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ON THE GENERALIZED ORDER-&
FIBONACCI AND LUCAS NUMBERS

EMRAH KILI¢C and DURSUN TASCI

ABSTRACT. In this paper we consider the generalized
order-k Fibonacci and Lucas numbers. We give the gener-
alized Binet formula, combinatorial representation and some
relations involving the generalized order-k Fibonacci and Lu-
cas numbers.

1. Introduction. We consider the generalized order-k Fibonacci
and Lucas numbers. In [1] Er defined & sequences of the generalized
order-k Fibonacci numbers as shown:

k
g%:Zgi_j, for n>0 and 1<i<k,
j=1

with boundary conditions for 1 —k <n <0,

g =
" 0 otherwise,

{1 ifi=1-n,

where ¢! is the nth term of the ith sequence. For example, if k = 2,
then {g2} is the usual Fibonacci sequence, {F},}, and, if k = 4, then
the fourth sequence of the generalized order-4 Fibonacci numbers is

1, 1,2, 4,8, 15, 29, 56, 108, 208, 401, 773, 1490, . .. .

In [6] the authors defined k sequences of the generalized order-k Lucas
numbers as shown:

n—jo

k
=Yl for n>0 and 1<i<k,
j=1
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with boundary conditions for 1 — k <n <0,

-1 ifi=1-n,
lh=¢2 ifi=2-n
0 otherwise,
where [¢, is the nth term of the ith sequence. For example, if k = 2,
then {12} is the usual Lucas sequence, {L,}, and, if k = 4, then the

fourth sequence of the generalized order-4 Lucas numbers is

1,3, 4, 8, 16, 31, 59, 114, 220, 424, 817, 1575, 30636, ... .

Also, Er showed that

9;1-1 -_q;il
glfl 4 9%.—1
gi—k+2 ngk+1
where
1 1 1 1 1
1 0 0 0 0
01 0 0 0
(1.1) A=19 0 1 0 0
O 0 0 ... 10

is a k X k companion matrix. Then he derived
Gn+1 = AGna
where

9 g ... gk

1 2 k
In—1 In—1 ce In—1

1 2 k
In—k+1 In—k+1 -+ YIn—kt1
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Moreover, Er showed that G; = A and G,, = A™. The matrix A is
said to be the generalized order-k Fibonacci matrix. Furthermore, in
[3], recently Karaduman proved that

det G — { (=1)™ if k is even,
" 1 if k is odd.

In [5], we showed

oy /’i
I ;
p— A . 1
l:‘sz+2 l;—k-&-l
and derived
Hn+1 = AHn
where
I 2 .. lfl
[N IR
lrlhkﬂ li7k+1 lﬁ—kﬂ
also
H, = AK
where
-1 2 0 0 0
0o -1 2 0 0
0 0o -1 2 0
K=10 0o 0o -1 0
0 0 0 0 -1
Further, we proved
-1 if k£ is odd,

det H, 11 = ey
et Hntl { (=)™ if k s even,

and showed that
(1.3) H, =G,K,

which is a well-known fact for k = 2, see [6].
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2. Some relations involving the generalized order-k Fibonacci
and Lucas numbers. In this section we present and extend some
relationships between the generalized order-k Fibonacci and Lucas
numbers by matrix methods. From [1], it is well known that, for all
positive integers n, m and 1 < i <k,

k
i _ J o0
gm+n - Zgn gm-{—l—ja
j=1

where ¢! is the generalized order-k Fibonacci number.

We note that, for example, if k = 2, then {g2} is the usual Fibonacci
sequence. For all m, m € Z+,
2
2 i 2
gm+n = Z giL ngrlfj
j=1
= Gn Gon + I G
and, since g}, = g2, ., fori=1, k=2 and all m € Z ", we write
2 2 2 2 2
gm+n = gnJrl Im + 9In 9m—1-
Indeed, we generalize the following relation between Fibonacci numbers
Fner - n+1Fm + Fnmeh

see [7, p. 176].

Theorem 1. Let I}, be the generalized order-k Lucas number. For
all positive integers n, m and 1 < i <k,

k
% _ § 77t
ln-‘rm - gn lm+1—j'
j=1

Proof. From [6], we know that H,, = G, K, so we can write that
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or
Hn+m = Gm Hn

Since Hn+m =G, H,,, Z:H-m = (H7L+m)1,ia

liH—m =gl +gnl, 4+ lin—k-‘,—l
= gn o+ (gh 1+ gn o)+
(g gh ot g ) bk
Thus, we obtain
k
Z:H-m = ng@ l1zn+1—j7
j=1

so the proof is completed. ]

For example, if k¥ = 2, then g2 and [2 are the usual Fibonacci and
Lucas number, respectively; then

2
2 _ § 7 72
ln+m - gn lm+17j
j=1
_ 132 272
=9n lm + 9n lm—l?

and, since g} = g,%ﬂ fori=1,k=2,and all n € ZT, we write

2 2 2 292
ln+m - gn+1 lm + 9n lm—l'

Indeed, we generalize the following relation involving Lucas and
Fibonacci numbers,

Lner = Fn+1 Ly +Fy Ly
= (Fn + Fn—l) Lm + Fn Lm—l
- Fn(Lm + Lm—l) + Fn—l Lm
- Fan+1 +Fn71 Lmu
see [7, p. 176].

Note that Gn+m+p = GnGerp, g;+m = (Gn+m+p)p71,i-
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Then we have the following corollary.

Corollary 1. Let g be the generalized order-k Fibonacci number.
Foralln,m,peZ’ and1 <i<k,

k
i _§ J i
gn+m+p - gn gm-i—l—p—j'
=1

Also we note that Gy—p Grtp = Grim, gﬁwm = (Gp+m)1,i- Then
we have the following corollary.

Corollary 2. Let g be the generalized order-k Fibonacci number.
Then, for n,m,p € Z% and 1 <i <k,

k
) _ J i
gm—i—n - Z gn—p gm+p—j'
j=1

In [4] Levesque gave a Binet formula for the Fibonacci sequence. In
this paper, we derive a generalized Binet formula for the generalized
order-k Fibonacci and Lucas sequence by using the determinant.

3. Generalized Binet formula. Let f()\) be the characteristic
polynomial of the generalized order-k Fibonacci matrix A. Then

fA) = X — A1 — ... — X\ — 1, which is a well-known fact. Let
A1, A2, ..., Ak be the eigenvalues of A. In [5], Miles also showed that
A1, A9, ..., A\ are distinct. Let V be a k x k Vandermonde matrix as
follows:
A As A5 A
V= : : : " :
)\1 )\2 /\3 - )\k

1 1 1 1
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Let
+k—i
M s
A

n-i:k—i
/\k

and Vj(i) be a k x k matrix obtained from V by replacing the jth
column of V by di. Then we have the generalized Binet formula for
the generalized order-k Fibonacci numbers with the following theorem.

Theorem 2. Let gi be the generalized order-k Fibonacci number,
for1<i<k. Then
~det(v,")

ti =
I det(V)

where Gn = [tij]kxk-

Proof. Since the eigenvalues of A are distinct, A is diagonalizable. It
is easy to show that AV = VD, where D = diag (A1, Aa,... , Ag). Since
V is invertible, V1AV = D. Hence, A is similar to D. So we have
A"V =V D" In [1], it is known that G, = A™. So we can write that

G,V = VD" Let G, = [tijlexk. Then we have the following linear
system of equations:

til)\]f_l + tigx\]f_z do i = /\;H-k—i

til/\g_l + tigx\];_z do i = /\;L-i-k—i

til)\271 + tig)\272 Foee e = )\ZJrkfi.
And, for each j =1,2,...,k, we get

(3 1) ti: = M
' YT det(V)

So the proof is complete. o
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Corollary 3. Let g¥ be the generalized order-k Fibonacci number,
then @
O =ty = det(V,, )
" det(V)

Proof. 1f we take i = 1 and j = k, then t;, = gF. Also, employing
Theorem 2, the proof is immediately seen. u]

Now we are going to give a generalized Binet formula for the general-
ized order-k Lucas sequence. Firstly, we give a lemma for a relationship
between the generalized order-k Fibonacci and Lucas numbers.

Lemma 1. Let I¥ and g* be the generalized order-k Lucas and
Fibonacci numbers, respectively. Then, for k > 2,

Iy =gh+295_,.

Proof. We will use the induction method to prove that (¥ = g~ +
2gF . From the definition of the generalized order-k Lucas and
Fibonacci numbers, we know that, for all k € ZT with & > 2,
I¥ = g¥ =1 and g§ = 0. Then, it is true for n = 1, i.e.,

1Y =91 + 295 = 1.
Suppose that the equation holds for n. So we have
Ly = g + 29,y

Now we show that the equation is true for n + 1. From the definition
of I¥, we have

(3.2) B =0l 1

Since I¥ = g¥ +2g*_ |, we can write equation (3.2) as follows

lﬁ+1 =g +298  + (g +205 )+ + (95—k+1 +2g5_4)
=(gn+gn 1+ Fgh ) T2 e o+ an k)
= 97]2+1 + 291]2-

So the equation holds for n + 1. Thus the proof is complete. ]
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For example, if k = 2, {I2} is the usual Lucas sequence, {L,}, and
{g2} is the usual Fibonacci sequence, {F,}, then it is a well-known fact
that

L,=F,+2F, ;.

If k=4 and n =29, then

I3 = ga + 294 = 108 + 2.56 = 220.
Then we have the following theorem.

Theorem 3. Let I¥ be the generalized order-k Lucas number. Then,
fork>2,
p _ det(VY) 4 2det(?)

n det(V)

Proof. From Lemma 1, we know that I¥ = g*¥ + 2¢% |. Also, by
Theorem 2, we have G,, = [ti;|pxr and t;; = det(Vj(l))/det(V). If we
take i = 2, j = k in equation (3.1), and since tor = g¥_;, we write

b =gh+2gk_,

det(V) + 2det (V)
B det(V) '

So the proof is complete. o

For a further generalization of Theorem 3, we give a lemma which is
immediately seen from equation (1.3).

Lemma 2. Let I\ and ¢! be the generalized order-k Lucas and
Fibonacci numbers for 1 <i < k. Then

I=29"—g,

for 1 <i<k.

Then we obtain the following theorem.
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Theorem 4. Let I}, be the generalized order-k Lucas number, for
1<i<Ek. Then
 2det V) + det V1

i

" det V
Proof. From G, = [t;j] = [gfl_H_l] and Lemma 2, we obtain for
1<i<k, .
I, =2t ;-1 — t14,
and by using Theorem 2, the proof is immediately seen. O

4. Combinatorial representation of the generalized order-
k Fibonacci and Lucas numbers. In this section, we consider a
combinatorial representation of I¥ and g* for n > 0. Recall that A is
the k x k (0,1) matrix given by (1.1):

1 11 ... 1 1
1 00 ... 0O
A=10 1 0 ... 0 O
0O 00 ... 10
Also we know from [1] that G,, ia as in (1.2):
9n g o
In—1 In—1 [N In_1
Gn = [tij] = .
gflsz+1 gz,kﬂ - gfl*k%‘rl
Lemma 3 [4].
tij = Z Myt Myt e <m1+m2+"'+mk>
my+mg + - mg mi, Mo, ..., M

(mi,...,my)

where the summation is over nonnegative integers satisfying mi+2mo+
<o+ kmg =n—i+j and defined to be 1 if n=1—7j.
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Corollary 4. Let g¥ be the generalized order-k Fibonacci number.
Then

k M, my+mg+ -+ My
m= > X :
)m1+m2+"'+mk mi, Mo, ..., Mg
y Mg

where the summation is over nonnegative integers satisfying mi+2mo—+
oot kmp=n—-1+4+k.

Proof. In Lemma 2, if we take i = 1 and j = k, then the conclusion
can be directly from (1.2). O

Corollary 5. Let gF be the generalized order-k Fibonacci number.
Then

PN dy, X<d1+d2+"'+dk>
n—1 d1+d2++dk d17d27"~adk
(di,---,dg)

where the summation is over nonnegative integers satisfying dy + 2ds +
oot kdy=n—2+k.

Proof. In Lemma 3, if we take ¢ = 2 and j = k, then the conclusion
follows directly from (1.2). o

From Corollaries 4 and 5 and Lemma 1, we have the following
corollary.

Corollary 6. Let X be the generalized order-k Lucas number. Then

K my, <m1+m2+~~~+mk>
Ly = Z X
( )m1+m2+"'+mk mi, Mo, ..., Mg
M., Mk
d di+dy+---+d
Iy Z k y 1+as+ + di
d1+d2+ +dk d17d27"'1dk
(d1yeee,di)

where the summation is over nonnegative integers satisfying mi+2mo—+
ot kmp=n—1+kanddy +2dy+ ...+ kd, =n—2+k.
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Proof. From Lemma 1, we know that I¥ = g% + 2¢F | and if i = 1
and j = k and, ¢ = 2 and j = k, in Lemma 3, respectively, then the
conclusion can be derived directly from (1.2). o
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