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A NOTE ON SOME MODULAR SUBGROUPS

REFIK KESKIN

ABSTRACT. In this study, we introduce some modular
subgroups and we calculate parabolic class numbers of those
groups. In addition to this, we gave a nice formula for the
parabolic class number of T'g(n?).

1. Introduction. Let I' denote the modular group, which consist
of those mappings of the form
az+b

TR = ora

and let I'"* be its subgroup such that

ad—bc=1, a,bc,deZ

I'M'={Tel:a=d=0 (mod m)orc=b=0 (mod m)}

where m > 2, is a natural number. Let I'g(n) be the congruence
subgroup of the modular group I' such that ¢ = 0 (mod n) and let
'y (n) =T"™NTy(n). Our main purpose is to calculate parabolic class
number of T'*(n) for m to be a power of a prime number.

2. Some definitions and theorems. Let A be a discrete subgroup
of PSL(2,R). When z € RU{o0} is a fixed point of a parabolic element
of A, we say that z is a parabolic point of A. We also call a parabolic
point of A a cusp of A.

We now give a theorem from [6], which is related to the cusps of A.

Theorem 1. Let x be a cusp of A, andlet A, = {T € A: T(z) = x}.
Then A, is an infinite cyclic group. Moreover, any element of A, is
either identity or parabolic.

The parabolic subgroups of A are defined to be those nonidentity
cyclic subgroups C' C A, which consist of parabolic elements, together
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with the identity, and which are maximal with respect to this property.
The parabolic class number s of A is the number of conjugacy classes
of parabolic subgroup of A, see [1].

Lemma 1. Let A be a discrete subgroup of PSL(2,R) and assume
that A* is a subgroup of finite index in A. Let P be the set of the
parabolic points of A. Then P is the set of the parabolic points of A*
and the parabolic class number of A* is the number of orbits of A* on P.

Proof. Let z be a point in P. Then S(z) = x for some parabolic
element of A. Since A* is a subgroup of finite index in A, we see that
Sk € A* for some natural number k. Then S* is a parabolic mapping
and S*(z) = z. Thus x is a cusp of A*. By the above theorem,
A’ is an infinite cyclic group and any nonidentity element of A% is a
parabolic element. It can be seen that A’ is maximal with respect to
this property. That is, A} is a parabolic subgroup. Now let C be a
parabolic subgroup of A*. Then every element of C has a fixed point
x and therefore C' C A}. This shows that C' = AZ. In addition, = and
y lie in the same orbit if and only if A} and A} are conjugate. Then
the proof follows. O

By a Fuchsian group A we will mean a finitely generated discrete
subgroup of PSL(2,R) the group of conformal homeomorphisms of
the upper-half plane. The most general presentation for A is

Generators;
ai,bi,... ,aq4,by (Hyperbolic)
T1,22,... , %y (Elliptic)
P12, -+ 5 Ps (Parabolic)
Relations;
g T s
ot =yt = = H[ai;bi] ij Hpk =1
i=1 j=1 k=1

where [a;, b;] denotes the commutator of a; and b;.
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We then say A has signature, see [7],
(g7mlam27 cee 7mT;S)'

s is the number of parabolic classes, i.e., of conjugacy classes of maximal
parabolic subgroup, and r is the number of elliptic classes. The m; are
the periods of A.

In the following we calculate the indexes of some subgroups of I in I'.
Before giving our lemmas, we give a lemma from [5].

Lemma 2. |I': To(n)| = n]], ,(1+1/p).
Lemma 3. |T': T =m|l: To(m)| /2.
Proof. Let H={T €T™: b=c=0 (mod m)}, and let

K—{[z Z] €SL(2,Z):b=c=0 (modm)}.

Now let A, : SL(2,Z) — SL(2,Z/mZ) be an epimorphism defined in
[4, p. 104], as follows:

a b a* b
w(e )= #))
where a = a* (mod m), b = b* (mod m), ¢ = ¢* (mod m), d = d*

(mod m). Since

A (K) = { {g aol] € SL(2,Z/mZ) : a € SL(2,Z/mZ) is a unit} ,

we see that |\, (K)| = ¢(m). Therefore
T': H|=|SL(2,Z) : K| = |SL(2,Z/mZ) : \,,(K)|
_ m’ [l (1— 1/p%)
p(m)
and thus [T': H| =m | : To(m)|. Since H C '™ C T, we have

T : H] T:H m
T ] = :5|F:I‘0(m)|. o

IT:T™| =
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Lemma 4. Let (m,n) =1. Then | : T3 (n)| = |T': To(n)| and
DTG (n)| = [T T[T Tt (n)],

if m is not prime to n, then |I' : T§(n)| = |T': To(m?n)|.

Proof. Assume that (m,n) =1. Let Hy={T € H:c=0 (mod n)}.
Then Hy C H and Hy C I'j*(n). Moreover, it can be seen that H is
conjugate to I'o(m?) and that Hy is conjugate to I'g(m?n). This follows
from the fact that H = S™1T'g(m?)S and Hy = S~'T'g(m?n)S where
S(z) = z/m and the conjugation is being done in SL(2,R) and not in
SL(2,7Z). Since |[I'™ : H| = |T']*(n) : H| = 2, we have

D™ Hy| D™ HI|H : H
™ T5" ()| = = = —rm
‘ 15" (n) : Hol T3 (n) : Ho

:|HZH()|.

On the other hand, since
|H : Hy| = |S*1I‘0(m2)S : Silfo(mzn)5| = |F0(m2) : I‘O(an)|,

and
[To(m?) : To(m?n)| = [T : To(n)],

we see that [T : T7*(n)| = |T": To(n)|. Since
0= Tg"(n)| = [T T[T Tt (n)],
the proof follows. If m is not prime to n, then I'j’(n) = Hy and the

proof is similar. i

In view of the above lemmas, we see that I'™ and I'j*(n) are finitely
generated discrete subgroup of PSL(2,R) and therefore they are Fuch-
sian groups.

3. Main theorems. Let T € I' and

T(z) = az+b

_ —bc=1.
et d ad — be

Since

d(ak + bs) — b(ck + ds) =k
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and
a(ck 4+ ds) — c(ak + bs) = s,

we see that if k/s is in the reduced form, then (ak + bs)/(ck + ds) is
in the reduced form. Now we give the following lemma without proof.
The proof is easy and can be found in [1].

Lemma 5. Let T' be the modular group. Then the set of parabolic
points of T is the set Q = QU {oo} = {k/s: (k,s) =1} U{oc} and T

acts transitively on Q.

If we represent co as 1/0 = —1/0, we have
Q= {k/s: (k,s) =1 and k, s are integers} .

From the above lemmas, it follows that the parabolic class number of
T2 (n) is the number of orbits of T*(n) on Q. Since I acts transitively
on Q and 'y (n) is of finite index in T, it can be seen that the parabolic
class number of I'j*(n) is finite, see [1].

In the following, we give a lemma without proof, which we use later.
The lemma appears in [8, p. 73], as a problem.

Lemma 6. Let m and k be positive numbers. Then the number of
the positive integers < mk that are prime to m is kp(m).

From now on, we will assume that m = p” for some prime number p.

Lemma 7. Let (m,n) = 1 and assume that k/s € Q withp | s. Then
there exist some T € T'((n) such that T(k/s) = ki1/s1 with (m,s1) = 1.

Proof. Since (m,n) = 1, there exist two integers a and b such that

am? —nb=1. Let
amz +b

T(z)= .

(2) nz—+m

Then T € T')*(n) and T(k/s) = k1/nk +ms = ki/s1 with (m,s1) =1
where s; = nk + ms. o
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Lemma 8. Let k/s € Q with (k,s) = (s,m) = 1. Then there exist
some T € T']*(n) such that

T(k/s) = k1/81

with s1 | n.

Proof. Let s; = (s,m). Then s; = (s, kn) = (s, kmn). Therefore
there exist some integers c¢; and dy such that knmc; 4+ sdi = s;.
Since (di, knm/s1) = 1, there exists an integer ko such that (d; —
(knm/s1)ko, nm) = 1. Let d = dy — (knm/s1)ko and ¢ = ¢1 4+ (s/s1)ko.
Then knmc + sd = s;. Furthermore, (d, cm?n) = 1, since (d, ¢) =
(d, mn) = 1. Thus there exist two integers z and y such that
xzd —em?ny = 1. Let
T(z) _ xz + my

cnmz +d’

Then T € T'f*(n) and

k B k1 B k1 .
T(§) = ok ds with s | n. O

Lemma 9. Let (a1, d1) = (az,d1) = 1 and dy|n. Then a1/d;
is conjugate to az/dy under T§*(n) if and only if a1 = a2 (mod mt)
where t = (dy, n/dy).

Proof. Suppose that a1 /d; is conjugate to as/d; by some T € T'7*(n).
Then T'(ay/d1) = az/dy for some T € T'§*(n). Let T be of the form

b
T(z) = m, ad — benm? = 1.
cnmz +d
Thus we have
aa; + bmd; as

enmay + dd, d_1

and therefore there exist some u = +1 such that

aai + bmd; = uas
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and

cnmai + dd; = udy.

It follows that aa; = waz (mod mt), ad = 1 (mod mt), and d = u
(mod mt), which implies that a1 = as (mod mt). If T is of the form

T(z) = %, adm? — ben = 1,
we obtain
amai + bdy = uag
and

cnay + dmdy = udy
for some u = £1. Therefore we have
ben=1 (mod m), bd; =way (mod m),

and cna; = ud; (mod m). From those equations we see that a; = as
(mod m). In the same way, it can be seen that adm? = 1 (mod t),
amay = uay (mod t), and dm = u (mod t), which implies that a; = aq
(mod t). Thus a; = az (mod mt).

Conversely, assume that a3 = as (mod mt) where t = (dy, n/dy).
Let ny = n/d;. Then t = (di, n1) = (d1,n1a1a2) and therefore
tm = (dim, njajagm). Since mt|ay — a1, there exist two integers
2 and y such that

niaiaemx + dimy = as — a;.

Thus we obtain
a1 (niagmaz + 1) + dymy = as.

If we take b = y and a = niasmx + 1, we have
aai + dimb = as.
Let ¢ = nidiz and d = 1 — mnja1x. Then

cmaq + ddy = d;.
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On the other hand, we see that
ad —bem? = a(l—mniaiz) — bnydizm? = a — (aay + dymb)ymniz = 1.
Let

az + bm

T(2) = ——.
(2) cemz +d

Then T € T'J*(n) and

aai + bmd; as
T d)= ——— = —.
(al/ 1) cmaq + ddq dq

We give a lemma whose proof is easy and will be omitted.

Lemma 10. Let (a1, d1) = (ag, d2) = 1, di|n, and do|n where
dy and dy are positive integers. If ai/dy is conjugate to as/ds under
'y (n), then di = ds.

Now we can give our main theorem.

Theorem 2. Let m = p", and let (m, n) = 1. Then the parabolic
class number of T (n) is

w5 ((02))

Proof. Tt suffices to calculate the number of orbits of Tj*(n) on Q.
By Lemma 6 and Lemma 9, there exist mp((d, n/d)) different orbits
for each d|n. Then from Lemma 6 to Lemma 10, it follows that the
number of orbits of T7*(n) on Q is

ome () =m>e (4 3))

We can deduce the following easily.
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Theorem 3. The number of the orbits of T'o(n) on Q is

2o ((3)):

d|n

which is the parabolic class number of To(n).

Theorem 4. Let m be not prime to n. Then the parabolic class
number of T (n) is

Proof. Since m is not prime to n, I'j*(n) = Hy and therefore I'f*(n)
is conjugate to I'o(nm?). Then the proof follows. o

We now give a nice formula for the parabolic class number of I'g(n?)

for any natural number n > 2. Before giving our main theorem we will
give some lemmas.

Let (m,n) =1, and let A = Ty(n) N H. Then it can be seen that A
consists of all those mappings of the form

T(z) = m, ad — benm? = 1.
cnmz +d

Furthermore, it is easily seen that A is of finite index in I and that A is

conjugate to T'gp(m?n). Thus the parabolic class number of A and the
parabolic class number of I'g(m?n) are the same.

Lemma 11. Let k/s € Q with (k,s) = 1. Then there exist some
T € A such that T(k/s) = k1/s1q with s1|n and q|m.

m

Proof. Let ¢ = (s,m) and s; = (s,n). = s*¢ and

= m*q with (s*,m*) = 1. Then s; = (s,n) = (s*¢,n) =
(s*,n) = (s*,kn) = (s*, knm*). Thus s1q = (s*q, knm*q) = (s, knm).
Therefore, there exist two integers ¢; and dy such that s;q = kmncy +

Then s
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sdy. Since (di,kmn/s1q) = 1, there exists an integer ko such that
(dy — (knm/s1q)ko, nm?) = 1. Let d = dy — (knm/s1q)ko and ¢ =
c1 + (s/s19)ko. Then knmc + sd = s1q. Furthermore, (d, em?n) = 1,
since (d, c) = (d,nm?) = 1. Thus there exist two integers x and y such
that od — em?ny = 1. Let

Tz + my
T(z) = ——.
(2) cnmz +d
Then T' € A and
k k
T(k)s) = ———— =L with s, |n and ¢|m. O

cenmk + ds B 514

Lemma 12. Let dy|n, g|m and (a1,d1q) = (az,d1q) = 1. Then
ay/dy q is conjugate to ag/dy q under A if and only if a; = aq
(mod t(m/q)) where t = (d1, n/dy).

Proof. Suppose that (a1,d1q) = (a2,diq) = 1 and a1 = a9
(mod t(m/q)). Let m/q = ¢* and n; = n/d;. Then it can be eas-
ily seen that t¢* = (digm, ajasniq*). Since t¢* | ag — a1, there exist
two integers x and y such that

niai1axq*x + digmy = az — a1.

That is,
ai(niazq*x + 1) + dygmy = as.

Taking b = y and @ = njazq¢*x + 1, we obtain
aai + digmb = as.

Let ¢ = nydyxz and d = 1 — ¢*njai;x. Then n|c and
cmay + dgd; = dyq.

On the other hand, we see that

ad — bem? = a(l — ¢*niarx) — bnydyzm?

=a— (aay + digmb)g*niz = 1.
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Let .
az + om
T = —.
(2) cmz +d
Then T € A and
bmd
T(al/dl): aa; +omay  az

cmay +dqd; — dig’

Let a1/d1q be conjugate to as/d1q by some T € A. Then it follows
that

aai + bmqd; = uas

and
cenmay + ddiq = udiq

for some v = 1, where ad — bem?n = 1. This shows that aa; = uas
(mod t(m/q)), d = u (mod t(m/q)) and ad =1 (mod t(m/q)), which
implies that a; = as (mod t(m/q)). O

Lemma 13. Let q|m, ¢* |m and dy |n, da|n. If a1/d1q is conjugate
to ag/d1q by some T € A, then di = do and q = ¢* where d1,ds, q,q*
>1.

Lemma 14. Let m = p" for some prime number p and let (m,n) =1
Then the parabolic class number of To(m?n) is (2m —¢(m))ve (Lo(n))
where vy (Co(n)) denotes the parabolic class number of To(n).

Proof. For the divisor 1 of m and for each divisor d of n, we have
me((d,n/d)) different orbits. Let 1 < ¢ < r. Then for each divisor
p' of m and for each divisor d of n, we have p(p"~(d,n/d)) different
orbits. Therefore, we have

e (@) + 32 [Te - (5))
- () o))
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different orbits, which is equal to
(2m — p(m)) dzgo ((a.%))-

The proof then follows. o

Theorem 5. Let n > 2 be a natural number. Then the parabolic
class number of To(n?) is

IT:To(n)| =n[] <1+1).

p
pln

Proof. Let m; = pi*, and let n = mymg---m, with (p;,p;) = 1 for
i # j. Then by using induction we have

voo(To(n?)) = Voo (To(mi - -+ m7)) = vao (Lo((mF)(m3 - - - m7))
= Voo (Lo (m7)) veo (Lo (m3 - -~ 7))

= VOO(PO(m%)) T VOO(PO(mE))-
Therefore, we have

Voo (To(n?)) = (2m1 — o(m1))(2ma — o(ma)) - - - (2m, — (m,))
= (" + P (S +p5 ) - (i Y,

which is equal to n(1 + 1/p1)(1 + 1/p2)--- (1 4+ 1/p,). Then the proof
follows. O

Corollary 1. Let n > 2 be a natural number. Then

2e(( )= IL(+3)

d|n?
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