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THE MAPPING PROPERTIES FOR
A CLASS OF OSCILLATORY INTEGRALS

G. SAMPSON

ABSTRACT. In this paper we show that for p = GT'H’ that
the operators given by

Tf(z) = / 9@ o(x, y) f(y) dy,
0

map LP into itself with g(z,y) = 2Py® + v(z?/%)v2(y). The
conditions on 7,2 and ¢ as defined within.

0. Introduction. In this paper we show that, for p = QTH’, a class

of operators map LP into itself, where the operators are given by

(0.1) Tﬂwzéwkuwvwmy 230,
and
(0.2) K(z,y) = 9=V (2, y),

g(@,y) = 2" n(y) + (@),
g(x,y) is real-valued and

{(a) lp(x,y)| < C, if z,y >0,

04 .
04 (b) [Dg(a,y)| < Cle—yL, i [z —y) > 0.

We also suppose that b > a > 2 and we further impose conditions on
v,%j, j = 1,2. These conditions appear in Section 1.

In case 1 = y® and y(z) = C with a,b > 1, we studied these
operators in [6] and [7]. If case (0.4) holds, we proved in Theorem 3.1
and Corollary 3.2 of [7] that when v = C that these operators map
LP into itself if p = “TH’ and if ¢ # p these operators do not map L?
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into itself, if |p(z,y)| > C. In [6], we studied the case where ¢(z,y)
is of the form |z —y|™", 0 < r < 1. In Theorem 1.6 we obtain for
the more general phase functions in (0.3) and ¢(x,y) in (0.4), that
these operators map LP into itself if p = ‘ITH’, the same result as in
[7] with b > a > 2. In the special case where y(z),y2(x) are power
functions, we obtain this same result and that appears in Theorem 2.5.
In [11] we discussed the L? result for a similar class of operators and we
generalize that result to the operators in the Proposition in Section 2
in case a,b > 2. There is an extensive bibliography and results on
oscillatory integrals in [12].

The letter C' will stand for a positive constant that may change from
line to line. We shall also find it convenient to employ subscripts,

C1,C5,Cs, ... .

1. Admissible functions and preliminaries. We begin by stating
our conditions on v;,y that we use here. We should point out that for
the most part, we take v1(y) = y®, and the model case occurs when
~2(y) is given by (similarly for v(z))

() = y©  if0<y<e
T2 = Yy if y > e,

with r > a > ma and p(z) = |z — y|'", T real.

We suppose for u, v > € and my, mg > 0 there is a real-valued function
satisfying

(a) [A1(uw) — A1 (v)| > Clu™ —ov™|, and
(1) { (m2)  |Aa(u) = A2 (v)| < Clu™ —v™2|.

Note that Cy|u — v|(u + v)™™ < [u™ — v™| < Colu — v|(u + v)™ !
for m > 0, for two positive constants C7,Cy. The cases worked on in
[7] were when r = 0, mg = 0. We shall also use the convention that
A satisfies (1.1)(m), if we replace mg by m. We shall also think of
O0<e<1.

In Theorem 1.7, we formulate conditions on -, ; so that if b > a > 2,
then

a+b

(1.2) ITfllp < Cllfllp, it p=——.
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We begin by showing for some £ > 0 that
(1.3) ‘/ e O g < Ole|7V2 if0<u<e,
0

where C' is independent of £,7 € R and u, for a class of admissible
functions «y(¢) which will be defined below. This result is useful to us,
since it enables us to handle the origin. But in doing Theorem 2.5, we
find and use a different approach, see (2.9), which allows us to do the
cases where y(t) = t™.

First set || fllco = sup,<,<p [f(7)], and begin with

Definition 1.1. We say that f(x) is weakly monotonic (w.m.) on
[a,b] if f is continuous at b and

(i) [a,b) = UpZq[an, bn) = UL I,

( IL,NI,=¢ ifn#k,

(iii) f'(x) does not change sign for x € I,, n =1,2,3,...
(

(

11

~—

iv) |f(@)] <Cullflloc fora, <z <b,, and
v) >0, Ch <M <o

If f(z) is differentiable and monotonic, then it is w.m. The function
sin(z)/z? is w.m. if x > 1, and 22 sin(1/z) is wm. if 0 <z < 1.

We need the following,

Lemma 1.2. Let h(t) be locally integrable on [a,b] and ||[H||eco =
SUP,<<p | [3 () dt|, and f(t),g(t) be wm. on [a,b]. Then

b
@ | [ s | < ClH) e, and

(1.4) ,
o) | [ rogten d] <l gl

Proof. Let us first show (1.4)(a). Using i.b.p. we get that

(1.5) /abf(t)h(t) dt = f(b) /abh(t) dt—/ab f’(@(/j h(t) dt> dz
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but .
dz < | H] / (@) de,

n

/a ")

n

/a " ht) dt

but f’(z) stays one sign for z € I,,. If we suppose that f/(z) > 0 for
x € I, then, and similarly for f/(z) <0,

bn
[ 1 @lde < £6) = @) <26l

n

therefore

‘/abf’(x)(/: h(t)dt> dx

dx

o0 by x
SZOO/ @I [ ey a

<23 Callf ool Hlloo < 2M || f ool H|oo

n=1

By (1.5) this completes the proof of (1.4)(a).
For (1.4)(b) we note that

/ * Fg(on(t de = o) / " fon(e) di - / e ( | dt) dx
but by (1.4)(a) we get that
[ s < clslal, forasa <o
this completes our proof of (1.4)(b). O
Now let us return to the proof of (1.3). We begin with

Definition 1.3. For some 0 < (< 1), we suppose that there are
constants C, C7 with C; > 1 so that

for0<t<e, and

(1.6) { @ ™5 >0
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Set M(t) = ~"(t) — 'y/t(t), we further suppose that M(¢t) > 0 for
0 <t<eg and %(t) € L'(]0,¢]). In this case we say that ~(t) is

an admissible function.

Note if @ > 0 for 0 < ¢t < e, then M(t) > 0 follows from (1.6)(a).
Also note that y(t) = t? for 0 < t < 1 just fails to be admissible,

whereas y(t) =t", r > 2, is admissible if 0 < ¢ < 1.

Next we consider

Proposition 1.4. Let y(t) be an admissible function and let M(t) =
7' (1)

7" (t) — 5=, then for some € > 0 we get that
V) o ,
(a) 0< ” is strictly increasing for 0 <t <&, and
1.7
.7 7'(t)

(b) 2"(t) = == > Cy"(t) for i <t<e,
where C does not depend on t.

Remark. Also notice that 1/t, and are w.m., for any

1
’
u+v’YT(t)

constants u,v and 0 <t < e.

Proof. We notice that since &) ¢ L1(]0,e]), then @ =
t M(s)

0 —5-ds+C, and as t — 40 we get from (1.6)(b) that @ =

fot MS(S) ds, and since M (s) > 0 we get that (1.7)(a) holds.

From (1.6)(a) we get since C; > 1 that

/!
7 () — 7 (®) > 7”(t)(1 - i) if0<t<e,
t o
/ /
t t
where we used (1.6)(a) and (1.7)(a). This completes our proof. O

We are now in the position to show (1.3).
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Yt
v (Ot

4 to

Proposition 1.5. Let v(t) be an admissible function, then there
exists an € > 0, so that (1.3) holds.

Proof. By (1.6)(a) and Proposition 1.4, there is a C; > 1 and

0 < e <1, so that 7"'(t) > 01@ and @ is strictly increasing

for 0 <t < e. We argue the case where v"(t;) = _725 = #ﬁo) and
if v (t3) = 7725 then t, < t; < ¢, all the remaining cases follow in a

similar way.

Our purpose is to show (1.3), set ¥(t) = t2¢ + v(¢)n and so we have
for (0 <wu <¢) that

u ) tl tO u
/ eﬂ““dt:/ +/ +/ =I+II+1II
0 0 ty to

Note it’s possible that u < tg or u < t1, and so in those cases disregard
those integrals.

We begin with I.

If t; < |€]7'/2, then we are finished and in a similar way we can
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suppose t1,u > |[£|71/2. Set § = |¢|71/2, then

) t1
I:/ +/ =1 + I,
0 é

but
V() _ A () _ () 2
< < = , for 0 <t <t.

t Tt - O Cl|77| !

Thus
26 7’(15)‘ 21§l 2i¢] ( 1 )Ifl

1.8 — + — — >2l1—— )= and C;>1.
N B e o !
Hence

won= (% + Z0)] 2+ 70

4 4

> Ct|n|% > Ctlg] for 0 <t <t.

From |I,]| < C/|£|*/? and

1 zw(t)wl C C
| = / ‘g <
Il = ’ (% + ”“) ENgI=12 — 1g/2

and this follows from (1.4)(b) of Lemma 1.2 with f(¢) = 1/t and

9(1) = 55—
G+

Next we consider II.

For t; <t <ty we get by (1.7)(b) that

(1.9) Y1) -

It follows from (1.9) that (t; <t < tg) if

‘% V' (t) €]

L0 ‘ <okl 26 €]
|’

= +7”(t)‘ > Oyt

then >
7 Ul

t

where Cs comes from (1.9).
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It follows from this result that there is a number ¢* so that

/
(a) ]%JN) 2:%' ity <t<c
(1.10) 2¢ €l
(b) ‘——l—’y”(t)‘ngﬂ if ¢ <t < to.
n n

Next note that 17 < |fti | + |fctf| = II} + II,. Thus by (1.4)(b) as
above we get that

c” eiw(t)¢/( ’ C
I, = / dt < < Cle|~?
! ’ Lo S g <Ok

since |¢]71/2 <t; <t < ¢* and (1.10)(a).

For the term IIy, we get by (1.10)(b) that [¢"(t)| = |n|[(2¢/n) +
A" (t)] > C3l€|, and so Van der Corput applies and we get that

At last we consider I11.
This time tg <t < e and since C; > 1 and (1.7)(a) we get

to) —'y”(t)’ > 77|(Cl'7/(t) 7' (to)

[9"(1)] = -

) > Clel

and so again Van der Corput applies and we get that
I1I < C)e|~Y2,

This completes our result. u]

Remark 1. We get from Proposition 1.5 that there is a C' independent
of £, m,u, (§,n € R) and 0 < u < ¢ so that

(1.11) ‘/ ei(t“@r“/(t)n)dt‘ < Cm*l/a
0

if @ > 2 and h(t) = v(t*/*) is an admissible function. Just set s? = t*
and apply Proposition 1.5 to

ei(s*6+7(s*/“)m)
‘/ By Pa— ds|.
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Note that we can extend Proposition 1.5 to a global result, if we
assume that ~y(¢) satisfies (1.6) for all ¢, i.e., letting ¢ — 400 and
M(t)/t € Lioc. But we will not pursue that here.

We are now in a position to state our conditions on (). We shall
state our conditions locally and so for some 0 < ¢ < 1, we consider
real-valued functions A(t) that satisfy

(a) h(t) = At is admissible for 0 <t < ¢,
(b)  A(%) satisfies (1.1)(m) for t > ¢,
1.12 !
(1.12) (¢) lim N =0, and

t—+oo ta—l

(d) N <ctt ift>e.
Note we say that A\(¢) satisfies (1.12)(mz) to mean that A satisfies (1.12),
but we replace (1.1)(m) by (1.1)(mz) in (1.12)(b).

Note that from (0.2) that the operator with kernel K (z,y)(1 —¢(x —
y)) where ¥(z) € C*(R), ¥(x) = 0 for |z| < 1, ¥(x) =1 for |z| > 2
and 0 < ¢(z) <1, maps LP into itself for 1 < p < co. We are left with
the operator whose kernel is K (z,y)y(z — y).

Our proof of (1.2), as we shall soon see, follows by proving that

[I1S1ll2,2 = sup |[Sifll2 < C < oo, where
I fll2<1

(1.13) Suf(a) = /O T k(@) ) dy, x>0,

where ki(z,y) = 9@ Wy (29/% y) and g(z,y) is defined in (0.3)
with ¢1(z,y) = @(x,y)¥(z —y) . Since this operator maps L? into
itself it follows that the dual operator

i) = | S b)) dy. €20

maps L? into itself. Let an operator associated to S; be given by
Tif(z) = /0 ki (y, 2" ) f(y) dy, @ >0.

~ b
We get that this operator 77 maps LP into itself for p = ot .
a
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Theorem 1.6. Let v1(y) = y*, b > a > 2 and 0 < m, my < a.
7' () Ya(x) :
Suppose that (0.4) holds, —— and ——— are monotonic for x > ¢ and
x
~v(x) satisfies (1.12) and vyo2(z) satisfies (1.12)(mo). Then Tf defined
in (0.1) satisfies (1.2).

To prove Theorem 1.6 we show that the operator Sy defined in (1.13)
maps L? into itself. More precisely we show,

Theorem 1.7. Leta > 2, 0 < m, me < a and y1(y) = y°.

/ /
Suppose that (0.4) holds, ’ya(_xl) and 72(1(_:? are monotonic for x > ¢,
x

x
~v(z) satisfies (1.12) and vo(x) satisfies (1.12)(ms). Then Sy defined in
(1.13) maps L? into itself.

We now show that Theorem 1.6 follows directly from Theorem 1.7.

Proof of Theorem 1.6. Assume that Theorem 1.7 holds. We then get
that

(i) [IS1fll2 < Cllfll2

and

(i) [[S1fllee < ClifIh1-

Notice that Ty f(z) = S;f(z%%) and Ty f(x) = S;f(z¥*) and so it
follows from (i) and (ii) that

(oo} a (oo} _
| imsapds =5 [ a0m s @i < i
0 0

as long as p — 2 = (a/b) — 1 and a < b. A similar argument holds for
the operator T7. This completes our proof of Theorem 1.6. o

2. Proof of Theorem 1.7. We begin with the following and we
7'(t)
a—1
monotonicity condition for relevant ¢, ry <t < 7o,

suppose that is monotonic for ¢ > ¢, but we really only need the
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Proposition 2.1. Let ¢ > 0 be given with u,v,t,> . Suppose that
~(t) satisfies (1.12)(c) and (d), 0 < mg < my < a. If 11 satisfies
(1.1)(a) and o satisfies (1.1)(ms), then with

a(t) = t"(v1(u) —71(v) + () (r2(u) — 72(v))

we get that
(2.1) o/ (t)] > Ct* Hu™ — ™).
. LA ‘
If in addition is monotonic for t > €, then
tafl

T2

(2.2) / O P —
8, T = o

if either ro > r1 > N, for N. sufficiently large or u + v is large and
mo < Mj.

Proof. We note that

7' (1)
ata—l

o/(t) = ot [ (w) = 1 (0) + —2 75 (92(w) = 22(v))] -
By (1.1) applied to v;, j = 1,2, we get that

7'(t)
tafl

/(O] = atu = o] [C1 (w+ 0)™ 7 = Co| T | (et 0)™

To complete our proof of (2.1) it suffices to show that

my— ' (@)l ma—
(2.3) (u+v) 1ECF(u+v) 2t
for some C' large enough. But if ¢ is large enough, ¢ > N, then by
(1.12)(c) we get that
/!
t
(u+ 0)™ 7 > C—|Za(_1)‘ .
While the last inequality holds even if ¢ is not large, but then v + v
must be sufficiently large and mo < mq, that follows from (1.12)(d).
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To see (2.2) with ¢ < 1 < 7, we apply Lemma 1.2 with h(t) =
eia(t)a/(t)

T2 eia(t)a/(t) Y
/T1 T(t) dt‘, where f(t) = tl

andg(t) = [ () 3 (0) + L (o) ~ 0]

This completes our proof. ]

For the operator Sy defined in (1.13) our (2,2) problem is reduced to
estimating the terms

2
= [ | [ measwa] . =12,
B | JE,

ifi+j>2 Ey =[0,N], E2 = [N,00), N from Proposition 2.1 and
k1(x,y) is defined below (1.13).

We begin with the following result.

Proposition 2.2. Assume a > 1 and that 0 < mg < a. Also suppose
that (0.4) holds, v(x) satisfies (1.12)(c) and () satisfies (1.1)(m2).

It 7' (z)

T
Iafl

s monotonic for x > N, then

I < C/ |fI? dy.
0

Proof. We notice that

I = 2/:%(90)

where X;(y) = x(2"" <y <2Y,1=1,2,3,.... Thus

1y < i (i/: ()] /Noo B (@ m)(le — y) F () dy]2dx)1/2.

2
dx,

> [, ktwoutie —ob s
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We analyze the integrand,

L= [T [kt - i af

N

:/NOO f(u)</: F(0) Aju(u, v) dv) du,
with

Aji(u,v) = /Noo X; (@)ka (2, wk (2, 0)Xi(|2 — u)Xi(Jz — v]) do

We focus on the term
sup/ 102 (i0(2/*, u)p(2®*, v))| dae = by,
w JS
where w stands for v or v and the set Sj; = {z > N : [z —w| € [2!71,2]],
and z € [2771 27},
If the set Sj; # ¢ then |Sj| < C2/" and u,v must satisfy
(a) |u—vf <22
(2.4) (b) 20VD=1 <y v <201 420 if j 41,1+ 1, and
(¢) w,v>N ifj=1lorl+1.
We set Sj; = [21, 2] and by the trivial estimate we get that |A;;| <

C2jAlle(u)le(U), where Xj;; = X(u > 2j\/l) if j # ,l+1 and
Xji(u) =X(u>N)if j=1lorl+1.

Integrating by parts we get two terms, namely

A= a3/ gl ) [ oo

+/$2 <8m (ga(x“/b w)p(z? v ( et dt >

1

where a(z) = z%(u® — v*) + y(x)(y2(u) — (v)) By (2.2) of Proposi-
tion 2.1 it follows that

(2.5)

1 e
!/ O] < T 1){@ G- HiFLIF
o [u—vf2 (b) 1, if j=1orl+1.
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Then by (2.5) we get that,

1+ by N

‘A ( )‘ <C (a) |u — U|2j(a*1)2(j\/l)(a71) lfj 7£ l,l—f— 1
G, V)| > e

v i if j=1,0+1.

|u — v|27(a=1)

We estimate bj; and notice from (0.4) that
x2
/ J)(a/b)fl(kp/(xa/b’U)Lp(xa/b7,U)‘ + ‘(p(l‘a/b, ’u)g&l(l‘a/b, U)|) d
” wa/b
2
<0 7)o (e o]y e £ CG V)
Ty

Thus we get that

iV 1) X[g 9142 — —(GVvh(a=1) sr 4
|Aji(u, v)| < C(j WXjo2+2)(Ju—vl) {(a) i ifj #1141

|u — v|29(a=1) (b) iftj=101+1.
Thus if we set
dji(u,v) = (5 V 1)X50(u)X;i(v)

1
(a) 14203t ‘u_v|2(jvl)(afl)
1

14 2t |u — v

ifj#LI+1
(b) if j=101+1,
and also employing the trivial estimate, we get that

|Aju| < C2M X g1y ([u — ) dju (u, ),

where pj; = (j A1)+ j(a — 1). We get that these terms sum and thus

o) < 1/2
L <y (lel> <C|fll- o
=1 ‘j=1

Next we estimate the remaining terms I1o and Io;.
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Proposition 2.3. Let a > 2 and assume that (0.4) holds, and
0 <mg <a. If 7( ) satisfies (1.12)(a) and (d) and v2(z) satisfies

(1.1)(m )thenzf

is monotonic for x > ¢, then

Lo < C| 13

Proof. And we notice that

112:/ (/ v uvdv)du,

with

N
A(u,v):/o ky (@, )k (2, v) do.

Using integration by parts we get that
(2.6)

N
[Alw0)] < o1 (N a (V) [ e
0

+ /oN ‘ (396(%01 (2", )1 (z*",v)) ( /om . dt>>

where a(z) = 2*(u® — v*) + v(z)(y2(u) — 72(v)). Note from (2.2) we

get that
’/ et at < L
5 ‘ua - Ua‘

since u +v > 2N and N is sufficiently large, but still fixed. Also from
(1.11) we get that

C
’/ ‘_ua—vﬂl/“ fo<z<e.

Putting these two estimates together, we get that fore <oz < N

x £
’/ el(t) dt'g / e ) gt
0 0
+‘/ e
g

dxr

for x > ¢,

1—1
=I+1I.

l/a x )
‘/ e gy
€
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a—1

And IT < CNia
|ua _ va‘l/a

by (0.4) and (2.6) that

and so this implies (note N is fixed but large)

C

P
| — |ua _Ua|1/a'

[A(u, v)

But, since a > 1, A(u,v) is the kernel of an operator that maps L? into
itself by Schur’s lemma. This completes our estimates of ;5. Hence
this completes our proof. ]

At last we show

Proposition 2.4. Leta > 2, 0 < m,ms < a and (0.4) hold. If v2(x)
/
satisfies (1.12)(a) and (d) and vy(z) satisfies (1.1)(m), then if Y5 () ”

i
a—1
monotonic for x > ¢, then we get that

2
X
Iy < CIfl3-

Proof. Note that

o) N 2
= [ [ B b .
N 0
but by duality it suffices to prove that
N ] 2
(2.7 [ [ wwarwa) a< g
0

this time N
A(u,v) z/ k1 (u, z)ky (v,7)dr, and
0

a(r) =z (u® = v*) + 72 (x)(y(u) = 7(v))-

Once again the argument follows the approach below (2.6) in Proposi-
tion 2.3, but here we utilize our hypothesis on y(z) and ~a(x). O
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Now we are in a position to prove Theorem 1.7.

Proof of Theorem 1.7. We note that

2
ISFI5 =D L
i,j=1
and so our proof follows from Propositions 2.2, 2.3, and 2.4. i

Let b > a > 1 and let p(z,y) satisty

i) lp(z.y) < Clz—y|~ =" if [ — y| > 0, and
(i) [Do(z,y)| < Cle —y|~= 1, if |z —y| > 0.

Set -
Uf(r) = / (s )9V f(y) dy.

Here g(x,y) is defined in (0.3) and ¢(z,y) satisfies (i) and (ii). With
the usual regularity conditions, as defined below, on (), v2(y) we get
that [|Ufll2 < C[f]]2.

This (2,2) result essentially follows from Theorem 0.1 of [11]. But
here we employ a more general phase function g(x,y) and thus estimate
a more general operator U. Also we need only estimate the operator

Uy, defined by replacing ¢(z,y) in U by p1(z,y) = ¢(x,y)(z — y).
We are able to prove that

Proposition. Let b > a and suppose p(z,y) satisfies (1) and (ii).
Also g(x,y) as in (0.3) where a >2,0<m <b and 0 < mg < a. If

~v(z) satisfies (1.12), vya(x) satisfies (1.12)(mg) and Z(I) 7(2) are

a—1"’ xa—l
monotonic for x > . Then,

[Ufll2 < Cllfl2-

Proof. We shall be brief here. Also note that m = 0 or ms = 0 was
done in [7].
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We begin with the term I15 and follow closely the proof of Proposition
2.3. This time we get, as in (2.6), that

N
| A(u,v)| < tpl(N,u)gpl(N,y)/ gia () dt’

0
N
+/
0

but here a(t) = t*(u® —v®) 4+ (") (2 (u) —v2(v)). Again (2.2) applies
here and we get that

dx

00 (1 (2, w1 (2, v)) ( / " giatt) dt)

‘/ eta(®) dt} < L for x > e.

o]
And from (1.11) we get that
/ el < —— _for0<z<e.
0 |ua _ ,Ua|1/b
And it follows from (i) and (ii), using our estimates from Proposition

2.3, that
C

|A(u,v)| < s — ga[i/a
CX(u = N)X(v = N)

Jut = 0t [/[(1+ (u = N)(L+ (v = N))] ="

3

but by Schur’s lemma, it follows that A(u,v) is a kernel that maps L?
into itself. This completes our estimates of I1s.

Arguing as we did in Proposition 2.4, we estimate the term I5;, and
employing our hypothesis on v2(y) and (), it follows that

C
|A(u, v)| < m
Cx(u> N)x(v>N)

[ub = o [/9[(1 + (= N)) (1 + (v = N))| =

Once again this is the kernel of an operator that maps L? into itself by
Schur’s lemma. This completes our estimates of Io.
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We complete our argument once we notice (as before) we can apply
the proof of Proposition 2.2 to estimate the term I35. This now
completes our proof. o

Note we also get the following result in the special cases where
v(z) = 2™ and v (z) = 2™2 and g(x,y) is defined in (0.3) (11 (y) = y*).
Thus K (z,y) (the kernel of T) is defined in (0.2) and K (z%/°,y) is the
kernel of the operator S, see also (1.13). We employ Lemma 2.1 of [11]
as our main tool.

Theorem 2.5. Let b > a > 2,7y(x) = 2™, y(z) = 2™ and
0 < m,mg < a. If (0.4) holds, then
@) [Sfllz < Cllfll2  and
a+b

(@) 1Tl < Clfly for ="~

Proof. Note that since ||Sfllco < C||f|l1, (ii) follows from (i). Thus it
suffices to show (i). We need a replacement for Proposition 1.5, which
does not apply here.

The following is proved in Lemma 2.1 of [11].

T
(2.8) ‘/ eV ® dt‘ < ClE[TYa if () =t + 1T,
0

r # a, a > 2 and C' does not depend upon &, 7, or T.

We first note that 7/(z) = 2™ ! and since m < a, we get that
(1.12)(c) and (d) are satisfied and 72 (z) satisfies (1.1)(mz). Therefore
Proposition 2.2 applies. Now we get that the kernel in (2.6) satisfies

C

(29) |A(’LL,’U)| < m

)

this follows from (2.8) and gets us the term Ijo. The estimate of I
follows in a similar way. Schur’s lemma completes our proof. O
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