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OSCILLATIONS OF SECOND-ORDER
NONLINEAR PARTIAL DIFFERENCE EQUATIONS

SHU TANG LIU AND GUANRONG CHEN

ABSTRACT. Oscillations of the second-order nonlinear
partial difference equation

T(A1, A2) [emnT (A1, A2)(Ymn)]
+ pmn(merl,n + ym,nJrl)V =0

is investigated. Some sufficient conditions for oscillations
of solutions of the above equation with v > 1 and v < 1
are obtained, where v is a fraction of odd positive integers,
m,n € N; = {i,i + 1,...,}, ¢ is a nonnegative integer,
T(Al, A2) = AN1+Do+1, Aymn = Ym+1,n—Ymn; DNoYmn =

Ym,n+1 — Ymn, ImnYmn = Ymn-

1. Introduction. Partial difference equations are popular and
important in many applications such as those involving population
dynamics with spatial migrations, chemical reactions, etc., and also
in computation and analysis of finite difference equations [2, 3, 9, 10].
In the past several years, the qualitative theory of partial difference
equations have been extensively investigated, see [1, 5-8, 11-17] and
references therein. In particular, oscillations of all solutions of the
second order nonlinear partial difference equation

T(Alv A2)[Cmn A1 (ymn)} + Z ai(mv n)fi(merl,na A1(yTnn)) =0
i=1

have been studied [4], where T(A1,A2) = A1+ Do+ I, DNymn =
Ym+1,n — Ymn, AQymn = Ymn+1 — Ymn and I(ymn) = Ymn- Let N; =
{i,i+1,...,}, where ¢ is a nonnegative integer, {a;(m, ”)}(m,n)eNg are
real double sequences, ¢ = 1,2,...,s, and s is a positive integer, the

double sequence {¢mn}(m n)enz is assumed to be positive.
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In this paper, we consider the oscillatory behaviors of all solutions of
the second-order nonlinear partial difference equation of the form

(1)
T(Aly AZ) [CmnT(Alu A2)(yrnn)] + P(m7 n) (merl,n + ym,nJrl)V = 0>

where v is a quotient of odd positive integers, m,n € N;. Some
sufficient conditions for oscillation of all solutions of the above equation
with ¥ > 1 and v < 1 are obtained.

By a solution of Equation (1), we mean a real double sequence
{Ymn} satisfying (1) for m,n € Ny. We consider only such solutions
that are nontrivial for all large m,n. A solution {ym,} of (1) is
called nonoscillatory if it is eventually positive or eventually negative;
otherwise, it is called oscillatory.

2. Main results. The following elementary identity for double
sequences will be needed later.

Lemma 1 [13, 17].

Do) (A + A — Ay)

i=m—k j=n—I

m—+1 n m
- E § Aij + E Ai,nJrl - Amfk,nfl + Am+1,n7l~
i=m+1—kj=n+1-1 i=m—k

We consider the case where ¢;; > 0 for all ¢ > 0, j > 0 and

(2) ZZI/C” < 00.

i=0 j=0

Theorem 1. Assume that ¢;; > 0 for alli >0, j > 0 and (2) holds.
Further, assume that v > 1 and p;; > 0 for alli >0, 7 >0, and

[SSIENe] 1 i+J
(3) Z Z <§) PijPiy1,; = 00,

i=M j=N
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where

(1) oo = S5 1/

i=m j=n

Then all solutions of Equation (1) are oscillatory.

Proof. Assume the contrary, namely, that there exists a nonoscilla-
tory solution {ymn}. Without loss of generality, assume that y,,, > 0
for m > M,n > N. Then
(5)  T(A1, Do)[emnT (D1, A2)(Ymn)] <0 for m > M,n > N.

In view of (5), we have

Cm+1,nT(Ala AQ)(quLl,n) é CmnT(Alv A2)(ymn)7
Cm,n—i—lT(Ala A2)(ym,n+1) < CmnT(Ah AQ)(ymn)y

that is, {¢mnnT (A1, A2)(Ymn)} is nonincreasing, thus

(6)
ConT (A1, D2) (Ymn) < ecunT (A1, A2)(ymn) form > M, n> N,

or
T(ALA?)(ymn) S CIV[NT(Ala A2)(y]V[N)/Cvnn for m 2 M,n Z N.

Applying Lemma 1 and summing the above inequality from M, N to
m,n, we obtain

m—1 n n—1
ymn_yMN<ymn+< Z Z Yij + Z Ymj + --->_yMN

i=M+1 j=N+1 j=N+1
m—+1 n m
= E E Yij + Yin+1l t Ym+1,N — YMN
i=M+1j=N+1 i=M
m n

IA

[enT (A, Do) (ymn)] D D 1/cij,

i=M j=N
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that is,
m n
Ymn — YMN < [enNT (D1, D2)(Ymn)] Z Z 1/cij
(7) =M j=N

for m > M,n > N.

Hence, Yy is bounded above. From (7), we have

(8)
ymn > —[emnT (A, Do) (ymn)] i Y 1/¢;j form > M,n > N.
i=M j=N
Letting m,n — oo gives
(9) ymnN = —[euNT (D1, Do) (ymn)]pmn,

where ppn is defined by (4) and M, N are two sufficiently large
numbers.

It follows from (5) that there are two possible cases of T (A1, A2) (Ymn)-
First, we consider the case where T(A1, Ag)(Ymn) > 0 for m > M,
n > N. Summing (1) from M, N to m,n, we obtain

(10) D> > T(A1, B9) [y T(D1, L2) (yi)]

i=M j=N
m n
+ 3 piiWmtin + Ymni1)” = 0.
i=M j=N
Applying Lemma 1 again, we obtain

CmnT (D1, D2)( Ymn) — cunT (A1, Do) (ymrn)

m n
+ Z Z pij(ym—i-l,n + ym,n-i-l)y < 07
i=M j=N

or
m n

Z Dij (Ym+1.n + Ymnt+1)” < cunT (D1, Do) (ymn)-
=M j=N
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Letting m,n — oo yields

oo oo
Z Pij(Ym+1,n + Ymony1)” < 00.
i=M j=N

(11)
Since i T(D1, 2)(Ymn) > 0 for m > M, n > N, that is,

Ym4+1,n T Ym,n+1 > Ymns

there exists a positive number, ¢, such that y,,, > ¢ > 0 for m >
M,n > N. Thus, there exist My > M, N; > N, such that

(12) ym+1,n + ym,nJrl Z merl,n Z perl,n fOI‘ m Z Mla n Z Nl;

since pmn — 0 as m,n — oo. Combining (11) and (12), we have

(13) Z Z PijPit1j < 00,

i=M j=N
that is,
oo o 1 1+7
(14) Z <§) PijPiy1,; < 00,
i=M j=N

which contradicts (3).

Next, we consider the other case where

emnT (A1, ANo2)(Ymn) <0, for m > M,n > N.



704 S.T. LIU AND G. CHEN

We have
1 m+n—1
(A, ) [(5) (CmnT(D1, 52) (Gmn) ™"

1 m-+n 1

- (§> (Cm+1,nT(A17 AQ)(merL”))ier
1 m-+n 1
+ (§> (emn1 T (A, AQ)(ym,n+1))7y+
1 m—+n—1 o1

- (5> (Emn (D1, 259) Grmn)) ™

>m+n

m—+n
( > { (1. T(A1,52) Uma1n) " —(EmnT(A1,82) (Ymn)) >+ }

(Cnl n+lT(A11 2)(?/771 n+l)) ¥+1 _(CmnT(Al7A2)(ymn))7u+1

(Cmt1,nT(D1,02) (Ymt1,0)) " T (Cmnt1 T(D1,82) (Ymnt1)) "2 }
=2(emnT(D1,82)(Ymn)) ™ vt

1 m+n
l/—l—l - (emt1,nT(D1,82)(Ym41,n) —CmnT(D1,82)(Ymn)) }
2 (Cnl 71+1T(A1 AQ)(ynl n+1) CmnT(AhAZ)(ymn))

S (=v+ 18

m-+n
Cmt1,nT(A1,02)(Yms1,n)+Cm nt1 T(D1,82) (Ym,nt1)
—2cmnT(D1,82)(Ymn)

m-+n

_( v+ 1)§ v —Cmn (Al AQ)(Zlmﬂ)

m-+n

— (—v+ 1 T(D1,89) [ ennT (D1, 82) (yn)| }

3
+
3

=(=v+ 1

7N 7N 7N N
= N~ NR N

N—— —— 0

(Cm+1 nT(A1L,A2)(YmA1,n)Fem,np1 T(A1,82)(Ym,nt1) )

— Pmn ym—i-l n t+ Ym, n+1) ]

where

Cm-i—l,nT(Ala A2)(ym—i-1,n) < § < CmnT(Alv A2)(ymn)a
Cm,nJrlT(Alu A2)(y7n,n+1) S n S CmnT(Ah A?)(ymn)v
and, without loss of generality, let £~ = min(§~%,n~").

We note that ymn > —[cmnT (A1, A2)(Ymn)]pmn, for m > M,n > N
by (9). Hence, we also have

Ymtin = —[Cmr1nT (D1, D2)(Umt1,n)]Pmtin,
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so that
(15)

ym,nJrl + merl,n 2 merl,n Z _[Cerl,nT(Ah A2)(merl,n)]perl,n-

Equation (15) implies that

AVASALY [(%)Wrnl (cmnT (D, AQ)(ymn))7V+1
< G)m”(—w DE [ pon (Yot 1 m + Jommsn)”]

m—+n
< <§> (—v + DY { pmn [(Cms1.0T (D1, D2) Ymt1.n)) Pmtin)” }
m—+n
< (§> (= + 1) { pon [(€ms1nT(A1, D2) Yms1mn)) Protin)”}
emt1,0T (D1, D2) Yms1,n)]

m—+n
= _(V - 1) (5) pman@Jrl,n‘
Hence,

1

(16) T(A1,Asz) {<§>m+nl (CrnT (D1, Az)(ymn))vﬂ}

m—+n
<-w-1(3) P

Using Lemma 1 and summing (16) from M, N to m,n, we obtain

1 M+n X
(3)  (wnnT(uba)mun) ™

1 M+N-1
“(3) T

= i Zn: K%)Zﬂ (ci 1 T(D1, 22) (gi41) "
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_|_
M=

i
=

1 m+j —v+1
5) (Cma1,;T (A1, Do) (Yme1,j)) ]

M+n

_|_

|
/N 7 N
~_

(ertmnr T(D1, Do) Ynrnsr)) T

(eaunT (D1, Do) (yaan)) ™"

N = N =
N———

g

+

=z

L

NE

i
=
I
2

T(Ar, As) K%)iﬂ_l (ciT (A, Az)(yij))_wrl}

m n i+j
1 v
(5) PijPit1,55
i=M j=N

%
N

that is,

1

M+N -1
- (5) (earT (B, £2) (yasn) ™

m i+j
>(v-1) Z Z( ) pljp;/-'rl,j

=M j=N

1 M+N -1
“(3) Tt )

So, letting m,n — oo, we have
m n i+J
1 17
>3 (5) parts <o
i=M j=N

which contradicts (3). This completes the proof of the theorem. O

Example 1. Consider the partial difference equation
(El) T(Ala AQ) (2m+nT(A17 AQ)(ymn))
+ 3 X 23m+n+1(ym+1’n + ym,n+l)3 — 07

where ¢ = 2™, P = 3 x 237+ and v = 3. It is easy to
see that all assumptions of Theorem 1 hold. So, Equation (E;) has
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an oscillatory solution {ymn}. In fact, {ymn} = {(=1)"/2™} is such a
solution.

Now, we consider the sublinear case, i.e., 0 < v < 1.

Theorem 2. Assume that ¢;; > 0 for alli > 0, 5 > 0, and (2)
holds. Further, assume that 0 <v <1 and p;; > 0 for alli >0, j >0,
and

[SSIENG] 1 i+J
a7) >3 (5) posens =
i=M j=N

Then, all solutions of Equation (1) oscillate.

Proof. Assume the contrary, namely, that there exists a nonoscilla-
tory solution, {ymy,}. Without loss of generality, assume that y,, >0
form > M, n > N. Then

T(A1, Do) [emnT (A1, AN2)(Ymn)] <0 for m > M,n > N.

If pun T (D1, A2) (Ymn) > 0 for m > M, n > N, we have (11) and (13).
For large m, n, we have p,,, <1 and pY,,, > pmn. Therefore, from (13),
we have

[SSINe] 1 i+J

(18) Z Z (5) PijPit1,j < 00,
i=M j=N

which contradicts (17).

For the case where ¢, T(A1,A2)(Ymn) < 0 for m > M, n > N,
using Lemma 1 and summing (1) from M, N to m,n, we obtain

m m

Z Z T A17A2 Czy (AlaA2 yz] +Z sz] yz+l,]+yz7]+l) = 07

=M j=N =M j=N
that is,
m+1 n m
Z Z C’L] AhA? yz_] + Z Ci n+1T A17A2)(yz n-‘rl)]
i=M+1j=N+1 =M

+ [emt1, NT (A1, A2) (Ymt1,8)] — [CMNT(Ah AN2)(ym )]

m

+ Z Z Dij(Yit1,5 + Yij+1)” = 0.

=M j=N
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Hence,
= [em410T (D1, D2)(Ymt1,n)]
i1 i Lo T(A 1, ) (4i))]
= =\ 2w i1 T (D, 22) (Yinr1)]
+ [emt 1, N T (A1, A2) (Ym1,nv)]

m
>3 pijWit1 +viger)” form>M, n>N,

that is,

n

1 m
= [T(A1, 82) Ymg1,0)] > Z Z Pij(Yit1, + Vi)’
(19) Cmtln 241 =N

form > M, n >

We consider the partial difference T'(Aq, Ag) [(1/2)™ " 1y2e ],
where € > 0, such that 2¢ < 1 — v. Note that y,,, is nonincreasing.

Thus,

(20) —T(Ar, 1) [(1)%"1@/35“,4

2

1 m-+n
2 2 2
= - <§) [wa+2,n + Ymtint1 — 2ym€+1,n]

1 m-+n
- <§) [(ygrf—i-ln - ygrf—i—l,n) + (ygrf—i-l,n+l - ygrf—i—l,n)]

1 m—+n
_2 9 (5) )\25_1 (ym+2,n - ym+1,n)

+ pt (Ym+1,n+1 — Ym+1,n)

m—+n
2e—1
A N (ym+27n + Ym+1,n+1 — 2ym+17n)
m—+n

)‘2671 (ym+27n + Ym+1,n+1 — ym—i-l,n)

| = —
3 N ——

—2c(}) A LT, B0) ()]
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where Ymi2.n <A < Ymtins Ymtl,nt1 < 1M < Ymai,n, and without loss
of generality, A\2~1 = min(A\?¢~1 ;271). Substituting (19) into (20)
gives

1 m+n—1
_T(A17A2)|:<§) ygrf—i—l 'IL:|

m
Cm+1 n i=M j—
m

Pij yPrLJ + yz,]Jrl)

M

2

3

3

1 m+n
> 26(5) yﬁfﬂln Z Pij y1+1,] + y%]"rl)

Cm,
+1nl M j—

n

1 m+n y in+y 1 2e—1 ™
> 25<5 ( m+1,n m,n+ ) Z p” Yir1 + v J+1)
Cm+1,n i=M j=

Z pr Yir1,j + Yige) T

1 m—+n
> (3)
Cm“"i M j=N

Since H > ymn > 0 for m > M, n > N, where H > 0 is a constant,
there exists a positive number K such that

1 m+n—1 ) K 1 m+n m
_T(Al,A2)|:<§) yn§+1 n:| > <§> Z szja

Cm+1,n i=M j=N

Summing both sides of this inequality gives
m n 1 i+j n 1 m+j
(35 (3) e S (3)
i=M+1j=N j=N
M+n M4+N-1
1 2e 1 2¢e
T3 Yains1 — | 5 Yun
m n 1 i+7—1
== rens|(3) v
i=M j=N
m it+j J
kXY ()T Y

c
i=M j=N L u=M v=N
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By rearranging the double sum, we have

M+N-1 m+n
1 y2a _ l y2€
2 MN 2 m—+1,n

)
Cs .
u=M v=N i=u j=v it+1,j

and so letting m,n — oo yields
o0 [e'e} 1 u+v
Z <§) pu'upqul,v < 0,
u=M v=N

which is a contradiction.

Example 2. Consider the partial difference equation
(EQ) T(Alv AQ) (em+nT(A17 AZ) (ymn))

3e —m m-rn

- <Z ; 1>4 e (Ym+1,n + ymm—&-l)l/g =0,
where cpp = €™, prn = ((3¢/4) — 1) 4= (mH1/3)emtn and v = 1/3.
It is easy to see that all assumptions of Theorem 2 hold. So, Equation

(E2) has a oscillatory solution {ymn}. In fact, {ymn} = {(-1)™/2™}
is such a solution.
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