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WEIL REPRESENTATIONS OF SYMPLECTIC
GROUPS OVER NON-PRINCIPAL RINGS

FERNANDO SZECHTMAN

ABSTRACT. Let W : Sp (2n, R) → GL(X) be a Weil
representation of the symplectic group of rank 2n over a
finite commutative ring R of odd characteristic. This is a
complex representation of degree |R|n defined in terms of
the action of Sp (2n, R) on a two-step nilpotent group called
Heisenberg group. We address the problem of decomposing
the Sp (2n, R)-module X into irreducible constituents. The
problem can easily be reduced to the case when R is local
and quasi-Frobenius. Further, the case when R is a principal
ring has already been solved. This was achieved by means of
the following recursive property of the Weil representation:
precisely two irreducible constituents of X do not admit
trivial action by any congruence subgroup of Sp (2n, R); the
remaining irreducible constituents lie inside an Sp (2n, R)-
submodule Y of X that affords a Weil representation for a
quotient symplectic group Sp (2n, T ). We show here that this
recursive property of Y holds only when R is principal, failing
in all other cases. This failure opens the following Pandora
box: given any finite commutative quasi-Frobenius local ring
R0 of odd characteristic, we can choose R so that R0 is
quotient of R and every complex irreducible character of
Sp (2n,R0) enters Y when inflated to Sp (2n, R). Thus, the
problem of decomposing the Weil module X into irreducible
constituents is, in general, as difficult as the problem of
finding all complex irreducible characters of all symplectic
groups Sp (2n, R0). In spite of this, we manage to identify
submodules of X that do admit either a Weil representation
or the tensor product of various Weil representations for a
quotient symplectic group.

1. Introduction. Let R be a finite commutative local ring of
odd characteristic. Let V be a free R-module of rank 2n endowed
with a non-degenerate R-bilinear form 〈 , 〉. Denote by Sp (2n,R) the
symplectic group of rank 2n over R, namely the subgroup of GL (V )
that preserves 〈 , 〉. Let W : Sp (2n,R) → GL (X) be the complex
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representation of degree |R|n referred to as Weil representation in [3]. A
natural problem in this context is to decompose the Sp (2n,R)-module
X into irreducible constituents.

The simplest case occurs when R = Fq is a field. In this case, one has
the decomposition into irreducible constituents X = X+ ⊕X−, where
X± is the ±1-eigenspace of −1V acting on X. Details may be found
in [5]. Various properties of W have been investigated in the classical
case R = Fq. For instance, the character values for W were computed
in [10], the character field and Schur index of both X+ and X− were
determined in [6], the restriction of W to the unitary group U(2n, q2)
was analyzed in [5, 12], lattices associated the Weil representation were
studied in [4, 6, 9], etc.

The next case in relative difficulty takes place when R is a principal
ring. Under this hypothesis all irreducible constituents of X where
determined in [3]. Indeed, let us denote by m the maximal ideal of R
and by l the nilpotency degree of m. As the field case has already been
considered, we may assume that l > 1. Denote by a the conductor of
m into the minimal ideal ml−1 of R. Write T for the quotient ring R/a.
There is a canonical epimorphism B : Sp (2n,R) → Sp (2n, T ) whose
kernel is the congruence subgroup Γ(a) = {g ∈ Sp (2n,R) | gv ≡ v
mod aV }. Let Y denote the fixed points of Γ(a) in X. Then Y is an
Sp (2n,R)-submodule of X affording a representation W of Sp (2n, T )
given by W (B(g)) = W (g)|Y for g ∈ Sp (2n,R). It is shown in [2] that
Y is non-zero and properly contained in X.

The decomposition of X thus falls naturally into two cases: the study
of the quotient Sp (2n,R)-module Z = X/Y , and the investigation of
Y as a module for the quotient symplectic group Sp (2n, T ).

The Sp (2n,R)-module Z is shown in [3] to have exactly two irre-
ducible constituents, namely Z+ and Z−, the ±1-eigenspaces of −1V

acting on Z. Further, it is shown in [2] that Z+ and Z− truly pertain
to Sp (2n,R) in the sense that no congruence subgroup acts trivially on
them. In fact, the kernels of the representations afforded by Z+ and
Z− are as small as possible: the kernel of Z+ is {1V ,−1V }, while the
kernel of Z− is trivial. Further, the Clifford theory of Z+ and Z− is
explicitly elucidated in [2].

In regards to Y , it is natural to inquire about the nature of this
Sp (2n, T )-module. There is a priori no reason to suspect that Y will
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be again a Weil module. However, [3] proves that this is indeed the
case. Thus the irreducible constituents of X are Z± along with the
irreducible constituents of Y , viewed as a Weil module for Sp (2n, T ).
The Weil module X has l + 1 irreducible constituents, all inequivalent
to each other.

Let us now remove the hypothesis that R is principal. As shown
below, one may assume without loss of generality that R is a quasi-
Frobenius ring. In this case, the representationW of Sp (2n, T ) afforded
by Y need no longer be Weil. In fact, we show that W is never a Weil
representation if R is not principal. Thus the fact that W is a Weil
representation depends exclusively on whether R is a principal ring or
not. Oddly enough, Z+ and Z− are shown in [2] to remain irreducible,
regardless of the structure of R.

Not only does Y fail to be a Weil module, we prove that its irreducible
constituents can be quite arbitrary. In fact, let R0 be any finite
commutative quasi-Frobenius local ring of odd characteristic, and let φ
be an arbitrary complex character of Sp (2n,R0). Then we can choose
R so that R0 is a quotient of R, and the inflation of φ to Sp (2n,R)
is equal to the character afforded by some Sp (2n,R)-submodule of Y .
Thus, the problem of decomposing the Weil module X into irreducible
constituents is, in general, as difficult as the problem of finding all
complex irreducible characters for all symplectic groups Sp (2n,R0).

In spite of the above, we show that, under certain hypotheses, the
Sp (2n, T )-module Y is similar to the tensor product of Weil modules.
The number and type of factors in this product is explicitly described
in terms of certain quadratic spaces naturally related to R.

2. Preliminaries. Let R be a finite commutative local ring of odd
characteristic. Let V be a free R-module of rank 2n endowed with non-
degenerate alternating R-bilinear form 〈 , 〉. We associate two groups
to these data: the symplectic group Sp (V ), which is the group of all
g ∈ GL (V ) satisfying

〈gv, gw〉 = 〈v, w〉, v, w ∈ V,

and the Heisenberg group H(V ), whose underlying set is R × V ,
with multiplication (r1, v1)(r2, v2) = (r1 + r2 + 〈v1, v2〉, v1 + v2). The
symplectic group Sp (V ) acts on H(V ) by means of g(r, v) = (r, gv).
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For r ∈ R and v ∈ V we have the symplectic transvection ρr,v : V →
V , defined by

ρr,v(x) = x+ r〈v, x〉v, x ∈ V.

This is R-linear with inverse ρ−r,v and preserves 〈 , 〉. Thus ρr,v ∈
Sp (V ). A distinguished element of Sp (V ) is the central involution ι,
defined by ι(v) = −v for v ∈ V .

Let a be an arbitrary ideal of R. Consider the R/a-module V/aV .
This is a free R/a-module, whose rank is 2n if a is properly contained
and 0 otherwise. Moreover, V/aV is endowed with the non-degenerate
alternating R/a-bilinear form � , �, defined by

� v + aV,w + aV � = 〈v, w〉, v, w ∈ V.

We have the group homomorphisms A : H(V ) → H(V/aV ) and
B : Sp (V ) → Sp (V/aV ), given by A(r, v) = (r + a, v + aV ) and
B(g)(v+ aV ) = gv+ aV . The map A is surjective with kernel (a, aV ).
The kernel of B is the congruence subgroup associated to a

Γ(a) = {g ∈ Sp (V ) | gv ≡ v mod aV for all v ∈ V }.

Moreover, B is also surjective. Indeed, it is known that symplectic
groups are generated by symplectic transvections, cf. Theorem 2 of
[8]. Since B(ρr,v) = ρr+a,v+aV , the result follows. Thus H(V/aV ) is
canonically isomorphic to H(V )/(a, aV ) and Sp (V/aV ) is canonically
isomorphic to Sp (V )/Γ(a). We also observe that the epimorphisms
A and B are compatible with the actions of Sp (V ) on H(V ) and
Sp (V/aV ) on H(V/aV ), in the sense that

(1) B(g)A(h) = A(gh), g ∈ Sp (V ), h ∈ H(V ).

Let λ : R → C∗ be an additive linear character of R. We think
of λ as a linear character of the center of H(V ), via the canonical
isomorphism Z(H(V )) = (R, 0) ∼= R+. Let S : H(V ) → GL (X) be
a complex irreducible representation that is Sp (V )-invariant and lies
over λ. By a Weil representation of Sp (V ) of type λ, we understand a
complex representation W : Sp (V ) → GL(X) that satisfies

(2) W (g)S(h)W (g)−1 = S (gh) , h ∈ H, g ∈ Sp (V ).
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We recall from [3] the construction of S and W , considering first the
case when λ is primitive. By this we mean that (0) is the only ideal of
R contained in the kernel of λ. Fix a basis {u1, . . . , un, v1, . . . , vn} of
V , which is symplectic in the sense that

〈ui, vj〉 = δij , 〈ui, uj〉 = 0, 〈vi, vj〉 = 0.

The existence of such a basis can be established much as in the case
when R is a field, cf. Section 1 of [8]. Setting M = Ru1 ⊕ · · · ⊕ Run

we observe that 〈M,M〉 = (0). Further, M is a maximal submodule
of V relative to this property. Consider the normal subgroup H(M) =
(R,M) of H(V ). We define a one-dimensional representation of H(M)
afforded by Y = Cy as follows:

(r, u)y = λ(r)y.

An elementary calculation that makes use of the maximality of M and
the primitivity of λ reveals that the inertia group of Y in H(V ) is
H(M) itself. It follows that the induced module

X = indH(V )
H(M)Y = CH(V ) ⊗CH(M) Y

is irreducible. Let S be the representation of H(V ) afforded by X and
denote its character by χ. We claim that χ is the only irreducible
character of H(V ) that lies over λ. To substantiate this claim we make
use of the following well-known result.

2.1 Lemma. Let G be a finite group with normal subgroup N . Let
β be a complex irreducible character of N , and let α be a complex
irreducible character of G that lies over β. Suppose furthermore that
α|N = eβ for some positive integer e satisfying e2 = [G : N ]. Then α
is the only complex irreducible character of G lying over β.

Proof. By Frobenius reciprocity [indG
Nβ, α] = [β, α|N ] = e. As

deg indG
Nβ = [G : N ]deg β = e2deg β = edegα,

we infer indG
Nβ = eα. If γ is a complex irreducible character of G that

lies over β, then Frobenius reciprocity ensures that γ enters indG
Nβ.

Since indG
Nβ = eα, the result follows.
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We use Lemma 2.1 with G = H(V ), N = Z(H(V )), α = χ, β = λ
and e =

√
|V |. Since χ|Z(H(V )) =

√
|V |λ and [H(V ) : Z(H(V ))] = |V |,

the claim follows. We refer to χ as the Schrödinger character of H(V )
of type λ.

For g ∈ Sp (V ) we consider the conjugate character χg, defined by
χg(h) = χ(gh). As Sp (V ) acts trivially on Z(H(V )), the above claim
implies χg = χ for all g ∈ Sp (V ). Thus, to each g ∈ Sp (V ) there
corresponds an operator P (g) ∈ GL(X) such that

(3) P (g)S(h)P (g)−1 = S(gh), h ∈ H(V ).

Since S is irreducible, Schur’s lemma ensures that each operator P (g)
is unique up to multiplication by a non-zero constant c(g). It is
shown in Section 3 of [3] that these scalars can be chosen so that
W (g) = c(g)P (g) defines representation of Sp (V ), namely a Weil
representation of type λ.

A second application of Schur’s lemma yields that W is unique up to
multiplication by a linear character of Sp (V ). It is known that Sp (V )
is a perfect group unless n = 1 and the residue class field Fq of R has
three elements, cf. Section 3 of [8] if q > 3 and Section 2.4 of [11]
if q = 3. For ease of exposition it will be assumed henceforth that
(n, q) �= (1, 3). Thus the Weil representation of type λ is unique up to
similarity. Its degree is equal to the degree of S, namely

√
|V |. Hence,

(4) degW = |R|n.

Suppose now that λ : R → C∗ is an arbitrary additive linear
character. Let iλ be the conductor of λ, that is the sum of all ideals of
R contained in the kernel of λ. Consider the additive linear character
λ : R/iλ → C∗, defined by λ(r + iλ) = λ(r) for r ∈ R. The
definition of iλ guarantees the primitivity of λ. Let S be a Schrödinger
representation of H(V/iλV ) of type λ and let W be the associated
Weil representation of Sp (V/iλV ) of type λ. Let S be the inflation of
S to H(V ) via A and let W be the inflation of W to Sp (V ) via B.
The compatibility condition (1) ensures that S and W satisfy (2). In
particular, S is Sp (V )-invariant. Moreover, as A is surjective, S is also
irreducible. Further, S lies over λ. All in all, W is a Weil representation
of type λ.
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Suppose next that T is an arbitrary irreducible representation of
H(V ) that is Sp (V )-invariant and lies over λ. Given (r, v) ∈ (iλ, iλV )
and (s, w) ∈ H(V ) we have

T (r, v)T (s, w)T (r, v)−1 = T (s+ 2〈v, w〉, u) = λ(2〈v, w〉)T (s, w)
= T (s, w)

since Z(H(V )) acts via multiplication by λ and iλ is contained in the
kernel of λ. We infer that each T (r, v) with (r, v) ∈ (iλ, iλV ) is in the
commuting ring of T . As T is irreducible, we deduce that (iλ, iλV ) acts
under T via multiplication by a linear character µ. Since T is Sp (V )-
invariant and (iλ, iλV ) is preserved by Sp (V ), we see that µ is Sp (V )-
invariant. In particular, µ(0, v) = µ(0, ιv) for v ∈ iλV , whence (0, 2iλV )
is in the kernel of µ. Since 2 is invertible, it follows that (0, iλV ) ⊆ kerµ.
But we also have µ(r, 0) = λ(r) = 1 for all r ∈ iλ. Hence µ is the trivial
character. Thus T is the inflation via A of an irreducible representation
T of H(V/iλV ) that lies over λ. Since λ is primitive, it follows by
uniqueness that T is a Schrödinger representation of H(V/iλV ) of type
λ. All in all, T is similar to the representation S constructed above.

As a result, the Weil representation of type λ is uniquely determined
up to similarity. In particular, the Weil representation of Sp (V ) of
type λ is similar to the inflation via B of the Weil representation of
Sp (V/iλV ) of type λ. It infer that the kernel of the Weil representation
of type λ contains the kernel of B, namely the congruence subgroup
Γ(iλ). Furthermore, since B is surjective, for the purpose of studying
the irreducible constituents of the Weil representation, it suffices to
assume that λ itself is primitive. We shall henceforth make this
assumption.

We resume now the construction of W under the assumption that λ
is primitive. Set N = Rv1⊕· · ·⊕Rvn. Note that (0, N) is a transversal
for H(M) in H(V ). Thus, if ev = (0, v)⊗y ∈ X then (ev)v∈N is a basis
for X over C. If u ∈M , v, w ∈ N and r ∈ R, then the definition of X
yields
(5)

S(0, w)ev = (0, w)(0, v) ⊗ y = (0, w + v) ⊗ y = ev+w,

S(0, u)ev = (0, u)(0, v) ⊗ y = (0, v)(0, u) ⊗ (2〈u, v〉, 0)y = λ(2〈u, v〉)ev,

S(r, 0)ev = (r, 0)(0, v) ⊗ y = (0, v) ⊗ (r, 0)y = λ(r)ev.
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Let G(M) denote the subgroup of Sp (V ) that fixes every point of M .
Given g ∈ G(M) consider the operator P (g) of GL (X) defined by

P (g)ev = λ(〈gv, v〉)ev, v ∈ N.

One verifies by direct computation that P (g) satisfies (3). One also
checks that (3) is satisfied by the operator P (ι) ∈ GL (X), defined by

P (ι)ev = e−v.

Let X± denote the ±1-eigenspace of P (ι) acting on X. Then Theo-
rem 3.1 of [3] states that X± is P (g)-invariant for each P (g) ∈ GL(X)
satisfying (3), and moreover,

W (g) = (detP (g)|X+)−1(detP (g)|X−)P (g), g ∈ Sp (V ).

Let T be a set of representatives of N \ {0} relative to the action of ι.
Then (ev − e−v)v∈T is basis of X−, and (ev + e−v)v∈T along with e0
form a basis of X+. As

P (g)(ev ± e−v) = λ(〈gv, v〉)(ev ± e−v), v ∈ T , g ∈ G(M)

it follows that (detP (g)|X+)−1 detP (g)|X− = λ(〈g0, 0〉)−1 = 1 for
g ∈ G(M), whence

(6) W (g)ev = λ(〈gv, v〉)ev, v ∈ N, g ∈ G(M).

3. Sp (V )-submodules of X and congruence subgroups of
Sp (V ). Let i be an ideal of R of square (0). Let j be the annihilator
of i in R, and let k be the conductor of j into i, that is, (i : j) = {r ∈
R | rj ⊆ i}. Observe that i ⊆ j for i2 = (0). Further, remark

(7) Γ(k) = {g ∈ Sp (V ) | gv ≡ v mod iV for all v ∈ jV }.

Denote by X(i) the set of all points in X fixed by the subgroup
(0, iV ) of H. Since (0, iV ) is normalized by Sp (V ), we see that X(i)
is an Sp (V )-submodule of X. Further, since the subgroup (R, jV )
centralizes (0, iV ), it follows that X(i) is also (R, jV )-invariant. In fact,
Proposition 4.1 and Lemma 4.2 of [3] yield the following result.
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3.1 Proposition. X(i) is an irreducible (j2, jV )-module of degree√
|jV/iV |.

For future reference we prove the following generalization of Theo-
rem 4.5 of [3].

3.2 Theorem. The Sp (V )-module EndC(X(i)) is canonically iso-
morphic to the permutation Sp (V )-module C(jV/iV ).

Proof. Let (fv+iV )v+iV ∈jV/iV be a complex basis of C(jV/iV ) that is
permuted by Sp (V ) according to the rule: g(fv+iV ) = fgv+iV .

Consider the linear map T : C(jV/iV ) → EndC(X(i)), defined on
the above basis by T (fv+iV ) = S(0, v)|X(i). This is well defined since
S(0, v) = 1X(i) for all v ∈ iV and (0, jV ) preserves X(i). To see
that T is a homomorphism of Sp (V )-modules note that Sp (V ) acts on
EndC(X(i)) via: gE = W (g)|X(i)EW (g)|−1

X(i). Thus, given g ∈ Sp (V )
we have

T (gfv+iV ) = T (fgv+iV ) = S(0, gv)|X(i)

= S(g(0, v))|X(i) = (W (g)S(0, v)W (g)−1)|X(i)

= W (g)|X(i)S(0, v)|X(i)W (g)|−1
X(i)

= gS(0, v)|X(i) = gT (fv+iV ),

as required. Since the representation of (R, jV ) afforded by X(i)
is irreducible, a well-known theorem of Burnside ensures X(i) =
span {S(r, v) | r ∈ R, v ∈ jV }. But S(r, v) = λ(r)S(0, v), hence
X(i) = span {T (fv+iV ) | v ∈ jV } = imT . Thus T is surjective. From
Proposition 3.1 we have dim EndC(X(i)) = |jV/iV |, which is also equal
to dimC(jV/iV ). We conclude that T is injective, and hence an iso-
morphism.

3.3 Theorem. The kernel of the representation of Sp (V ) afforded
by X(i) is the congruence subgroup Γ(k).
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Proof. Let h(i) ∈ EndC(X) be the linear operator defined by

h(i) =
1

|(0, iV )|
∑
v∈iV

S(0, v).

By construction X(i) = h(i)X. Also, since (0, iV ) is preserved by
Sp (V ), we see that h(i) ∈ EndCSp (V )(X). To compute with h(i) we
make use of (5). Given u ∈ iM , w ∈ iN and v ∈ N , we have

S(0, u+ w) = S(0, u)S(0, w)λ(〈w, u〉)ev

= S(0, u)λ(〈w, u〉)ev+w

= λ(2〈u, v〉)λ(〈u,w〉)ev+w.

As 〈iM, iN〉 = i2〈M,N〉 = (0) and iV = iM ⊕ iN , we obtain

h(i)ev =
1

|(0, iV |)

( ∑
u∈iM

λ(2〈u, v〉)
)( ∑

w∈iN

ev+w

)
, v ∈ N.

For v ∈ N the map u → 2〈u, v〉 is a linear character of iM , which is
trivial if and only if v ∈ jN . In particular, h(i)ev = 0 for v ∈ N \ jN .
We infer that X(i) is generated by (h(i)ev)v∈jN .

For r ∈ k and u ∈ M \ mM , the symplectic transvection g = ρr,u

belongs to both Γ(k) and G(M). Since g ∈ G(M), the formula (6)
yields

W (g)h(i)ev = h(i)W (g)ev = h(i)λ(〈gv, v〉)ev, v ∈ N.

But, from g ∈ Γ(k) and (7), we infer

gv ≡ v mod iV, v ∈ jN.

As 〈iV, jV 〉 = (0), we deduce

λ(〈gv, v〉) = λ(〈gv − v, v〉) = 1, v ∈ jN,

whence
W (g)h(i)ev = h(i)ev, v ∈ jN.

This proves

(8) W (g) = 1X(i).
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Now, for f ∈ Sp (V ), one has

(9) fgf−1 = fρr,uf
−1 = ρr,fu.

Moreover, as any vector in V \mV belongs to a symplectic basis of V ,
cf. Section 1 of [8], it follows that Sp (V ) acts transitively on V \ mV .
We deduce from (8) and (9) that W (ρr,w) = 1X(i) for all r ∈ k and
w ∈ V \ mV . We now appeal to Theorem 2 of [8], which asserts that
the set of all these ρr,w generates Γ(k). This proves that Γ(k) acts
trivially on X(i).

Suppose conversely that f ∈ Sp (V ) acts trivially on X(i). Then f
acts trivially on EndC(X(i)). By virtue of Theorem 3.2 we see that f
acts trivially on C(jV/iV ), whence f ∈ Γ(k) by (7). This completes the
proof of the theorem.

3.4 Corollary. A Weil representation of primitive type is faithful.

Proof. Apply Theorem 3.3 to the ideal i = (0).

4. Sp (V )-submodules of X as tensor product of Weil mod-
ules. For the remainder of the paper we denote by m the unique maxi-
mal ideal of R. Recall that R is a quasi-Frobenius ring if ann ann a = a
for all ideals a of R. For future reference we record the following result.

4.1 Lemma. The following conditions on the ring R are equivalent:

(a) R possesses a primitive linear character λ.

(b) R is a quasi-Frobenius ring.

(c) R has a unique minimal.

Proof. (a) ⇒ (b). Given an ideal a of R, let â denote the group
of linear characters of a, and let a0 denote the R-module of linear
functionals of a. Let 
 : R → R0 be the left-multiplication map.
Consider the homomorphisms R → a0 and a0 → â, given by r → 
r|a
and φ → λ ◦ φ. The latter is injective, by the primitivity of λ, while
the former has kernel ann a. Applying this to the case when a = R, we
obtain that |R| ≤ |R0| ≤ |R̂| = |R|, whence both maps are bijective
when a = R.
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For an arbitrary ideal a and φ ∈ â, let ϕ ∈ R̂ be an extension of φ to
R (which exists because the abelian group C∗ is divisible). The above
ensures that ϕ is of the form λ◦
r, hence φ is of the form λ◦
r|a for some
r ∈ R. It follows that the composite map R → â, given by r → λ ◦ 
r|a
is a surjection with kernel ann a, whence |R| = |ann a||â| = |ann a||a|.
Applying this formula to ann a yields |R| = |ann ann a||ann a|. Since
a ⊆ ann ann a, we conclude that a = ann ann a.

(b) ⇒ (c). As R is finite, it has minimal, say s. As such, ann s = m.
But by hypothesis s = ann ann s = ann m, whence the only minimal
ideal of R is ann m.

(c) ⇒ (a). Let s be the only minimal ideal of R. There is a
canonical bijective correspondence between the set of non-primitive
linear characters of R and the set of all linear characters of R/s. Hence
the former set has |R/s| elements. It follows that |R|− |R/s| > 0 linear
characters of R are primitive.

Let i be an ideal of R of square (0). Further, let j = ann i and
k = (i : j). We claim that k = ann j2. Indeed, r ∈ ann j2 if and only
if rj ⊆ ann j. As R is a quasi-Frobenius ring, cf. Lemma 4.1, we have
ann j = i, whence the claim follows.

Recall the canonical epimorphism B : Sp (V ) → Sp (V/kV ) of Sec-
tion 2. The kernel of B is the congruence subgroup Γ(k). By Theo-
rem 3.3 we know that Γ(k) acts trivially on X(i). Thus we obtain a
representation W : Sp (V/kV ) → GL (X(i)), defined by

W (B(g)) = W (g)|X(i), g ∈ Sp (V ).

We intend to describe W under the assumption that j2 is a principal
ideal and j/i is a free R/k-module.

Assume that j2 is indeed a principal ideal. We fix a generator t of j2

and consider the map f : R/k → j2, given by

f(r + k) = rt, r ∈ R.

Since k = ann j2 = ann t, we see that f is an isomorphism of R/k-
modules.

Consider the multiplication map { , } : j/i × j/i → j2, given by

{x+ i, y + i} = xy, x, y ∈ j.
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This is a well-defined symmetric R/k-bilinear map. Moreover, as
i = ann j we infer that { , } is non-degenerate. Assume that j/i is
a free R/k-module of rank m > 0. It follows that j/i endowed with the
form ( , ) = f−1 ◦ { , } is a quadratic space of rank m over R/k. As
such it has basis relative to which the Gram matrix of ( , ) is diagonal,
with every diagonal entry being a unit (this can be shown much as
in the case when R = Fq is a field). Let {x1 + k, . . . , xm + k} be an
R/k-basis of j/i relative to which the Gram matrix of ( , ) is equal to
diag (d1 + k, ..., dm + k), where d1, . . . , dm are units of R.

The isomorphism f may also be used to render jV/iV into a symplec-
tic space over R/k, as follows. Consider the map � , � : jV/iV → j2,
given by

� v + iV,w + iV � = 〈v, w〉, v, w ∈ jV.

Then � , � is a well-defined alternating R/k-bilinear map. Moreover,
as i = ann j we see that � , � is non-degenerate. It follows that jV/iV
endowed with the form [ , ] = f−1◦ � , � is a symplectic space of
rank 2nm over R/k.

Consider finally the map λ′ : R/k → C∗, defined by λ′ = λ ◦ f , that
is,

λ′(r + k) = λ(rt), r ∈ R.

As λ is primitive and k = ann t we see that λ′ is also primitive. For d
a unit of R we let λ′[d+ k] denote the primitive linear character of R/k
defined by

λ′[d+ k](r + k) = λ′((d+ k)(r + k)) = λ(drt), r ∈ R.

With this notation we may state the following result.

4.2 Theorem. Suppose that j2 is a principal ideal and j/i is
a free R/k-module of rank m > 0. Then the representation W of
Sp (V/kV ) afforded by X(i) is similar to the tensor product of m Weil
representations of primitive types λ′[d1 + k], . . . , λ′[dm + k].

Proof. Denote by H(V/kV )m and Sp (V/kV )m the direct product of
m copies of the groups H(V/kV ) and Sp (V/kV ), respectively. The
action of Sp (V/kV ) on H(V/kV ) yields an action of Sp (V/kV )m on
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H(V/kV )m. This in turn gives an action of Sp (V/kV ) on H(V/kV )m,
by means of the diagonal embedding Sp (V/kV ) → Sp (V/kV )m.

Consider the additive linear character µ : (R/k)m → C∗, defined by

µ(r1 + k, . . . , rm + k) = λ((d1r1 + · · · + dmrm)t), ri ∈ R.

Let Z denote the center of H(V/kV )m. Since Z = Z(H(V/kV ))m ∼=
(R/k)m, we may identify Z with (R/k)m and think of µ as a linear
character of Z.

We claim there exists a representation S : H(V/kV )m → GL (X(i))
satisfying:

(a) S is irreducible.

(b) S lies over the linear character µ of Z.

(c) W (g)S(h)W (g)−1 = S(gh) for all h ∈ H(V/kV )m and g ∈
Sp (V/kV ).

Assume such a representation exists. Let S1, . . . , Sm be Schrödinger
representations of H(V/kV ) of types λ′[d1 + k], . . . , λ′[dm + k], and let
W1, . . . ,Wm be associated Weil representations of Sp (V/kV ) of types
λ′[d1 + k], . . . , λ′[dm + k]. Then S̃ = S1⊗ . . .⊗Sm is a representation of
H(V/kV )m and W̃ = W1⊗ . . .⊗Wm is a representation of Sp (V /kV )m.
Further, it follows from the very definitions of S̃ and W̃ that

(a′) S̃ is irreducible.

(b′) S̃ lies over the linear character µ of Z.

(c′) W̃ (g)S̃(h)W̃ (g)−1 = S̃(gh) for all h ∈ H(V/kV )m and g ∈
Sp (V/kV )m.

Observe that the number of times µ enters S̃ is equal to |R/k|nm. Note
also that [H(V/kV )m : Z] = |R/k|2nm. We deduce from Lemma 2.1 that
S̃ is similar to S. It follows from Schur’s lemma that W is similar, up
to multiplication by a linear character of Sp (V/kV ), to the restriction
of W̃ to the diagonal embedding of Sp (V/kV ) into Sp (V/kV )m. But
Sp (V/kV ) is perfect. This proves the theorem, provided S exists.

We proceed to establish the existence of S. For s = 1, . . . ,m we have
the R/k-submodule Vs = xsV/iV of jV/iV . Let [ , ]s denote the form
on Vs obtained by restricting to Vs the form [ , ] defined on j/iV . Then
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[ , ]s is alternating and R/k-bilinear, and also non-degenerate since
annxs = k.

For s = 1, . . . ,m the fact x2
s = dst yields a group isomorphism

Cs : H(V/kV ) → H(Vs), defined by

Cs(r + k, v + kV ) = (dsr + k, xsv + iV ), r ∈ R, v ∈ V.

Since xsxs′ = 0 for s �= s′, the submodules Vs of jV/iV are orthogonal.
Further, as {x1 + k, . . . , xm + k} is an R/k-basis of jV/iV , we see that
V1⊕· · ·⊕Vs = jV/iV . Thus themmaps Cs yield the group epimorphism
C : H(V/kV )m → H(jV/iV ), defined by

C(h1, . . . , hm) = C1(h1) · · ·Cm(hm), hi ∈ H(V/kV ).

Given that (0, iV ) fixes X(i) and k annihilates t, the map D :
H(jV/iV ) → GL (X(i)), defined by

D(r + k, v + iV ) = S(rt, v)|X(i), r ∈ R, v ∈ jV

is a well-defined representation.

Define S : H(V/kV )m → GL (X(i)) to be the representation S =
D ◦ C. We claim that S satisfies (a), (b) and (c).

Indeed, from Proposition 3.1 we know that the representation (rt, v) →
S(rt, v)|X(i) of (j2, jV ) is irreducible. Therefore D is irreducible, and
since C is surjective, it follows that S is also irreducible.

For r1, . . . , rm ∈ R we have

S((r1 + k, 0), . . . , (rm + k, 0)) = D(d1r1 + · · · + drm + k, 0)
= S((d1r1 + · · · + drm)t, 0)|X(i)

= λ((d1r1 + · · · + drm)t)1X(i).

Thus S lies indeed over µ.

We finally verify that S satisfies (c). For s = 1, . . . ,m let es :
H(V/kV ) → H(V/kV )m be the embedding es(h) = (1, . . . , h, . . . , 1),
where h ∈ H(V/kV ) is in the s-position. Note that S(es(h)) =
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D(C(es(h))) = D(Cs(h)). Further, if g ∈ Sp (V/kV ), then ges(h) =
es(gh). Let h = (0, v + kV ) with v ∈ V and let g ∈ Sp (V/kV ). Then

W (B(g))S(es(h))W (B(g))−1 = W (g)|X(i)D(0, xsv + iV )W (g)|−1
X(i)

= W (g)|X(i)S(0, xsv)|X(i)W (g)|−1
X(i)

= S(0, xsgv)|X(i)

= D(C(es(0, gv + kV )))
= D(C(es(g(0, gv + kV ))))
= D(C(ges(0, gv + kV )))
= S(ges(h)).

Since H(V/kV )m is generated by the images of the maps es, and the set
(0, V/kV ) generates H(V/kV ), we infer that (c) holds. This completes
the proof of the theorem.

5. The bottom layer of X. As above, let i be an ideal of R of
square (0), and set j = ann i, k = (i : j). Suppose that i = j. Then
k = R, so Sp (V/kV ) is the trivial group acting trivially on X(i). Since
dim CX(i) = 1 by Proposition 3.1, we see that the representation W
of Sp (V/kV ) afforded by X(i) is trivial. For uniformity of terminology
we agree to the following convention: the Weil representation of trivial
group is the trivial representation, its type being primitive.

5.1 Theorem. Let i be an ideal of R of square (0). Set j = ann i
and k = (i : j). Then the representation W of Sp (V/kV ) afforded by
X(i) is similar to a Weil representation of some type, primitive or not,
if and only if j/i is a principal R/k-module, in which case the type is
primitive.

Proof. If i = j then j/i is certainly principal, and we saw above that
W is a Weil representation of primitive type. Assume for the remainder
of the proof that i is properly contained in j.

Sufficiency. Suppose that j/i is generated by r + i for some r ∈ j.
Thus j/i is a free R/k-module of rank 1. Further, j2 = Rt for t = r2. It
follows from Theorem 4.2 that W is similar to a Weil representation of
Sp (V/kV ) of primitive type.
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Necessity. Suppose that X(i) affords a Weil representation of
Sp (V/kV ) of type µ. As indicated in Section 2, the congruence sub-
group Γ(iµ) of Sp (V/kV ) is in the kernel of this representation. But,
by Theorem 3.3, the representation of X(i) afforded by Sp (V/kV ) is
faithful. It follows that Γ(iµ) is the trivial group, whence µ is primi-
tive. Thus, by Lemma 4.1, R/k has a unique minimal ideal. This means
there is only one ideal of R lying above k.

Now the very definition of k yields k = ∩x∈j(i : (x)), so the stated
property of k implies k = (i : (t)) for some t ∈ j. As a result, the
homomorphism of R/k-modules

(10) R/k � r + k −→ rt+ i ∈ j/i

is injective. On the other hand, Proposition 3.1 yields

degX(i) = |j/i|n,

while (4) and the assumption that X(i) affords a Weil representation
of Sp (V/kV ) of primitive type combine to give

degX(i) = |R/k|n.

Hence |j/i| = |R/k|, so (10) must be a bijection. This means that j/i is
generated by t as an R/k-module, as required.

Denote by s the unique minimal ideal of R, as ensured by Lemma 4.1.
Denote by l the nilpotency degree of m. Since ml−1 is non-zero and
annihilates m, we see that s = ml−1. If l = 1, then R is a field and
m = (0), s = R. If l ≥ 2 then s is contained in m and has square (0);
further, X(i) ⊆ X(s) for any ideal i of R of square (0), since s ⊆ i. If
l = 2, then R has precisely three ideals, namely (0), s = m and R. In
particular, R is a principal ring. If l > 2, then s is properly contained
in m.

Suppose that R is not a field. It is shown in [2] that X(s), referred
to as the bottom layer of X, is equal to the set of fixed points of
Γ((s : m)) in X. Thus, as mentioned in the introduction the quotient
Sp (V )-module X/X(s) has two irreducible components, namely its
±1-eigenspaces relative to the action of −1V . Further, when R is a
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principal ring X(s) affords a Weil module of primitive type for the
quotient symplectic group Sp (V/(s : m)V ), so by repeatedly applying
this procedure one obtains all irreducible components of X. This was
essentially the technique used in [3]. Our next result shows that when
R is not principal this inductive procedure will never work.

5.2 Theorem. Suppose that R is not a field. The representation of
Sp (V/(s : m)V ) afforded by X(s) is similar to a Weil representation if
and only if R is a principal ring, in which case its type is primitive.

Proof. Sufficiency follows from Theorem 5.1 applied to i = s. As for
necessity, if l = 2, then R was noted above to be principal. Suppose
next l > 2. If X(s) affords a Weil representation, then Theorem 5.1
implies that m/s is a principal R-module. Since l > 2, we have
s = ml−1 ⊆ m2. Further,

m/m2 ∼= (m/s)/(m2/s).

We infer that m/m2 is a principal R-module. Thus R itself is a principal
ring, as ensured by Proposition 8.8 of [1].

Denote by Fq the residue class field of R, that is Fq = R/m. Further,
let Sp (2n, q) = Sp (V/mV ). The first occurrence of a non-principal
ring takes place when l = 3. In this case the next result shows
that the decomposition problem for X is equivalent to the problem
of decomposing the tensor product of dim Fq

m/m2 Weil modules for
Sp (2n, q).

5.3 Theorem. Suppose that l = 3. Then the representation W of
Sp (2n, q) afforded by X(s) is similar to tensor product of dim Fq

m/m2

Weil representations of primitive type.

Proof. Apply Theorem 4.2 to the ideal i = s. In this case we have
i = m2, j = ann i = m and k = (i : j) = m. Further, j2 = s is a principal
ideal, R/k = Fq and j/i = m/m2 is a free Fq-module of finite rank
m > 0. The result thus follows.
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For a unit d of R, let λ[d] be the primitive linear character of R given
by r → λ(dr).

5.4 Proposition. The complex conjugates of a Weil representation
of type λ is a Weil representation of type λ[−1].

Proof. Let S∗ and W ∗ be the complex conjugate of the Schrödinger
and Weil representations S and W of type λ. Note that S∗ is an
irreducible representation of H(V ) satisfying

S∗(r, 0) = λ(r)1X = λ(r)−11X = λ(−r)1X = λ[−1](r)1X , r ∈ R.

Since λ[−1] is primitive, we infer that S∗ is a Schrödinger representation
of type λ[−1]. As W ∗ satisfies (2) relative to S∗, we conclude that W ∗

is a Weil representation of type λ[−1].

5.5 Theorem. Let R0 be any finite commutative quasi-Frobenius
local ring of odd characteristic. Let φ be any complex irreducible
character of Sp (2n,R0). Then we can choose R so that R0 is a quotient
of R and the inflation of φ to Sp (2n,R) is equal to the character
afforded by some Sp (2n,R)-submodule of X(s).

Proof. For each positive integer m consider the polynomial ring
Pm = R0[X1, Y1, . . . , Xm, Ym]. Let Im be the ideal of Pm generated by

X2
i −X2

j , X2
i + Y 2

i , X3
i , XiXj , YiYj , XiYk,

where 1 ≤ i �= j ≤ m and 1 ≤ k ≤ m. Set Rm = Pm/Im and consider
the following elements of Rm

xi = Xi + Im, yi = Yi + Im, t = X2
1 + Im, 1 ≤ i ≤ m.

Then Rm is a free R0-module of rank 2(m+1) with basis {1, x1, y1, . . . ,
xm, ym, t}. Further, the following relations hold in Rm

(11)
x2

1 = −y2
1 = · · · = x2

m = −y2
m = t,

x3
1 = y3

1 = · · · = x3
m = y3

m = 0,
xixj = yiyj = xiyk = 0,
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where 1 ≤ i �= j ≤ m and 1 ≤ k ≤ m.

Denote by m0 and s0 the unique maximal and minimal ideals of R0,
respectively. Then Rm is a finite commutative quasi-Frobenius local
ring of odd characteristic, with unique maximal ideal m0 ⊕ R0x1 ⊕
R0y1⊕· · ·⊕R0xm⊕R0ym⊕R0t and unique minimal ideal s0t. Consider
the ideal im = R0t of Rm. Then

i2m = (0),
jm = ann im = R0x1 ⊕R0y1 ⊕ · · · ⊕R0xm ⊕R0ym ⊕ R0t,

km = (im : jm) = jm.

Further, Rm/km
∼= R0, j2m = im is principal and jm/im ∼= R0x1⊕R0y1⊕

· · · ⊕R0xm ⊕R0ym is a free R0-module of rank 2m.

Use the generator t of j2 to define a non-degenerate symmetric
Rm/km-bilinear form ( , )m on jm/im, as indicated in Section 4.
Then the relations (11) show that relative to the basis {x1 + im, y1 +
im, . . . , xm + im, ym + im} of jm/im, the Gram matrix of ( , )m is equal
to diag (1,−1, . . . , 1,−1).

Let Wm : Sp (2n,Rm) → GL(Xm) be a Weil representation of prim-
itive type. From Theorem 3.3 we know that the congruence sub-
group Γ(km) of Sp (2n,Rm) acts trivially on Xm(im). Further, by
Theorem 4.2 and Proposition 5.4 the representation of Sp (2n,R0) af-
forded by Xm(im) via the canonical isomorphism Sp (2n,Rm)/Γ(km) ∼=
Sp (2n,R0) has character (ψψ)m, where ψ is a Weil character of
Sp (2n,R0) of primitive type, and the bar indicates complex conju-
gation.

From Theorem 3.2 we see that ϕ = ψψ is the permutation character
of Sp (2n,R0) acting on a symplectic space V0 of rank 2n over R0.
In particular, ϕ is a faithful character. Further, the number of times
the trivial character 1Sp (2n,R0) of Sp (2n,R0) enters ϕ is equal to the
number of Sp (2n,R0)-orbits of V0, hence is at least two.

Let (φi)i∈I be the family of all complex irreducible characters of
Sp (2n,R0). For each i ∈ I the Burnside-Brauer theorem, cf. Section 4
of [7] ensures the existence of a non-negative integer mi such that φi

enters ϕmi . Choose a positive integer a large enough so that φ is
contained in a

∑
i∈I φi. Next take a positive integer b so that 2b > a.

Since φi enters ϕmi and ϕb contains a · 1Sp (2n,R0), we see that aφi is
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contained in ϕmi+b. Let m = max{mi + b | i ∈ I}. For i ∈ I the
character ϕmi+b is contained in ϕm since 1Sp (2n,R0) enters ϕm−(mi+b).
We deduce that a

∑
i∈I φi, and hence φ, is contained in ϕm. On taking

R = Rm and i = im, we conclude that the Sp (2n,R0)-module X(i) has
a submodule whose character is equal to φ. Since X(i) ⊆ X(s), the
result follows.
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