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TRANSLATION THEOREMS FOR
FOURIER-FEYNMAN TRANSFORMS AND
CONDITIONAL FOURIER-FEYNMAN TRANSFORMS

SEUNG JUN CHANG, CHULL PARK AND DAVID SKOUG

1. Introduction. Translation theorems for Wiener integrals were
given by Cameron and Martin in [3] and by Cameron and Graves in
[2]. Translation theorems for analytic Feynman integrals were given by
Cameron and Storvick in [4], [7] and translation theorems for Feynman
integrals on abstract Wiener and Hilbert spaces were given by Chung
and Kang in [12].

The concept of an L; analytic Fourier-Feynman transform (FFT) was
introduced by Brue in [1]. In [5], Cameron and Storvick introduced
an Ly FFT. In [20], Johnson and Skoug developed an L, FFT for
1 < p < 2 which extended the results in [1], [5] and gave various
relationships between the Ly and Lo theories. In [15]-[17], Huffman,
Park and Skoug obtained various results involving the FFT and the
convolution product, and in [18] used the concept of the (generalized)
Feynman integral [13], [24] to define a (generalized) FFT (GFFT) and
a generalized convolution product. Very recently [26], Park and Skoug
studied (generalized) conditional FFT’s (GCFFT’s) and conditional
convolution products.

In this paper we establish translation theorems for GFFT’s and
GCFFT’s. In Section 3 we establish a translation theorem for the
GFFT of very general functionals F' defined on Wiener space Cy[0, T,
and in Section 4 we obtain a general translation theorem for GCFFT’s.
We then proceed to show that these general translation theorems apply
to two well-known classes of functionals; namely, the Banach algebra
S introduced by Cameron and Storvick in [6], and the space B
consisting of functionals of the form

F(x) = f((ar, ), ..., (om, 7))
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where (o, x) denotes the Paley-Wiener-Zygmund stochastic integral
T
fo a;(s) dz(s).
In defining the FFT [5], [15], [19] of F, one starts with, for A > 0,
the Wiener integral

(1.1) Ew[F(y—i—)\1/2a:)]=/C[OT]F(y+/\1/21‘)7”(0537)

and then extends analytically in A to the right-half complex plane. In
[18], [26] and in this paper, in defining the GFFT we start with the
Wiener integral

(12)  E[F(y+ A V22(z, )] = /C L P X mae)

where z is the Gaussian process
t

(1.3) z(z,1) :/ h(s) dz(s)
0

with h € L3[0,7] and fot h(s) dz(s) is the Paley-Wiener-Zygmund
stochastic integral. Of course if h(t) = 1 on [0,T], then z(z,t) = x(¢)
and so the (generalized) Wiener integral in (1.2) reduces to the ordinary
Wiener integral given by (1.1).

2. Definitions and preliminaries. Let Cy[0,T] denote Wiener
space; that is, the space of all R-valued continuous functions z(¢) on
[0,T] with £(0) = 0. Let M denote the class of all Wiener measurable
subsets of Cy[0,7T] and let m denote Wiener measure. A subset B
of Cp[0,T] is said to be scale-invariant measurable [9], [21] provided
pB € M for all p > 0 and a scale-invariant measurable set N is said to
be scale-invariant null provided m(pN) = 0 for all p > 0. A property
that holds except on a scale-invariant null set is said to hold scale-
invariant almost everywhere (s-a.e). If two functionals F' and G are
equal s-a.e., we write F' = G.

For a detailed discussion of scale-invariant measurability and its
relation with other topics, see [21]. In [27], Segal gives an interesting
discussion of the relation between scale change in Wiener space and
certain questions in quantum field theory.
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Throughout this paper, we assume that every functional F' we con-
sider is s-a.e. defined, is scale-invariant measurable and, for each A > 0,
F(A\"Y22(z,-)) is Wiener integrable in x on Cq[0, T7.

Let h be an element of Ly[0,T] with ||h]| > 0, let z(z,t) be given by
(1.3) and let

t
a(t) = / h%(s) ds.
0
Then z is a Gaussian process with mean zero and covariance function
E.[z(z,s)z(z,t)] = a(min{s,t}).

Next we state the definition of the (generalized) analytic Feynman
integral [13], [18]. Let C; = {\ € C : ReX > 0} and let C, =
{Ae C:X#0and ReX > 0}. Let J(\) = E[F(\"'/2z(x,-))]. If
a function J*(\) exists analytic in A on C4 such that J*(\) = J(\)
for all A > 0, then J*(\) is called the (generalized) analytic Wiener
integral of F' with parameter A, and for A € C,., we write

(2.1) BN (2(2, )] = J5 (V).

Let real ¢ # 0 be given. Then we define the (generalized) analytic
Feynman integral of F' with parameter ¢ by (A € C)

(2.2) 0[P (a(, )] = lim 2™ [F(:(, )

if the limit exists.

Next we state the definition of the GFFT given in [18], [26] using
(2.1) and (2.2) above. For A > 0 and y € Cy[0,T], let

(2.3) TA(F)(y) = EZ™ [F(y + (2, ).

In the standard Fourier theory the integrals involved are often inter-
preted in the mean; a similar concept is useful in the FFT theory [20,
p. 104]. Let p € (1,2] and let p and p’ be related by 1/p+ 1/p’ = 1.
Let {H,} and H be scale-invariant measurable functionals such that,
for each p > 0,

Jim_ E[|Ha(py) — H(py)I"'] = 0.
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Then we write
H~lim.,_..H,

and we call H the scale-invariant limit in the mean of order p’. A
similar definition is understood when n is replaced by the continuously
varying parameter A. Let real ¢ # 0 be given. For 1 < p < 2 we define

the L, analytic GFFT, Tq(p) (F) of F, by the formula, A € C,,
(2.4 TP (F)(y) = Lo T(F)(y)

if it exists. We define the L; analytic GFFT, T\"(F) of F, by the
formula, A € C,,

(2.5) T(F)(y) = lim T\(F)(y)

A——iq

if it exists. We note that for 1 < p < 2, Tq(p) (F) is defined only s-a.e.
We also note that if Tq(p)(F) exists and if F' =~ G, then Tq(p)(G) exists
and T\P (G) ~ TP (F).

The following Wiener integration formula is used throughout this
paper

(2.6) E{e@{%w,@ﬂ ~ e {_ %}
for A > 0 and u € Ly[0,T].

3. A general translation theorem. Throughout this paper we
will always translate by

(3.1) xo(t)z/o B(s)ds, B € Lof0,T].

In our first result we obtain a translation theorem for the GFFT of
very general functionals F.

Theorem 3.1. Let p € [1,2] be given, and let F : Cy[0,T] — C
be such that the GFFT, Tq(p) (F) of F exists for all real ¢ # 0. Let
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xo be given (3.1) and let z(xz,t) be given by (1.3) with h € L[0,T],
(B/h) € La[0,T) and (3/h?) € Ly[0,T). Then

32 TP+ )~ e {ia( 5.0) + 2|2 Ve
where
(3.3)

Proof. We will give the proof for the case p € (1,2]. The case p =1
is similar, but somewhat easier. For A\ > 0, using (3.3) we see that

I'=Ty(F")(y)
= EJ[F*(y+2""?2(x, )]

ofoul )
- B, [exp {— iq)\_l/2<%, 2(x, -)>}F(y + A7 V22(x, ).

Using the translation theorem in the form
_ _ sl o
E[F(z)] = exp 5 E[F(z + ug) exp{—(ug, z)}]

with wo(t) = M/2[)5(s)/h(s)ds and zo(t) = [/ B(s)ds =

A1/2 fot h(s) dug(s), we get that
‘ MBIP -
I—eXp{—2q<%7y>—5H§ — g\ 1/2<%,2(u(),-)>}

e 02 Bty (2.2

-F@+A1“4L»+A1“4w,ﬂ.
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Noting that (3/h?, z(x,-)) = (8/h,z), (B/h?, z(ug,-)) = A2 B/h|?,
and that z(ug,t) = A/2x4(t), we obtain that
}

I'=exp {— iq<%,y> - %(Mr%q) ‘%
(3.4) ~Ex[eXp {— )\_1/2(iq+/\)<§,x>}

CF(y +mo + A"V22(2, )]

Using Holder’s inequality, we get that

E, { <exp{— A2 (g 4 )\)<§, x>} - 1) F(y + zo + A" Y22(x, ))} ]
I PN\ /P
< <Ex{ exp {— AV2(3ig + )\)<E,x>} -1 })
(B[lF(y + @0 + A7 22(x, )PP,
Note that each factor in the last expression has a limit as A — —iq in

C,, and that
6 ' 1/p'
exp{—)\_l/Q(iq+)\)<E,x>}—l ]) —0

(=]

as A — —iq in C,. Hence

Limo By [exp {— A2 (g + )\)<§, CE> }F(y + zo+ A7V 22(, 1))

= Limoyo i Eu[F(y + zo + A %2(, )]
= Lim. ;TN (F)(y + z0).

Hence, letting A — —iq in (3.4) yields (3.2) as desired. O

In our first corollary below we will see that the translation formula
(3.2) holds for the GFFT of functionals in the Banach algebra S
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introduced by Cameron and Storvick in [6]. The Banach algebra S
consists of functionals expressible in the form

(3.5) F(z) = / gy Pl 2}

for s-a.e. x € Cy[0,T] where f is an element of M(Lz[0,T1]), the space
of all C-valued countably additive finite Borel measures on L2[0,T].
Further work on S shows that it contains many functionals of interest
in Feynman integration theory [8], [10], [22], [25], [28].

Corollary 3.1. Let F € S be given by (3.5), and let zo be given by
(3.1). Let z, h and 3 be as in Theorem 3.1. Then for all p € [1,2] and
all real ¢ # 0,

39 1PE+e0 o fia{ o)+ 2|2

where F* is given by (3.3).

Proof. This corollary follows from Theorem 3.1 above since, by [18,
Theorem 3.1], Tq(p) (F) exists for all p € [1,2] and all real ¢ # 0. O

In our next theorem we observe that the two sides of (3.6) are
identically equal for every y € Cy[0,T] of the form

¢

(3.7) y(t) = / 6(s)ds, 0<t<T
0

for some ¢ € Ly[0,T].

Theorem 3.2. Let F', F*, z and xg be as in Corollary 3.1, and let
y be given by (3.7). Then for all p € [1,2] and all real ¢ # 0,

39 TP+ = e in 5.0) + 22 Jrpem.

p
h
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Proof. We first note that y and y 4 xo are both absolutely continuous
on [0, 7] and their derivatives are elements of Ls[0,7]. Then, direct

calculations show that Tq(p)(F) (y + z0) and Tq(p)(F*)(y) both exist for
every y of the form (3.7) and satisfy equation (3.8). O

By choosing y(t) = 0 and h(t) = 1 on [0,7] in Theorem 3.2 above,
we obtain Theorem 4 of [7] as a corollary since h(t) = 1 implies that
z(z,t) = z(t).

Corollary 3.2. Let F, F* and xzy be as in Theorem 3.2. Then for
all real ¢ # 0,

Bl o+ an)] = exp { L gt o)

—exp { I o (ia(5. ) o)

Next we want to briefly discuss another class of functionals to which
our general translation theorem applies. Let h € L[0,T] and let z(z, t)
be given by (1.3). Then choose {a1,...,a,} from Ls[0,T] such that

(a) {a1,...,an} are orthogonal on [0, T, and

(b) {a1h,...,a,h} are orthonormal on [0, T).

Remark 3.1. One way to do this would be to choose 0 =ty < t; <
... <t, =T with

Lebesgue measure {{ support of h} N [t;_1,¢;]} >0

for j =1,... ,n, and then letting

it = ( / K(s) ds)_l/zx[tjl,tﬂ(s»

Now let B be the space of all functionals F' on Cj [0,T7] of the form

(3.9) F(z) = f({ar, ), ..., {an,x))
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s-a.e. where f € L,(R"™) and the «;’s satisfy (a) and (b) above.

Corollary 3.3. Let p € [1,2], let z¢ be given by (3.1), and let
z(x,t) be given by (1.3) with h € Loo[0,T], (B/h) € L3[0,T] and
(B/h?) € L3[0,T). Let F € BY be given by (3.9), and let F* be given
by (3.3). Then, for all real ¢ # 0,

(3.10) TP (F)(y + o) =~ exp {iq<%, y> + %q 2}Tq(p)(F*)(y).

p
h

Remark 3.2. In our proof below we use Lemmas 1.1 and 1.2 of
[19, pp. 98-102]. These two lemmas are true without the dimension
restriction v < (2p/(2 — p)) (in our notation v = n); in fact for each
p € [1,2], these two lemmas are valid for all integers v > 0.

Proof of Corollary 3.3. In view of Theorem 3.1, it will suffice to show
that Tq(p) (F) exists for all p € [1,2] and all real ¢ # 0.

For A\ > 0 we obtain that

Tx(F)(y + zo)
CF(y 4 o + A7 22(x, )]
S ((an, y+mo) +A T 2 anh, a), (o, y+a0) + AT 2 (o h, )]

E
E

(2" K Ay~ gy o) b di
<27T) Rn 2

j=1

for s-a.e. y € Cy[0,T), where @ = (uq,... ,u,), (&, y+ zo) = ({a1,y +
zo), ..., (om,y + x0)), and where

A n/2 A
sy g = (o) [ sew{-Jla-ap}a

Clearly g(\; (@, y + z¢)) is an analytic function of A throughout C.
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For the case p = 1, an application of the dominated convergence
theorem shows that T, q(l)(F ) exists for all real ¢ # 0 and that

T (F)(y + @) ~ g(—ig; (@, y + x0))
n/2 .
- q, - o -
~ (i) f(a) exp{5q|u— (a,y+xo>||2}du.
R’n.

2mi

For the case p € (1,2], Lemma 1.1 of [19] tells us that for
all A € Cy, g(\@) is an element of Ly (R™) with [[g(\;-)|ly <
| £llp(|A]/27)"(2=P)/2P In addition, by Lemma 1.2 of [19], we have
that ||g(A;+) — g(—ig; )|y — 0 as A — —ig through values in Cj.
Hence for all p > 0,

By llg(x; (@, py + z0)) — g(—ig:(@, py + z0))|P']
< p"llg(n ) — gl—igs )|

which goes to zero as A — —ig through C;. Hence for all p € [1,2],
Tq(p ) (F) exists and we have that

n/2
< (%) [ e {Si- @+l fai
n/2 i
(3.12) ~ (%) - f(ﬁ+<&,y+xo>)exp{5qlﬁll2}dﬁ

]

Remark 3.3. For F € ng) given by (3.9) and F"* given by (3.3), using
the Gram-Schmidt orthogonalization procedure, one can show that

. g \""* /B iq| 8|1 | iq )
Tq(p)(F )(y) ~ <%) eXP{—ZQ<ﬁ7?/>_§HE +§Z<O‘j=$0> }
j=1

N _ . n Zq n )
-] F@y) + ) exp {— gy (g wo)u; + 5 Zu§} .
Jj=1 =1

R’n,

Again, as in Theorem 3.2 above, it turns out that the two sides of
(3.10) are identically equal for every y of the form (3.7).
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Theorem 3.3. Let F', F*, z and xq be as in Corollary 3.3, and let
y be given by (3.7). Then for all p € [1,2] and all real ¢ # 0,

(3.13) TW(F)(y + o) = exp {zq<%y> + % ‘%HQ}T;W(F*)@).

4. Translation theorems for conditional transforms. In this
section we will first establish a translation theorem for the GCFFT
of very general functionals F'. Then, as corollaries we will show that
this translation formula also holds for the GCFFT of functionals in
the classes S and B%p ) discussed in Section 3. For some related work
involving conditional integrals and transforms, see [11], [13], [14], [23],
[24], [26], [29]. Throughout this section we will always condition by

(4.1) X(x) = z(z,T).

First we will state the appropriate definitions of conditional integrals
and transforms [13], [14], [26]. For A > 0 and n € R let

(4.2) Ia(n) = E[F(AT22(2, ) ]A 222, T) =1

denote the (generalized) conditional Wiener integral of F(\~/2z(x,-))
given A\=Y2z(x, T). If for almost all n € R, there exists a function
JX(n), analytic in A on C, such that J(n) = Jx(n) for A > 0,

then J}(n) is defined to be the conditional analytic Wiener integral
of F(z(x,-)) given z(x,T) with parameter A and for A € C, we write

(4.3) Ji(n) = EZ"F(2(x, ) |2(2, T) = n).

If, for fixed real g # 0, limy_._;, J5(n) exists for almost all n € R, we
denote the value of this limit by

(4.4) B [F(2(x,)|2(2, T) =1

and call it the (generalized) conditional analytic Feynman integral of
F given X with parameter q.
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Remark 4.1. In [24], Park and Skoug give a formula for expressing
conditional Wiener integrals in terms of ordinary Wiener integrals;
namely, that for A > 0,

E[F(AY22(z, )N 22(2, T) = 1]

= E, [F <A1/2Z(x, ) - Alﬂj(%z(x,T) 4 et) n)]

(4.5)

Thus we have that

EFE (2 (2, )22, T) = )

(4.6) e (90 al)
= [F<(’) a<T>(’T)+a<T>”>]
and
B[P (2(2, ))]e(a,T) = 1
(4.7)

= () 2oy 200

where in (4.6) and (4.7) the existence of either side implies the existence
of the other side and its equality.

Next we define the GCFFT. For A\ € C; and y € Cy[0,T], let
T\ (F|X)(y,n) denote the conditional analytic Wiener integral of F'(y+
z(z,-)) given X (z) = z(z,T), that is to say,

TA(FIX)(y,n) = EZ" [F(y + 2(,-))|2(2,T) = n]

(4.8) B [F <y +2(z,) — ;‘(%z(x, T) + %nﬂ .

For 1 < p < 2 we define the L, analytic GCFFT, Tq(p)(F|X)(y,77) by
the formula

(4.9) T3P (F|X)(y,n) = Lim——ig T2 (F|X)(y, n)
if it exists, and we define the L; analytic GCFFT of F by the formula

(4.10) TEO(FIX) (g m) = lim, T(FLX) (y, )
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if it exists.

Remark 4.2. Using Remark 4.1 above, it follows that for all function-

als F in the classes S and B, the GCFFT Tq(p)(F|X) exists and is
given by the formula

TP (F|X)(y,n)

(4.11) _ ooty [F <y + 2(z,-) — ;(f) 2(x,T) + a(’) 77)}

for all p € [1,2] and all real ¢ # 0.

In our first theorem we obtain a very general translation theorem that
gives an interesting relationship between the conditional transforms
TP (F|X) and TP (F*|X).

Theorem 4.1. Let p € [1,2] be given, and let F : Cy[0,T] — C be
such that the GCFFT, Tq(p) (F|X) of F exists for all real ¢ # 0. Let
X(x) be given by (4.1). Let xo be given by (3.1) and z(z,t) by (1.3)
with h € Loo[0,T), B/h € L3[0,T)] and B/h* € L3[0,T]. Then for all
real ¢ # 0,

T (F|X)(y + 0, n)

o oful ) S22

TP (F(X) (y,m + @o(T))

where F* is given by equation (3.3).

Proof. Again we will give the proof for the case p € (1,2]; the case
p = 1 is similar, but somewhat easier. For A > 0 and n; € R, using
(3.3) and (4.5) we see that

I'=T\(F*[X)(y,m)
= E[F*(y+ 2222, )N 2(2, T) = )
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_ 1/2 ) 1/2 a
Ex[F (y—i—)\ z(x, ) — A~ z(w,T)aT

e i)~ iy}

Ex{eXp{ ig\” 1/2<  2(x ,~)>+iq)\1/2x0(T)Z(x’T)}

a(T)
/200 ) — N2, ﬂ a(-)
P+ 320000 - s S S |

Using the translation theorem in the form

luo|?

p1p(@)] = exp {~ P8 L EIF (o + ) expl- (0]

with wug(t) = M/2 fot B(s)/h(s)ds and xo(t) = f(f B(s)ds =
A1/2 fot h(s) dug(s), we obtain that

- /B . xo(T) A
=exXpy— g ﬁ’y — g a(T) 3%

- iqA—1/2<£, Z(uo, ~)> + iqA‘l/on(T)Z(uO’T)}

2

p

h2

B, |:exp {— iq)\l/2<%7 z(z, )>

- iqu/on(T)% - A1/2<%x>}

. F(y +x0+ A"V 222, ) = ATV 22(2, T) al)

— A" V22(uo, T) a
a

Next observing that (3/h? z(z,:)) = (B/h,z), (B/h? 2(ug,)) =
MY218/h]|?, 2(ug, T) = A\/224(T), and then setting 7, = n+xo(T), we
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obtain that

I=T\(F*|X)(y;n + xo(T))

ool )l

(4.13)

|
B, [exp {_ A—1/2(Z~q+A)<%x> +igh™Y224(T) o(T) }

Q) )
F<y+ 0o+ A (@,) = A ( ’T)a(T)—Fna(T))}

Since Tq(p) (F|X) exists for each ¢ € R with ¢ # 0, we know that
T;\p)(F|X) exists for each A € C;. Thus

z =12 00 ) — \"Y2,(p a(’) a(-)
&{F(w o+ AT z(x, ) — A (’T>a(T)+”a(T))

exists. Using Holder’s inequality, we see that

(e {3704 90( L)} 1) e i 25
)

et g )|
(s
(=]
a() . a() )

P {_ AT (ig + )\)<§x>} . P’Dl/p’
'F(y+x0+)\—1/zz(x7 ) - A_l/Qz(x,T)m Ta(1)

exp {iqA‘l/on(T)%}

)

Note that z(z,T) and z(z,-) — z(x,T)a(-)/a(T) are independent pro-
cesses. Hence

Ez[ exp {iq)\_l/2x0(T) o)

: F(y + o+ A 2(z, ) - Y”%("”’T)W " "a(f))
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]
B, [ ‘F(y Fag+ AT (e, )~ A 2a(a, 1) S 20 )

- Ez[ oxp {iqxl/%O(T)%} p]

B [|F(y+ 2o+ )\_1/2z(x, NP )\_1/22(:10, T) =n).

_Ez[

exp {iq)\_l/ 220(T) Zi‘ET? }

Furthermore each factor in the last expression above has a limit as
A — —iq in C,. Therefore, the last expression is bounded in a deleted
neighborhood of —ig intersected with C . Since E,[|exp{—AY2(iq +
A {(B/h,z)} —1|P'] = 0 as A — —iq in C,, we conclude that

E, {exp {— A2 (g + )\)<%x> + iqAI/QxO(T)%}
and
{2

have the same transform as A — —iq in C,. Using the independence
between z(z,T) and z(x,-) — z(x, T)a(-)/a(T) again, we see that

E, [exp {iq)\_l/QxO(T)%}

F(y +xo + AV 22(x, ) = AV 22(2, T) ;((T)) +1n a(; )]

(4.14)
—E, |:exp {iqu/sz(T) #z,T) H

- E, [F <y a0+ A2z, - Al/zz(x,T)% 20 ﬂ
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e { - qzjjg)) }TA<FX><y+a:o,n>.

Thus, using (4.14) and letting A — —ig in (4.13), we obtain (4.12)
which concludes the proof of Theorem 4.1. O

Next we observe that formula (4.12) holds for all functionals in the
classes S and B,

Corollary 4.1. Let F € S be given by (3.5) and X (x) by (4.1). Let
xo, z, h and 3 be as in Theorem 4.1. Then for all p € [1,2] and all real

q#0,
TP (F|X)(y + 20, n)

N /B iq|| B|*  iguo(T) zo(T)
NeXp{’q<h2’y 2R T e " 2
ST (F|X) (y,m + @o(T))

where F* is given by equation (3.3).

Proof. This corollary follows from Theorem 4.1 since, by Remark 4.2
above, T\ (F|X) exists for all p € [1,2] and all real g # 0. o

Remark 4.3. For F' € S given by (3.5), direct calculations show that
TP (FIX)(y + w0, )

~ /L2[O’T]exp {i(u, y+0) +ibn _2% /OT[u(s)—b]2h2(s) ds} df (u),

and that
TP (F*|X)(y,m)

T

. / exp {— ibxo(T) + iu, y + xo)
L2[07T]

ﬂQ
fl -+

iqrd(T)
n

T

by — ;_q [ lut) — 22(s) ds} df (u)
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where
1

= — Tus (s 5*(%
b_a(T)/o (@)h*(s) ds =~y

Corollary 4.2. Let X(x), o, 2z, h and 3 be as in Theorem 4.1. Let
pe[L2], let Fe BP be given by (3.9), let F* be given by (3.3). Then
for all real g # 0, Tq(p) (F|X) and Tq(p)(F*\X) exist and are related by
formula (4.15).

Proof. This corollary also follows immediately from Theorem 4.1
since by Remark 4.2 above, T (F|X) exists for all p € [1,2] and all
real g # 0. o
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