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INFINITELY MANY RADIAL AND
NON-RADIAL SOLUTIONS FOR A CLASS
OF HEMIVARIATIONAL INEQUALITIES

ALEXANDRU KRISTALY

ABSTRACT. This paper is concerned with the existence
of infinitely many radial respective non-radial solutions for a
class of hemivariational inequalities, applying the non-smooth
version of the fountain theorem. The main tool used in our
framework is the principle of symmetric criticality for a locally
Lipschitz functional which is invariant under a group action.

1. Introduction. Let F : RY xR — R be a Carathéodory function
which is locally Lipschitz in the second variable, fulfilling the following
condition:

(F1) there exist ¢; > 0 and p € ]2,2*[ such that
€] < ci(|s| + [s]P7Y), VE€OF(x,s), forae zeRN, VscR,

where N > 2 and p € ]2,2*[, 2 = 2N /(N — 2), if N > 3 and 2* = oo,
if N =2, and F(z,0) = 0 almost everywhere z € RV.

The set
OF(x,5) ={¢ € R: &2 < F2(x,s;2) for all z € R}

is the generalized gradient of F(z,-) at s € R, where

F t2) — F
F£($7S,Z)=llmsup (m,y+ Zt) (xuy)7
Yy—s
t—ot

is the generalized directional derivative of F(x,-) at the point s € R in
the direction z € R, see Clarke [9].
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1174 A. KRISTALY

The purpose of this paper is to study the following hemivariational
inequality problem:

(P) find u € H'(RY) such that

/ (VuVw + uw) d:r—i—/ FO(z,u(z); —w(x)) dz > 0,
RY RN

Yw e HYRN).

The development of the mathematical theory of hemivariational in-
equalities, as well as their applications in economics, mechanics or en-
gineering, began with the work of Panagiotopoulos [20, 21]. Con-
cerning the existence of solutions of hemivariational inequalities, one
can find results by Naniewicz and Panagiotopoulos [18] (based on
pseudomonotonicity); Motreanu and Panagiotopoulos [15], Motreanu
and Radulescu [16] (based on compactness arguments), and references
therein.

Remark 1.1. In particular, if f : RY x R — R is a measurable, not
necessarily continuous function, and there exists ¢ > 0 such that

(1) |f(z,8)] <e(s| + \s\p_l), for a.e. z € RV, VseR,

and F : RN x R — R is defined by
(2) F(:z:,s):/f(x,t)dt, for a.e. z € RY, VscR.
0

Then F' is a Carathéodory function which is also locally Lipschitz in
the second variable and F(z,0) = 0, almost everywhere z € RY.
Moreover, F satisfies the growth condition from (F7). Indeed, since
f(z,) € L (R) almost everywhere x € R, by [15, Proposition 1.7,

p. 13] we have
OF (x,8) = [f(x,s), f(zx,s)], forae z€RYN, VscR,

where
[z, s) = 5lir61+ essinf{f(z,t) : |t — s| < 4},
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and

flz,s) = 51ir(r)l+ esssup{ f(z,t) : |t —s| < d}.

From the above relation and (1) the desired inequality is obtained.

Moreover, when f € CO(RN x R, R), due to (2), the inequality from
(P) takes the form

/ (VuVw + vw) dz — / fz,u(x))w(x)de =0,
RN RN

Vwe H' (RY),
i.e., u€ HY(RY) is a weak solution of

, —Av+v = f(z,v),
(®) {UEHl(RN).

Many papers are concerned with the existence and multiplicity of
solutions for problems related to (P’), see Bartsch and Willem [5, 6],
Bartsch and Wang [4], Strauss [24] (in the autonomous case), Gidas,
Ni and Nirenberg [12], Gazzola and Radulescu [11], and the references
therein. The interest in this equation comes from various problems in
mathematics and physics (cosmology, constructive field theory, solitary
waves, nonlinear Klein-Gordon or Schrédinger equations), see [1, 10,
24, 33].

Under suitable hypotheses mainly on f, Strauss [24], Bartsch and
Willem [6], Berestycki and Lions [7], Struwe [25] obtained existence
results concerning the radial solutions of problems closely related to
(P’). Bartsch and Willem [5] observed that a careful choice of a sub-
group of O(N) in certain dimensions assures the existence of infinitely
many non-radial solutions of (P’). In general, a functional of class C?
is constructed which is invariant under a subgroup action of O(N),
whose restriction to the appropriate subspace of invariant functions
admits critical points. Due to the principle of symmetric criticality
of Palais [19], these points will be also critical points of the original
functional, and they are exactly the radial, respectively non-radial, so-
lutions of (P’), depending on the choice of the subgroup of O(N). We
emphasize that in the above works the nonlinear term f is continuous.
A good survey for these problems is the book of Willem [26].
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In practical problems, in (P’) may appear functions f which are
not continuous, see Gazzola and Rédulescu [11] and the very recent
monograph of Motreanu and Rédulescu [16]. Clearly, in this case
the classical framework, described above, is not working. Starting
from this point of view, we propose a more general problem, i.e., to
study the existence of radial, respectively non-radial, solutions of (P).
To the best of my knowledge, no investigation has been devoted to
establish results in this direction. Our appropriate functional will be
O(N)-invariant and only locally Lipschitz; therefore, we cannot apply
the classical machinery described above. Thanks to the ingenious
principle of symmetric criticality of Krawcewicz and Marzantowicz [13]
for invariant locally Lipschitz functionals, we are able to guarantee
critical points (in the sense of Chang [8]) of the above-mentioned
functionals, applying the fountain theorem of Bartsch [2] in the non-
smooth case, proved by Motreanu and Varga [17]; the corresponding
critical points will be radial, respectively non-radial, solutions of (P).
These existence theorems improve some results from [5, 6, 24, 26].
On the other hand, we emphasize that our main results can be applied
to several concrete cases where the earlier results fail and they seem
to be the first applications of the principle of symmetric criticality for
non-smooth functionals.

The paper is divided into four sections. Basic definitions and pre-
liminary results are collected in the second section. The main results
are presented in the third section, where we establish the existence of
infinitely many radial respective non-radial solutions of (P). In the last
part a numerical example is presented.

2. Preliminaries and key results. Let (X, |- ||) be a real Banach
space and X* its dual. A function & : X — R is called locally Lipschitz
if each point u € X possesses a neighborhood U, of u such that

[h(ur) = h(ug)| < Lllur — uall,  Vui,ug € Uy,

for a constant L > 0 depending on U,. The generalized gradient of h
at u € X is defined as being the subset of X*

Oh(u) = {a* € X* : (x*,2) < h%(u;2) for all z € X},

which is nonempty, convex and w*-compact, where (-, ) is the duality
pairing between X* and X, h°(u;z) being the generalized directional
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derivative of h at the point u € X along the direction z € X, namely,

hO(u; z) = lim sup hlw + t2) = h(w)

w—u t

t—0t
see [9]. Moreover, h%(u;z) = max{(z*,2) : z* € Oh(u)}, for all
z € X. It is easy to verify that (—h)%(u;z) = h%(u;—2), and, for
locally Lipschitz functions h1,hs : X — R, one has (hy + h2)%(u; 2) <
hY(u; 2) + hY(u;2), for all u,z € X. The Lebourg’s mean value
theorem says that for every u,v € X there exist 6 €]0,1[ and z} €
Oh(Ou+(1—0)v) such that h(u)—h(v) = (x5, u—v). If hy is continuously
Gateaux differentiable, then dha(u) = hj(u); h9(u;2) coincides with
the directional derivative hj(u; z) and the above inequality reduces to
(h1 + h2)%(u; 2) = hY(u; 2) + hy(u; 2), for all u, 2 € X. A point u € X
is a critical point of h if 0 € dh(u), i.e., h°(u;w) > 0, for all w € X.
We define A\p(u) = inf {||z*|| : * € Oh(u)}. Of course, this infimum is
attained, since Oh(u) is w*-compact.

We say that h satisfies the (PS) condition at level ¢ in the sense
of Chang (shortly (PS).), if every sequence {z,} C X such that
h(zn) — ¢ and Ap(z,) — 0, contains a convergent subsequence in
X, see [8].

Now, we define the functional ¢ : H}(RY) — R by

b

3) () = /RN Flo,u(x))de, Yue H'(RY).

As usual, H'(R”) is the Sobolev space with the inner product (u,v); =
Ja~ [Vu(z)Vo(z) + u(z)v(z)] de and the corresponding norm ||ul|; =
1/2
[Jax (IVu(@)]? + |u(z)[?) dz]
Suppose now that (Fj) holds. Let us fix s1,s2 € R arbitrary.

By using Lebourg’s mean value theorem, there exist 8 € ]0,1[ and
&g € OF (z,0s1 + (1 — 0)s2) such that

F(z,s1) = F(x,s2) = §o(s1 — s2).
By (F}) we can conclude that, for almost every = € RN
(4)
|F(,51)—F(x,52)| < cals1—sa| - [|s1] + |sa] + |s1]P 7"+ 52" 7],
Vs1,89 € R,
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where ca = ca(c1,p) > 0. In particular, if u € H'(RY), we obtain that
[Y(u)] < /RN |F (@, u(x))ldz < ea([Jullf + [ull}) < oo,

i.e., the functional ¢ is well-defined (due to the fact that the embedding
HY(RYN) — LP(RY) is continuous). The norm on LP(RY) is ||ul, =
(fgw lu(z)[P dz)t/P. Moreover, thanks to relation (4), there exists
c3 > 0 such that for every u,v € H'(RY)

-1 -1
[W(u) = )| < esllu—olly ulls + ol + lulli™ + lolly } -

Therefore, 1) is a locally Lipschitz functional on H*(R”") and we have
the following key inequality.

Proposition 2.1. Let E be a closed subspace of H'(RYN), ¥p the
restriction of ¥ to E. If (Fy) holds, we have

w%(u;v)g/ Fo(x,u(x);v(x)) d

RN

for every u,v € E.

Proof. Let us fix v and v in E. Since F(z,-) is continuous,
FO(x,u(x);v(z)) can be expressed as the upper limit of [F(x,y+tv(z))
—F(x,y)]/t, where t — 0" taking rational values and y — u(z) taking
values in a countable dense subset of R. Therefore, the map =z —
F2(x,u(z);v(z)) is measurable as the “countable limsup” of measurable
functions of z. According to (F1), the map z — F2(z,u(z);v(z)) is
from L1(RY).

Since E is separable (being a closed subspace of a separable Hilbert
space), there are functions w,, € F and numbers ¢, — 0% such that
wy, — u in F and

dJE (wn + tnv) - U)E (wn)

n— oo tn

)

and, without loss of generality, we may assume w, () — u(x) almost
everywhere z € RV, as n — oo.
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We define g, : RN — R U {+o00} by
F(z,w,(x) + ty,v(z)) — F(z, w,(x))
tn
[lwa (@) +tnv(@)| [wn (@) |4 [wn () + 0 (@) [P~ ()P

gn(@) = = + ealv(z)]

The maps g, are measurable and non-negative, see (4). From Fatou’s
lemma we have

J= / lim sup[—gn (x)]dz > lim sup/ [—gn(z)]dx = 1.
RN n—oo n—oo RN
Let g, = —A,, + B,,, where

A () = F(z, wy(z) + tnvt(:;)) - F(ac,wn(x))7

and

By (x) = c2|v(2)] [[wn(z) + tav(@)] + [wn ()]
+ [wn () + tav(@) P71+ Jwn (@) P

Introducing the notation b,, = fRN B, (z) dz, we have

(5) I = limsup < Ay (z)dx — bn) .
Tn— 00 RN
Denote by || - ||z the restriction of || - ||; to E. After an elementary

calculation we obtain the following estimation:

b =22 [ @) ()] + Ju(@)P) de

< 2 {20l gllwn — ulls + tallvllE + (p — 1)2° 72|l
X [llwn = ully (ullp™ + lwall;~2)
H(llwn = ullp + tallvllp) (3™ + (lwallp + tallvll)?~2)] } -
Since the embedding E C H*(RM) — LP(RY) is continuous, 2 < p <

2%, and ||lw, —u||g — 0, t, — 0T, we obtain that the sequence {b,} is
convergent, its limit being

lim b, = 2¢y /RN ()| (Ju(z)| + |u(z)[P~) da.

n—oo
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From (3) and (5), we have

I = limsup Vg (W, + ) — Yie(wy,)

n—oo tn

= ¥p(u;v) — 2 /RN o(@)] (Ju(@)] + [u(@)["~") da.

— lim b,

n—oo

Now we estimate J. Denoting by

JAz/ limsup A, (z)dx and JB:/ liminf B, (x) dz,
R R

N n—oo N Nn—00

we have J < J4 — Jp.

Since wy, (z) — u(z) almost everywhere on RY and t,, — 0T, we have

Jg = 2¢o /RN lv(x)| (|u(x)\ + |u(x)|p_1) dx.

On the other hand, we obtain

JA = / limsup (I, wn(x) + nU(I)) (;p’ wn(x)) I
RN n—oo tn
S/ lim sup Fa,y + tu(z)) - F(z,y) d
RN y—u(x) t
t—0t

- [ ety o(e)) de
RN
From the above estimations we obtain the desired relation. O

Remark 2.1. The above inequality has been proved only for bounded
domains of R by Clarke [9], Motreanu and Panagiotopoulos [15],
where the growth conditions are different than in our situation.

Let G be a compact Lie group which acts linear isometrically on the
real Banach space (X, | - ||), i.e., the action G x X — X : [g,u] — gu
is continuous and for every g € GG, the map u — gu is linear such that
llgu|l = ||ul|, for every v € X. A function h : X — R is G-invariant if
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h(gu) = h(u), for all g € G, u € X. The action on X induces an action
of the same type on the dual space X* defined by (gz*)(u) = z*(gu),
for all g € G, u € X and z* € X*. We have ||gz*|| = ||z*|, for all
g € G, z* € X*. Supposing that h : X — R is a G-invariant, locally
Lipschitz functional, then goh(u) = dh(gu) = Oh(u), for all g € G,
u € X. Therefore the function u — Ap(u) is G-invariant.

Let X¢ = {u € X : gu=u, Vg € G}. We recall the Principle of
Symmetric Criticality of Krawcewicz and Marzantowicz [13, p. 1045],
which will be crucial in the proof of our main theorems. This result
was established for Banach G-manifolds of class C?; we will use only a
particular form of this one which works on Banach spaces.

Proposition 2.2. Let w € X% and h : X — R be a G-invariant,
locally Lipschitz functional. Then w is a critical point of h if and only
if u is a critical point of h® := h|xc : X¢ — R.

At the end of this section we recall the non-smooth version of the
fountain theorem, due to Motreanu and Varga [17, Corollary 3.4].
This result was obtained for a compact Lie group G acting on finite
dimensional vector space satisfying the admissibility condition in the
sense of Bartsch [3]; here we recall this one for G := Zj. First, the

fountain theorem was established by Bartsch [2] for functionals of class
c*.

Proposition 2.3. Let E be a Hilbert space, {e; : j € N} an
orthonormal basis of E, and set Ey, = span{ey,...,e;}. Leth: E — R
be a locally Lipschitz functional which satisfies the following hypotheses:

(i) h(—u) = h(u), for all u € E;
(ii) for every k > 1, there exists Ry > 0 such that h(u) < h(0), for
all w € Ey with ||u|| > Ry;

(iil) there exist ko > 1, b > h(0) and p > 0 such that h(u) > b for
every u € EklO with ||ul| = p;

(iv) h satisfies the (PS). condition for every ¢ € R.

Then h possesses a sequence of critical values {cx} such that ¢ — 00
as k — oo.
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3. Main results.

Lemma 3.1. Suppose that (Fy) holds. Let ¢ : HY(RY) — R defined
by
1
p(u) = 5 llullf = ¥(w), Yue H'(RY),

where ¥ is defined by (3). Then the critical points of @ are solutions of

(P).

Proof. Clearly, u — |lu||?/2 is of class C'; therefore, the map
¢ is locally Lipschitz. Let u be a critical point of ¢. Applying
Proposition 2.1 for E := H'(R"), we have for every w € H*(RY)

0 < @ (u;w) = (u,w)1 + (—1)°(u; w)
= (u’ w)l + 1l)o(u; _w)

< (u,w) + FO(z,u(z); —w(x)) dr,
RN

i.e., u is a solution of (P). O

In order to obtain existence results, we impose further assumptions
on F:

(Fy) F(z,—s) = F(x,s) for almost every z € RY, for all s € R;
(F3) F(gx,s) = F(xz,s), for almost every x € RV, for all g € O(N),
for all s € R;

(Fy) there exist a > 2, A € [0, (v — 2)/2[ and ¢4 > 0 such that for
almost every x € RY and all s € R

(Fy —a) aF(x,s) + F(x,s;—s) — As? <0,
and
(Fa =) ca(ls|® = [sl*) < F(a, 5);

(Fs) limg_omax{|¢| : £ € OF (z, s)}/s = 0 uniformly for almost every
z € RN,
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Lemma 3.2. Let E be a closed subspace of HY(RN) which is
compactly embedded in LP(RN). Denoting by @ the restriction of ¢
to E and assuming that (F1), (Fy — a) and (F5) hold, then  satisfies
the (PS). condition, ¢ € R.

Proof. Let {u,} C E be a sequence such that @(u,) — ¢ and
A(up) — 0 as n — oo. Therefore, for every n € N, there exists
2k € 0p(uy) such that [|z] = )\g(un). Since E is a Hilbert space,
from the Riesz’s representation theorem, for every n € N, there exists
zn, € E such that ||z,||g = ||22|| and (2, w)E = (2%, w), for all w € E.
Let us denote by 15 the restriction of ¢ to E. Using Proposition 2.1
and (Fy — a), for n large enough, we obtain

¢+ 1+ [lunlle = Glun) = = 8°(un; un)

1
o

1 ~ 1 ~
= 5 Il = $(an) = = (lun %+ F° atni —un)

1 1
> (5-3) Il

N—

1l fa—
2 (552 A) Il

Therefore, the sequence {u,} is bounded in E.

Since the embedding E — LP(R”) is compact, passing to a subse-
quence if necessary, we may suppose that v, — v in F and u,, — u in
LP(RN).

On the other hand, we have

@O(un; U — un) = (uvuu - un)E + 1/}0(“%; Up — u),

2wy up —u) = (u,up —u) g + V0 (u;u — uy).
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Adding these relations, we obtain

l[tn — ul|%
= [qzo(un;un—u) + io(u; u—un)] — P (s u—uy) — @°(us; up —u)
=1} 12 -1

Now we will estimate I, i = 1,3. To this end, from (Fy) and (F),

we have that for all € > 0 there exists ¢, > 0 such that

(6) €] <els| +ce|s|P™t, VE€OF(x,s), forae zeRYN, VscR.

From Proposition 2.1 and (6) we have

~

Iy = 0 (s = ) + 90 (w50 — wy)
O (2, wp (2); up () — u(x)) dz
< [ P @) ) = ula) d
+ /RN FO(z,u(z); u(r) — un(x)) de
= - max{&, () (un(z) — u(x)) : () € OF (z,un(x))} da

L. max{¢(z)(u(x) — un(x)) : £(x) € OF (z,u(x))} du

< [ EQun@]+ fulz)
RN
+ee ([un(@) P71 + Ju(@)P~Y)] fun(z) — u(z)| do
< 2e(flunllE + llulli) + cellun —ully (Junll5™" + fJully™)
On the other hand,
1721 = SEO(UMU_Un) >z, u—tp) = (2n, u—Un)E > — 20| Ellu—1un| £

Moreover, let us fix a z* € 9p(u). We have I3 = 3%(u;u, —u) >
(2%, u,, —u) and therefore we have a 2z € E such that I3 > (2,u, —u)g.
Since {u,} is bounded in F, letting ¢ — 0T and keeping in mind
that u, — w in L?(R™), ||z,||z — 0 and u,, — u in E, from the above
estimations we obtain that |lu, — u|g — 0 as n — oc. o
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Let
HnyRY) = HYBRMOW) — fy e HYRN) : gu=u, Vg e O(N)}.

The action of O(N) on HY(RY) is gu(z) = u(g~'x) for every g €
O(N), u € H*(R") and for almost every z € RY. The elements of
H(l)(N) (RY) are exactly the radial functions of H!(RY).

Theorem 3.1. If the assumptions (Fy)—(F5) hold, then the problem
(P) has infinitely many radial solutions.

Proof. For abbreviation, we choose E := H(l)(N) (RY) and G =
O(N). Denote by (-,-)g the restriction of (-,-); to E.

By assumption (F5) and from the fact that G acts linear isometrically
on H'(RY), the functional ¢ is G-invariant. Let @ again be the
restriction of ¢ to E. Due to Proposition 2.2 and Lemma 3.1, any
critical point of @ is a radial solution of (P). Therefore, it suffices
to prove the existence of an unbounded sequence of critical points
{un} C E of @. To this end, we will verify the requirements from
Proposition 2.3 for E and h := ¢.

By assumption (Fh), @ is an even function. Let us choose an
orthonormal basis {e;} of E and set Ej, = span{eq,...,ex}, k> 1.

Let us fix k > 1. From (Fy — b), we obtain

~

1 (03
plu) < 5 [ull — eallullg + eallul3-
The requirement (ii) from Proposition 2.3 follows for R, > 0 large

enough, since a > 2, $(0) = 0 and all norms on the finite dimension
space Fj are equivalent.

Using (6) instead of (F}), a similar calculation as in (4) shows that
¥(u) < ellullf +cellullp,  Vue H'(RY).

Ifue E,ﬂ-, then

. 1 1
80 2 (- ) lullp = cllully 2 (5 - <) Nl - cnlul
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where Il
u
ik = Sup L.
werst llulle
u#0

It is well known that ur — 0 as k — oo, see [5, Lemma 3.3]. Choosing
e < (p—2)/2p and 7, = (pccph )/ 37P), we have

for every u € Eir with ||ul|g = 74 Due to the choice of £ and since
ur — 0 as k — oo, the assumption (iii) from Proposition 2.3 is verified.

Since the embedding H(l)(N) (RY) — LP(RY) is compact, N > 2 and
p € ]2,2*[, see [24] or [26, Corollary 1.26], the (PS). condition follows
from Lemma 3.2.

Now, Proposition 2.3 guarantees the existence of an unbounded
sequence of critical points of @, which completes the proof. o

The purpose of the following result is to establish the existence of
non-radial solutions of (P). This is a non-smooth version of the result
of Bartsch and Willem, see [26, Theorem 3.13, p. 63].

Theorem 3.2. If the assumptions (Fy)—(F5) hold and N = 4 or
N > 6, then the problem (P) has infinitely many non-radial solutions.

Proof. 1t suffices to adapt the argument of [26, Theorem 1.31, p. 20],
where the space (denoted by E) of non-radial functions is constructed.
Using the result of Lions [14. Theorem 4.1], the embedding E —
LP(RY) is compact. Applying Lemma 3.2 to our restricted functional
to E, the (PS). holds, ¢ € R. The rest of the proof is similar to that
of Theorem 3.1. ]

Remark 3.1. When f € C°(RY x R,R) is a function which fulfills
(1), and F is defined as in (2), (Fy — a) takes the form

(7) aF(z,8) — f(x,8)s — As* <0,
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which is a weaker condition than those in [4, 24, 26], due to the
third member involving A\. We will see in the next section that in some
applications the presence of this member is essential. Moreover, if there
exists R > 0 such that

inf F(z,s) >0,
zeRN
[s|I=R

see [26, p. 62] and [24, Rel. (42)], then from (1) and (7) for A = 0, we
can deduce after an integration the relation (Fy—b). If f satisfies further
hypotheses as in [26, Theorem 3.12], our theorems improve the results
from [24], [26, Theorem 3.12], [5, Theorem 2.1] and [26, Theorem
3.13]. Moreover, in the next section we give a concrete example where
the earlier results fail and we can apply Theorem 3.1 and Theorem 3.2.

4. An example. We denote by |u] the nearest integer to u € R, if
u+1/2 ¢ Z; otherwise, we put |u] = u.

Example. Let F: R — R be defined by

F(s) = /OSL|t|tJ dt.

Then the conclusion of Theorem 3.1 holds for N € {2,3,4,5}. More-
over, if N =4, the conclusion of Theorem 3.2 holds too.

Proof. We verify the hypotheses for p := 3. To have p < 2*, we need
N €{2,3,4,5}. It is easy to show that F is an even function; therefore,
(F») holds. Moreover, according to Remark 1.1, (F7) holds too. Since
F(s) =0 for every s € [-1/v/2,1/v/2], (F5) holds. Since F is even, it
is enough to verify (F}) only for nonnegative numbers, choosing o := 3,
A:=1/4 and ¢4 :=1/3.

One has

®) P ={} , so Al

where I, = (y/(2n—1)/2,\/(2n+1)/2], n € N* and F,(s) =
ns—(1++v3+---4+v2n—1)/v2, s € I,,. Now, we use the following
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inequalities for every n € N*:

on +1 1+V3+--+v2n—1 2n+1
() 2y s FV3+ bV oT 2y <0,
= 2 V2 8

and

) =

dn+1 [2n—1 3 1+\/§—|—~-~+\/2n—1+2n—1>0
2 V2 2 =

Letusfixs > 0. If s € [O, 1/\/5], then the two inequalities from (Fy)
are trivial. Otherwise, there exists a unique n € N* such that s € I,.
If s € int I,,, then F°(s; —s) = —ns and due to (8), we need

1+vV3+--+v2n—-1 52
3| ns— —ns — —
V2 4

which follows from (12). If s, = \/(2n+1)/2, then F°(s,; —s,) =
—n4/(2n +1)/2. In this case, (Fy — a) reduces exactly to (1Z).

Since the function x — (2% — 2?)/3 — nz is decreasing in I,,, n € N*,
to show (Fy —b), it is enough to verify that

1((2n-1 3/2_2n—1 - 2n—1 1+V3+ - +V2n—1
3 2 2 = 2 /2 ’

<0,

which is exactly (/£). This completes the proof. o
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