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ROBUST GLOBAL EXPONENTIAL STABILITY
OF LINEAR IMPULSIVE SYSTEMS WITH

TIME-VARYING DELAY AND UNCERTAINTY

BIN LIU AND XINZHI LIU

ABSTRACT. This paper studies linear impulsive systems
with varying time-delay and uncertainty. By using the method
of Lyapunov functions and matrix inequalities, robust global
exponential stability criteria are established in terms of fairly
simple algebraic conditions. Estimate of the decay rate of the
solutions of such systems are also derived. Some examples are
given to illustrate the main results.

1. Introduction. Many real world systems display both continuous
and discrete characteristics. For example, evolutionary processes such
as biological neural networks, bursting rhythm models in pathology,
optimal control models in economics, frequency-modulated signal pro-
cessing systems and flying object motions, etc., are characterized by
abrupt changes of states at certain time instants. Those sudden and
sharp changes are often of very short duration and are thus assumed to
occur instantaneously in the form of impulses. Such impulses may be
represented by discrete maps. Systems undergoing abrupt changes may
not be well described by using purely continuous or purely discrete mod-
els. However, they can be appropriately modeled by impulsive systems.
It is now recognized that the theory of impulsive systems provides a
natural framework for mathematical modeling of many real world phe-
nomena. Significant progress has been made in the theory of impulsive
systems in recent years, see [1, 4, 5, 7 11] and references therein.
However, the corresponding theory for impulsive systems with uncer-
tainty has not been fully developed. Recently, some robust stability
results for impulsive systems with uncertainty have been established in
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[9, 10]. In this paper, we shall study linear impulsive systems with un-
certainty and time-varying delay. By using Lyapunov functions, matrix
inequalities and the theory of M -matrix, we shall establish some crite-
ria on robust global exponential stability and provide some estimate of
the decay rate for such systems. Some examples are also worked out
to demonstrate the main results.

2. Preliminaries. Let Rn denote the n-dimensional real vector
space and ||A|| the norm of a matrix A induced by the Euclidean norm,
i.e., ||A|| = [λmax(AT A)]1/2. Let N denote the set of positive integers,
i.e., N = {1, 2, . . . , } and R+ = [0, +∞). Let Δtk = tk+1 − tk, Sρ =
{x ∈ Rn : ||x|| ≤ ρ}, and λmax(X) (λmin(X)) the maximum (minimum)
eigenvalue of a symmetric matrix X.

Consider the following linear impulsive system with time-varying
delay and uncertainty

(1)

{
ẋ(t) = Ãx(t) + B̃x(t − h(t)) t ∈ [tk−1, tk),
Δx(t) = C̃kx(t−) + D̃kx(t− − h(t)) t = tk, k ∈ N ,

where h(t) is a continuous function on R+ satisfying 0 ≤ h(t) ≤ τ , for
some positive constant τ > 0, and Ã, B̃, C̃k, D̃k ∈ Rn×n are interval
matrices satisfying

Ã ∈ N [A(1), A(2)] = {Ã = (ãij)n×n : aij
(1) ≤ ãij ≤ aij

(2)},
B̃ ∈ N [B(1), B(2)] = {B̃ = (b̃ij)n×n : bij

(1) ≤ b̃ij ≤ bij
(2)},

C̃k ∈ N [C(1)
k , C

(2)
k ] = {C̃k = (c̃ijk

)n×n : cijk

(1) ≤ c̃ijk
≤ cijk

(2)},
D̃k ∈ N [D(1)

k , D
(2)
k ] = {D̃k = (d̃ijk

)n×n : dijk

(1) ≤ d̃ijk
≤ dijk

(2)},

where A(l) = (aij
(l))n×n, B(l) = (bij

(l))n×n, C
(l)
k = (c(l)

ijk
)n×n and

D
(l)
k = (d(l)

ijk
)n×n ∈ Rn×n, l = 1, 2, k ∈ N , are known matrices. The

following definition is adopted from [2].

Definition 1. System (1) is said to be robustly globally exponen-
tially stable with decay rate λ > 0 if for every Ã ∈ N [A(1), A(2)],
B̃ ∈ N [B(1), B(2)], C̃k ∈ N [C(1)

k , C
(2)
k ], D̃k ∈ N [D(1)

k , D
(2)
k ] the trivial
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solution of system (1) is globally exponentially stable with decay rate
λ > 0.

The following lemma is taken from [12].

Lemma 1. An interval matrix X̃ ∈ N [X(1), X(2)] can be described
as

(2) X̃ = X + EXΣXFX ,

where X = (X(1) + X(2))/2, H = (hij)n×n = (X(2) − X(1))/2,
ΣX ∈ Σ∗ = {Σ ∈ Rn2×n2

: Σ = diag {ε11, . . . , εn2n2}, |εij | ≤ 1; i, j =
1, 2, . . . , n.}, EX · ET

X = diag {∑n
j=1 h1j ,

∑n
j=1 h2j , . . . ,

∑n
j=1 hnj} ∈

Rn×n, FT
X · FX = diag {∑n

j=1 hj1,
∑n

j=1 hj2, . . . ,
∑n

j=1 hjn} ∈ Rn×n.

By Lemma 1, we can rewrite system (1) as

(3)⎧⎪⎪⎨⎪⎪⎩
ẋ(t) = (A + EAΣAFA)x(t) + (B + EBΣBFB)x(t − h(t))

t ∈ [tk−1, tk),
Δx(t) = (Ck+ ECk

ΣCk
FCk

)x(t−)+(Dk+ EDk
ΣDk

FDk
)x(t−− h(t))

t = tk.

where ΣA, ΣB, ΣCk
, ΣDk

∈ Σ∗, k ∈ N .

Lemma 2. Let Σ ∈ Σ∗. Then, for any positive constant λ and any
ξ ∈ Rn2

, η ∈ Rn2
, the following inequality holds.

(4) 2ξT Ση ≤ λ−1ξT ξ + ληT η.

Proof. It follows by using the Schwartz inequality and the fact that
Σ · ΣT = ΣT · Σ ≤ In2 where In2 is the n2 × n2 identity matrix.

Lemma 3. Let X ∈ Rn×n be a positive definite matrix and
Q ∈ Rn×n a symmetric matrix. Then, for any x ∈ Rn, the following
inequality holds.

(5) λmin(X−1Q) · xT Xx ≤ xT Qx ≤ λmax(X−1Q) · xT Xx.
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Proof. Since X is a positive definite matrix, there exists a nonsingular
matrix C such that X = CT C. Let J = xT Qx/xT Xx and z = Cx.
Then,

(6) J =
zT (C−1)T Q(C−1)z

zT z
≤ λmax((C−1)T Q(C−1)).

Since

(C−1)T Q(C−1) = C · C−1 · (C−1)T QC−1 = C · X−1Q · C−1,

we get

(7) λmax(X−1Q) = λmax((C−1)T Q(C−1)).

By (6) and (7), we get xT Qx ≤ λmax(X−1Q) ·xT Xx. Similarly, we can
get λmin(X−1Q) · xT Xx ≤ xT Qx. Hence, inequality (5) follows.

We shall use the following results [6].

Lemma 4 (Halanay lemma). Let m ∈ C[R, R+] be a scalar positive
function such that

(8) D+m(t) ≤ −a1m(t) + a2m̄(t), t ≥ t0,

where a1 > a2 > 0 and m̄(t) = supt−τ≤s≤t{m(s)}.
Then, there exist constants γ > 0, α > 0 such that, for all t ≥ t0,

(9) m(t) ≤ γm̄(t0)e−α(t−t0),

where α > 0 satisfies α − a1 + a2e
ατ = 0.

Lemma 5. Let xi ∈ C1[R, R], i = 1, . . . , n, and assume that

(i)

(10) D+|xi(t)| ≤
n∑

j=1

cij |xj(t)| +
n∑

j=1

dij |x̄j(t)|, i = 1, . . . , n
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Here, x̄j(t) = supt−τ≤s≤t xj(s), cij ≥ 0, i �= j; dij ≥ 0, i, j =
1, 2, . . . , n.

(ii) M = −(cij + dij)n×n is an M -matrix.

Then, there exist constants γi > 0, α > 0 such that for all t ≥ t0,
i = 1, 2, . . . , n,

(11) |xi(t)| ≤ γi ·
{ n∑

j=1

|x̄j(t0)|
}

e−α(t−t0).

3. Main results. For any positive definite matrix P ∈ Rn×n, and
the matrices given in system (3) and constants μi > 0, i = 1, 2, . . . , 9,
we introduce the following notations for convenience.

Y (μ2, μ3) = μ−1
3 I + μ−1

2 FT
B FB;

Z(μ1, μ2, μ3; P ) = AT P + PA + μ1PEAET
AP + μ2PEBET

BP

+ μ3PBBT P + μ−1
1 FT

A FA;

a(μ1, μ2, μ3; P ) = −λmax{P−1 · Z(μ1, μ2, μ3; P )};
b(μ2, μ3; P ) = λmax{P−1 · Y (μ2, μ3)};

Wk(μ4, . . . , μ9; P )
= ||P || · ||ECk

||2 · ||FCk
||2 · I + (μ−1

5 + μ−1
6 + μ−1

9 )FT
Ck

FCk

+ (I+Ck)T
[
P + P (μ4DkDT

k + μ5ECk
ET

Ck
+ μ8EDk

ET
Dk

)P
]
(I+Ck);

Xk(μ4, . . . , μ9; P )
= (μ−1

4 + ||P || · ||EDk
||2 · ||FDk

||2) · I + (μ−1
7 + μ−1

8 + μ9||ET
Ck

PEDk
||2)

· FT
Dk

FDk
+ DT

k

[
P + P (μ6ECk

ET
Ck

+ μ7EDk
ET

Dk
)P
]
Dk;
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αk(μ4, · · · , μ9; P ) = λmax{P−1 · Wk(μ4, · · · , μ9; P )};
βk(μ4, · · · , μ9; P ) = λmax{P−1 · Xk(μ4, · · · , μ9; P )}.

Theorem 1. Assume that there exist a positive definite matrix P
and constants μi > 0, i = 1, 2, . . . , 9, δ > 1 and M ≥ 1 such that the
following inequalities hold.

(i) 0 < b(μ2, μ3; P ) < −a(μ1, μ2, μ3; P );

(ii) δτ ≤ σ = infk∈N{tk − tk−1};
(iii) max{eλτ , αk(μ4, . . . , μ9; P )+βk(μ4, . . . , μ9; P )eλτ} ≤ M < eλδτ ,

k ∈ N , where λ > 0 satisfying equation

(12) λ + a(μ1, μ2, μ3; P ) + b(μ2, μ3; P )eλτ = 0.

Then, system (1) is robustly globally exponentially stable with decay
rate {λ − (lnM/δτ)}/2.

Proof. Let V (x) = xT Px. Then we have

λmin(P ) · ||x||2 ≤ V (x) ≤ λmax(P ) · ||x||2.

Firstly, we shall show for all tk−1 ≤ t < tk, k ∈ N , there exists a
constant γ ≥ 1 such that

(13) V (x(t)) ≤ γ · V̄ (x(tk−1))e−λ(t−tk−1),

where V̄ (x(t)) = supt−τ≤s≤t{V (x(s))}.
By Lemma 2 and Lemma 3 we get, for tk−1 ≤ t < tk, k ∈ N ,

D+V (x(t)) = ẋT Px + xT P ẋ

(14)

= xT (AT P + PA)x + 2xT PBx(t − h(t))
+ 2xT PEAΣAFAx + 2xT PEBΣBFBx(t − h(t))

≤ xT {AT P + PA + μ1PEAET
AP + μ2PEBET

BP

+ μ3PBBT P + μ−1
1 FT

A FA}x
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+ xT (t − h(t)){μ−1
2 FT

B FB + μ−1
3 I}x(t − h(t))

= xT Z(μ1, μ2, μ3; P )x + xT (t − h(t))Y (μ2, μ3)x(t − h(t))
≤ λmax{P−1Z(μ1, μ2, μ3; P )}
· V (x(t)) + λmax{P−1Y (μ2, μ3)} · V (x(t − h(t)))

= −a(μ1, μ2, μ3; P ) · V (x(t)) + b(μ2, μ3; P )
· V (x(t − h(t))).

From Lemma 4, condition (i) and (14), we see that there exist constants
γ > 0, λ > 0 such that

(15) V (x(t)) ≤ γ · V (x(tk−1))e−λ(t−tk−1), t ∈ [tk−1, tk).

where V (x(tk−1)) = suptk−1−τ≤s≤tk−1
{V (x(s))} and λ > 0 satisfies

(12).

Thus, (13) is true.

Secondly, we shall show

(16)
V (x(tk)) ≤ αk(μ4, · · · , μ9; P ) · V (x(t−k )) + βk(μ4, · · · , μ9; P )

· V (x(tk − h(tk)), k ∈ N.

Let hk = h(tk). For system (3), we get, for t = tk,

V (x(tk)) = V (x(t−k ) + Δx(tk))

(17)

=
{

(I + Ck)x(t−k ) + ECk
ΣCk

FCk
x(t−k )

+ Dkx(tk − hk) + EDk
ΣDk

FDk
x(tk − hk)

}T

P

·
{

(I + Ck)x(t−k ) + ECk
ΣCk

FCk
x(t−k )

+ Dkx(tk − hk) + EDk
ΣDk

FDk
x(tk − hk)

}
= x(t−k )T (I + Ck)T P (I + Ck)x(t−k )

+ x(tk − hk)T DT
k PDkx(tk − hk)

+ 2x(t−k )T (I + Ck)T PDkx(tk − hk)
+ x(t−k )T FT

Ck
ΣT

Ck
ET

Ck
PECk

ΣCk
FCk

x(t−k )
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+ 2x(t−k )(I + Ck)T PECk
ΣCk

FCk
x(t−k )

+ 2x(t−k )FT
Ck

ΣT
Ck

ET
Ck

PDkx(tk − hk)

+ x(tk − hk)T FT
Dk

ΣT
Dk

ET
Dk

PEDk
ΣDk

FDk
x(tk − hk)

+ 2x(tk − hk)T DT
k PEDk

ΣDk
FDk

x(tk − hk)
+ 2x(t−k )T (I + Ck)T PEDk

ΣDk
FDk

x(tk − hk)
+ 2x(t−k )T FT

Ck
ΣT

Ck
ET

Ck
PEDk

ΣDk
FDk

x(tk − hk).

Using Lemma 2, we obtain the following inequalities:

(18) 2x(t−k )T (I + Ck)T PDkx(tk − hk)

≤ μ4x(t−k )T (I + Ck)T PDkDT
k P (I + Ck)x(t−k )

+ μ−1
4 x(tk − hk)T x(tk − hk);

(19)
x(t−k )T FT

Ck
ΣT

Ck
ET

Ck
PECk

ΣCk
FCk

x(t−k )

≤ ||P || · ||ECk
||2 · ||FCk

||2x(t−k )T x(t−k );

(20) 2x(t−k )(I + Ck)T PECk
ΣCk

FCk
x(t−k )

≤ μ5x(t−k )T (I + Ck)T PECk
ET

Ck
P (I + Ck)x(t−k )

+ μ−1
5 x(t−k )T FT

Ck
FCk

x(t−k );

(21) 2x(t−k )FT
Ck

ΣT
Ck

ET
Ck

PDkx(tk − hk)

≤ μ6x(tk − hk)T DT
k PECk

ET
Ck

PDkx(tk − hk)

+ μ−1
6 x(t−k )T FT

Ck
FCk

x(t−k );

(22) x(tk − hk)T FT
Dk

ΣT
Dk

ET
Dk

PEDk
ΣDk

FDk
x(tk − hk)

≤ ||P || · ||EDk
||2 · ||FDk

||2x(tk − hk)T x(tk − hk);

(23) 2x(tk − hk)T DT
k PEDk

ΣDk
FDk

x(tk − hk)

≤ μ7x(tk − hk)T DT
k PEDk

ET
Dk

PDkx(tk − hk)

+ μ−1
7 x(tk − hk)T FT

Dk
FDk

x(tk − hk);
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(24) 2x(t−k )T (I + Ck)T PEDk
ΣDk

FDk
x(tk − hk)

≤ μ8x(t−k )T (I + Ck)T PEDk
ET

Dk
P (I + Ck)x(t−k )

+ μ−1
8 x(tk − hk)T FT

Dk
FDk

x(tk − hk);

(25) 2x(t−k )T FT
Ck

ΣT
Ck

ET
Ck

PEDk
ΣDk

FDk
x(tk − hk)

≤ μ−1
9 x(t−k )T FT

Ck
FCk

x(t−k ) + μ9

· ||ET
Ck

PEDk
||2x(tk − hk)T FT

Dk
FDk

x(tk − hk).

Substituting (18) (25) into (17), we get

(26)

V (x(tk)) ≤ x(t−k )T ·
{
||P || · ||ECk

||2 · ||FCk
||2 · I

+ (μ−1
5 + μ−1

6 + μ−1
9 )FT

Ck
FCk

+ (I + Ck)T
[
P + P (μ4DkDT

k + μ5ECk
ET

Ck

+ μ8EDk
ET

Dk
)P
]
(I + Ck)

}
· x(t−k )

+ x(tk − hk)T
{

(μ−1
4 + ||P || · ||EDk

||2 · ||FDk
||2) · I

+ (μ−1
7 + μ−1

8 + μ9||ET
Ck

PEDk
||2)FT

Dk
FDk

+ DT
k

[
P + P (μ6ECk

ET
Ck

+ μ7EDk
ET

Dk
)P
]
Dk

}
· x(tk− hk).

Hence, (16) follows directly from Lemma 3.

Thirdly, we shall show by induction
(27)

V (x(t)) ≤ γMk−1λmax(P )||φ||2e−λ(t−t0), t ∈ [tk−1, tk), k ∈ N,

where λ > 0 is determined by (12).

When k = 1, since for all t ∈ [t0 − τ, t0],

||x(t)|| = ||φ(t)|| ≤ ||φ|| = sup
t0−τ≤t≤t0

||φ(t)||,

we get
V (x(t)) ≤ λmax(P ) · ||x(t)||2 ≤ λmax(P ) · ||φ||2.
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Hence, we have

(28) V̄ (x(t0)) ≤ λmax(P ) · ||φ||2.
By (13) and (28), we get

V (x(t)) ≤ γV (x(t0))e−λ(t−t0) ≤ γλmax(P ) · ||φ||2e−λ(t−t0)

= γM0λmax(P ) · ||φ||2e−λ(t−t0), t ∈ [t0, t1).

Thus, (27) holds for k = 1.

Now assume (27) holds for k ≤ m, m > 1. Then we shall show that
(27) holds for k = m + 1.

By (13), (16) and the induction assumption, we have

(30)

V (x(tm)) ≤ αm(μ4, . . . , μ9; P )V (x(t−m))
+ βm(μ4, . . . , μ9; P )V (x(tm − h(tm)))

≤ γMm−1αm(μ4, . . . , μ9; P )λmax(P )||φ||2e−λ(tm−t0)

+ γMm−1βm(μ4, . . . , μ9; P )λmax(P )||φ||2e−λ(tm−τ−t0)

= γMm−1λmax(P )||φ||2{αm(μ4, . . . , μ9; P )

+ βm(μ4, . . . , μ9; P )eλτ
}
e−λ(tm−t0)

≤ γMmλmax(P )||φ||2e−λ(tm−t0).

Hence, by conditions (3), (13) and (30), for k = m + 1, t ∈ [tm, tm+1),
we get
(31)

V (x(t)) ≤ γ · V (x(tm)) · e−λ(t−tm)

= γ · max
tm−τ≤t≤tm

{V (x(t))} · e−λ(t−tm)

= γ · max
{

sup
tm−τ≤t<tm

{V (x(t))}, V (x(tm))
}
e−λ(t−tm)

≤ γ · max
{
Mm−1λmax(P )||φ||2e−λ(tm−τ−t0),

Mmλmax(P )||φ||2e−λ(tm−t0)
}
e−λ(t−tm)

= γ · max
{
Mm−1eλτ , Mm

}
λmax(P )||φ||2e−λ(tm−t0)e−λ(t−tm)

≤ γMmλmax(P )||φ||2e−λ(t−t0).
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Therefore, by induction principle, we see (27) holds for all k ∈ N .

Lastly, we show

(32) ||x(t)|| ≤ K||φ||e−α(t−t0), t ≥ t0,

where, α = {λ − (lnM/δτ )}/2 > 0, K =
√

γ · (λmax(P )/λmin(P )).

Since δτ ≤ σ = infk∈N{tk − tk−1}, we have k − 1 ≤ (tk−1 − t0/δτ),
which implies Mk−1 ≤ e(ln M/δτ)(tk−1−t0). Thus, for t ∈ [tk−1, tk), we
get

(33)
||x(t)||2 ≤ V (x(t))

λmin(P )
≤ γ · λmax(P )

λmin(P )
||φ||2 Mk−1e−λ(t−t0)

≤ γ · λmax(P )
λmin(P )

||φ||2 e{−λ+(ln M/δτ)}(t−t0).

Hence, (32) is true, which implies that system (1) is robustly globally
exponentially stable with decay rate {λ − (lnM/δτ )}/2. The proof is
thus complete.

Theorem 2. Assume that there exist a positive definite matrix P ,
and constants a > b > 0, μ1 > 0, . . . , μ9 > 0, δ > 1, ck ≥ 0, dk ≥ 0,
k ∈ N and M ≥ 1 such that the following inequalities hold.

(i) Z(μ1, μ2, μ3; P ) + a · P ≤ 0;

(ii) Y (μ2, μ3) − b · P ≤ 0;

(iii) Wk(μ4, . . . , μ9; P ) − ck · P ≤ 0, k ∈ N ;

(iv) Xk(μ4, . . . , μ9; P − dk · P ≤ 0, k ∈ N ;

(v) δτ ≤ σ = infk∈N{tk − tk−1};
(vi) max{eλτ , ck + dkeλτ} ≤ M < eλδτ , k ∈ N , where λ > 0

satisfying equation

(34) λ − a + beλτ = 0.

Then, system (1) is robustly globally exponentially stable with decay rate
{λ − (lnM/δτ)}/2.



626 B. LIU AND X. LIU

Proof. Let V (x) = xT Px. From conditions (i) (iv), we get, as in
Theorem 1,
(35)

D+V (x(t)) ≤ xT Z(μ1, μ2, μ3; P )x + xT (t − h(t))Y (μ2, μ3)x(t − h(t))
≤ −a · V (x(t)) + b · V (x(t − h(t))),

(36)
V (x(tk)) ≤ x(t−k )T Wk(μ4, . . . , μ9; P )x(t−k )

+ x(tk − h(tk))T Xk(μ4, . . . , μ9; P )x(tk − h(tk))
≤ ck · V (x(t−k )) + dk · V (x(tk − h(tk))), k ∈ N.

The rest of the proof is the same as in Theorem 1 and thus the details
are omitted.

Next we shall make use of the M -matrix theory and derive some fairly
simple algebraic criteria with which we do not need to solve matrix
inequalities.

Let āij = max
{|a(1)

ij |, |a(2)
ij |}, b̄ij = max

{|b(1)
ij |, |b(2)

ij |}, c̄ijk
= max×{|c(1)

ijk
|, |c(2)

ijk
|}, and d̄ijk

= max
{|d(1)

ijk
|, |d(2)

ijk
|}, i, j = 1, 2, . . . , n, k ∈ N .

Define αk = max1≤j≤n

{∑n
i=1 ĉijk

}
, βk = max1≤j≤n

{∑n
i=1 d̄ijk

}
,

where

ĉijk
=

{
max

{|1 + c
(1)
iik

|, |1 + c
(2)
iik

|} if i = j = 1, 2, . . . , n,

c̄ijk
if i �= j = 1, 2, . . . , n.

Define H = (hij)n×n with

(37) hij =

{
a
(2)
ii + b̄ii if i = j = 1, 2, . . . , n,

āij + b̄ij if i �= j, i, j = 1, 2, . . . , n.

Theorem 3. Assume that −H(hij)n×n is an M -matrix, and suppose
further that

(i) δτ ≤ σ = infk∈N{tk − tk−1}, for some δ > 1;
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(ii) max{eατ , αk + βkeατ} ≤ M < eαδτ , k ∈ N , for some α > 0,
M ≥ 1.

Then, system (1) is robustly globally exponentially stable with decay rate
α − (lnM/δτ).

Proof. Let x(t) be any solution of system (1). Then, for t ∈ [tk−1, tk),
taking the time Dini derivative of |xi(t)| along system (1), we get

(38)

D+|xi(t)| ≤ ãii|xi(t)| +
n∑

j=1,j �=i

|ãij | |xj(t)| +
n∑

j=1

|b̃ij | |xj(t − h(t))|

≤ a
(2)
ii |xi(t)| +

n∑
j=1,j �=i

āij |xj(t)| +
n∑

j=1

b̄ij |x̄j(t)|.

By Lemma 5, we see that there exist constants γi > 0, α > 0 such
that for all i = 1, 2, . . . , n,

(39) |xi(t)| ≤ γi · · ·
{ n∑

j=1

|x̄j(tk−1)|
}

e−α(t−tk−1), t ∈ [tk−1, tk).

When t = tk, from system (1), we get

|xj(tk−1)| =
∣∣∣xj(t−k−1) + Δxj(tk−1)

∣∣∣(40)

=
∣∣∣(1 + c̃jjk−1)xj(t−k−1) +

n∑
l �=j,
l=1

c̃jlk−1xl(t−k−1)

+
n∑

l=1

d̃jlk−1xl(tk−1 − h(tk−1))
∣∣∣

≤
n∑

l=1

ĉjlk−1 |xl(t−k−1)| +
n∑

l=1

d̄jlk−1 |xl(tk−1 − h(tk−1))|,

j = 1, 2, . . . , n.
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Defining v(t) =
∑n

j=1 |xj(t)| and γ =
∑n

j=1 γj , then by (39) for
t ∈ [tk−1, tk), we get

(41)

v(t) =
n∑

j=1

|xj(t)| ≤
n∑

j=1

γj v̄(tk−1)e−α(t−tk−1) = γv̄(tk−1)e−α(t−tk−1).

By (40), we have

v(tk−1) ≤
n∑

j=1

n∑
l=1

ĉjlk−1 |xl(t−k−1)|

+
n∑

j=1

n∑
l=1

d̄jlk−1 |xl(tk−1 − h(tk−1))|

=
n∑

l=1

{ n∑
j=1

ĉjlk−1

}
|xl(t−k−1)|(42)

+
n∑

l=1

{ n∑
j=1

d̄jlk−1

}
|xl(tk−1 − h(tk−1))|

≤ αk−1 · v(t−k−1) + βk−1 · v(tk−1 − h(tk−1)).

Then, by a similar argument to that used in the proof inequality (27)
in Theorem 1, we obtain

(43) v(t) ≤ γMk−1

{ n∑
j=1

|φj |
}

e−α(t−t0), t ∈ [tk−1, tk), k ∈ N,

Thus, by (43) and conditions (i) (ii), we get

(44)
max

1≤i≤n
{|xi(t)|} ≤ v(t) ≤ γ

{ n∑
j=1

|φj |
}

e−{α−(ln M/δτ)}(t−t0),

t ∈ [tk−1, tk), k ∈ N.

Hence, system (1) is robustly globally exponentially stable with the
decay rate α − (lnM/δτ).
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Remark 2. The positive constant α > 0 determined by Lemma 5 is
difficult to get. In the following, we give an estimate of such a decay
rate.

Theorem 4. Assume that there exists a positive constant λ > 0
such that −λI−H is an M -matrix and conditions (i) (ii) of Theorem 3
hold. Then system (1) is robustly exponentially stable with at least decay
rate λ.

Proof. Let yi(t) = xi(t)eλt, i = 1, 2, . . . , n, then

(45)

D+|yi(t)|
≤ eλtD+|xi(t)| + λeλt|xi(t)|

≤ eλt

{
(ãii + λ)|xi(t)| +

n∑
j=1,j �=i

|ãij ||xj(t)| +
n∑

j=1

|b̃ij ||xj(t − h(t))|
}

≤ eλt

{
(a(2)

ii + λ)|xi(t)| +
n∑

j=1,j �=i

āij |xj(t)| +
n∑

j=1

b̄ij |x̄j(t)|
}

= (a(2)
ii + λ)|yi(t)| +

n∑
j=1,j �=i

āij |yj(t)| +
n∑

j=1

b̄ij |ȳj(t)|,

t ∈ [tk−1, tk).

By Lemma 5, there exist constants γi > 0, α > 0 such that for all
t ∈ [tk−1, tk), k ∈ N ,

(46) |yi(t)| ≤ γi ·
{ n∑

j=1

|ȳj(t0)|
}

e−α(t−t0), i = 1, 2, . . . , n.

Hence, for i = 1, 2, . . . , n,

(47)

|xi(t)| ≤ γ̄i ·
{ n∑

j=1

|x̄j(t0)|
}

e−(α+λ)(t−t0)

≤ γ̄i ·
{ n∑

j=1

|x̄j(t0)|
}

e−λ(t−t0), t ∈ [tk−1, tk), k ∈ N,

here γ̄i = γie
λt0 .



630 B. LIU AND X. LIU

The rest of the proof is the same as that in Theorem 3 and is thus
omitted.

Remark 3. It can be seen that the matrix A in Theorems 1 4 has to
be stable. In the following, we shall relax this condition on A. It turns
out that the time delay may help to stabilize the system.

Clearly,
Ã + B̃ ∈ N

[
A(1) + B(1), A(2) + B(2)

]
.

Hence, by Lemma 1, we have

(48) Ã + B̃ = (A + B) + EA+BΣA+BFA+B.

Theorem 5. Assume that conditions (ii) and (iii) of Theorem 1
hold. Suppose further that

(i*)

(49) 0 < b(μ2, μ3; P ) < −a(μ1, μ2, μ3; P ),

where for some positive definite matrix P and constants μ1 > 0, μ2 > 0,
μ3 > 0,

a(μ1, μ2, μ3; P ) = −λmax{P−1 · Z̃(μ1, μ2, μ3; P )},

b(μ2, μ3; P ) =
Ỹ (μ2, μ3)
λmin(P )

,

Z̃(μ1, μ2, μ3; P ) = (A + B)T P + P (A + B) + μ1PEA+BET
A+BP

+ μ2PEBET
BP + μ3PBBT P + μ−1

1 FT
A+BFA+B,

Ỹ (μ2, μ3) = (μ−1
3 + μ−1

2 ‖FB‖2)

×min
{
2, 3

[
τ2
(‖A‖+‖B‖+‖EA‖‖FA‖+‖EB‖‖FB‖)2

+
(‖Ck‖+‖Dk‖+‖ECk

‖‖FCk
‖+‖EDk

‖‖FDk
‖)2]}.

Then, system (1) is robustly globally exponentially stable with decay
rate {λ − (lnM/δτ)}/2.
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Proof. Let V (x) = xT Px. Then, for t ∈ [tk, tk+1), k ∈ N ,

(50)

D+V (x(t)) = 2xT P
[
Ãx(t) + B̃x(t − h(t))

]
= 2xT P

[(
Ã + B̃

)
x(t) + B̃(x(t − h(t)) − x(t))

]
= xT

[
P (Ã + B̃) + (Ã + B̃)T P

]
x

+ 2xT PB̃(x(t − h(t)) − x(t)).

By Lemma 2 and (48), we have

(51) 2xT P
(
P (Ã + B̃) + (Ã + B̃)T P

)
x

= xT
(
P (A + B)+(A + B)T P

)
x + 2xT PEA+BΣA+BFA+Bx

≤ xT
(
P (A + B) + (A + B)T P + μ1PEA+BET

A+BP

+ μ−1
1 FT

A+BFA+B

)
x,

and

(52) 2xT PB̃(x(t − h(t)) − x(t))
= 2xT PB(x(t−h(t))−x(t))+2xT PEBΣBFB(x(t−h(t))−x(t))
≤ xT

(
μ3PBBT P + μ2PEBET

BP
)
x + (μ−1

3 + μ−1
2 ‖FB‖2)

· ‖x(t − h(t)) − x(t)‖2.

In order to estimate ‖x(t − h(t)) − x(t)‖2, we consider system (1) as
the initial data defined on [−τ, τ ]. By the Hölder inequality, for t ≥ τ ,
we obtain

Case a). tk ≤ t − τ ≤ tk+1 for some k ∈ N :

(53)

‖x(t−h(t))−x(t)‖2 ≤
∥∥∥∥∫ t

t−h(t)

ẋ(s) ds

∥∥∥∥2

=
∥∥∥∥∫ t

t−h(t)

(
Ãx(s) + B̃x(s − h(s))

)
ds

∥∥∥∥2

≤ τ

∫ 0

−τ

∥∥Ãx(s + t) + B̃x(s + t − h(s))
∥∥2

ds

≤ (‖A‖ + ‖B‖ + ‖EA‖‖FA‖ + ‖EB‖‖FB‖)2τ2

× max
−2τ≤θ≤0

{‖x(t + θ)‖2}.
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Case b). t − τ < tk ≤ t:

(54) ‖x(t−h(t))−x(t)‖2

=
∥∥∥∥∫ t−

k

t−h(t)

ẋ(s) ds + Δx(tk) +
∫ t

tk

ẋ(s) ds

∥∥∥∥2

≤ 3
{∥∥∥∥∫ t−

k

t−h(t)

ẋ(s) ds

∥∥∥∥2

+ ‖Δx(tk)‖2 +
∥∥∥∥∫ t

tk

ẋ(s)ds

∥∥∥∥2}
≤ 3

{
τ2
(‖A‖ + ‖B‖ + ‖EA‖‖FA‖ + ‖EB‖‖FB‖)2

+
(‖Ck‖ + ‖Dk‖ + ‖ECk

‖‖FCk
‖ + ‖EDk

‖‖FDk
‖)2}

× max
−2τ≤θ≤0

{‖x(t + θ)‖2}.

On the other hand, we see that

(55)
‖x(t − h(t)) − x(t)‖2 ≤ 2 max

−τ≤θ≤0
{‖x(t + θ)‖2}

≤ 2 max
−2τ≤θ≤0

{‖x(t + θ)‖2}.

Hence, by (53) (55), we have

(56) ‖x(t − τ ) − x(t)‖2

≤ min
{

2, 3
[
τ2
(‖A‖ + ‖B‖ + ‖EA‖‖FA‖ + ‖EB‖‖FB‖)2

+
(‖Ck‖ + ‖Dk‖ + ‖ECk

‖‖FCk
‖ + ‖EDk

‖‖FDk
‖)2]}

× max
−2τ≤θ≤0

{‖x(t + θ)‖2}.

Substituting (56) into (52), and (51) (52) into (50), yields

(57) D+V (x(t))

≤ xT Z̃(μ1, μ2, μ3; P )x+Ỹ (μ2, μ3) max
−2τ≤θ≤0

{‖x(t+θ)‖2}

≤ λmax

{
P−1Z̃(μ1, μ2, μ3; P )

} · V (x(t)) +
Ỹ (μ2, μ3)
λmin(P )

× max
−2τ≤θ≤0

{V (x(t + θ))}
= −a(μ1, μ2, μ3; P )V (x(t))+ b(μ2, μ3; P ) max

−2τ≤θ≤0
{V (x(t+θ))}.
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The rest of the proof is similar to that used in the proof of Theorem 1
and thus is omitted. The proof is thus complete.

4. Examples. To illustrate the results obtained in Section 3, we
shall discuss three examples.

Example 1. Consider system (1) in the form of system (3), where we
let

A(1) =
(−4.1 7.8

−16 −4.2

)
, A(2) =

(−3.9 8.2
−16 −3.8

)
;

B(1) =
(

0.9 −1.2
0.9 1

)
, B(2) =

(
1.1 −0.8
1.1 1

)
;

C
(1)
k = C

(2)
k =

(−2 0
0 −2

)
;

D
(1)
k = D

(2)
k =

(
0.5 0
0 0.5

)
,

k ∈ N.

Let P =
(

2 0

0 1

)
, μ1 = μ2 = μ3 = 1, μ4 = 1/2, μ5 = · · · =

μ9 = 1, then Z(μ1, μ2, μ3; P ) =
(−13.5 −4

−4 −7.3

)
, Y (μ2, μ3) =

(
1.2 0

0 1.4

)
;

a(μ1, μ2, μ3; P ) = −4.18, b(μ2, μ3; P ) = 1.4; Wk(μ4, . . . , μ9; P ) =(
5/2 0

0 9/8

)
, Xk(μ4, . . . , μ9; P ) =

(
5/2 0

0 9/4

)
; αk(μ4, . . . , μ9; P ) = (5/4),

βk(μ4, . . . , μ9; P ) = 9/4.

Let τ = 1, then by equation λ+a(μ1, μ2, μ3; P )+b(μ2, μ3; P )eλτ = 0,
we get λ = 0.8643 and M = αk(μ4, . . . , μ9; P )+βk(μ4, . . . , μ9; P )eλτ =
6.6. Hence, if σ = infk∈N{tk − tk−1} > (lnM/λ) = 2.2, then by The-
orem 1 we conclude that the system is robustly globally exponentially
stable with decay rate 0.0033.

Example 2. Consider system (3) with

A(1) =
(−13.1 7.8

−16 −14.2

)
, A(2) =

(−12.4 8.2
−16 −13.8

)
;

B(1) =
(

0.9 −1.2
0.9 1

)
, B(2) =

(
1.1 −0.8
1.1 1

)
;
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C
(1)
k =

(−2 − (1/k) 0
0 −2 − (2/k)

)
,

C
(2)
k =

(−2 + (1/k) 0
0 −2 + (2/k)

)
;

D
(1)
k =

(
0.5 − (1/k2) 0

0 0.5 − (1/k)

)
,

D
(2)
k =

(
0.5 + (1/k2) 0

0 0.5 + (1/k)

)
,

k ∈ N.

Then, −H = (hij)n×n =
(

12.4 −9.4

−17.1 13.8

)
, which is an M -matrix, αk =

max1≤j≤n

{∑n
i=1 ĉijk

}
= 1+(2/k) and βk = max1≤j≤n

{∑n
i=1 d̄ijk

}
=

0.5 + (1/k).

Let τ = 1. Since −0.4 ·I −H is still an M -matrix, we let M = 5.24 ≥
αk + βke0.4τ , k ∈ N . Hence, if σ = infk∈N{tk − tk−1} > (lnM/0.4) =
4.14, then, by Theorem 4, we conclude that the system is robustly
globally exponentially stable and at least with decay rate λ = 0.4.

Example 3. Consider system (3) with

A(1) = A(2) =
(

0.5 0
0 −0.5

)
; B(1) = B(2) =

(−1.5 0
1 −0.5

)
;

C
(1)
k = C

(2)
k =

(
1/((k + 1)2 + 1) 0

0 1/((k + 1)2 + 1)

)
;

D
(1)
k = D

(2)
k = 0,

k ∈ N.

Obviously, A = A(1) = A(2) is not a stable matrix. Hence, Theo-
rems 1 4 are not applicable. Yet, by Matlab, with τ = 0.1, P =
I =

(
1 0

0 1

)
, μ1 = μ2 = 1, μ3 = 1/2, μ4 = · · · = μ9 = 1, we get

a(μ1, μ2, μ3; P ) = −0.7714, b(μ2, μ3; P ) = 0.4800, αk(μ4, . . . , μ9; P ) =
1.2, and βk(μ4, . . . , μ9; P ) = 1.

By solving equation λ+ a(μ1, μ2, μ3; P )+ b(μ2, μ3; P )eλτ = 0, we get
λ = 0.2779. Hence, if δ = 30, M = 2.2282 ≥ αk(μ4, . . . , μ9; P ) +
βk(μ4, . . . , μ9; P )eλτ and σ = infk∈N{tk − tk−1} > δτ = 3.0. Thus, by
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Theorem 5, this system is robustly globally exponentially stable with
decay rate 0.0054.

5. Conclusions. In this paper, by employing the method of
Lyapunov functions, matrix inequalities, and the theory of M -matrix,
we have established some global exponential stability criteria for linear
impulsive system with time-varying delay and uncertainty. We have
also estimated decay rates. Those criteria may be verified by solving
matrix inequalities by Matlab or by checking the conditions for an M -
matrix. Some examples have been worked out to demonstrate the main
results.
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