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SOME ¢-ORTHOGONAL POLYNOMIALS AND
RELATED HANKEL DETERMINANTS

GEORGE ANDREWS AND JET WIMP

1. Introduction. This paper grew out of some experiments using
the computer algebra MAPLE. Let the function f(¢) have the Taylor
series development

F&) =" fat™,
n=0

which we assume converges in a neighborhood of the origin. The
coefficients f,, may be interpreted as the moments of a suitable function,
actually the complex moments

ety o for (109

where the path of integration is, say, a circle centered at the origin
with a suitably large radius. Using the construction given in [1] and
the Gram determinants
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fi  fo - fypr
N= o : : N
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one may construct the monic polynomials, call them Py (z), that are
orthogonal to the distribution which gives these moments.
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These polynomials satisfy a three term recurrence relation
PN—H (l‘) = (.23 + BN)PN(J?) — CNPN_l(J)).

The coefficients By and Cy can be found from the above determi-
nental expression for the polynomials. In particular,

GnGN-2
Oy = SN2
GR_1

Conversely, by taking products in this expression, a formula for the
determinant Gy can be recovered

N
Gy="fo[[C) .
j=1
As usual, let
n—1 )
(A;q)n = [J(1 - A¢), N >0,(4;9)0=1;
7=0

{n] __ @9
71 (60)i(a -
MAPLE experiments indicate that when one makes the choice
t 1
) = ZOO " (aidn _ q - EOO t"(a;@)n+1’

n=0 (b;q)n n=0 (b;q)n+1

then the formulas for the coefficients By and Cpy turned out to be
very simple. We were led to this choice for f(t) by previous work,
which had shown that when f(t) was the generating function for the
Bernoulli numbers, the By and Cy turned out to be simple. This
paper presents a proof of the formulas suggested by MAPLE. There
are many interesting special cases of our results. We have not yet been
able to extend this analysis to other choices of f(t).

2. Preliminary results. We prove here two preliminary results
dealing with the evaluation of certain Hankel-type determinants.
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Theorem 1. Suppose that we have two sequences s, and t,, satisfying

t():l, 80#0
and
N
Zts {SO N=0;
SN =
A 0 N>O0.
7=0
Let
80 Sl e SN
51 S2 “tt SN+l
Sy =
SN SN+1 "°° 82N

Let Ty =1 and, for N >0,

Lo ts - tnNy1
t3 t4 . tN+2

Ty =
INt1 tn+2 -0 ton

Then

Sy = (=1)Nsl Ty,

Proof. When N = 0, the assertion reduces to s = sg. When N =1,
we use the fact that tp = 1 to get

S0 0
S1 _tQSO

S0 t150+t051
81 t181 + tpS2

S0 S1
S1  S2

= _S(Q)tQ = —S(Q)Tl.

We shall show how this same process, which we call “O-reduction”,
owing to the orthogonality of the sequences s,, and t,, works in general.
We combine columns of the Sy determinant using the orthogonality
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relation:
N
50 t1s0 + tos1 tosg +t1s1 +tos2 ijo tN—;S;
N
51 t1s1 + tos2 tas1 + ti1s2 +toss Zj:O tN—jSj+1
N
Sy = | 52 t1s2 +toss toso +t153 +tosa Ej:o tN—jSj+2
: : N
SN tisn +tosn+1 tasy +tisn+y1 +HtoSny2 o Zj:() tN—jSj+N
S0 0 0 0
51 —t250 —t3s0 e —tN+1S0
_ | s2 —t3s0 — t2s1 —t4s0 — 351 s —tN42S0 —tN41S1
N-1 N-1 N-1
SN = Djo INH1-3S; T D jg tN+a—js; o =D taN—jss

We now multiply the second row by (s;/so) and subtract it from the
(1 4+ 2)nd row for 1 <i < N —1:

SN
S0 0 0 o 0
S1 —t250 —t350 . —tN1150
2
S
—| 22— —t350 —t450 —tN4250
SNS1 N-1 ) N-2 ) N—2 N
SN~ Tag - Ej:o INt1-5S5 — Zj:o tNy2—j§8; o — ijo toN—;S;

We continue this process. We multiply the third row by (s;/s¢) and
subtract it from the (i + 3)rd row for 1 < ¢ < N —2. Then we multiply
the resulting fourth row by (s;/sg) and subtract it from the (i + 4)th
row for 1 <i < N — 3, etc. We find that

S0 0 0 . 0
() _tQSO —thO s —tN+1$0

Sy = () —t350 —t4S0 s —Ing2S0| — Sé\/-i-l(_l)NTN. O
() —tn+1S0 —tn+280 : —taNSo

Theorem 2. Let S,, T,, and the sequences s, and t, be as in the
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previous theorem and define

S0 S1
S1 52
1
SN(.’L'): SN )
SN—-1 SN
1 x

Let
n
Tn(z) = Ztn,j—x].
j=0
Then
to ts
t3 ty
Sw(@) = — '
~(z) =
Tn_1 :
ty  Int

Tl((E) Tg(l’)

433

SN
SN+1

S2N—-1

tN41
tN42

ton_—1
™~ ()

Proof. We proceed with the O-reduction, as in Theorem 1. We carry

out the column operations first:

S0 t150 +t051

S1 t1$1 + toSQ

SN(:L‘) =
Sn_1 : :
SN—1 t1Sn—1+toSn

1 tl—l-.’L'

N
Zj:() tN—;j5;
N
> j—otN—jSj+1

N o .
2 im0 tN—jSj+N-1
N ;
.rd
Zj:OtN*jx

We now modify the row operations in the O-reduction by leaving the
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last row unaltered. We only treat the first N rows. We find

50 0 0
1 () —tQSQ e —tN+150
—tnso -+ —tan—180
() mz) - 7~()
ta t3 -+ tNt
1 i3 ty 0 Inge
— s (D! . :
ty o tny1 o ton-—a
mi(z) m(z) - TN(T)
ta t3 o INt
t3 t4 cor tNge
Tn-1 :
tN tNJrl tQNfl
mi(z) m(x) - TN(2)

by Theorem 1. |

Note. Strictly speaking, in the above definition we have to assume
that N > 0, but here and in what follows, we adopt the convention
that Sp(z) = 1.

3. Some facts about the little ¢g-Jacobi polynomials. A
fairly full account of these polynomials is given in [3, pages 166-168].
Their moment generating function is given in [2, pages 32-33]. A nice
summary of their properties and their relationships to other orthogonal
polynomials of hypergeometric type is contained in the reference [4].

The original polynomials were not monic, but we prefer to deal with
the monic polynomials, so we normalize them accordingly:
, n—j
n 1
. n] (ag* )y ) i
T [ [ R g
J

J ] (bq" 5 q)n—;

These polynomials are orthogonal with respect to a discrete distribu-
tion, consisting of weights w; at the points ¢*, i =0,1,2,...,0 < g < 1,
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with S
_ad'q' (")

w; = ———————.
(bg'/a; q) o
The nth moment of this distribution is

(¢ oo (b4 Do (a3 @)
(b/a; @)oo (ag: @)oo (bg5q)n

We define a slightly modified moment by

(ag; q)n
Hor aab = 737N
(0= ).
and

MO(aa b) lu’l(a7 b) T :un(aa b)

pi(a,b)  paa,b) - pnga(a,b)
My(a,b) =" O T

Hn (a’ b) :un-i-l(av b) T Han (a7 b)

We may then represent the p in terms of these moments as follows:
:L"O(av b) :u'l(aa b) T Hn (a’ b)

1 p1(a, b) pa(a,b) -+ pnga(a,b)
pn(x;0;b;q) = ————— : : .. :
Pn(w; a; ;) M 1(a.b) . : : .

/J/n—l(a7 b) Hn (a/v b) T H2n—1 (CL, b)
1 CL‘ DY xn

We shall now apply our knowledge of the Little g-Jacobi polynomials,
plus Theorems 1 and 2, to the special case

t
o t"(a:0)n oo D an
Yonmo s~ Lnm <bq§ZJ1
Thus
1-b
S =
0 1—02’

and from the definition
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Thus, Theorems 1 and 2 are applicable with s,, as above, and t, =
tn(a,b).
We apply Theorem 2 to obtain a useful representation of Sy (x) :

p2(a,b)  pa(a,b) -+ pnya(a,b)
ps(a,b)  pala,b) -+ pnga(a,b)
Sn(z) = Tl 5 5 :
A pn(a,b)  pnyi(a,b) - pan—1(a,b)
71(x) () - v (2)

_ (1_aq)N—1(1_aq2)N—l
- Tnoa (1= bg)N (1 — bg?) Nt

po(ag?, bg?) pag®,bg®) -+ pn—1(ag?, bg?)
p1(ag®, bg?) p2(ag®,bg®) -+ pn(ag?, bg?)
X : : - :
MN72(CH]23 bq2) KN—-1 (aqz, qu) s uzN—3(af]2, bq2)
71 () T2 () e 7N ()

(1 —ag)V"'(1 - ag®)N"! 2 5 2
- Ty—1(1—bg)N-1(1— qu)N_1MN—2(@q :bq”)

Tj+1(z)

N-1 ;
% Z l:N — 1:| (aqurg; q)N—l—j
o J (bgN T ) N1
(N -1 —j)
xq 2 (=N

Finally, we note that

to ts tn

t3 ty 0 InNg1
Tno1= )

In Int1 o0 tan-—2
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p2(a, b) p3(a,b) T o (a,b)
_ M3(aab) /,L4(Cl,b) e HN+1 (aab)
p(@,8) piver(@b) o pana(a,b)

(1 _ aq)N71(1 _ aqz)Nfl ) )
B (1 —bg)N—1(1 — bg?)N—1 My —2(aq”, bg™).

We have proved

Theorem 3.

N—-1] (e q)n-1-5
Sny(z) = T T
N( ) ]z:(:) [ j ] (qu+1+] Q)Nfl ; ]+1( )
(N— 1 —j)
X q 2 (-p)N-' N >0,
where
—~ (ag; On—s
m(z) =
) ; (bg; @)n—s

Note. Recall our convention So(z) = 1.

It follows from the work in [4] and the definition in Theorem 2 that
the polynomials Sy (z) are orthogonal with respect to a distribution,
namely, the one giving the moments s,. This distribution will be
complex. In fact, the polynomials are orthogonal with respect to the
distribution defined by

L) = 5 fa) () s

2

where

1
f(t) = SR
n=0 " (b;q)n+1
and the path of integration is a simple closed curve encircling the

origin which lies outside all singularities of the integrand. Thus the
polynomials satisfy a three-term recurrence relation,

SN—i—l(-T) = (l‘ + BN)SN(J?) — CNSN_l(.T).
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Our goal is to compute By and Cp. In order to do this, we must
compute ay and Oy in

Sy(x) = 2V +anaV T 4+ BN 24
Comparing coefficients of 2V gives
By = ant1 —an,
and comparing coefficients of 2V ~! in the recurrence gives

Bn+1 = BN + Byvan — Ch,

SO
Cn = BNy — Bny1 + Byan.

We have

Sw(z) = () — {N— 1} (1 —agh+h)

N - 2| T =gy v1(@)

[N —-1] (1—ag"V)(1—agV+t)
+ | N —3| (1—quN—z)(l—bq2N—1)TN—2(x)q“‘"'
1—aq) n_ (1—-aq) (1 —-aq®) N_
= $N+( l,N 1 IN 2+'.'
(1 —bg) (1-bg) (1-bg?)
C[N-1] Q™) [ v, (-0 veo
L 1 ] (A=bg?N 1) (1 —bq)
L[N¥-1) (-ad) (-ag™ g oy
| 2 | (1—bg2N-2) (1 —bg2N-1)

thus

_(Il—aq) [N—l] (1—ag™*h)
O O N )

Returning to our expansion immediately above for Sy (x), we see that
(1-ag)(1—ag®) [N-1] (1-aq)(l—ag"*)
(1 —bg)(1 —bg?) L] (1 =bg)(1—bg*N—1)

N-1] (1—ag™)(1—ag"*t)q
N A sy

By =
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Using these expressions in the formulas for By and Cy and doing some
fearsome algebraic rearranging and simplification give

Theorem 4. In the three-term recurrence

Sn+i1(z) = (x 4+ By)Sn(z) — CnSn-1(2),

we have
B — —€ (1= ag" (1 = bg") — ¢ (a—bg" (1 — ¢)
N (1= bg?N-T)(1 — bg2N+1) ’
2N-1(1 _ ,N-1 agN 1) (1 — — paN—2
oy —gm ) )(1 —bg™)(a —bg ) N>1

(1- quN*Q)(l — bg?N =12 (1 — bg?)

. (1=ag)(1 —ag®)
@ = (1—bg)(1 —bg?)

Note. Sy(z) gives an explicit evaluation of these polynomials. The
formula for C; is obtained by a direct computation.

Corollary 1. Let

t

t) = i
1 Zfﬁ:o%—l 2F1(a,1,bt )—1 Zs

where we have used the standard notation for the symbol (A),, and the
Gaussian hypergeometric function oFy. Then the coefficients in the
recurrence relation satisfied by the polynomials in Theorem 4 are given
by

(a+1)(b+1)+2N(N +b)

_ (N=-D(@+N+1)(b+N)N+b—a—2) |
o= (b4+2N —2)(b+2N —1)2(b+2N) N >1;
o — _latDla+?2)

(b+1)(b+2)"
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Proof. In Theorem 4 we let a — ¢%, b — ¢°, and take the limit as
q— 1.

Corollary 2. Let

o

t n
1) = 1Fi(Lv+1;6) -1 - ant '

n=0

Then the polynomials Sy (x) satisfy a three term recurrence with

B — _ (v+2) .
N7 2w 2N) (v + 2N +2)°
(N-1)(v+N+1)
= — N 1'
Oy =N D+ NN sy N
1
Cy =—

(v+2)(v+3)

Proof. In the previous corollary, we replace ¢ by t/a and let a — oc.
To obtain the formula for Sy, we use the fact that

—n(n+1) |Si+j

la™" 7 sitjlij—0.m =@ i,j=0...n-

Finally, we let b = v + 1. O

Corollary 3. Let

t =~ ..
f(t):et_lzgsnt7

so that

B,

nl’

the By, denoting the Bernoulli numbers in the standard notation. Then
the polynomials

Sp =

By B/l - By/N!
) Bi/1! By/2! -+ Byus1/(N+1)!
Sy(x) = : : - :
S _ . . . .
N By /(N —1)! By/N! -+ Boy_1/(2N —1)!
1 T =N
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are orthogonal with respect to the distribution defined by

L) = f16e) (5 ) =

the path of integration being a circle with center 0, radius > (1/2m),
and the coefficients in the recurrence are given by

1 N?Z -1 1

Byn=—-—————~; CNn=———————, N>1, C;=--.
NTTAONW D) N T TaNeaNE—ny T 1T TG
Furthermore,
By By/1! By /N!
By /1! By /2! -+ Byy1/(N41)!
Sy = . . . )
By/N! Byii/(N+1)! -+ Ban/(2N)!

:2

}NHJ

Proof. We put v = 0 in the previous corollary and use the formula
for Sy in Section 1. a

We make no claims that the above expression for the Hankel determi-
nant of Bernoulli numbers is new, since it seems that almost any fact
about the Bernoulli numbers can be found somewhere in the literature.
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