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REMARKS ON SPACES OF
REAL RATIONAL FUNCTIONS

YASUHIKO KAMIYAMA

ABSTRACT. Let RRatg (CP™) denote the space of basepoint-
preserving conjugation-equivariant holomorphic maps of de-
gree k from S? to CP®. A map f : S2 — CP" is said
to be full if its image does not lie in any proper projec-
tive subspace of CP™. Let RFj;(CP"™) denote the subspace
of RRaty (CP™) consisting of full maps. We first determine
H,.(RRati(CP"™);Z/p) for all primes p. Then we prove that
the inclusion RFy(CP™) — RRat,(CP"™) and a natural map
g n : RFR(CP™) — SO(k)/SO(k — n) are homotopy equiv-
alences up to dimensions k — n and n — 1, respectively.

1. Introduction. Let Rati(CP™) denote the space of based
holomorphic maps of degree k from the Riemannian sphere S? = CUoco
to the complex projective space CP™. The basepoint condition we
assume is that f(oo) = [1,...,1]. Such holomorphic maps are given by
rational functions:

(1.1)

Ratx(CP™) = {(po(2), ... ,pn(2)) : each p;(z) is a monic polynomial
over C of degree k and such that there are no

roots common to all p;(z)}.

There is an inclusion Raty(CP")<— Q2CP" ~ Q2§21 Segal [9]
proved that the inclusion is a homotopy equivalence up to dimen-
sion k(2n — 1). (Throughout this paper, to say that a map f: X — Y
is a homotopy equivalence up to dimension d is intended to mean
that f induces isomorphisms in homotopy groups in dimensions less
than d, and an epimorphism in dimension d.) Later, the stable ho-
motopy type of Raty(CP™) was described in [3] as follows. Let
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Q2G2n+l =~V D,(S?*"~1) be Snaith’s stable splitting of 22527 +1. Then
s 1<q

(1.2) Raty (CP") ~ D, (5% 1.

Q
| <=
X

In particular, the induced homomorphism H.,(Rat,(CP™);Z) — H,
(Q28%n+1 Z) is injective.

A map f: S? — CP" is said to be full if its image does not lie in
any proper projective subspace of CP™. If f is given by a rational
function in (1.1), then f is full if and only if the polynomials p;(z),
0 < i < n, are linearly independent in C[z]. Let Fy(CP™) be the
subspace of Raty(CP™) consisting of full maps. Particular examples
are: Fi(CP") = @ when k < n; and F,,(CP") = C™ x GL(n,C).
The space Fi(CP™) has a certain significance in connection with
harmonic maps. In fact, it is known how to construct harmonic maps
52 — CP" out of full holomorphic maps. Motivated by this, Crawford
studied the topology of Fi(CP™) in [6]. He proved that the inclusion
F;(CP™) — Rati(CP™) is a homotopy equivalence up to dimension
2(k —n) + 1. Moreover, H,(Fy(CP?);Z/p) was determined for all
primes p. The result shows that the inclusion Fy(CP?) < Raty(CP?)
has a nontrivial kernel in homology in dimensions above the range of
stability.

We denote by RRat,(CP™) the subspace of Raty(CP™) of maps
which commute with complex conjugation. An element (pg(z),...,
pn(2)) € Rati(CP™) belongs to RRat, (CP™) if and only if each p;(2)
has real coefficients. Hence, in particular, RRat; (CP") 2 Rx (R")* ~
S"=1. Next we set RF;(CP") = RRat,(CP") N Fj,(CP™).

The purpose of this paper is to study the topology of RRaty(CP")
and RFy(CP™). There are inclusions

(1.3) ir : RRaty(CP") < Q8™ x Q252 +!
(compare Lemma 2.1) and

(1.4) j : RFx(CP™) — RRat;(CP").
Brockett and Segal ([2, 9]) showed that

k
(1.5) RRat;(CP') = [ C* %1 x Rat (i) (CP).
1=0
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But the homology of RRat;(CP™) is not known for n > 2. On the
other hand, about RF;(CP"), we have the following:

Example 1.6. (i) For 1 < k, RF;(CP') = RRat,(CP?).
(ii) For k < n, RF,(CP") = @.
(iii) RF,(CP") 2 R"™ x GL(n,R). Hence, RF,(CP") ~ O(n).

In fact, (i) and (ii) are clear. We prove (iii) in Section 3.

Now we state our results. We first determine H,.(RRat,(CP™);Z/p)
for all primes p. Since the topological type of RRaty(CP!) is known
in (1.5), we assume n > 2. Recall that H,(QS™;Z/p) = Z/p [un—1].
As usual, we set w(u,—1) = 1, where w denotes the weight. On the
other hand, we define the weight of an element of H,(Q2S%"*1;Z/p)
to be twice the usual one. In particular, for the generator io, 1 €
Hop 1(Q282711: Z/p), we set w(Qf(12,—1)) = 2p%.

Theorem A. Let n > 2. Then, as a vector space, H,(RRat(CP"™);
Z/p) is isomorphic to the subspace of H,(QS™ x Q25?7 +1. Z /p) spanned
by monomials of weight < k.

Remark. When n = 1, let us understand Q5™ x Q2521 in The-
orem A as {0,1,2,...} x Q253 where {0,1,2,...} is a discrete set
with w(j) = j. (Here w denotes the weight.) Then (1.5) implies that
Theorem A remains valid for n = 1.

Theorem A implies that i, : H.(RRaty(CP");Z) — H.(2S™ x
028+ 7) is injective, as in the inclusion Raty(CP")<— Q252n+1,
(Compare (1.2).) We have the following analogue of Segal’s theorem.

Corollary B. The inclusion iy in (1.3) satisfies the following prop-
erties:

(i) For n > 2, iy induces isomorphisms in homology groups in
dimensions < (k+1)(n—1) — 1.

(ii) For n > 3,
(k+1)(n—-1)—1.

i 1S a homotopy equivalence up to dimension
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Remark. Recall that the stable homotopy type of Raty(CP") is de-
scribed in (1.2) in terms of stable summands in Q25?71 Similarly, it is
possible to prove a stable homotopy equivalence between RRaty(CP")
and the collection of stable summands in Q5™ x Q252" +! of weight < k.
In a subsequent paper [7], we shall prove this.

The following theorem asserts the stability of the map ji in (1.4).

Theorem C. The inclusion ji is a homotopy equivalence up to
dimension k — n.

The following theorem is more useful than Theorem C when k <
2n —1.

Theorem D. Let SO(k)/SO(k — n) be the Stiefel manifold of or-
thonormal n-frames in R¥. (When k = n, we understand this as O(n).)
Then there is a map oy, @ RF(CP™) — SO(k)/SO(k —n) so that

o n s a homotopy equivalence up to dimension n — 1.
In particular, when k = n + 1, we have the following:

Corollary E. We set SO = U1<,SO(n) and let v(n +1) : SO(n+
1) = SO be the inclusion. Then t(n+1)oayu11, : RF,11(CP™) — SO
is a homotopy equivalence up to dimension n — 1.

It is possible to determine H, (RFy(CP?);Z/p) by a similar argument
to the calculations of H,(Fy(CP?);Z/p) in [6]. But the results are
rather complicated. Hence we omit them.

This paper is organized as follows. In Section 2 we prove Theorem A
and Corollary B. Theorem A is proved by considering the spectral
sequence of the Vassiliev type. In Section 3 we prove Theorems C,
D and Corollary E. The proofs are mostly general position argument.

2. Proofs of Theorem A and Corollary B. Let Map] (CP!, CP")
denote the space of continuous basepoint preserving conjugation-
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equivariant maps of degree k from CP! to CP™. There is an inclusion
RRat,(CP") — Mapi (CP*,CP"™).

It is easy to prove the following lemma, compare [7].

Lemma 2.1. For n > 1, there is a homotopy equivalence
Map? (CP!,CP") ~ Q8™ x Q2§2n+1,

Here, when n = 1, we understand QS™ as Z so that Z is parametrized
by the degree of maps RP' — RP! which are restrictions of elements
of Map%(CPl,Cpl) to the real line. Moreover, under the inclusion
RRaty,(CP') — Map} (CP',CP?), the connected component indexed
by i, 0 <i<k, in (1.5) is mapped to (k — 2i) x Q293 € Z x Q2S3.

Theorem A is proved as follows. First, by constructing homology
classes explicitly, we find a lower bound for the modp homology of
RRat,(CP™). (Compare Proposition 2.2.) Next, considering a ge-
ometrical resolution of a resultant, we construct a spectral sequence
of the Vassiliev type. The spectral sequence converges to the modp
homology of RRaty(CP™) and the E'-term coincides with the lower
bound. Hence, the spectral sequence collapses at the E'-term and the
lower bound is actually an upper bound. (Compare Proposition 2.3.)

Proposition 2.2. Let Ly, be the subspace of H,(Q2S™ x Q28?1 Z /p)
spanned by monomials of weight < k. Then every element of Ly, is in
the image of ig., where iy is defined in (1.3). Hence, these elements
are a lower bound for H,(RRat,(CP™);Z/p).

Proof. We recall the structure of H,(QS™ x Q25?1 Z/p). First,
H.(Q28";Z/p) = Z/p[up—1].

Next, there is a (torsion free) generator i, 1 € Hap,—1(Q25%" 1 Z /p) =
Z/p, and the following hold. (Compare [4].)

(i) For p = 2,

H (?S*™ 1 Z/2) 2 Z/2[19,—1,Q1(t2n-1), - .. , Q1+ Q1(t2n-1), - - - ]-
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(ii) For an odd prime p,

H,.(Q?8*" 1. Z /p) = /\(L2n_1,Q1(L2n—1)7~-~ Q1 Qi(t2n—1),...)
® Z/p[BQ1(t2n-1),---,BQ1 - Q1(tan-1),--.].

In (i) and (ii), @1 is the first Dyer-Lashof operation (it takes a class
of dimension d to a class of dimension dp + p — 1) and § is the modp
Bockstein operation.

We construct the following three maps:

(1) The inclusion n, : Rat,(CP™) — RRate,(CP™),

(2) Loop sum * : RRaty, (CP™) x RRaty,(CP™) — RRaty, 1, (CP™),
and

(3) Stabilization map s : RRaty(CP™) — RRaty1(CP™).

One can construct the maps (2) and (3) in the same way as in
[1]. On the other hand, the map (1) is constructed as follows: We

fix a homeomorphism h : C 5 H,, where H; denotes the open

upper half-plane. For (po(z),...,pn(2)) € Raty(CP™), we write

p;i(z) =12_,(2 — as,j). Then we set

1g(Po(2), -+ s Pn(2))

= (1= - oo = @z [T = blawn)) (e = ) ).

s=1

Now let a € Ly. We write o = ul,_;®¢, where € € H,(Q25?" 1 Z/p).
The fact that RRat;(CP") =2 R x (R")* ~ S"~! shows that there is
an element v,,_1 € H,,_1(RRat;(CP");Z/p) so that

z'1>|<('Unfl) = Un—1-

Let W be the usual weight on H,(Q25*""1;Z/p). Then, from (1.2), we
have § € H.(Ratge)(CP"); Z/p), hence

nw(¢)«(§) € Hi(RRatow(e) (CP"); Z/p),

where the inclusion 7 ¢) is defined in (1). Using the loop sum in (2),
we have

Ol _q * Neys(€) € Ho(RRaty, (o) (CP™); Z/p),
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where w is the weight in Theorem A, ie., w(a) = ¢ + 2W({). Since
w(a) < k, using the stabilization map in (3), we can regard this as
an element of H,(RRaty(CP™);Z/p). This completes the proof of
Proposition 2.2. O

Proposition 2.3. The lower bound of Proposition 2.2 is actually an
upper bound.

Proof. We prove the proposition along the lines of [10, p. 151]. For a
locally compact space X, let Y_denote the one-point compactification
of X, X = X U{oo}, and let H.(X;Z) be the Borel-Moore homology
group H.(X;Z) = H.(X;Z).

We regard RF("+1) as the space consisting of all (n + 1)-tuples

(po(2), ... ,pn(2)) of monic polynomials over R of degree k. Let X7
be the complement of RRaty(CP™) in R*"+1). Thus

Ef = A{Po(2), - ,pal2)) € RMV i py(a) = - = paa) =0
for some o € C}.

From the Alexander duality, there is a natural isomorphism

H*(RRaty(CP"); Z) = Hygniny-1-+ (37 Z)

and so we study H.(X};Z).

Let I : C — C* be the Veronese embedding I(z) = (z,22,...,2%).
Let f = (po(2),...,pn(2)) € EF, and suppose that po(z),...,pn(2)
have at least ¢ distinct common real roots r1, ... ,7; and j distinct com-
mon roots (1,...,¢; in Hy (hence Cpyone ,Zj are common roots in H_
since polynomials are real). We denote by A(f, {r1,... ,7,C1,...,¢})
C CF the open simplex in C* with vertices

{I(’l‘l), PN 7](’1“1‘), I(Cl), N 7I(<])}
(Note that since i4+-2j < k, the points {I(r1),... ,I(r;),I(¢1),... ,1(¢)}
are in general position.) Define a geometrical resolution X} of X by
~;€L: U {f}XA(fv{lrla"'7ri><17"'7<j})
fexyi{ry,...,riCi5G

C P xCh
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The first projection defines an open proper map w : iz — X7, and
this induces a map between the one-point compactification spaces

7T . X — Y. It is known [10] that the map 7 is a homotopy

equivalence. Define subspaces Fs C EIZ by

{oo} U U i}
FEST {1, 1isCren G 1i25 <5
XA(f{r, oo i GG ifs>1
{0} if s=0.

F, =

There is an increasing filtration
Fo={x}CF CFRC---CF=%~%7
and this induces a spectral sequence

Bl =H(Fy— FooyZ) = Hy (S Z) 2 Ho o (S5 Z).

Fs— F5_1 has connected components indexed by nonnegative integers
(¢,7) with ¢ + 2§ = s. The connected component indexed by (i, )
is a fibered product of the following two fiber bundles: They have a
common base C;(R) x C;(Hy) = R x C;j(C), where C,.(X) denotes
the configuration space of unordered r-tuples of distinct points in X.

(i) The first bundle has the (i 4+ j — 1)-dimensional open simplex as
a fiber.

(ii) The second bundle is an affine R(*~*)("+1)_bundle. The fiber
over a collection {r1,...,r;,(1,...,(} € Ci(R) x C;(H4) consists of
(po(2), ... ,pn(2)) having common roots {ry,...,7;, (1, .. ,Cj,zl, R
zj}. By the Thom and Poincaré isomorphisms,

1 {®i+2j_s H(k—s)(n+l)+i+j—t—1(Cj(c);:tz) 1<s<k
s,t .

0 otherwise,
where +7 denotes the local system locally isomorphic to Z but changes
the orientation over the loops defining odd permutations. For 1 < s <
k, we can rewrite this as

[s/2]
ﬁk(nJrl)fsnftfl (Dg (Sl); Z) @ ﬁk(nJrl)fsnftfl (SO; Z)

J=1
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Recall that D;(S?"~1) ~ %2/~ D,(S1), compare [5]. Hence, this is
equivalent to

[s/2]
@ Hk(n+1)fsn7t71+23(n71)(Dj(S2n71); Z) @Hk(nJrl)fsnftfl(SO; Z)

j=1
Let 1 < *. From the Alexander duality, we have

dim H,(RRatx(CP™);Z/p)

k [s/2]
<Y > dim H(SC720D D (571, 2 /p)
s=2 j=1
k
+ Zdim H,(S*"=V. Z/p).
s=1

Identifying H,(X(s=2)(=D D, (§27=1). Z /p) with

up " @ Ho(D;(5"1): Z/p)

n—1

and
H, (Ss(n—l); Z/p)

with u?_;, we see that H.(RRaty(CP™);Z/p) is at most as big as
L. This completes the proof of Proposition 2.3, and, consequently, of
Theorem A. o

Proof of Corollary B. Theorem A implies that among elements of
H.(QS"x 02827+ Z /p) which are not contained in Im iy, the element
of least degree is u*Tt. Hence, (i) follows. Since RRat;(CP") and
Q8™ x 02527+ are simply connected for n > 3, (ii) follows from the
Whitehead theorem. |

3. Proofs of Theorems C, D and Corollary E. For (po(z), ...,
pn(2)) € RRatx(CP™), we set qo(2) = po(2) and ¢;(2) = pi(z) — po(2)
for 1 < ¢ < n. Then RRat,(CP") is identified with the space of
(n+ 1)-tuples of polynomials (go(2),q1(2), ... ,qn(2)) which satisfy the
following conditions (i) and (ii):
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(i) Each ¢;(#), 0 <14 <mn, has the form

q(2) =2"+ap 12"+ +aon
and
q(z)=a;i12" P+ tai,, 1<i<n,

where a; ; € R.

(ii) There are no roots common to all ¢;(z) for 0 <14 <n.

Proof of Theorem C. We set Ay, = RRaty(CP") — RF,(CP").
We claim that the codimension of Ay, in RRaty(CP") is k —n +
1. Here the codimension means as usual the minimum value of
dim TyRRaty(CP™) — dim Tt Ay, for f € A, where Ty denotes the
tangent space at the point f. In fact, let f = (qo(2), ¢1(2), ... ,qn(2)) €
Aj n. Generically we may assume that ¢,,(z) is a linear combination of
¢1(2)s--- yqn-1(2). Then dimTyAy, = kn +n — 1. Hence the codi-
mension is k —n 4+ 1. Now Theorem C follows from general position
argument. O

Proof of Theorem D. Let V,(R¥) be the Stiefel manifold of, not
necessarily orthonormal, n-frames in R¥. We consider V;,(R*) as an
open set of the set of n x k matrices. We identify R* x V,,(R¥) with
the space of (n+1)-tuples of polynomials (go(z), q1(2), ... , g.(z)) which
satisfy the above condition (i) and the following condition (iii):

(iii) The polynomials ¢1(z), ... ,¢n(2) are linearly independent.

(More precisely, considering the coefficients of polynomials, we regard
qo(z) € R* and (q1(2),...,¢n(2)) as an n x k matrix.) We set By, =
R* x V,,(R¥) — RF(CP™). We claim that the codimension of By, in
R* x V,,(R¥) is n. In fact, let f = (qo(2),q1(2), .. ,qn(2)) € Bgn, and
let £ € C be a common root of ¢o(2), q1(2), ... ,gn(2). If £ is a root of a
real polynomial, then so is €. Since we need to calculate the maximum
value of dim Ty By, for f € By, we may assume that £ € R. Then
dim Ty By, = (k —1)(n+ 1) 4+ 1. Hence, the codimension is n.

Now the general position argument shows that the inclusion

RF:(CP") —RF x V,(RF)
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is a homotopy equivalence up to dimension n — 1. Let ag,
RF,(CP™) — SO(k)/SO(k — n) be the composition of the inclusion
with a homotopy equivalence V,,(R*) ~ SO(k)/SO(k — n). Then aj
satisfies the assertion of Theorem D. i

Proof of Example 1.6 (iii). In the proof of Theorem D, when k = n,
the conditions (i) and (iii) imply the condition (ii). Hence RF,,(CP™) =
R" x V,(R"). O

Proof of Corollary E. Recall that «(n + 1) : SO(n + 1)— SO is
a homotopy equivalence up to dimension n (see, for example, [8,
Corollary 3.17]). Then the result follows from Theorem D for k = n+1.
O
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