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DYNAMICS OF PERMUTABLE
TRANSCENDENTAL ENTIRE FUNCTIONS

XTAOLING WANG, XINHOU HUA, CHUNG-CHUN YANG AND DEGUI YANG

ABSTRACT. Let f and g be two permutable transcendental
entire functions. Assume that f has the form

£(2) = p(2) + p1(2)e () 4 pa(2)e2(3).

We shall investigate the dynamical properties of f and g and
show that they have the same Julia sets and Fatou sets, i.e.,
J(f) = J(g). This relates to an open question due to Baker.

1. Introduction and main results. Let f(z) be a transcendental
entire function, and denote by f™, n € N, the nth iterate of f. The set
of normality, F(f), is defined to be the set of points, z € C, such
that the sequence {f™} is normal in some neighborhood of z, and
J =J(f) = C—F(f). F(f) and J(f) are called the Fatou set and
Julia set of f, respectively. Clearly F(f) is open. It is well-known that
J(f) is a nonempty perfect set which coincides with C, or is nowhere
dense in C. For the basic results in the dynamical system theory of
transcendental functions, we refer the reader to books [12, 17|, the
survey paper [2] and the papers of Fatou [9] and Julia [13].

In what follows, we shall use the following standard notations:

M(r, f) = max{|f(2)| : |2| = r},
m(r, f) = min{|f(2)| : [2| = 7},

loglog M

A= A(f) = limsup ogloe ML 1) (r. f)
r—00 logr

loglog M (r, f)

p=p(f)= 11}2ng~

i
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We call them maximum modulus, minimum modulus, order of f
and lower order of f, respectively. We will use T'(r, f) to denote the
Nevanlina characteristic of f, see for example [11] for an introduction
to Nevanlina theory.

A point «a is called a singular value of f if it is either a critical value
or an asymptotic value of f. We denote by sing (f~1) the set of all
finite singular values of f:

sing (f~!) = {z € C: 2 is a singularity of f~'}.

If the set sing (f~!) is bounded, then we say f is of bounded type. In
particular, if the set sing.(f~1) is finite, then f is of finite type, and we
denote this by f € B and f € S, respectively [2].

Let f and g denote two meromorphic functions. If

(1) f(g) =g(f),

then we call f and g permutable.

Theorem A [8, 21]. Let Ry and Ry be two permutable rational
functions. Then

1. F(Ry) = F(Ry) and J(Ry) = J(Ry);

2. if D is an attractive domain, a parabolic domain or a Siegel disk
of period m of Ry, then it is also an attractive domain, a parabolic
domain or a Siegel disk of period m of Ry, respectively.

Question 1 (Baker [1]). For two given distinct permutable transcen-
dental entire functions f and g, does it follow that F(f) = F(g)?

This is a difficult question to answer. So far, some answers to several
special cases or classes of functions of f and g are obtained. Firstly, we
recall the following two known results.

Theorem B ([1, 19]). Suppose that f and g are distinct permutable
transcendental entire functions, and g = af+b for some constant a # 0.
Then F(f) = F(g).
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Theorem C [20]. Let f,g€ S and fog=go f. Then
L J(f) = J(9);

2. If D is a superattractive stable domain, an attractive stable
domain, a parabolic stable domain or a Siegel disk of f, then D is also a
superattractive stable domain, an attractive stable domain, a parabolic
stable domain or a Siegel disk of g, respectively.

Theorem D [22]. Let f and g be two distinct permutable transcen-
dental entire functions and q(z) be a non-constant polynomial. Suppose

that q(g) = aq(f) +b, a(# 0),b € C. Then J(f) = J(g).

Theorem E [16]. If f and g are two permutable transcendental
entire functions, and there exists a non-constant polynomial ®(z,y) in

both x and y such that ®(f(z),g(z)) =0, then J(f) = J(g).

Theorem F [16]. Let f and g be two permutable transcendental
entire functions with M(g) < co. If f(2) = p(z) + p1(2)ed®), where
p(2), p1(2) and q(z) are polynomials, then g(z) = cf(z) + d for some
two constants ¢ # 0 and d.

From this theorem and Theorem B, we can easily get

Theorem 1. Let f and g be two permutable transcendental entire
functions with A(g) < oo, p(2), q(z) and r(z) be three polynomials.
Suppose that

F(2) = p(2) + q(2)e" ).

Then J(f) = J(g).

References [14, 15, 18, 19, 24] also studied the dynamics of two
transcendental entire functions.

In this paper, we shall prove the following results.

Theorem 2. Let f and g be two permutable transcendental entire
functions with A(g) < oco. Let p(z) and ¢;(z), i = 1,2, be nonconstant
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polynomials and p1(z) Z 0 and p2(z) # 0 be polynomials. Assume that
(2) f(z) =p(z) +p1(z)e(11(z) +p2(z)eq2(z).

Then J(f) = J(g).

Example 1. Let f(2) = z + ysinz, g1(2) = z + ysinz + 2k7 and
g2(z) = —z —ysinz + 2kmw. Then fog; =g10f and fogs =goo f.
Here v(#£0) € C and k € Z.

Example 2. Let f(z) = z + ve®, g(z) = z + ve* + 2kmi. Then
fog=gof. Here ¥(#£0) € Cand k € Z.

When p(z) is a constant, we have the following result.

Theorem 3. Let f and g be two permutable transcendental entire
functions with A(g) < oo and

(3) f(z) :p+pleQ1(Z) +p26q2(z)'

Let ¢;(2)(i = 1,2) be nonconstant polynomials such that ¢} /g is not
constant. Assume that p, p1 # 0 and ps # 0 are three constants. Then

J(f) = J(9)-
Proof of Theorem 2.

Lemma 1 [10]. Let Go,G1,...,Gy and [ be nonconstant entire
functions, and let hg, hg,... ,hm, m > 1, be nonzero meromorphic
functions. Suppose that K is a positive number and {r;} is an un-
bounded monotone increasing sequence of positive numbers such that,
for each j > 1,

T(T‘j, hl)
T(rja f/)

KT(j,f) ’L'ZO,...J’YL,

< r )
< (1 +0(1)T(rj, f).

If
hoGo(f) +h1Gi(f) + -+ hmGm(f) =0,
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then there exist polynomials {p;}, j = 0,1,... ,m, not all identically
zero such that

po(2)Go(2) + p1(2)G1(2) + -+ - + P (2) G (2) = 0.

Lemma 2 [5]. Let f;(z),j=1,2,3,...n, and g;(2), j =1,2,3,...n,
n > 2, be two systems of entire functions satisfying the following
conditions:

L35 fi(2)e% () = 0;

2. for 1 <j,k<n,j#k, gj(2) — gx(2) is nonconstant;

3. for L<hk<n,h#k, 1<j<n, T(r f;)=o{T(r,e %)}
Then f;j(z) =0(j =1,2,3,... ,n).

Lemma 3 [23]. Let f and g be two permutable entire functions
satisfying

1. A(f) < o0 and A(g) < oo;
2. p(f) > 0.

Then there exists a sequence {r;} tending to co and a positive constant
K so that

T(Tjag/) < KT(rja f) and T(rjag/,) < KT(rja f)

Proof of Theorem 2. If q1(z) — q2(z) is identically constant, then
Theorem 2 reduces to Theorem 1. Next we assume that with

q1(2) — q2(2) # constant.

Note that p(f) = A(f) = max{deg (¢1), deg(g2)}. From (1) we have

(4) (g = g—fg%f)

and, hence,

(5) gy = =TT gy (f—> 7 (f).
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From

(6) f(2) = p(2) +p1(2)e” @) + pa(2)et=)

(7) f'(2) = P'(2) + [P (2) +p1(2) a1 (2)]e™ D + [ph(2) +p2(2) g5 ()] e )

and

(8)

F(2) = p"(2) + [P} (2) + 204 (2)dh () + p1(2)a} (2) + p1(2)d} (2)?] e )
+[p5(2) + 205(2)d5(2) + p2(2)45 (2) + pa(2)da(2)*]e® ).

By eliminating the factors e?(*) and e%(*) from the three equations
(6), (7) and (8), we derive

(9) Py(2)f"(2) + P1(2)f'(2) + Po(2) f(2) + P(2) = 0,

where

(10) Py = p1ph — pip2 — p1p2(qy — ¢5),
(11) Py = —piply + pp2 — 2p105¢s + 20 p2¢) + p1p2(df — ¢5)
+ plpz(qi2 - qé )
= — Py — Py + g5),
(12) Py = —(p + 2P} + p1di + p1a?®) (D + p2ch)
+ (Ph + 20505 + pads + p2as’) () + Pray),

(13) P =p"Py+ (] +201q1 + pid} + p1a?)[(Ph + p2as)p — p2p]
+ (5 + 2phyqh + phaly + pads)[— (P} + prgl)p + p1p'].

Claim 1. P, #0.

Proof of Claim 1. In fact, if, on the contrary, P, = 0, then

p1ph — Pip2 = p1p2(d) — 45),
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this contradicts the fact that ¢1(z) —¢2(z) # constant. Claim 1 follows.
]

Replacing z by ¢g(z) in equation (9) yields

Py(9)f"(9) + Pi(9)f'(9) + Polg) f(9) + P(g9) = 0.

Combining this with (1), (4) and (5), we get

I\ 2 VT /
) rio) (L) 0+ @S nw g
+ Po(9)g(f) + P(g) = 0.
By Lemmas 1 and 3, there exist four polynomials Q(z), Qo(z), Q1(2)

and Q2(z), not all identically zero, such that

(15) Q2(2)9"(2) + Q1(2)g'(2) + Qo(2)g(2) + Q(2) = 0.

Substituting z by f(z) in this equation, we get

(16) Q2(1)g"(f) + Q:1(f)g'(f) + Qo(f)g(f) + Q(f) =0.
Eliminating the term ¢”(f) from this and (14), we have

(17) Hig'(f) + Hog(f) + H =0,

where

—Q2(f) {PQ(Q) fgg# +P1(9)§ )

(18) Hy = Q1(f)P2(9)
(19) Ho = Qo(f)P=(9)

@) =)L
From (1), (4) and (17) we deduce that

(21) 2 f(g)+ Hof(9) + H =0,
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Replacing z by ¢g(z) in the equations (6) and (7) first and then substi-
tuting them into (21), we obtain that

/ /

H ) + Hopla) + H + [0 (01(0) + 1 (0)6h(0) + Hu )]

< 04 L (04(9) + pala)ihla) + Hapa(a)| ) =0,

It follows from Lemmas 2 and 3 that

/

(22) H, fc— (P4 (9) + p1(9)ds(9)) + Hopi(g) = 0
and
(23) H, ji— (Wh(9) + p2(9)a>(9)) + Hopa(g) = 0.

Claim 2. H; = 0.

Proof of Claim 2. If Hy # 0, then from (22) and (23) we get

p1(9) +p1(9)di(9) _ palg) +p2(9)a(9) o 40
pi(9) pa(9) ’

or
(p1(2)e®)Y =0 and (pa(2)e®) =0 if Hy=0.

(24) PUE) 4 iy = 223 oy

or pl(z)eql(z) = ¢; and pg(z)e‘h(z) = ¢y for some constants c¢; and
¢z, which is a contradiction. But, from (24), we have p;(2)e®(*) =
cpa(2)e®2(?) for some constant c¢. This obviously contradicts to the
assumptions of the theorem. Claim 2 follows. a
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By Claim 2, (17) becomes Hyf(g) + H = 0. It follows from Lemmas

2 and 3 again that Hy = H = 0. Hence,

(25)
Q1<f>P2<g>(§—f) Q) [&@)W i P1<g>§—,'] 0
(26) Q AN -
o(f)Pa(g) (g—) Qo) Polg) = 0
and
N 2
(27) Q(f)Pz(g)(?> — Qu(f)P(g) = 0.

Claim 3. Py # 0.

Proof of Claim 3. If Py = 0, then from (12) we deduce that

(i tpa)  (Patpew) _ o
Py +pd; Ph + padh v

which yields
/ /!
1 +p1‘1} — a2
Py + P2qy

for some nonzero constant c; this implies that g1 — g2 is a constant, a

contradiction. Claim 3 follows. O

Claim 4. Q. # 0.

Proof of Claim 4. Suppose on the contrary that Q2 = 0. From
Claim 1 we know that P, # 0, then from (26) and (27) we get that
Qo = Q = 0, and therefore @1 = 0 from (15), a contradiction. Claim 4

follows. O
Claim 5. Qo # 0.

Proof of Claim 5. This follows from (26), Claim 3 and Claim 4.

]
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Note that the term with the highest degree in (12) is —p1p2q) b (g —
¢5), and the term with the highest degree in (13) is pp1p2¢;¢a(q) — ¢5)-
Since p(z) # a constant, it follows from (12) and (13) that P(z) # 0
and Py(z)/P(z) is not constant, and so, by (27), Q(z) #Z 0. From (26)
and (27), we have

(28)

‘We rewrite this as

=0

Qo(f)P(g) — Q(f)Po(g)
Q(f)P(9)

and consider two subcases.

If Qo(z)P(y) — Q(x)Py(y) is identically constant, then the constant
will be zero by the above equation. Thus,

Qo(x)P(y) = Q(x)Po(y)
for any x and y. In particular,

Qo(2) _ Py(z) o
Q(z)  P(z)

for a rational function R(z). It follows from (28) that

R(2)

Therefore, f = £g + ¢ for a constant c¢. By Theorem D, we get the
conclusion J(f) = J(g).

If Qo(z)P(y) — Q(x)Py(y) # constant, then the conclusion follows
from this, (1) and Theorem F. o

3. Proof of Theorem 3. Now we consider the case where p, p; # 0
and ps # 0 are three constants. From (12) and (13), we have

P(z) = —pPy(2).
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By (28),

Q(z) = —pQo(z).
From (26), we get

f 2 Qa(f)Polo)
2 (7) = &hne
By differentiating this equality, we derive that

9" = 19" 1Q5(f)Qu(f) — Q2(f)Qu(f)]Fo(g)

7° 2[Qo (/)] P2(g)
[P(9)Pal9) — Po(9)Py(9)|Q2(f) ¢
(30) * 2Q0([)[P2(9)2 [z
— Ri(f,9) + Ralf,9) fc—
where
L QYHQoF) = Qa(HQ(H))Polg)
(3D Balf0) = 2D Polg)
and
_ [Pi(9)P2(9) — Polg)P3(9)]Q2(f)
(32) Ro(f.9) = 200 (1) [Pa(9)

are two rational functions of f and g. Substituting (29) and (30) into
(25), we obtain that

Q1(f)Q2(f)Po(g)
Qo(f)

- Q2(f)P2(g9)R1(f, 9)
(33)

= Qa2(f) P2(9)Ra(f 9) - % + Py(9)Qa(f) - g_:.

Now squaring both sides of (33) and then substituting (29) into it, we
derive that

2
DU _ gu(pao)r(s.0)
_ Qo(f)Q2(f)[Pa(9)[Ra(f, 9))?
(34) Po(g)
+ 2P (9) P2(9)[Q2(f)]*Ra(f, 9)
n [P1(9)}2[Q2(f)]3po(9).

Qo(f)P2(g)
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Substituting (31) and (32) into (34), then simplifying and rearranging
terms, we obtain that

(35)  {2Q0(N)Q1(f) — [Q5(N)Qo(f) — Q2(NQH(N} Polg)* Palg)
= {2Py(9)P1(9) — [P5(9)Po(9) — P(9)P§(9)]}* Qo(£)*Qa(f).

Let

(36)

R(z,y) = {2Qo(2)Q1(z) — [Q)(x)Qo(x) — %(w)@&(r)]}; Po(y)* Pa(y)

—{2Py(y) P1(y) — [Ps(y) Po(y) — Pa(y) Py(»)]}” Qo(2)* Q2 ().
Then

(37) R(f,g) = 0.

If R(x,y) # constant, then the conclusion follows from Theorem F. So
what we need to do is to show that R(z,y) # constant.

Claim 6. R(z,y) # constant.

Proof of Claim 6. If on the contrary R(x,y) = constant, then by
(37), R(z,y) = 0, and therefore

{2Qu(2)Q1 () — [Qz( )Qo() — Q2(x)Qp(2)]}?
Qo(2)3Q2(2)
_ 2R @) Pi(y) = [P3(y) Poly) = Pa(y) Po(y)]}
Po(y)3Pa(y) '

If the left-hand side is a nonconstant rational function of z, then there
exist two different values a and b, and two different roots z; and x»
such that

{2Qo(x1)Q1(z1) — [Q4(x1)Qo (1) — Qa(w1)Qp(x1)]}?
Q0($1)3Q2(951)

(38)

If
e

and

{2Qo(w2)Q1 (w3) — [@5(22)Qo(w2) — Q(w2)Q(x2)]}* _
Qo(22)?Q2(x2) o




PERMUTABLE TRANSCENDENTAL ENTIRE FUNCTIONS 2053

It follows from (38) that

{2Ps(y)P1(y) — [P5(y) Po(y) — Pa(y) P (y)]}>
Po(y)3Pa(y)

a =

and

y = PRWPI) — [Py Poy) — Ry Pw)]}*
B Po(y)*Pa(y) ’

this is a contradiction. Therefore, the left-hand side of (38) is a
constant, say ¢, and we have, by (38),

{2Po(y)Pi(y) — [P5(y) Po(y) — Pa(y) P(y)]}?
Po(y)3Pa(y)

Eliminating P;(y) by substituting (11) into the above equation, we get
Piy) _  PH) _ B
Po(y)  Pa(y) Pa(y)

Note that p, p; # 0 and ps # 0 are three constants. We deduce from
(10) and (12) that

C.

2

(39) = 2(q1(y) + 2(y))

Py = —p1p2q105(dh — a3), P2 = — p1ip2diqs-

Substituting these into (39), we have

(40)
Wy, sl dW -y L, , 2 i
4w B T db) —aw) 2(q1(y) + &2(v)) ¢ (y)az(y)-
Note that

ay) ey aly) - al)
is a rational function and is of the form

a(y) @) ,a) el

a a
L R k ,
Yy—un Y=Yk

note also that (¢1(y)+¢=2(y))" and ¢} (y)g5(y) are polynomials, it follows
from (40) that

1!

a1 (y) — a5 (y) 0
() &y “dly) —dly)

_|_
|
B
Il
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Substituting this into (40) implies that

[~2(¢) () + (W) = cd; (v)ab(v).

This implies that ¢} /g5 is a constant, which contradicts the assumption
of the theorem. o
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