ROCKY MOUNTAIN
JOURNAL OF MATHEMATICS
Volume 36, Number 2, 2006

EXISTENCE AND BEHAVIOR
OF SOLUTIONS OF THE RATIONAL EQUATION
Tpt1 = (axp—1 + bxy)/(ctpn_1 + dxy)Ty, n=0,1,2,...

L.C. MCGRATH AND C. TEIXEIRA

ABSTRACT. We investigate the existence and behavior of
the solutions of the equation in the title, where a, b, ¢, and d
are real numbers, and the initial conditions are real numbers.

1. Introduction and preliminaries. Consider the equation

aTp—1 + bx,

1 = =0,1,...
( ) Tn+1 anfl‘i‘dl'n Tn, n y Ly

where the parameters
a,b,c,d

are given real numbers and the initial conditions x_1, xg are arbitrary
real numbers.

This work is motivated by Problem 1572 in Mathematics Magazine,
April 1999, [5].

Our first goal is to give a detailed description of the set
G ={(z_1,70) € R*: Eq. (1) is well defined for all n > 0}.
The set G C R? is the set of good initial conditions. The complement
of G C R? is called the forbidden set of equation (1) and is denoted by
F. That is,
F ={(x_1,20) € R*: Eq. (1) is not well defined for some n > 0}.

Our second goal is to understand the short and long term behavior of
the solutions of equation (1) when (x_1,z0) € G.
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It follows from equation (1) that, formally,

Tpy1  Tp_1+br, a4+ b(Tn/T, 1)
Tp  CTpo1+dr, c+d(z,/T,_1)’

n=0,1,....

By the change of variables

Tn

Zn = ’
Tn—1

the above equation reduces to the Riccati equation

a+ bz,
= :01.
Zn+1 C+d2n’ n ) Ly

with
Zo
20 = —.
T_1

When studying the asymptotic behavior of solutions of equation (1),
infinite products are utilized. We shall use the following results from
(3].

Theorem A. Let {ap};2, be a sequence of positive numbers less
than one. Consider the following

oo

H 14 ap), H(l—ak).

k=0

Then the following statements are true.

(1) If Ypi,ar converges, then both products converge to finite,
nonzero limits.

(2) If Yopo,ar diverges, then the first product diverges to +oco and
the second product diverges to 0.

Theorem B. Consider the following

(2) ﬁ 1 + ak
k=0
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Then the following statement is true.

If 3702 lak| converges, then (2) converges.

2. The Riccati equation. In this section we recall known results
of the Riccati difference equation:

a+ bz,
3 Nl = , =0,1,...
®) il c+dz, "

where the parameters a, b, ¢, d are real numbers. These results will be
useful in the sequel.

To avoid degenerate cases, we assume throughout this section without
further mention that

la| +16| #0 and |¢|+|d| # 0.

We will also assume throughout this section, unless otherwise men-
tioned, that
d#0 and bc—ad#0.

Indeed when d = 0, equation (3) is a linear equation, while if
d#0 and bc—ad=0,
equation (3) reduces to the trivial equation

bz, + (bc/d)  b(dz, +¢) b
n = = = T = 5 ]., cee
i dz, + ¢ d(dz, +¢) d n=0

Finally, we note that when

(4) b+c=0 and 2075—2,
the solution {z,}52, of equation (3) is periodic with period two.

Unless stated otherwise, throughout the remainder of this section, we
shall assume that

(5) d#0, bc—ad#0, and b+ c#0.
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The change of variables

:b—gcwn—g for n=0,1,...

d

Zn

transforms equation (3) into the difference equation with one parameter

R
6 nt1 =1 ——, =0,1,...
(6) Wnt1 w, n

where the parameter R, which we call the Riccati number of equation
(3), is the nonzero real number given by

bc — ad
R= (b+c)?’

and where the initial condition wg of equation (6) is

dzg + ¢
wy = ———.
0 b+c

We make the further change of variables

{wnzun—H forn=0,1,...

Un,
UQzl

which reduces equation (6) to the second order linear difference equa-
tion

(7) Un42 — Un+1 —l—’Ru,L :O, n:O,l,...
with initial conditions
up=1 and wu; = wp.

Finally, we denote by A; and Ag the roots of the characteristic equation
of equation (7),

1-+vV1-4R 1+v1—-4R
)\1:# and AQZf.
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2.1 The forbidden set and explicit solution of the Riccati
equation (2). Let G be the set of all initial conditions zy € R such
that the solution {z,}52, of equation (3) exists for all n > 0. Set

F=R-G.

Then F is the set of initial conditions zy € R such that the solution of
equation (3) with initial condition zy fails to exists after a finite number
of terms. That is, F is the forbidden set of the Riccati difference
equation (3).

When b+ ¢ = 0, the forbidden set of equation (3) is the singleton

c
P4
d
while in the degenerate cases where d(bc — ad) = 0, the forbidden set
of equation (3) is empty.

The next three theorems give an explicit description of the forbidden
set F' of equation (3) when (5) holds. The first theorem gives an explicit
description of F' and also provides a closed form expression for the
solutions of equation (3), when

1
R <.
<1

Theorem 2.1. Assume that (5) holds and that R < 1/4. Then the
forbidden set F of equation (3) is given by

(8) F:{b+0<)\1>\2—)\2)\1>_§n>1}

d A — AT

For any initial condition zy ¢ F, the solution of equation (3) is given
by

b+C<CM¥“+02A3+1) £ o n=01,...

9 =
O =3 CINT + Ca Ny
where

Xo(b+¢) — (dzo + ¢)
(b—l—c)(/\g - )\1)

(dzo +¢) — M (b+¢)
(b+c) (A2 — A1)

and ¢ =

c1 =
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Corollary 2.1. Assume that R < 1/4, and let {z,}52 be a solution

of equation (3) that exists forever. Then the following statements are
true.

(i) Suppose

b+c c
= AL — —.
20 7 Mg
Then b
Zp = ;C)\l—g forall n >0.
(i) Suppose
zp = bte Ay — ¢
0T g P
Then -
c c
= _ = > .
Zn 7 A pi foralln >0
(iii) Suppose
b+c c b+c c
Zof d )\1—3 and Zof d )\2—3.
Then b
c c
1 n = Ay — —
nirco d T4

Corollary (2.1) states that if we choose an initial condition on an
equilibrium point, the solution remains there. Otherwise, the solution
converges to the larger (in absolute value) of the two equilibrium points.

The next theorem gives an explicit description of F' and also provides
a closed form expression for the solutions of equation (3), when

1
R=-.
4

Theorem 2.2. Assume (5) holds, and that R = 1/4. Then the
forbidden set F' of equation (3) is given by

(10) F_{%:nzl}.
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For any initial condition zg ¢ F, the solution of equation (3) is given
by

; _bte (bt +(n+1)(2dzo+c—b)\
"d 2(b+c¢) +2n(2dzg + ¢ —b)
for n=0,1,....

Ul o

(11)

Corollary 2.2. Assume that R = 1/4, and let {z,}52 be a solution
of equation (3) that exists forever. Then the following statements are
true.

(i) Suppose zy = (b — ¢)/2d; then z, = (b—¢c)/2d for all n > 0.

(il) Suppose zg # (b — ¢)/2d; then lim, oo 2, = (b —¢)/2d.

Corollary (2.2) states that, if we choose an initial condition on the
unique equilibrium point it remains there. Otherwise, the solution
converges to the unique equilibrium point. Finally, we give an explicit
description of F' and also provide a closed form expression for the
solutions of equation (3), when

1
R>-.
~1

Theorem 2.3. Assume that (5) holds, and that R > 1/4. Let
0 € (0,7/2) be such that

cos@—L and sin@—ﬂ
2VR 2WR

Then the forbidden set F of equation (3) is given by
(12)

F_{b_c— (b+ VAR — 1 cot (nf) :n > 1 and Sm(nﬁ)?éo}'

2d 2d
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For any initial condition zg ¢ F, the solution of equation (3) is given
by

(13)
L _b+e VR (cos((n+1)8) + (2wo — 1)/(VAR — 1) sin((n+1)8))
tod cos(nf) + (2w — 1)/v/4R — 1sin(nd)
- d

where wo = (dzp + ¢)/b+ c.

Corollary 2.3. Assume that R > 1/4, and let {z,}52 be a solution
of equation (3) that exists forever. Then the following statements are
true.

(i) Assume that 6 = (p/q)w, where p and q are relatively prime.
Let k be the first positive integer such that (kq)/p is an integer. Then
{zn 32 is periodic with prime period (kq)/p.

(ii) Assume that 0 is an irrational multiple of w. Then {z,}22, is
dense in the reals.

2.2 The zero set of the Riccati equation (3). In this section we
give a complete description of the zero set Z of equation (3)

Z ={zy € R: Eq. (3) equals zero for some n > 0}.

As we shall see, Z plays an important role in obtaining the forbidden
set F of equation (1).

First assume that

d=0.
As |¢| + |d| # 0, equation (3) reduces to the linear equation
b
(14) an:—zn—l—g, n=0,1,....
c c
For n > 1, the solution of equation (14) is
= ith=0
c
na .
2 = zo—i-? ifb#£0and b=c

n
o— —2 )V (2) 4 b £oandb£e
c—b c c—b
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Therefore when d = 0, the zero set Z of equation (3) is given by

{0} ifb=0
7 {—E:nZO} ifb£A0and b=c
= c

{cib{l—(g)n} :nzo} if b0 and b # c.

Clearly, when d # 0 and bc — ad = 0, the zero set of equation (3) is

(15)

(16) Z = {0}.

Next assume that d # 0, bc — ad # 0 and b+ ¢ = 0. Then every
solution of equation (3) with zy # b/d, is periodic with period two;
namely, the solution is the two cycle

a+ bz
s 0> —b—f—dZ()’

Hence, when d # 0, bc—ad # 0 and b+ c = 0, the zero set of equation
(3) is

(0} ith=0
(17) Z_{{o, —%} it b# 0.

The following theorem gives an explicit description of Z when (5)
holds.

Theorem 2.4. Assume that (5) holds. Then the following state-
ments are true:
(i) Suppose R < 1/4. Then the zero set Z of equation (3) is given
by

B (b+c) (ROO+)(AF = AT) +c(ATA2 —MAZ) ¢
Z‘{O}“{ d ( 6T 90T = AT + oL = ) ) i

nzl}.
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(ii) Suppose R = 1/4. Then the zero set Z of equation (3) is given

o () )

(iii) Suppose R > 1/4. Let 6 € (0,7/2) be such that

by

cos 1 d sind VAR 1
= an inf = .
2VR 2VR

For n >0, set

_ (btc VAR — 1(c cos(nf) — VR (b+c) cos((n+1)8))
Kn= ( 2d ) ( VR (b+c)sin((n 4 1)) — csin(n) " 1)

c

7
Then the zero set Z of equation (3) is given by

Z:{OvKO;Kl,"‘ 7}'

3. Special cases of equation (1). In this section we describe the
forbidden set and behavior of solutions of the special cases of equation
(1). Throughout this section we will assume that

la| + |b| #0 and ||+ |d| # 0.

3.1 The case d = 0. In the case d = 0 equation (1) reduces to

_ b
(18) $n+1=wxn, n=0,1,....
CTn—1

Theorem 3.1. Assume that d =0 and b = 0. Let {x,}5° _; be a
solution of equation (1). Then

a
zn_,_lzzxn, n=20,1,....
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Theorem 3.2. Assume d = 0, b # 0, a # 0 and b = c. Let
{xn}22 4 be a solution of equation (1). Then the following statements
are true.

1. The forbidden set F of equation (1) is given by

F—{(xl,xo):xl—o or ﬂe{%na,forn>0}}.

T_q
2. limy, 00 |20| = +00.

Proof. Let
Ty = Tp_12, for m=0,1,....

Then equation (18) reduces to

a

Zn4l1 =2n+— for mn=0,1,...,

c
whose solution is given by

na

Zn =20+ —, for n>1.
c

Thus,

n n k
xn:x1H2k:x1H(zo+?a) for n=0,1,...,

from which the results follow. O

Theorem 3.3. Assume that d =0, b # 0, a # 0 and b # c. Let
{zn}52 _1 be a solution of equation (1). Then the following statements
are true.

1. The forbidden set F of equation (1) is given by
_ . _ Lo ) [ (8"
F{aiaa=0 o el - (5)7],

for n > O}}



660 L.C. MCGRATH AND C. TEIXEIRA

2. Assume zo/x_1 = a/(c—0b). Then the following statements are
true.

(i) If |a/(c—b)| < 1, then lim, o zpn = 0.
(ii) If |a/(c —b)| > 1, then lim,_,o0 |2n| = +00.
(iii) If a/(c—b) =1, then x, = x_1 for n > 0.
(iv) If a/(c—b) = —1, then {x,}2 _; is periodic with period two.

3. Assume xo/x_1 # a/(c—0b). Then the following statements are
true.

(i) If |b/c| <1 and |a/(c—b)| < 1, then lim, o z, = 0.
(ii) If |b/c| <1 and |a/(c—b)| > 1, then lim,, o |T,| = +00.
(iii) If |b/c| <1 and a/(c —b) =1, then {x,}32_, converges.

(iv) If |b/c| <1 and a/(c—b) = —1, then {x,}5>_; converges to a
prime period two solution.

(v) If |b/c| > 1, then lim, . |z,| = +00.

Proof. Let
Ty = Tp_12, for m=0,1,....

Then equation (18) reduces to

b a
Z"+1:EZn+E for n=0,1,...,

whose solution is given by
b n
Zn = | 20 — a4 - + a4 , for n>0.
c—b c c—b

Proof of statement (2). Observe that

from which the results follow.
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Proof of statement (3). Observe that

. (O
o o c—b c c—b

for n=0,1,....
The proofs of statements (i), (ii) and (v) are clear.

The proofs of statements (iii) and (iv) will follow.

Proof of statement (iii). Observe that
~ b" (20(c —b) —a) +ac”

= (c—b)en
_ zob™(c — b) + a(c™ — ™)
(c—b)en
B (¢ = b) [200™ — "] + a(c™ — b"™)
=1+ : (c—b)er
(=) [olb/e) — 1)+ a(l— (bfe))
=1+ 0 =) .
Let
_ (e=b) [z0(b/0)* —1] +a (1 - (b/c)")
ap = (C — b) .

We will show that the infinite series

o0
> laxl
k=0

is convergent.

We will use the limit comparison test with the convergent geometric
series

ool (9] () )

e ()] )

— Ja(z0 — ).
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Observe that we assumed a # 0, 2o = xo/x_1 # a/(c —b) = 1.

Thus, we have a positive limit, and the proof follows from Theo-
rem (B) and the fact that

(1 + ak),
0

Ty =T 1
k

n

where a;, is defined above.

Proof of statement (iv). Observe that

b™(z0(c — b) — a) + ac™
(c—b)er

Zn =

Thus,

ab™ — zob™ (¢ — b) — ac™
(c—b)c
a(d™ — ) — zpb™(c — b)
(c—b)cr
a(d™ — ™) — (¢ = b) [zob™ + "]
(c —b)en
(a/cm)(b" — ") = (e = b)/c"[z0b" + €]
(c=0)
a((b/e)" = 1) = (¢ = b)[z0(b/e)" + 1]
(c=b) '

1+

Let
o = a((b/e)* —1) — (c—b)[z0(b/c)* + 1]
(c—0) '

We will show that the infinite series

o0
D las]
k=0

is convergent.
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We will use the limit comparison test with the convergent geometric

series
oo

b=

g o1 (5) ) -+ (5) ]
(= (5) ) oo+ (5) ]

— Ja(1+ 20).

Observe that we assumed a # 0, 2o = zo/x_1 # a/(c — b) = —1.

Thus, we have a positive limit and the proof follows from Theorem (B)
and the fact that

T, =x_1(—1)""1 H(l + ag)
k=0
where ay, is defined above. ]

solution of equation (1). Then the following statements are true.

1. The forbidden set F of equation (1) is given by

Theorem 3.4. Assume that a = 0 and d = 0. Let {x,}32_; be a

F={(x_1,20):2_1=0 or x¢=0}.

2. If |b/c| < 1, then limy,_,o0 x,, = 0.

3. If |b/c| > 1, then lim, o |n| = +00.

4. If |b/c| =1 and |zo/x_1| < 1, then lim, o z, = 0.

5. If |b/e| =1 and |zo/z_1| > 1, then lim, o0 |2n] = +00.

6. If b/c =1 and zo/x—1 =1, then {x,}>2 | =x_1 forn > 0.

7. If bfc = 1 and zo/x_1 = —1, then {x,}52 _ is periodic with
period two.

8. If b/e = =1 and |zo/x_1| = 1, then {x,}52_, is periodic with
period four.
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Proof. Observe that

n n T b n
xn:x_lnzk:m_l H (x—0(5> ) for n=0,1,...,
k=0 k=0 N1

from which the results follow. O
3.2 The case bc — ad = 0.

Theorem 3.5. Assume bc —ad =0. Let {x,}32_; be a solution of
equation (1). Then the following statements are true.

1. The forbidden set F of equation (1) is given by
F={(x_1,20) :2_1 =0 or zo=0}.

2. If |b/d| < 1, then lim,_,o0 z,, = 0.

3. If |b/d]| > 1, then limy,_,o0 |2n| = +00.

4. If b/d =1, then {x,}>>_| =x_1 forn > 0.

5.If b/e = =1, then {x,}52 _ is periodic with period two.

Proof. Observe that

mnzx_lﬁzk:m_lﬁ (g) for n=0,1,...,

k=0 k=

[}

from which the results follow. O
3.3 The case b+ c=0.

Theorem 3.6. Assume b+c = 0. Let {z,}52 be the solution of the
associated Riccati equation. Then the following statements are true.

1. The forbidden set F of equation (1) is given by

f—{(x_l,xo)::zr_l—() or xzg=0 or — =
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2. If 2071 < —1, then lim, . |z,| = +00.

3. If z9z1 = —1, then {x,}° 4 is periodic with period four.
4. If 29z, € (—1,1), then lim,_ o, z, = 0.

5. If zoz1 =1, then {z,}52 4 is periodic with period two.

6. If zpz1 > 1, then lim, o |2,| = +00.

Throughout the remainder of the paper we assume that

(19) abed #0, bc—ad#0 and b+c#0.

4. The forbidden set of equation (1). In this section we describe
the forbidden set, F, of equation (1). Recall that the forbidden set is
the set of initial conditions (z_1,z¢) € R? such that the solution of
equation (1) with initial conditions (z_1, o) fails to exist after a finite
number of terms. Recall that F' is the forbidden set and Z is the zero
set of the Riccati equation.

Theorem 4.1. Assume that R < 1/4. The forbidden set F of
equation (1) is given by

f—{(O,O)}U{(xl,fco):x17é0 and ;—OGF}
—1
U{(z_l,xo):x_l;&o and ;—OEZ},
—1
where . o l
e MAy — XA ¢
F= ——=:n>1
{ d (lw—w? ) a"= }
and

B (btc) (R(b+c)(AF = AT) + c(ATA2— MiA3) | ¢ .
Z‘”“{ d (wﬂme—WH%wu%w@> d'Zl}

Proof. Let {z,}52 _; be a solution of equation (1), and set z, =

n=

Tn/Tpn—1 for n > 0. Note that {z,}52 is a solution of equation (3).
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Clearly (x_1,xz0) € F precisely when zo/x_1 € F U Z from which the
proof follows. i

The proof of the next two theorems is similar and will be omitted.

Theorem 4.2. Assume that R = 1/4. The forbidden set F of
equation (1) is given by

F={(0,0}U {(:cl,x()) e 20 and P F}

T_1

U {(xl,xo) cx_1#0 and 20 ¢ Z}

T_q
where
F_{M:nzl}
2dn
and btcl 2+ (b—c)
c c —o)n c
Z:{O}U{ 2d (b—l—c—l—(b—c)n) —E:nZI}.

Theorem 4.3. Assume that R > 1/4. The forbidden set F of
equation (1) is given by

f—{mﬂﬂu{wlﬂm:x1#0 and ﬁieF}

Ty
Zo

U {(z_l,xo) tx_1#0 and — € Z},

Ty

where F is given by equation (12) and Z is given in Theorem (2.4)

(ii).

In the subsequent section we describe the behavior of solutions of
equation (1) for all values of the Riccati number R. Note that we may
assume without loss of generality that d > 0.

5. Dynamics of equation (1). In this section we describe the
behavior of solutions of equation (1) for all the values of the Riccati
number R.
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5.1 The case R < 1/4.

Theorem 5.1. Assume that (19) holds and that R < 1/4. Let
{Zn}S2 1 be a solution of equation (1) such that xo/x_1= (b+c)/d)\y

—(c¢/d). Then the following statements are true.
(i) Suppose that (b+ c)/dA\ —c/d < —1. Then lim, oo |2,] = +00.

(ii) Suppose that (b+ ¢)/d\1 —c/d = —1. Then {x,}2 _; is periodic
with period two.

(iil) Suppose that (b+c)/d 1 —c¢/d € (—1,1). Then lim,_, o z, = 0.
(iv) Suppose that (b+c)/d\—c¢/d =1. Then x,= x_1 for all n >0.
(v) Suppose that (b+c)/d\ —¢/d > 1. Then lim,_, |2,| = +00.

Proof. Recall that
Ty = Tp_12, for m=0,1,....

Thus

n n b
xnzx,ll_[zk::v,1H —ll_c)\l—g for n=0,1,....
k=0 k=0

This observation, which follows from Corollary (2.1), completes the
proof. i

The proof of the next theorem is similar and will be omitted.

Theorem 5.2. Assume that (19) holds and R < 1/4. Let {x,,}3>_,
be a solution of equation (1) such that zo/x_1 = (b+c)/cha — ¢/d.
Then the following statements are true.

(i) Suppose that (b+c)/cha —c/d < —=1. Then lim, o0 |2n] = +00.

(ii) Suppose that (b+ c)/cAa—c/d = —=1. Then {x,}>2 _ is periodic
with period two.

(iil) Suppose that (b+ c¢)/cha —c¢/d € (—1,1). Then lim,_, o z, = 0.
(iv) Suppose that (b+c)/cha—c/d =1. Then x, = x_1 for all n >0.
(v) Suppose that (b+ c)/cha —c/d > 1. Then lim,_, o |x,| = +00.
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Theorem 5.3. Assume (19) holds, and R < 1/4. Let {x,}5_, be
a solution of equation (1) such that xzo/x_1 # (b+c¢)/d\ — ¢/d and
xo/x_1 # (b+c¢)/dAy —c/d.

Then the following statements are true.

(i) Suppose that (b+c)/d e —c¢/d < —1. Then lim,,_,o |2, | = +00.

(i) Suppose that (b+ ¢)/d o —c/d = —1. Then {x,}32 _, converges
to a prime period two solution.

(iil) Suppose that (b+ ¢)/dA\a—(c/d) € (—1,1). Thenlim, o , = 0.
(iv) Suppose (b+c)/dro —c/d =1. Then {x,}5° _, converges.
(v) Suppose that (b+c)/d\a — ¢/d > 1. Then lim,_, |2,| = +00.

Proof. Statements (i), (iii) and (v). Recall that
Ty = Tp_12, for m=0,1,....
Thus n
xnzx_lnzk for n=0,1,....
k=0

It follows from Corollary 2.1 (iii) that limy . 2k = (b + ¢)/dXs — ¢/d,
from which the result follows.

Statement (ii). The proof of statement (iv) is similar.
Note the following:
n+1 n+1
zn:b+c QAL t ey ~ % for n=20,1,....
d C1AT + c2 Ay d
We assumed (A2(b+ ¢) — ¢)/d = —1, which implies that Ay = (¢ —d)/
(b+c).
By the definition of A\; and Ay we have A\ + Ao = 1.
Solving for \y =1 - X =(b+c—(c—4d))/(b+¢c)=(b+d)/(b+c).
Using the definition of ¢; and c¢o, we have:
d(1 = (zo/z-1))+b—c
c—b—2d
d(zo/x_1)+c—b—d
c—b—2d

Cc1 =

Co =
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Consider the following simplification.

—Zn =

c b+c cl)\ghLl +C2)\§+1
d d AT + oy
(AT +e2p) — (b+ (e A 4 epAn )
d(c1 AT + c2)y)
d(er A} + o))
—d(cr AT+ 2AD) + (1 AT+ D) — (b+e) (e AP+ AR
_|_
(1 AT + c2AB)
=1+ ((C — d)(Clx\? + 62/\3) - (b + C)(Cl)\?"'l + 62)\;_,_1) ) |
d(c1 AT + c2A)

Let

(c—d)(e1 A} + caA8) — (b + ) (e AT 4 e
d(cl/\? + 62)\3) ’

Ay =

We will now simplify a.,.
Divide numerator and denominator of a,, by the expression 1/A5".

Thus

(c=d)(e1/Aa(A1/A2)™ + c2/Aa) — (b+¢)(c1 (A1 /A2)(A1/A2)™ + ¢2)
d((c1/A2)(A1/A2)™ + c2/A2)
_ (e=d)/Aa(c1(M/A2)" + ca) = (b+ c)(e1(M1/A2) (M1 /A2)" + ¢2)
d(c1/A2(A1/A2)"™ + c2/A2)
(b+c)(c1(M/A2)" + c2) = (b + c)(c1MiAa(A1/A2)" + ¢2)
d(01/>\2()\1/)\2)" + CQ/)\Q)
(b+ ) er (A /A2)" (A2 — A1)/ Al ]
(e Da(n [ ha)" + ca/A2)
b+ c)[er(M/A2)"[e —b—2d/c+d]]
d(c1/Az(A1/A2)"™ + 2/ A2)
(b4 )er(M/A2)" e —b—2d/c+d]]
d/)\g[cl()\l/)\z)" + 02}
_ (e=b—2d)[c1(M1/A2)"]
dler(A1/A2)™ + ¢2]

Ay =
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We will show that the infinite series

e
D lan
n=0

is convergent. We will use the limit comparison test with the convergent
geometric series

bn = Z ()\_2)
n=0
lim b—n = —|d62|
n—oo |ay,| o l(c—b—2d)er]|

Observe that we assumed

Zo AMb+c)—c

i’ d
and

&7&/\2(64-6)—6.

Xr_1 d

These assumptions are equivalent to co # 0 and ¢; # 0, respectively.
Lastly, ¢ — b — 2d # 0, otherwise A; = As.

Thus, we have a positive limit and the proof follows from Theorem (B)
and the fact that

Ty = x,l(—l)”_l H(l —+ ak),
k=0
where a;, is defined above. ]

5.2 The case R = 1/4.

Theorem 5.4. Assume that (19) holds and R = 1/4. Let {x,}32 _,
be a solution of equation (1) such that (b—c)/2d < —1. Then
lim, o0 |2n| = +00.
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Proof. Recall that

Ty = Tp_12n for n=0,1,....

Thus,
n
$n=$—1H2’k for n=0,1,....
k=0
The result follows from Corollary 2.2. O

Theorem 5.5. Assume that (19) holds and R = 1/4. Let {x,,}>> _,
be a solution of equation (1) such that (b—c)/2d = —1. Then the
following statements are true.

(i) Suppose that xo/x_1 = (b—c)/2d. Then {x,}2 _, is periodic
of period two.

(ii) Suppose that xo/x_1 # (b—c)/2d and b +d < 0. Then
lim,, o |2n| = +00.

(iii) Suppose that xo/x_1 # (b—c)/2d and b +d > 0. Then
lim, o =0 for all n > —1.

(iv) Suppose that xo/x_1 # (b—¢)/2d and b+d = 0. Then {z,}5>_,
1s periodic of period two.

Proof.

Statement (i). Recall that

Ty = Tp_12n, for n=01,...,

and so

n
xnzx_ln(—l) for n=0,1,...,
k=0

from which statement (i) follows.

Statement (ii). Recall that

Ty = Tp_12n for n=0,1,...,
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and so
n n n
xn:x,lnzk H —zr) =x_1(— Hl—i—ak
k=0 = =
where

—(b+d)(($0/$71) + 1)
(b+d) +dk((xo/z-1) + 1)

ap = for k=0,1,....

Claim. There exists an N > 1 such that ay, € (0,1) for k> N + 1.
Thus,

n

N
Ty = <x1(_1)n—1 H(l —+ a/k)) H (1 + ak;).
k=0

k=N+1

The proof of statement (ii) now follows from Theorem (A).

Statement (iii). The proof of statement (iii) is similar to statement
(ii).
Statement (iv). The proof of statement (iv) is similar to statement

(i). u]

The proofs of the following theorems are similar to Theorem 5.5 and
will be omitted.

Theorem 5.6. Assume that (19) holds and that R = 1/4. Let
{zn}0e 1 be a solution of equation (1) such that (b—c)/2d € (—1,1).
Then lim,, o x, = 0.

Theorem 5.7. Assume that (19) holds and that R = 1/4. Let
{xn}2 4 be a solution of equation (1) such that (b—c)/2d = 1. Then
the following statements are true.

(i) Suppose xg/x1 = (b—c)/2d. Then x, =2x_1 for all n > —1.
(ii) Suppose xo/x1 # (b—¢)/2d andb—d < 0. Then lim,_,o 2, = 0.
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(iil) Suppose (xo/x1) # (b—¢)/2 andb—d > 0. Then lim, o |2,| =
—+00.

(iv) Suppose xo/x1 # (b—¢)/2d and b—d = 0. Then x, = x_1 for
alln > 1.

Theorem 5.8.  Assume that (19) holds and R = 1/4. Let
{n}0L 1 be a solution of equation (1) such that (b—c)/2d > 1. Then
lim,, o0 |Zn| = +00.

5.3 The case R > 1/4. In this section we describe the behavior of
solutions of equation (1) when (z_1,20) € G and R > 1/4.

Theorem 5.9. Assume that R > 1/4. Let {x,}52_1 be a solution
of equation (1) and let {2,152 be the solution of the associated Riccati
equation.  Assume {zp}52, is periodic with period P. Then the
following statements are true.

(i) If Hkpz_ol zi < =1, then lim, o |T,| = +00.

ii _o 2k = —1, then {x,}>°_ is periodic with perio .
i) If TTi—y 1, th > dic with period 2P
(iii) If TTrg 2k € (—1,1), then lim, oz, = 0.

v _o 2k =1, then {x,}5% _; is periodic with perio .
iv) If TT5 o 1, th > dic with period P

(v) If HkP;OI zp > 1, then lim,_, o |2,| = 400.

Proof.

Ty = Tp_12n, for n=01,...,

and so
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