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GENERIC SUBIDEALS OF GRAPH IDEALS
AND FREE RESOLUTIONS

LEAH GOLD

ABSTRACT. For a graph of an n-cycle A with Alexander
dual A*, we study the free resolution of a subideal G(n)
of the Stanley-Reisner ideal Ian~. We prove that if G(n)
is generated by 3 generic elements of Ia+, then the second
syzygy module of G(n) is isomorphic to the second syzygy
module of (z1,x2,... ,2Zyn). A result of Bruns shows that there
is always a 3-generated ideal with this property. We show that
it can be chosen to have a particularly nice form.

1. Introduction and background. Let A be a cycle and A* its
Alexander dual. The Stanley-Reisner ideals of such graphs and their
free resolutions have been studied by many people, such as in [1, 2, 8,
9, 15, 16]. In this paper we study the free resolution of a subideal G(n)
of Ia~ consisting of three generic elements of Ia«. The study of these
ideals led to the following observation, which is our main theorem.

Theorem 1. Let G(n) be as above and let Syz,(G(n)) be the module
of second syzygies. Then the resolution of Syz,(G(n)) is the same as
that of Syzy((x1,22,... ,2p)).

That is to say, the tails of the resolutions, i.e., the modules and
maps in the later part of the complexes, of the ideals G(n) and
(z1,22,...,x,) are identical. For example, in five variables the three
generators of G(5) are a = ryede + roade + rzabe + rabed + rsabe,
8 = sicde + sqade + szabe + sqbed + ssabe, and v = ticde 4 taade +
tzabe + tybed + tsabe. The minimal free resolution of G(5) looks like

0— R -, go 4, R0 #3, p8 #2 p3 &1 p

where the maps ds and ds are exactly the same as the ones for the
resolution of (a,b,¢,d,e).
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A result of Bruns [3] shows that for any ideal I and any integer m,
there exists a 3-generated ideal I’ such that the resolutions of Syz,,T
and Syz,, (I') are identical. A consequence of our study of these graph
ideals is that we have found a particularly simple 3-generated ideal
related to the Koszul complex on the ideal of variables.

1.1 Criterion for exactness. If F is a complex of finitely generated
free modules over a Noetherian ring, the necessary and sufficient condi-
tions for exactness are given by the following result due to Buchsbaum
and Eisenbud [6].

Let ¢ be a matrix of rankr. Define I(¢) = I.(¢) to be the ideal
generated by the r X r minors of .

Theorem 2 (Buchsbaum, Eisenbud). Let R be a Noetherian ring.
A complex

f:o Fn Pn L Pn—1 . Y2 F1 Y1 FO

of finitely generated free R-modules is exact if and only if for all
k=1,2,...,n,

(1) rank (@) + rank (pgy1) = rank (Fy), and
(2) depth (I(px)) > k.

Note, for any complex rank (¢x) + rank (pgy1) < rank (Fi). Hence
Condition (1) asserts equality.

Recall that depth (I) is the length of a maximal R-sequence contained
in I. In general, the depth of an ideal is less than or equal to its
codimension. In the case of a polynomial ring, the depth of an ideal is
equal to its codimension, and the codimension of an ideal is equal to
the codimension of its radical. Hence, we may restate Condition (2) as
codim (rad (I(¢x))) > k.

1.2 Buchsbaum-Eisenbud structure theorem. In 1974 Buchs-
baum and Eisenbud published a paper containing some structure the-
orems for finite free resolutions [7]. The structure theorems were fur-
ther explained and slightly generalized in papers by Eagon and North-
cott [10], and Bruns [4]. The assumptions they made may be relaxed
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in the case when R is an integral domain. Since we are working over
an integral domain, we state the structure theorem for this case.

Definition 3. Let A = (a;;) be a p x ¢ matrix, and let v be a
non-negative integer. We say that A factorizes completely if there exist
elements ui,... ,u, and v1,...,v4 of R such that a; ; = u;v; for all 4
and j. When A is a row matrix, that is, when p = 1, we say that the
complete factorization u; = 1 and v; = a1 ; is the canonical complete
factorization.

The entries of AYA are the v X v minors of the matrix A. If
Jz{jl,... ,j,,}WithlSjl <j2<---<jV§pandK:{k1,... ,k'l,}
with 1 < k; <ky <--- <k, <gq, then

Ajy,kr Qjr ke "7 Qi ik,

v Ajokr Qjo k"7 Qg ik,
(/\ A) = det )
I K :

g ky Qjy ke 0 Qjy ik,

Now let B be a ¢ x t matrix. Let p and v be non-negative integers
such that u + v = ¢q. Assume that A*A and AYB factorize completely.
Thus, (/\'uA)J,K = uyvg and (/\VB)MJ\[ = WMEN-

Definition 4. The two factorizations above are said to be comple-
mentary if, for every M, wa; = sgn (M, M')vps where M’ denotes the
complement of M in {1,2,...,q}.

Proposition 5 (Eagon, Northcott). Let p = rank(A) and v =
rank (B). Suppose that AB = 0 with u+ v = q. Assume that there
is given a complete factorization of ANMA and that codim (I,(A)) >
2. Then there is a unique complete factorization of A'B that is
complementary to the given factorization of NFA.

Using this proposition, Eagon and Northcott reproved the first struc-
ture theorem of Buchsbaum and Eisenbud.
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Corollary 6 (Buchsbaum, Eisenbud). Let
C:0—F, 2np, 2 2 2L R

be a complex of finitely generated free R-modules. Choose a basis
for each F;, and let A; be the matrixz with respect to these bases for
1 < i < n. Suppose codim (I(p;)) > 2 for all i > 2. Then,
for 1 < i < n, there exist ideals B; such that I(p,) = B, and
I((p» = Bi+1Bi fOT 1 S ) S n—1.

1.3 Bruns’s construction. Suppose we restrict our discussion
to ideals with a given number of generators. An ideal with a single
generator has no syzygies and a trivial resolution. An ideal with two
generators has a single first syzygy and a simple resolution. When
we consider an ideal with three generators, however, the resolutions
are more complicated. In 1976, Bruns published a result in [3] which
proved, in more generality, a conjecture of Buchsbaum and Eisenbud
from Section 11 of their paper [7]. This result showed that every
finite free resolution has the same tail as the finite free resolution of a
3-generated ideal. The following theorem is a special case of a Bruns’s
result.

Theorem 7 (Bruns). Let R be a polynomial ring, and let I be an
ideal of R. Suppose that a projective resolution of R/I has the form

0—FInE  — . —RBEp e LR

Let v := rank (f3). Then there exist homomorphisms c: Fy — R"™2,
f3:R™2 — R3) fi: R — R with f} = co f3, such that the sequence
0—F, I p . g I g fopriz g g

s exact.

Note that ¢ is a projection. Also notice that there are many homo-
morphisms ¢, f1, and fo that satisfy the theorem.

Definition 8. Let I and J be ideals, and let the minimal free
resolutions of R/I and R/J, respectively, be of the form

Fi0— F I p, g, e g
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and
dn gn—1 g3 g2 g1
G0—G, —~G,.1 — -+ — Gy — G — R.

We say that I and J are tail resolution equivalent if the modules F; =
G; for 3 < i < n, and the maps f; = g; for 4 <i < n.

This definition is an equivalence relation on ideals. With this defini-
tion, we can restate the result of Theorem 7: For any ideal I, there is
a 3-generated ideal J that is tail resolution equivalent to I.

In the remainder of this paper, we will develop our main result,
namely, a method of constructing simple ideals that are tail resolution
equivalent to (z1,za,... ,Tn)-

2. A special family of 3-generated ideals. We will now
describe a family of 3-generated ideals. Fix an integer n > 4. Let
K be the complete graph on n vertices. Let R = k[z1,x2,...,%y)
where k = k' (r1,79, ... ,7n, 81,82, ... ,8n,t1,t2,... ,t,) and k' is a field.
Label the vertices of K by the z;’s. Let the graph L be the complement
of the cycle A = {(x1,x2), (x2,23),...,(zn,x1)} in K. Let the ideal I

be
ﬂ ($i,$j).

{I,’,,Ij}GL

This ideal I is Ia~, the Alexander dual of the Stanley-Reisner ideal
of A. For convenience, let my, s, . i = [[, 2, 4. 4, Tp- Wherever
subscripts appear, consider them as being modulo n, so, for example,
m, p4+1 = Z2---Tp_1. Then the n generators of I are m,;, , for
i1=1,...,n.

Now we want to take a generic linear combination of these generators.
So let M be the 3 x n matrix

71 9 N Tn
S1 So e Sn,
tl t2 e tn

Define the ideal G(n) to be the 3-generated ideal whose generators are
the entries of (mjomo 3 -+ my, 1) M.
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Example 9. Consider the graph on four vertices, labeled a, b, ¢ and
d, with edge set K — {{a,b}, {b,c}, {c,d}, {d, a}} = {{a,c}, {b,d}}.

a I I b
c d
The monomial ideal I is (a,c) N (b,d) = (ab, be, ad, cd). We find the
3-generated ideal G(4) by taking generic combinations of ab, bc, ad

and cd. So, G(4) = (ried + raad + r3be 4+ r4ab, s1ed + soad + szbe +
sqab, tycd + toad + tzbe + tqab).

Due to the construction, it is clear that G(n) C (x;,x;) for all ¢ and
Jj that are nonadjacent integers modulo n. Each ideal (z;, ;) where
1 and j are not adjacent modulo n, therefore, is a codimension two
component of G(n). The following proposition shows that there are no
other codimension two components.

Lemma 10. If P is a codimension two associated prime of the ideal
G(n) and if x; € P, then P = (z;,z;) for some j that is not adjacent
modulo n to 1.

Proof. Let G(n) = (o, 3,7), so a, 3, v are contained in P. Separate
the terms of the generators of G(n) into those that involve x; and those
that do not.

o= fr;+rioim;_q,;+r;m;;
= fa; + (ric1Tit1 +7ri%io1) My_1 441
B=gx;+si—1m;_1,;+ 5 m; ;4
= gx; + (Si—1Tit1 + $i%i—1) My_1 4541
y=hx; +tigm_q; +t;m;
=hx; + (tic1Tip1 +iTim1) M1 i1
Since x; € P, we also have that a — fx;, 6 — gz;, and v — hx; are in P.
Therefore, either the terms ;12,41 + m%—1, Si—1%;+1 + S;x;—1, and
ti—1%iy1+t;z;—1 arein P, or x; is in P for some j # i—1,4¢,4+1. In the
former case, x;—1 and ;41 are in P along with x;, and this contradicts
codim (P) = 2. In the latter case, we get the desired result. o
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Proposition 11. The codimension two associated primes of the ideal
G(n) are exactly the ideals (x;,x;) where 1 < i < j < n and i,j are
not adjacent integers modulo n.

Proof. Let G(n) = (a, 3,7). The ideals (x;, z;) where ¢ and j are not
adjacent modulo n are certainly codimension 2 components of G(n).

Now, suppose P is some other prime ideal of codimension two con-
taining G(n). We will show that no such P exists.

If P contains a variable, then by Lemma 10 it is of the form (z;, z;)
where 7 and j are not adjacent modulo n. Hence, we may assume that
P does not contain any variables.

Write the generators of G(n) by splitting them into those terms that
involve x1 and those that do not:
a=fri+rimy+ramy, = fr+mionh
B=gx1+s1mja+ S, My, =gz +mg2,ls

vy=hr1 +timip+t, my, =hry +my25ls
where

f=romyos+rsmizs+ - +rp 1M p_1n

g=S82Mmi23+S3MmMi34+ -+ Sp—1M1pn_1n

h=tomjoz+tsmizs+- - +tp_1myp 1,

L = (ro, +raxe),  lo = (5120 + Sp2), I3 = (12 + tha2).

There are two cases: either P contains f, g, and h, or it does not
contain at least one of them.

Case 1. f,g,h € P.

Since a, B, and v are in P, we also know that P contains my o, (r12,+
Tn2), M1 25 (S12n + SpT2), and my o, (812, + tp22). Since P does not
contain any variables, (r1z, + rnx2), ($12n + Sn22), and (t12, + t,x2)
are in P. Containing these elements also forces z2 and z,, to be in P,
and this contradicts our assumption that there are no variables in P.

Case 2. One of f,g,h is not in P.
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Without loss of generality, suppose f ¢ P.
Let P=Pn k[xa,...,x,]. Since a, 8,7 € P, we have the elements

fB—ga=my,(flo—glh),
fy—ha=my2,(fls—hly), and

gy — h3 =my 2, (gl3 — hlz)

are in P. The prime ideal P does not contain any variables, so fla—gl1,
fls — hly, and gl3 — hly are in P.

Since P is codimension two, V (P) is dimension n—2. The projection,
p, from n variables to n — 1 variables given by dropping z; gives a
birational map between V(P) and its image p(V(P)). So p(V(P)) is
also dimension n — 2, hence P is codimension (n — 1) — (n —2) = 1.

Since P is codimension one, these elements must have a common
factor. We claim, however, that they are irreducible. So, we have a
contradiction and such a P cannot exist.

It is now sufficient to show that flo — gl is irreducible.

gli—fla=[somi23+s3mi34+ + Sp_1M1n—1,n](11ZTn + TnT2)

—[remioz+r3myza+ -+ 1My 10](5170+ 5,72)
= [(ri52 — 7281)xa - 22 + (r1853 — 1351 )5 - - -T2 4 - - -

+ (F1Sn—2 — Tn—281)T2 -+ T35, + (T1Sn—1 — Tn_151)T2
o]
+ [(1ns2 — T98p)Toxy - - - T + (183 — T3SN)TELD -+ - Ty + - -

+ (PpSn_2 — Tn_28p)TaT3 - - Tp_3Ty

+ (PnSn_1 — Tn_18n)T3T3 - Tp_2].

Letting 2z; = (r18; — 7i81)%n + (rn8; — 7iS, )22, We can rewrite the
above expression.

ZomMy o3 +23M134+24My 45+ -+ 2p-11M1 n_17p
= (2224 + 2322)T5 - - Ty + To3(24%6 - - - Ty,
+ 25T4T7 - Ty +"'+Zn71$4"'$n72)
=0+ z3¢.



GENERIC SUBIDEALS 473

In order for this expression to factor, 4 and € must have a common
factor. None of the variables divide all terms of both § and e, so
the factor cannot be divisible by a variable. So, the only possible
common factor is zox4 + 2z3x9. In order for z9xy4 + 23719 to divide
the sum of the latter terms, any specialization of the variables that
make this expression zero must also make the sum of the latter terms
zero. Consider the specialization where x4 = 0, zo = r3s; — r1s3,

T, = TnS3 — T3S, and all the other variables are nonzero. Then
Z2%4 4 232 becomes 0, but the remaining term of the sum z4z¢ - - - Tp—1
is nonzero. Hence this expression is irreducible. ]

3. The tail resolution equivalence. With the help of a computer
and Macaulay 2 [13], it is easy to construct examples of the ideals
discussed in Section 2. When we do so for rings with between 4 and 12
variables and look at their resolutions, the results are rather striking.

Example 12. In four variables, using the construction from the
previous section, we find that the ideal I is generated by ab, be, ad,
and cd and the three-generated ideal G(4) is generated by

a = ricd + road 4 r3be + ryab,
B = s1cd + sqad + szbe + sqab, and
v = tied + taad + t3be + taab.

The resolution of R/G(4) has the following form.
0— R, R* %5, g5 22 p3 P4 R
The maps in the resolution may be written as follows.

p1=(a B 7v)
0 vy 08 *
P2 = ol 0 —a =
-8 —a 0 =

where the fourth column is

2 2
—(s2tq — sqta) a® —(sitqg —s4aty) ac —(satz —ssta) ac —(sitz —s3ty) ¢

(rota —rata)  a®  +(ritg —rat1) ac  +(ratz —r3ta) ac +(ritz —raty) 2

2 2
—(r2sq —rgs2) a® —(r1sqg —rgs1) ac —(rasgz —rgs2) ac —(risg —rzsi) c



474 L. GOLD

and the fifth column is

—(sat3 —sgta) > +(s1ta —sat1) bd —(saty —s3ta) bd +(sita — saty) dZ
(ratz —r3ts) b2 —(rita —rat1) bd +(ratz —r3ta) bd —(rita —raty) d?
—(rqs3 —r3sq) > +(risq—r4s1) bd —(rgsz —r3sp) bd +(risp—rgsy) d?

roa + T1C r3b+rid raa + r3c r4b + 7rod
—Soa — 81¢ —83b—s1d —ssa — s3¢  —84b — sad

Y3 = tga + tlc t3b + tld t4a + tgc t4b + t2d
=b 0 d 0
0 a 0 —c
—d
C
dy = b
a

Notice that if we specialize to ry = s4 = t5 = t3 = 1 and set all other
coefficients to zero, then G(4) = (ab, cd, ad+bc). This is the ideal whose
resolution is Buchsbaum and Eisenbud’s structure theorems paper (7,
Example 2, Section 11].

Example 13. In five variables, G(5) has the following generators.

a = ricde + rqoade + rzabe + rybed + rsabe
B = sicde + sqade + szabe + s4bed + ssabe
v = ticde + taade 4 tzabe + t4bed + tsabe.

The resolution of R/(«, 3,7) is as follows.
0— R -2 p> 4, RI0 93, p8 #2, p3 ¥y .p

where the d;’s are the Koszul maps on the variables a, b, ¢, d, e and the
other maps are defined as follows.

pr=(a [ 7)
0 A B
p2=1 7 0 —a * *x * x x
-3 —a 0 % % % x x
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In order to condense the matrices so that they fit on the page, let
zylm = T1Ypm — Tmy;. The missing entries from the above matrix can
be written as the product of a 3 x 10 matrix with a 10 x 5 matrix.

—rtl2 —rtl3d —rtld —rtld —rt23 —rt25 —rt24 —rt35 —rt34 —rtd4

st12 stl3 stld stl4 st23 st25 st24 st35 st34 stb4
rsl2 rsl3 rslb rsld rs23 rs25 rs24 rs35 rs34 rsb4

0 0 d%e  de? 0
—ace 0 bde be2 ce?
—ac®  —acd 0 bce e
—c?d —ed®> 0 0 0
—a2e 0 0 0 ae?
* —a?c —a?d —abd 0 ace
—acd —ad? —bd®> —bde 0
0 —a%b —ab® 0 0
0 —abd —b%d —b%e —bce
0 0 0 —b%c —bc?

The matrix 3 is formed of two parts (%) where

™ T2 3 T4 Ts
A=\ —s1 —s3 —s83 —s4 —s;5
t1 to t3 ty ts
c d e 00 0 O0O0O0O
a 00 0 0 0 d e 00
x|0 0 0 a 0O 0 b 0 0 ¢
0 0b O c¢cdOOO00DO0
0000 0 a 0 O0 b c
and
-b 0 0 d e 0 O 0 0 0
0 -b 0 —c 0 e 0 0 0 0
B = 0 a 0 0 O 0 — O e 0
0O 0 a O OO0 O —c —-d 0
0O 0 0 0 a 0 O b 0 —d

Example 14. In six variables, G(6) has the following generators.
a = rgabed + rsbede + rqabef + rsabef + roadef + ricdef
8 = sgabed + ssbede + sqabef + ssabef + sqadef + sycdef
v = tgabed + tsbede + tyabef + tzabef + taadef + ticdef.
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The resolution of R/(«, 3,7) is
0— R-2, g6 L, gI5 4, R0 ¥3, pi2 Y2, p3 Y1, p

where the d;’s are the Koszul maps on the variables a,b,c,d, e, f. We
will describe the ¢;’s later in this section. Here it is enough to notice
that, except for the first several syzygy matrices and free modules, the
resolution is the same as the resolution of the complete intersection
(z1,...,x,). This pattern leads us to the following theorem.

Theorem 15. The ideal G(n) is tail resolution equivalent to (x1,... ,

In order to prove this theorem, we will exhibit a resolution for G(n).
In the process we will show that it has the same tail as the Koszul
resolution on n variables.

Let the following complex be the Koszul resolution of R/(x1, ... ,Zy).

n 3 2
K0 — N\ (R") 2= 2 AT(RT) S NT(RY 2 RS R

Let G; be the free submodule of /\Z(R”) generated by {x; A 11,
1 <4 < n} and let G5 be the complementary free submodule of /\Q(R”)
generated by {z; A z; such that ¢ and j are not adjacent integers modulo
n}. Recall that all subscripts on variables are to be considered modulo
n. G and G5 determine maps 1: /\3(R") — G'1 and 9s: /\S(R") — Gy
such that d3 = 11 ® 1)5. Hence 11 is given by an n x (g) matrix and
19 by an ((g) —n) x (g) matrix. Now let M: G — R? be given by the
3 X n matrix

Ty T2 Tn
S1 82 Sn
ty  to tn

We define the map (3: /\3R” — R3@® G5 to be (Af;fl )

We define the map <p1:/\2R3 ~ R3 — R* to be the composite
of M:R¥ ~ A’R3 — G% and u:Gi — R given by the matrix
(mi2my3 - - my;). Recall mg =[] oqp.
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Let K: /\2R3* — /\2R3 be the matrix of Koszul syzygies on «, (3, and
~, the generators of G(n). Let P:Gy — A°G1 be determined by the
following map on the generators of Gs:

Ty \x; Z my 1 My o1 (

A AN\ .
i< m, Tm Im+1) (xl xl-{-l)

et g1}
me{l,...,i—1,4,... ,n}

Note that the fraction (1 ;41my, pm41)/m; ; s, in fact, a ring element.
Let N: Gy — R3" be the composite of P and A*M: \°Gy — N\ R? ~
R3". Define po: R* & Gy — /\2R3 ~ R3" to be K on R® and N on Gs,
s0 @3 = (K | N).

Then the proposed resolution for R/G(n) is

n 3
J:0— N'R 25 B AR P RS @ Gy

2
&/\R?’:R?’*&R*.

Theorem 16. The sequence J described above is an exact complex.
This theorem provides a proof of Theorem 15.

Proof of Theorem 15. Theorem 16 shows that the complex J is a
resolution. By its construction it is tail resolution equivalent to the
ideal (z1,...,z,). O

We will prove Theorem 16 in the next section.

4. Proof of Tail resolution equivalence. In the following two
subsections, we prove Theorem 16 by first showing J is a complex and
then showing that it is exact.

4.1 Proof of complex structure.

Lemma 17. The sequence J of Theorem 16 is a complez.
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Proof. We show that J is a complex by checking that the composition
of every pair of adjacent maps is zero. Notice that the maps d;, for
4 < ¢ < n, are exactly the same as those in the Koszul resolution.
Hence, all the compositions d;d;11 for 4 < i < n are zero, and we are
left with only three pairs of maps to check.

Consider p3dy. The rows of @3 are either rows of ds, or linear
combinations of rows of ds. Since dsdy = 0, we get @sds = 0.

There are two compositions left to check.

Lemma 18. ¢ =0.
Lemma 19. pap3 = 0.

In the remainder of this section, we prove these lemmas and hence
complete the proof that J is a complex. a

Before we prove the lemmas, we describe the maps involved in more
detail.

Let Appn be the 3 x 3 minor of M using columns p, m, and [.
Let {g1, 92,93} be a basis for R? and {hy, ha, h3} a basis for R3".
3
303:/\ R — R>® G,
Ty Nxj N\ xg
. — Z (11T g1 — 81T G2 + 1T g3)
i<j<k .
Iym s.t. {l,l4+1,m}={i,5,k}
+ iz ANy, fk#F5-1, j+1
+ N, ifiFk-1 k+1
+ oy ANz, fj#i-1,4i41
2
P: G2 — /\ G1

i N m m

i<j—1 i<i<j m;
1<m<i
my 4+1 My m41
+ E T m (T A Tpg1) A (21 A 2p41)
i<l<j v

j<m<n
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2 2 2 *
N\ M: N\ G — N\ R ~R?
(Tm A Tmg1) A (20 A Tigq)

— (Smtl - Sltm) hy — (Tmtl - rltm) ha
m<l

+ (rms; — 115m) hs
2 2
,th/\ M:/\ G, — R*

(T A Tg1) A (20 A 241
m<l

) n
’ E :Apml mp p+1

p=1
KN R — N R~ R

n
g1 +— E timy 41 ho — g s;my ;41 h3

i=1 i=1
n n

g2 — E timy 1 hy — E r; My i1 hs3
im1 =1
n n

g3 — E s;my i1 hy — E ;M i1 ho
i=1 i=1

Proof of Lemma 18. By definition of K, ¢1K is zero. So, it is
sufficient to show that o N = (uM*)(A\*M)P = 0.

Applying P to a general element of G, we get

T; N Z my ;1 My, mt1 (

— T A1) ANTIAT 1 41)-
my ;

i4+1<j
B 1e{i,... j—1}
mée{l,...,i—1,4,... ,n}

Under the map pM!A*M, P(x; A z;) goes to

n

my ;41 My m+41
it L e LA Nl A m
E , E , pml p,p+1

m,
m<i<l<j +J p=1

n
ml,lJrl mm,m+1
Y, R Ay
i<l<j<m " p=1
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Letting Cppy = (M 141 My o1 M) /M, ;) Ay, the above expres-
sion can be rewritten as

2. 2 Gt D D Com

1<m<i1<p<n i<l<j 1<p<n
i<l<j j<m<n
= 5 Cpml + E Cpml + § C'pml + E C'pml

1<m<i 1<m<i 1<m<i i<l<j

i<i<j i<i<j i<i<j j<m<n

1<p<i 1<p<j Jj<p<n 1<p<i

+ g Cpml + E C'pml-

i<l<j i<I<j
j<m<n j<m<n
1<p<y Jj<p<n

The first and last sums cancel with themselves as {p, m} ranges over
the specified values. The second and fifth sums cancel with themselves
as {p, [} ranges over the specified values. Since Cpy,; = —Cppr, the third
and fourth sums cancel with each other. Hence this whole expression
is zero. O

Proof of Lemma 19. We want to show that K M + (/\2M)N1/12 =0.

There are three possible forms for a basis element of A\’ R™. We will
treat each one separately.

Case 1. ; A w41 A xi42. Under @3 this element maps to

TiTig2 g1 — SiTiy2 g2 + 1iTiq12 93 + 1ip1%; g1
— 8i+1T; g2 T ti41T5 93 — Ti1 1% N\ Tiya
= (1i%it2 + rit12i) g1 — (8iTit2 + Siy1%i) g2

+ (tiTiqe + tig1%i) g3 — Tig1% A Tiyo.
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In turn, under @2, @3(z; A ;11 A ;p2) maps to

(riziye + Tz‘+196z')<
1<6<n

— (8iTita + Siy174) (
1<6<n

+ (tixigo + L‘z‘+1$i)<

— Tit1 E

l=i,i+1
1<m<i

1<6<n
my ;41 My 41
m; ;42

> tsmysiha— Y S&In&5+1h3)

1<5<n

D timssiahi— ) TaHMA+1h3>

1<6<n

E Ssmgs 51 My — E Ts s 541 hz)

1<5<n

X [(Smtl - Sltm) hi— (Tmtl - Tltm) ha + (Tmsl - rlsm) h3]

- Z my 41 My m41
— Tit+1 —
m, ;
I=d,i+1 iit+2
i+2<m<n

X [($Smti — Sitm) hi— (rmti — r1tm) ho + (Fmsi — 118m) ha].

The h; component is

—(8i%iy2 + Sit124) E tsmgs s + (Liipa + tigt12;) g S6 M5 541

1<6<n
— Tit1 g
I=i,i+1
1<m<i—1
— Ti41 E
I=i,i+1
i+2<m<n

Rearranging this expression it becomes

ml,l+1 mm,erl (

my ;41 My 41 (

1<6<n

Smti — Sltm)

m; ;42

Smtl - Sltm).

M ;42

Z [(sstit1 — Six1ts)x; + (Sst; — Sits)Tipe| Ms 541

1<6<n

>

m .
l=4,i+1 1142
1<m<i—1
_ Z My j+1 Myp m+1
s
I=i,i+1 bit2

i+2<m<n

my 41 Myp m41

Tip1 (Smts — Sitm)

Tit+1 (Smtl — Sltm).
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The i and i + 1 terms of the first sum cancel with each other. So, now
the first sum has two parts: those terms where § < ¢ — 1 and those
terms where 6 > i + 2. The other two sums can be broken up into
terms where [ = 7 and terms where [ =i + 1. So, we now have

Z [(sstit1 — Six1ts)mi + (ssti — Sits)Tipe| Ms 541
1<6<i—1

+ Z [(sstit1 — siv1ts)Ti + (ssti — sits)Tita] M5 541
i+2<6<n

My i4+1 My m+1
E —  Ti+1 (Smti - Sitm)

m .
1<m<i—1 4it2
M 542 My m41
- E . Tit1 (Smtit1 — Sit1tm)
1<m<i—1 1,042
My 54+1 My m+4-1
- E . i (8mti — sitm)
i+2<m<n bi+2

M1 542 My m+1 " ¢
- N Ti4+1 (Sm i+1 — Si+1 m)
i+2<m<n b,i+2

It is easy to see that (mi,i+1xi+1)/mi7i+2 = Ti4+2 and (mi+17i+2xi+1)/
m,; ;42 = ;. Now we have

Z [(sstit1 — sitals)wi + (Ssti — Sils)Tiy2] M 511
1<5<i-1

+ Z [(sstit1 — Six1ts)mi + (Ssti — Sits)Tipe| Ms 541
i+2<6<n

- E mm,erl Ti42 (Smtz - S'Ltm)
1<m<i—1

+ E My, 1 T (Sit1tm — Smtivt)
i+2<m<n

— E My, 41 Ti (Smbit1s — Sit1tm)
1<m<i—1

+ E My m41 Tit2 (Sitm - smtz) =0.
i+2<m<n

The ho and hg components can be similarly shown to be zero. So for
Case 1, the composition of these maps is zero.
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Case 2. x; N x;31 Az, where x; Az and x;41 A z) are not part of
the basis of G.

We may assume ¢ < k in order to simplify the calculations. Under
3 T; N Tiy1 N T maps to

TiTE g1 — SiTk g2 + %) g3 + X Tig1 N\ T — Tip1 Ty N\ T

In turn, under ¢, this element goes to

Til'k< > tsmgspiho— Y ssmssi h3)

1<6<n 1<6<n
— Si!Ek( E tsms sy hy — E 75 s 541 hs)
1<6<n 1<é6<n
+ tizk ( E ssmg s hy — E T5 s 541 h2>
1<6<n 1<6<n
my 41 My m41
+ o Z C mye
it1<i<k i1k
1<m<i+1

X [(Smtl — Sltm) hy — (’I“mtl — Tltm) ho + (rmsl — rlsm) h3]
— Z my j+1 Myp m41

—
itl<m<k i+1k

k<i<n
X [($mtr = sitm) h1 — (rmti — Titm) ha + (rms; — 115m) ha)

ml,lJrl mm,m+1
— L1 E _—

m
i<i<k bk
1<m<i

X [($mtr = sitm) h1 — (rmti — Titm) ha + (rms; — 118m) ha)

z : ml,lJrl mm,m+1
+ xi+1 -

-~
i<m<k bk
h<i<n

X [(Smtl — Sltm) hy — (T‘mtl — Tltm) ho + (Tmsl — ’I”lsm) hg]
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Taking just the coefficient of hq, we get

E (ssti — sits)Tr My 541
1<6<n

my 41 My m41
+ z; g e (Smtl - Sltm)

m;
it1<i<k i+1k
1<m<i+1
my 1 My, ;1
— E bl Pmamt ] (Smti — Sitm)
m;
it1<m<k i1k
k<i<n
my 4+1 My m41
— Ti4+1 E — (Smtl - Sltm)
. m; i
i<I<k
1<m<i
my 41 Myp m41
Fxipn Y I (st — sit).
) m; g
i<m<k
E<i<n

Remove the terms where m = 1 or [ = 1 from the second, fourth, and
fifth sums above. Then notice that [(m;;r12i41)/my k] [(Myi4124)/
m; 11 ] =z and rewrite the above expression as

my ;41 My 41
Z (ssti — sits)zr My sy1 + Z ———————— (smli — sitm)

m, .
1<6<n itl<i<k bit1k
1<m<i
my 41 My, 1
- E ;;1 - mm (Smtl - Sltm)
it1<m<k itk
k<i<n
my 41 My 41
_ E % (Smti — Sitm)
i<l<k bit1k
1<m<i
ml,lJrl mm,m+1
+ E B U— (smbi — sitm) + E my 412y (Sits — siti)
i<m<k Git1k it1<i<k
E<i<n
- § My 12k (Smti — Sitm) + E my 12 (sit; — sit;).
1<m<i E<i<n

So we see that the sum is zero, as desired. The calculations for the ho
and hs components similarly yield zero.
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Case 3. x; Axj Ax) where no pair among x;,z;, and zj form a basis
element of G;.

Again we write down the image of this element under the map 3
followed by (o and then take the coefficient of h;. We will assume
1 < j < k. In this case, we get

my ;41 1m 1
T E il PmemA4l (Smti — Sitm)

j<i<k M.k
1<m<y
ml,lJrl mm,erl
—ap Y e (st — Sit)
. myg
j<m<k
k<i<n
ml,l+1 mm,erl
ey Y Bt (o
. m; i
i<i<k ’
1<m<i
ml,l-i—l bfmm,m+1
+z; Z (Smti — Sitm)
. m; g
i<m<k ’
E<i<n
my 41 My m41
tap Y T (st — Sitn)
) . m; ;
i<I<j
1<m<i
ml,lJrl mm,erl
— xp Z ——————— (Smli — Sitm).
) . m; ;
i<m<j
j<i<n

The expression simplifies to

Z my 1 My m+1 (s b — st )
m m

m, .
j<i<k 1,5,k
1<m<j
my g1 My g1
_ E il PPmomAl (Smti — Sitm)
. m; ;
j<m<k o
K<i<n
my 41 My, mt1
_ § Ll FAmmA1 (Smtl _ Sltm)
m, .
i<i<k gV
1<m<i
my 11 My et
+ hitl 2PmymAl Smti — Sitm
m
i<m<k 4.k

E<i<n
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ml,l+1 mm,erl
by W T

m, .
i<l<j 1,5,k
1<m<i
ml,l+1 My m+1
- E _— (Smtl — Sltm).
> ) m; ;i
1<m<]g
j<i<n

Now we can see that everything cancels. The fifth sum cancels the
terms of the third sum where ¢ < [ < j. The remaining terms of
the third sum, those where 5 < | < k, cancel with the terms of the
terms of the first sum where m < i. The remaining terms of the first
sum, those where i < m < j, cancel with the terms of the sixth sum
where j <[ < k. The remaining terms of the sixth sum, those where
k <1 < n, cancel with the terms of the fourth sum where i < m < j.
The remaining terms of the fourth sum, those where 57 < m < k, cancel
with the entire second sum.

The calculations for the ho and hs components similarly yield zero
and so the composition of these maps is zero as desired. i

4.2 Proof of exactness. Recall that the complex K is the Koszul
resolution of R/(x1,...,x,). Let A; be the matrix of the map d; with
respect to the usual bases. In particular, we denote the rows of Aj
corresponding to generators of Gy by y1,...,y, and the rows of Aj
corresponding to generators of Go by ypn+1,- .- Y-

The complex K satisfies the conditions of Corollary 6 so we may
simultaneously factor the matrices A\™ " 4;. In order to calculate
the minors of A3, we describe the first three steps in the complete
factorization of /.

rank A;
(A Ay =z,

rank Ao ,
(/\ Ag)[ﬁ] = (al)](ag)J where (al)[ = Sgn (I,I ):L‘]/,

and

rank Ag , , ,
(A As)r,n = (ag)r(as)y where (a5)r = sgn (L, L)(a2)r/,

Choose i € {l,...,n}. Let L = {i,n—l—l,...,(g)}. So L' =

{1,...,n}\ {i}. T ={1,... ,n}\ {i}, we have that (A" **Ay)
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is the determinant of the matrix

—X9 0 0 Ty
Tq —I3 0 0
0 X9 —XT4 0
0 0 T3 0
0 0 0 ]

with the ith row and column removed. Since (a1); = x;,( A" 2 x
AQ)I,L/ = (_1)n71mi,i+1xi. So (a’2)L = sgn (L, L/)(QQ)L/ = sgn (L,L/) X
(=1)"*m; ;1. Then for any choice of () —n+ 1 columns N of As,
we have that (A" A3)p y = sgn (L, L')(—1)""'my ;41 (as)n.

Let A= (3) —n+1.
Lemma 20. codim (Iy(¢3)) > 2 and rank (p3) = A.

Proof. Let the rows of @3 be z1,...,2x+2 where the first three rows

are Zlgign T3 Z1gign Si¥i, E1gign t;y;, and the remaining A — 1
Trows are Ypn+41,- - - y(g)

Take K to be {1,4,5,... , A+ 2}. Then by multilinearity

Yi
A Yn+1 rank A
(Ner) =3 mae| "] = 8 (A a0)
KN 1<i<n : 1<i<n LN
Y3) /)
= Z sgn (L, L')(=1)" " r;my ;11 (az) N

1<i<n

for any subset N of size A and L = {i,n+1,..., (g)}

Similarly, if we take K = {2,4,5,... ,A+ 2} and K = {3,4,5,...,
A+ 2}, we get

</\/\<P3)KN = sgn (L, L") (—1)"s; m; ;41 (as)n

; 1<i<n
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and

(/\A‘p?’) = sgn (L, L')(=1)" "'t my i1 (a3) v
K,N

> 1<i<n
respectively, for any choice of N.

If codim (I5(w3)) = 1, then the (/\)\QOQ,)KJ\[ over all K and N must
have a common factor. Hence {(a3)n} over all choices for N must
have a common factor. This leads to a contradiction because the ideal
generated by all the (a3)y is of codimension n.

We know there must be an N such that (a3)y # 0, so we have also
found a nonzero A X A minor of ¢3. By construction, the rank of o3
cannot be larger than A, therefore it is equal to A. ]

Now we are prepared to prove the following lemma.
Lemma 21. The complex J of Theorem 16 is exact.

We will show the complex J is exact by applying the Buchsbaum-
Eisenbud exactness theorem (Theorem 2).

Proof. We know that all the conditions of Theorem 2 are satisfied
for kK > 4 because the tail of the complex is the same as the tail of
the Koszul resolution of n variables. It remains to be shown that the
conditions hold for £ =1, 2, and 3.

Claim. rank (p1) + rank (¢2) = rank (R3).

Since M # 0, rank(p;) = rank (a«8y) = 1. So, we just need
to show that rankps = 2. The sum of the ranks of the maps is
always less than or equal to the rank of the module. So, we know
that rank (p2) < 3 — 1 = 2. To show equality, we just need to find
a 2 x 2 submatrix with nonzero determinant. Since s includes the
3 x 3 Koszul matrix, it also contains a 2 X 2 submatrix with nonzero
determinant, namely the product of two generators of the 3-generated
ideal.

Claim. rank (ps) + rank (¢3) = rank (R? @ G3).
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From above, we know that rank (p2) = 2. Lemma 20 shows that
rank (¢3) = (3) —n+1 and we know that rank (R*®G2) = 3+ (5) —n.

Claim. rank (¢s3) + rank (dy) = rank (A*R™).

The rank of d4 is (g) - (g) +n — 1 because it is part of the Koszul

complex, which is exact. We showed above that rank ¢3 = (g) —n+1.

So rankipy + rank (ds) = (3) —n+1+ () — () +n—1 = (3) =
rank (A°R™).

Claim. codim (I(p1)) > 1.

We know rank (p1) = 1 so I(yp1) is generated by the entries of ¢.
Since M = 0, this ideal is nonzero and so its codimension must be at
least one.

Claim. codim (I(p2)) > 2.

The rank of ¢ is 2, so I(y2) = I3(¢2). The map given by the matrix
K is the Koszul relations on «, 3, and ~, so the 2 x 2 minors of it (and
hence also of ¢2) contain the ideal (a2, 3%,v?). So codim (I(p2)) >
codim (a?, 32,~4?). Since codim (a?, 32,4%) = codim (o, 3,7) = 2, we
have that codim (I2(p2)) > 2.

Claim. codim (I(p3)) > 3.

Choose bases for F;. Let A; be the matrix of the map d; for ¢ > 4,
and let A; be the matrix of the map ¢; for 1 < ¢ < 3. Since
the Koszul resolution is exact, by Theorem 2 codim (I(d;)) > i for
i > 4. By Lemma 20 codim (I(y3)) > 2. We showed above that
codim (I(y2)) > 2. So by application of Corollary 6 to J, there are
ideals Bz such that I(d4) = Bg’,B47 I(g@g) = B4Bg7 I(QDQ) = B3B2,
and I(py1) = B2B;. The ideal I(p1) must have trivial complete
factorization, so By = (1) and By = J.

The codimension of a product of ideals is the minimum of the
codimension of the factors. Since codim (I(p4)) > 4, we also know
that codim (By) > 4. Therefore we would be done if we could show
that codim (Bs) > 3, and since codim (I(¢3)) > 2, we just need to
show that codim (Bsg) # 2.
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Suppose that codim (Bs) = 2. Then there is a codimension 2 prime
P such that By C P. By construction, B3 contains J and the entries
of N. Therefore P is a codimension 2 component of J. Hence, by
Proposition 11, P = (z;, ;) for some nonadjacent integers modulo n i
and j. Consider an entry of NV in the x; A z; column,

Z My 141 M m+1 (Smtl _ Sltm)~

1€T i j

meZ°
If s;t; — s;t; # 0, then the term of the sum where [ =4 and m = j is
nonzero. In fact, this term is m; 11 j41(s;t; — s;t;). None of the other
terms can possibly cancel with this term and so the sum is not contained
in the ideal P. This is a contradiction. Therefore codim (B3) > 3 and
so codim (I(p3)) > 3. O

5. A menagerie of binomial ideals.

5.1 Specializations. The family of ideals above have generic
coefficients so, for almost all specializations, the resolution is still
exact. One wonders whether it is possible to specialize these coefficients
to get binomial ideals tail resolution equivalent to (x1,...,x,). For
projective dimension less than seven, it is possible as the following
examples show.

Example 22 (Projective dimension 4). This example is the resolu-
tion for 4 variables with the specialization that r3 = r4 = s1 = s4 =
t1 =ty = 0, giving that the generators of the ideal are

a = ricd + rqad,
8 = sqad 4 szab, and
v = tzab + t4be,

and the resolution of R/(«, 3,7) has the form
0— R4, gt #3, R6 #2, p3 #1 p
where

pr=(a B 7)
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and

The missing entries denoted by * are polynomials of degree 2 in the
variables and degree 2 in the coefficients.

rea +ric rid 0 rod
—Soa 0 —S83a —583b — sod
Y3 = 0 t4b tga + t4c tgb
-b 0 d 0
0 a 0 —c

Example 23 (Projective dimension 5). This example is the resolu-
tion for 5 variables with the specialization that ro = r3 = r5 = 51 =
S3 = 84 =t =ty =14 =0, giving that the generators of the ideal are

a = ricde + ryabe,
8 = sqade + ssbed, and
v = tzabe + t5bcd,

and the resolution of R/(«, 3,7) has the form

ds d
00— R-%5, R5 %4, R0 #3, p8 #2 p3 #1. p

where

and
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The missing entries denoted by * are polynomials of degree 3 in the
variables and degree 2 in the coefficients.

ric  rid rie 0 0 r4a 0 0 rab  r4c

—soa 0 —s5b 0 —szc —ssd —sod —sge O 0

0 tsb  tsa tsc tsd t3b 0 0 t3e

. —b 0 0 e 0 0 0 0 0
=0 b 0 - 0 e 0 0 0 0
0 a 0 0 0 0 —c 0 e 0

0 0 a 0 0 0 0 —c —-d 0

0 0 0 0 a 0 0 b 0 —d

Example 24 (Projective dimension 6). This example is the resolu-
tion for 6 variables with the specialization that ro = r3 = r5 = rg =
S1 =83 = 84 = S§¢ = t1 =ty = t4 = t5 = 0 giving that the generators
of the ideal are

a =ricdef + ryabef,
B = sqadef + ssabed, and
v = tzabef + tgbede,

and the resolution of R/(«, 3,7) has the form
0 — R -2, RS d2, p15 di, 20 %2, p12 £2, g3 21 p
where

pr=(a B 7)

and
0 vy B % x k k ok ok ok % %
P2 = ¥ 0 —a * * *x * * x * * %
-6 —a 0 % x %k x sk % >k k %

The missing entries denoted by * are polynomials of degree 4 in the
variables and degree 2 in the coefficients.
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The matrix g3 is formed of two parts (%) where

rr 0 0 ro, 0 O
A=10 0 t3 0 0 tg
0 S9 0 0 S5 0
c d e f 0000 O O 0O0UO0O0 O 0 0 0
a 0 0 0 0000 O d e fO0O0 O 0 0
000 0 —a 00O0O0O O —-b 0OO0OOUO0O O —e f O
1o 00 o 0 0a O 0O 0 0O0UWbO 0 ¢ 0 0 —f
00 0 O 0000 —a 0 000 0 —b 0 —c —d
0 0 0 —b 0 ¢c 0d e 0 0O0O0GO0O O 0 0 O
and
b 0 0 0 d e —f 0 0
0 b 0 0 —c 0 0 e —f 0
0 0 -b 0 0 —c O —d 0 —f
0 a 0 0 O O O 0O O ©
B = 0 0 a 0 O O O 0O O O
0 0 0 a O 0O O 0O O O
0 0 0 0 0 a« O 0 0 O
0 0 0 0 0 0O a 0 0 ©
0 0 0 0 0 0O O 0 a O
0o 0 0 0 0 O 0 0 O
0 0 0 0 0 0 0 0
0 0 0 0 O O 0O O 0 ©
—¢c 0 0 e —f O O O 0 O
0 —¢ 0 —d 0 —f 0 0 0 0
0 0 ¢ 0 d e O 0O 0 0
0 b 0 0 0O O —d 0 —f 0
0 0 b 0 0O O 0 —d —e 0
0 0 0 0 b 0 0 ¢ 0 =—e

5.2 Random examples. For projective dimension 7, none of the
possible simple specializations, that is, setting some of the coefficients
to be zero, of resolutions above give a resolution with the desired tail.
In fact, they do not even give a projective dimension 7 resolution.
So we were led to ask whether projective dimension 7 and higher
binomial resolutions exist. Finding such resolutions turns out to be
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a daunting task. We searched for examples by checking millions of
randomly produced 3-generated binomial ideals using Macaulay 2 [13].
The result was a number of examples having projective dimension 7 and
a few having projective dimension 8. We display one of each below. The
remainder may be found in [12].

Here is the projective dimension 7 ideal having the smallest number
of variables and degrees of generators of the ones we found. It has 7
variables and generators of degree 8.

a = a®3df + ab*ceg®
B = ac’dfg® + v?e* fg?
v = a’b?cde + b3defg

This ideal has degree 28, regularity 18 and its resolution has the form

0—>R—>R7—>R22—>R39—>R39—>R18—>R3—>R.

Here the projective dimension 8 ideal is found having the smallest
number of variables and degrees of generators. It has 10 variables and
generators of degree 15.

a = acdd® f2ghi* 4+ bd3eg?hid j?
6 — bSCQenghZ-SjQ —|—a2b4d2f2ij4
v =acAdef3g>h + a*bief3ghij.

This ideal has degree 103, regularity 40 and its resolution has the
form

0 — R—>R10 —>R42 _ R96 _ R130 _ RlOO

— R¥» — R® —R.

A projective dimension 9 3-generated binomial ideal has not yet been
found. It is unknown whether or not it exists. Further searching could
prove fruitful. Another approach, in the manner of Kohn’s method in
[14], would be to try to find a way to reduce the number of generators
while preserving their binomial nature and the projective dimension of
the ideal.
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6. Further directions. The method of this paper for finding
ideals tail resolution equivalent to the ideal (z1,...,z,) leads to a
number of other questions about tail resolution equivalent ideals. For
instance, are there conditions on an ideal that ensure that a 3-generated
tail resolution equivalent ideal with monomial or binomial or certain
degree generators exists? Is it always possible to find representatives
of a tail resolution equivalence class which are generated by binomials?
What about ones generated by monomials?

There are also open questions about the particular construction used
to generate G(n). Is it possible to extend this method to all complete
intersections or is there something special about the ideal of n variables?
Perhaps understanding better the relation between the graphs and the
ideals would lead to a more general method. We could also try starting
with other graphs. Initial investigations into creating ideals from other
graphs, however, were not promising. Also, what if we use this process
for constructing 3-generated ideals on some other ideal and end up with
a sequence that is not exact? Would the homology of this sequence tell
us anything interesting about the ideal or the method?
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