2Am ns
zm—kns*lJﬁanr Jj=ns—l1 J=U+l a
Z |:CAm5+k - ( E q”tg i+k + E qms‘] me+k’ >
nat+l i=ms—k ns+l' = ns—l JJFl'
1
E 9k +kAz+k + E G, —k +kAm +k+2Am ng
i=mg—k ns—l'+l ns+l j=ne—1 J— U+l J+l

ZCAmerf — (A +¢€)(e= Po).
ne+
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By taking limits as s — oo and using the fact that £ = 0, we finally
obtain

0>chA—(A+¢)(c— Po).

Since € > 0 is arbitrary, we conclude that A = 0 and the proof is thus
completed. ]

5. Oscillation of equation (1.2).

Theorem 5.1 Assume that (1.3), (2.10) and (2.11) hold, and that one
of the two conditions (2.2) and (2.3) is satisfied. Then, every solution
of (1.2) oscillates.

Proof. Assume, on the contrary, that (1.2) has an eventually positive
solution {An}-

By Lemmas 5 and 6, it follows that the sequence {Cy:} defined by
(2.10) is eventually positive and that

(51) Cmfl,n + Cm,nfl - Cmn + (pmn - qm+k—k’)Am+k < 0.
nti—1' n+l

Also, eventually,
(5.2) 0 < Con < A

Consequently,

1
(54) Cm-1n+Cmn-1— Chmn + (Pmn — qm+kfk’)_ Cht+r <0
nti—t! € ntl

which implies that every solution of the equation

(54) Cm—l,n + Cm,n—l —Cpmn + (pmn - qurkfk;’)Cerk =0
nti—l!  nHl

oscillates. However, by Lemma 2, inequality (5.4) cannot have an
eventually positive solution. This contradiction proves the theorem.
O
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Example 2. Consider the partial difference equation

4(16 1 1
wAerz——AmH,n:O,

56 Am, n Amn— _Amn
(5.6) Ln ¥ ml + &n nt2  8n

where m > 2, n > 2, ppp = (16n+1)/(8n), ¢mn = 1/(8n), k =1 =2,
K=11=0.Sincek=2>1=F,1>1, and

4(16n+1) 1
19, mn — Qm+k—k' n+l-U! = - >0
P = metk = L &n 8(n+2)

form>2, n>2,

k ! 2 2 1 o+ 3
I S SR TRINE 5) S <
22§+ M)
form>2, n>2,
30, Taking ¢ = 2, then
A(16n+1) 256 (k + 1)F+!
DPmn = >&> = PENES
8n 3125 (k + 1+ 1)k++

Since all of the hypotheses of Theorem 5.1 are satisfied, all solutions
of (5.6) are oscillatory. In fact (5.6) has a unique oscillatory solution
given by {An.} = {(-1)"(1/2™)} for m > 2, n > 2.
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