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BASIC FUNCTIONAL EQUATIONS OF
THE ROGERS-RAMANUJAN FUNCTIONS

SEUNG H. SON

ABSTRACT. The Rogers-Ramanujan functions satisfy some
basic functional equations. We prove and use them to produce
some identities that Ramanujan recorded.

1. Introduction. The Rogers-Ramanujan functions in the title are
defined by

G(q) :=
∞∑

n=0

qn2

(q; q)n
,

H(q) :=
∞∑

n=0

qn(n+1)

(q; q)n
,

where

(1.1) (a; q)n :=
n−1∏
k=0

(1 − aqk), |q| < 1.

These functions satisfy the Rogers-Ramanujan identities [3], [4, pp.
214 215], [6],

G(q) =
1

(q; q5)∞(q4; q5)∞
,(1.2)

H(q) =
1

(q2; q5)∞(q3; q5)∞
,(1.3)

where

(1.4) (a; q)∞ := lim
n→∞(a; q)n.
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In this article we prove new sets of basic functional equations (3.1) (3.4)
of the functions G(q) and H(q). To show the usefulness of the equa-
tions, we construct some identities that Ramanujan recorded and others
proved before.

2. Preliminary results. The following identities can be derived
from the definitions (1.1) and (1.4).

Lemma 2.1. For positive integers n,N, |q| < 1 and Q := qn,

(a;Q)∞ =
N−1∏
k=0

(aQk;QN )∞,

(a;−Q)∞ = (a;Q2)∞(−aQ;Q2)∞,

(−a;Q)∞ =
(a2;Q2)∞
(a;Q)∞

,

(−Q;Q)∞ =
1

(Q;Q2)∞
.

In his notebook [1, pp. 34 38], Ramanujan defines the following theta
functions: For |ab| < 1, |q| < 1, we define

(2.1)

f(a, b) :=
∞∑

n=−∞
an(n+1)/2bn(n−1)/2 = (−a; ab)∞(−b; ab)∞(ab; ab)∞,

ϕ(q) := f(q, q) =
∞∑

n=−∞
qn2

=
(−q;−q)∞
(q;−q)∞ ,

ψ(q) := f(q, q3) =
∞∑

n=1

qn(n−1)/2 =
(q2; q2)∞
(q; q2)∞

,

f(−q) := f(−q,−q2) =
∞∑

n=−∞
(−1)nqn(3n−1)/2 = (q; q)∞.

The infinite products are generated from the Jacobi triple prod-
uct identity [1, p. 35]. For convenience, we define the function
χ(q) = (−q; q2)∞.
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By the definition (2.1) one can easily verify the following identities
[1, p. 45] after rearranging the double sums using m− n = 2j + δ and
m+ n = 2k − δ, δ = 0, 1.

Lemma 2.2. If ab = cd, then

f(a, b)f(c, d) + f(−a,−b)f(−c,−d) = 2f(ac, bd)f(ad, bc),

f(a, b)f(c, d) − f(−a,−b)f(−c,−d) = 2af
(
b

c
,
abcd

b/c

)
f

(
b

d
,
abcd

b/d

)
.

By using (1.2), (1.3), and Lemma 2.1, we can deduce the following
lemma.

Lemma 2.3. For |q| < 1,

G(q)H(q) =
(q5; q5)∞
(q; q)∞

.

3. Main functional equations of G(q) and H(q). We find the
following functional equations in terms of the theta functions.

Theorem 3.1. For |q| < 1,

G(−q) =
f(q4, q6)

f(−q2)G(q)
= G(q)

f(−q,−q9)
f(q, q9)

(3.1)

H(−q) =
f(q2, q8)

f(−q2)H(q)
= H(q)

f(−q3,−q7)
f(q3, q7)

.(3.2)

Proof. By (2.1), (1.2), (1.3) and Lemma 2.1, we deduce that

f(−q2)G(−q)G(q)

=
(q2; q2)∞

((−q;−q5)∞(q4;−q5)∞)((q; q5)∞(q4; q5)∞)

=
(q2; q10)∞(q8; q10)∞(q10; q10)∞

(−q; q10)∞(−q9, q10)∞((q; q10)∞(q6; q10)∞)((q4; q10)∞(q9; q10)∞)
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=
((q2; q20)∞(q12; q20)∞)((q8; q20)∞(q18; q20)∞)(q10; q10)∞

(q2; q20)∞(q18; q20)∞(q4; q10)∞(q6; q10)∞

=
(q12; q20)∞(q8; q20)∞
(q4; q10)∞(q6; q10)∞

· (q10; q10)∞.

Since

(q8; q20)∞/(q4; q10)∞ = (−q4; q10)∞,
(q12; q20)∞/(q6; q10)∞ = (−q6; q10)∞,

by Lemma 2.1, we conclude that

f(−q2)G(−q)G(q) = (−q4; q10)∞(−q6; q10)∞(q10; q10)∞ = f(q4, q6).

Similarly we can obtain

f(−q2)H(−q)H(q) = f(q2, q8).

For the second part of (3.1), we consider the following quotient

G(−q)
G(q)

=
(q; q5)∞(q4; q5)∞

(−q;−q5)∞(q4;−q5)∞

=
(q; q10)∞(q6; q10)∞(q4; q10)∞(q9; q10)∞

(−q; q10)∞(q6; q10)∞(q4; q10)∞(−q9; q10)∞

=
(q; q10)∞(q9; q10)∞

(−q; q10)∞(−q9; q10)∞ · (q10; q10)∞
(q10; q10)∞

=
f(−q,−q9)
f(q, q9)

.

Similarly, we can prove that

H(−q)
H(q)

=
f(−q3,−q7)
f(q3, q7)

.

We also deduce the following functional equations in terms of the
theta functions.

Theorem 3.2. For |q| < 1,

G(q4) =
f(q3, q7)

f(−q2)H(q)
(3.3)

H(q4) =
f(q, q9)

f(−q2)G(q)
.(3.4)
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Proof. By Lemma 2.1, we obtain

(q2; q2)∞ = (q2; q10)∞(q4; q10)∞(q6; q10)∞(q8; q10)∞(q10; q10)∞,

(q2;−q5)∞ = (q2; q10)∞(q14; q20)∞/(q7; q10)∞,

(−q3;−q5)∞ = (q8; q10)∞(q6; q20)∞/(q3; q10)∞,

and we find that

f(−q2)H(−q)G(q4)

=
(q2; q2)∞

(q2;−q5)∞(−q3;−q5)∞(q4; q20)∞(q16; q20)∞

=
(q4; q10)∞(q6; q10)∞(q10; q10)∞(q3; q10)∞(q7; q10)∞

(q14; q20)∞(q6; q20)∞(q4; q20)∞(q16; q20)∞
.

After cancelation using

(q4; q10)∞ = (q4; q20)∞(q14; q20)∞,

(q6; q10)∞ = (q6; q20)∞(q16; q20)∞,

we conclude that

f(−q2)H(−q)G(q4) = (q3; q10)∞(q7; q10)∞(q10; q10)∞ = f(−q3,−q7).

By replacing q by −q, we complete the proof of (3.3).

Similarly, we can obtain

f(−q2)G(−q)H(q4) = f(−q,−q9),

and complete the proof of (3.4) after substituting q for −q.

4. Application of the functional equations. To apply the
functional equations (3.1) (3.4), we select a few identities that are
widely known and, using the functional equations, we construct those
identities. Ramanujan initially discovered them [5] and others proved
them. Watson [8], Berndt [2] and Shen [7], and others, contributed in
finding some proofs.
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Theorem 4.1. For |q| < 1,

G(q)G(q4) + qH(q)H(q4) = χ2(q) =
ϕ(q)
f(−q2) ,(4.1)

G(q)G(q4) − qH(q)H(q4) =
ϕ(q5)
f(−q2) .(4.2)

Proof. By Lemma 2.2,

f(q,−q4)f(−q2, q3) + f(−q, q4)f(q2,−q3) = 2f(q4, q6)f(−q3,−q7),
(4.3)

f(q,−q4)f(−q2, q3) − f(−q, q4)f(q2,−q3) = 2qf(q2, q8)f(−q,−q9).
(4.4)

After replacing q by −q, and then subtracting and adding the two
equalities (4.3) and (4.4), we obtain

(4.5) f(q4, q6)f(q3, q7) − qf(q2, q8)f(q, q9) = f(−q,−q4)f(−q2,−q3),
(4.6) f(q4, q6)f(q3, q7) + qf(q2, q8)f(q, q9) = f(q, q4)f(q2, q3).

Because of the functional equations (3.1) (3.4), (4.5) and Lemma 2.3,

G(−q)G(q4) − qH(−q)H(q4)

=
f(q4, q6)f(q3, q7) − qf(q2, q8)f(q, q9)

f2(−q2)G(q)H(q)

=
f(−q,−q4)f(−q2,−q3)

f2(−q2)((q5; q5)∞/(q; q)∞)

=
(q; q)∞(q5; q5)∞

(q2; q2)2∞(q5; q5)∞/(q; q)∞
=

(q; q)2∞
(q2; q2)2∞

= (q; q2)2∞ = χ2(−q) = (q; q2)2∞
(q2; q2)∞
(q2; q2)∞

=
f(−q,−q)
(q2; q2)∞

=
ϕ(−q)
f(−q2) .

After replacing q by −q, we complete the proof of (4.1).
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Similarly,

G(−q)G(q4) + qH(−q)H(q4)

=
f(q4, q6)f(q3, q7) + qf(q2, q8)f(q, q9)

f2(−q2)G(q)H(q)

=
f(q, q4)f(q2, q3)
f2(−q2)G(q)H(q)

=
(q5; q5)2∞(−q; q)∞/(−q5; q5)∞

(q2; q2)2∞(q5; q5)∞/(q; q)∞

=
(q5; q5)∞/(−q5; q5)∞

(q2; q2)∞
=
ϕ(−q5)
f(−q2) ,

and by replacing q by −q, we finish the proof of (4.2).

Theorem 4.2. For |q| < 1,

G(q)H(−q) +G(−q)H(q) =
2

χ2(−q2) =
2ψ(q2)
f(−q2) ,(4.7)

G(q)H(−q) −G(−q)H(q) =
2qψ(q10)
f(−q2) .(4.8)

Proof. From the functional equations (3.1) and (3.2), we deduce that

(4.9) G(q)H(−q) ±G(−q)H(q)

= G(q)H(q)
(
f(−q3,−q7)
f(q3, q7)

± f(−q,−q9)
f(q, q9)

)
.

By Lemma 2.2,

G(q)H(q)
f(q3, q7)f(q, q9)

(f(q, q9)f(−q3,−q7) + f(−q,−q9)f(q3, q7)

=
G(q)H(q)

f(q3, q7)f(q, q9)
(2f(−q4,−q16)f(−q8,−q12)).
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By simplification, (1.2) (2.1) and Lemma 2.1, the product becomes

2(q5; q5)∞(q4; q20)∞(q16; q20)∞(q20; q20)2∞(q8; q20)∞(q12; q20)∞
(q; q)∞(−q3; q10)∞(−q7; q10)∞(q10; q10)2∞(−q; q10)∞(−q9; q10)∞

=
2(q5; q10)∞(q4; q4)∞(q20; q20)∞

(q; q)∞(−q; q2)∞(q10; q10)∞/(−q5; q10)∞

=
2(q5; q10)∞(−q5; q10)∞(q4; q4)∞(q20; q20)∞

(q; q2)∞(q2; q2)∞(−q; q2)∞(q10; q10)∞

=
2(q10; q20)∞(q4; q4)∞(q20; q20)∞
(q2; q4)∞(q2; q2)∞(q10; q10)∞

=
2(q4; q4)∞

(q2; q4)∞(q2; q2)∞
=

2ψ(q2)
f(−q2)

=
2

(q2; q4)2∞
=

2
χ(−q2) .

Similarly,

G(q)H(−q) −G(−q)H(q)

=
G(q)H(q)

f(q3, q7)f(q, q9)
(f(q, q9)f(−q3,−q7) − f(−q,−q9)f(q3, q7)

=
G(q)H(q)

f(q3, q7)f(q, q9)
(2qf(−q6,−q14)f(−q2,−q18))

=
2q(q5; q5)∞(q6; q20)∞(q14; q20)∞(q20; q20)2∞(q2; q20)∞(q18; q20)∞
(q; q)∞(−q3; q10)∞(−q7; q10)∞(q10; q10)2∞(−q; q10)∞(−q9; q10)∞

=
2q(q5; q10)∞(q3; q10)∞(q7; q10)∞(q20; q20)2∞(q; q10)∞(q9; q10)∞

(q; q)∞(q10; q10)∞

=
2q(q20; q20)2∞

(q2; q2)∞(q10; q10)∞
=

2q(q20; q20)∞
(q2; q2)∞(q10; q20)∞

=
2qψ(q10)
f(−q2) .

Corollary 4.3. For |q| < 1,

ϕ(q) + ϕ(q5) = 2f(q, q9)
G(q4)
H(q4)

,

ϕ(q) − ϕ(q5) = 2qf(q3, q7)
H(q4)
G(q4)

.
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Proof. By adding and subtracting (4.1) and (4.2), we obtain

ϕ(q) + ϕ(q5) = 2f(−q2)G(q)G(q4),

ϕ(q) − ϕ(q5) = 2qf(−q2)H(q)H(q4).

Now we complete the proofs by applying the functional equations (3.4)
and (3.3), respectively.

Corollary 4.4. For |q| < 1,

ψ(q2) + qψ(q10) = f(q2, q8)
G(q)
H(q)

,

ψ(q2) − qψ(q10) = f(q4, q6)
H(q)
G(q)

.

Proof. By adding and subtracting (4.7) and (4.8), we obtain

ψ(q2) + qψ(q10) = f(−q2)G(q)H(−q),
ψ(q2) − qψ(q10) = f(−q2)G(−q)H(q).

We complete the proofs by applying the functional equations (3.2) and
(3.1), respectively.

Corollary 4.5. For |q| < 1,

ϕ2(q) − ϕ2(q5) = 4qf(q, q9)f(q3, q7),

ψ2(q2) − q2ψ2(q10) = f(q2, q8)f(q4, q6).

Proof. By multiplying the two matching identities in the above two
corollaries, we can complete the proofs.

The above identities are of central importance in the theory of
modular equations of degree five.
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