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HANKEL TRANSFORMATION AND
HANKEL CONVOLUTION OF
TEMPERED BEURLING DISTRIBUTIONS

M. BELHADJ AND J.J. BETANCOR

ABSTRACT. In this paper we complete the distributional
theory of Hankel transformation developed in [5] and [18].
New Fréchet function spaces H,(w) are introduced. The
functions in H,(w) have a growth in infinity restricted by
the Beurling type function w. We study on H,(w) and its
dual the Hankel transformation and the Hankel convolution.

1. Introduction. The Hankel integral transformation is usually
defined by

b)) = [ " (@) @) dy, @€ (0,00),

where J,, represents the Bessel function of the first kind and order p.
We will assume throughout this paper that u > —1/2. Note that if ¢
is a Lebesgue measurable function on (0, c0) and

| iot)do < o,
0

then, since the function z7#J,(2) is bounded on (0,00), the Hankel
transform h,(¢) is a bounded function on (0, 00). Moreover, h,(¢) is
continuous on (0, c0) and, according to the Riemann-Lebesgue theorem
for Hankel transforms ([17]), lim, .o hyu(9)(z) = 0.

The study of the Hankel transformation in distribution spaces was
started by Zemanian ([18], [19]). In [18] the Hankel transform of
distribution of slow growth was defined. More recently, Betancor and
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Rodrfguez—Mesa [5] have investigated the h, transform of generalized
functions with exponential growth. Our objective in this paper that
is motivated by the studies of Bjorck [8] is to define the Hankel
transformation on new distribution spaces that are, in a certain sense,
between the spaces considered in [5] and [18]. Thus we complete the
investigations in [5] and [18].

Zemanian (18] introduced the space H,, that consists of all those
complex valued and smooth functions ¢ defined on (0,00) such that,
for every m,n € N,

W@ = s (142" (2D) (@ 2p(2))| < oo.
z€(0,00) z

On 'H,, he considers the topology generated by the family {75, ,, }n nen
of semi-norms. Then H, is a Fréchet space and the Hankel transfor-
mation H,, defined by

H(0)) = | " @) P en)dly) dy, @ € (0,00),

is an automorphism of H,, ([18, Lemma 8]). Note that the two forms
h, and H, of Hankel transforms are related through

H,(9)(x) = 2" 2R, (y =1 29)(z), € (0,00).
The Hankel transformation H,, is defined on the dual H;, of H, by
transposition.

Altenburg [1] developed for the h,, transformation a theory similar to
that of Zemanian. Note that the space H_; /o coincides with the space
'H considered in [1].

In [5] the space X,, constituted by all the complex valued and smooth
functions ¢ defined on (0, co) satisfying that

Mn(®) = sup €™
z€(0,00)

(30)" @ 2p(a))| < o,

for each m,n € N is considered. In [5, Theorem 2.1] a characterization
of the image by H, of the space X, as a certain space of entire
functions with a restricted growth on horizontal strips is given. The
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Hankel transform H,, is defined on the corresponding dual spaces by
transposition.

In this paper we analyze the behavior of Hankel transformations and
Hankel convolutions in the intermediate, in a suitable sense, spaces
between the spaces H,, of functions with growth at infinity restricted by
polynomials in  and the spaces X, of functions with growth at infinity
restricted by polynomials in e*. We introduce here the space H,(w)
constituted by functions whose growth is restricted by €™, n € N,
where w is a function that we will define precisely later.

Hirschman [13], Haimo [12] and Cholewinski [9] investigated the
Hankel convolution operation.

The convolution associated with the h,, transformation is defined as
follows. The Hankel convolution f#,g of order u of the measurable
functions f and g is given through

2p,+1

(u+1)d

b

(f#u9)(@ / @) (um29)(y )Q,JF

where the Hankel translation operator , 7,9, € (0,00), of g is defined

by _ e
(ung)(?/)Z/o Q(Z)Du(%y,z)m dz,

provided that the above integrals exist. Here D, is the following
function

Duley2) = TG+ 1) | " @), () (1) Tyt (1)

ST () at xy, 2 € (0,00).

Moreover, we define ,70g = g.

The study of the #,,-convolution on L,-spaces was developed in [12]
and [13].

If we denote by Li, the space of complex valued and measurable
functions f on (0,00) such that fooo |f(x)|z? T do < oo, the following
interchange formula

hu(f#u9) = hu(f)hu(9),
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holds for every f,g € L1 ,.

A straightforward manipulation in #, allows to define a convolution
operator for the transformation H,,.

The investigation of the distributional Hankel convolution was started
by de Sousa-Pinto [15] who considered only i = 0. Betancor and
Marrero ([3], [4] and [14]) studied the Hankel convolution on the
Zemanian spaces. In [5], Betancor and Rodrfguez—Mesa analyzed the
# 4-convolution of distributions with exponential growth.

In the sequel, since we think any confusion is possible, to simplify we
will write #, 75, © € [0,00) and D instead of #,, .7z, € [0,00) and
D,,, respectively.

As in [8] we consider continuous, increasing and nonnegative func-
tions w defined on [0, 00) such that w(0) = 0, w(1) > 0, and it satisfies
the following three properties

(a) w(z +y) <w(x) +w(y), 2,y € [0,00),
(B) floo(w(m)/xQ) dr < oo, and

() there exist a« € R and b > 0 such that w(xz) > a + blog(l + z),
x € [0, 00).

We say w € M when w satisfies the above conditions. Note that if w
is extended to R as an even function, then w satisfies the subadditivity
property in («) for every z,y € R.

Beurling [7] developed a general theory of distributions that extends
the Schwartz theory. Some aspects of that theory were presented and
completed by Bjorck [8]. Inspired by the works of Beurling [7] and
Bjorck [8], we started in [2] the study of Beurling distributions for
Hankel transforms. We now collect some definitions and properties
presented in [2] and that will be useful in the sequel.

Let w € M. For every a > 0 the space Bj,(w) is constituted by
all those complex-valued and smooth functions ¢ on (0, c0) such that
¢(x) =0,z >a, ¢ and h,(¢) € Ly, and that

on() = /OOO |hu(6) (2) e @ 221+ do < oo,

for every n € N. Bjj(w) is a Fréchet space when we consider on it
the topology generated by the system {§#},en of semi-norms. It is
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clear that B¢ (w) is continuously contained in B},(w) when 0 < a < b.
The union space B, (w) = Ua»oBj(w) is endowed with the inductive
topology.

For every z € (0,00), the Hankel translation 7, defines a continuous
linear mapping from B, (w) into itself ([2, Proposition 2.13]). Then we
can define the Hankel convolution T#¢ of T' € B,,(w)’, the dual space
of B,(w) and ¢ € B, (w) by

(T#o)(x) = (T, 70), € 0,00).

By &.(w) we denote the space of pointwise multipliers of B, (w).
&, (w) is endowed with the topology induced by the topology of point-
wise convergence of the space £(B,(w)) of continuous linear mapping
from B, (w) into itself. The space &£,(w)" dual of &,(w) is character-
ized as the subspace of B, (w)" defining Hankel convolution operators
on B, (w) ([2, Proposition 3.9]).

This paper is organized as follows. In Section 2 we introduce the
space H,(w) of functions and we study its main properties. The dual
space H,(w)" of H,(w) is considered in Section 3. Also we analyze the
Hankel transformation and the Hankel convolution on H,(w)".

Throughout this paper we always denote by C' a suitable positive
constant that can change from one line to another one.

2. The space H,(w). In the sequel w is a function in M. We now
introduce the function spaces H,(w). A function ¢ € Ly , is in H,,(w)
when ¢ and h,(¢) are smooth functions and, for every m,n € N,

1 n
_ mw(z)
mn(@) = sup e -D ¢m‘<oo,
()= sw_ (=p) s(@)
and

1 n

hn(0) = sup e |(=D) hy(6)()] < ox.

z€(0,00) €T

On H,(w) we consider the topology generated by the family {c, ,,
#L,n}m,neN of semi-norms.

In the following we establish some properties of H,(w) that can be
proved by invoking well-known properties of the Hankel transformation
h, and the conditions imposed on the function w.
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Proposition 2.1. (i) The space H,(w) is a Fréchet space and it
is continuously contained in H_y /5. Moreover, if w(zx) = log(1 + x),
z € [0,00), then H,(w) = H_q,2, where the equality is algebraical and
topological.

(ii) The Hankel transformation h,, is an automorphism of H,(w).

(iii) The Bessel operator A, = x= 2~ Dz 1D defines a continuous
linear mapping from H,,(w) into itself.
iv) If P is a polynomial, then the mapping ¢ — P(x2)¢ is linear and
Y g
continuous from H,,(w) into itself.

We now introduce a new family of semi-norms on 7,(w) that is
equivalent to {aum n, B4, n}mnen and that will be very useful in the
sequel.

Proposition 2.2. For every m,n € N, we define

Al n(@) = sup )emw(w)IA%(ff)\, ¢ € Hyu(w),
xe (0,00

and

B n(¢) = sup )e’”“"’”)lﬁﬁhu(cb)(w)la ¢ € Hyu(w),
x€ (0,00

where A, represents the Bessel operator x=2*~1Dx?**1D. The family
{AL, o Bl YmnenN of semi-norms generates the topology of H,(w).

m,n?

Proof. Proposition 2.1 (ii) and (iii) imply that the topology defined
on H,(w) by {@m ;B ,}mneN is stronger than the one induced on
it by {AHm,nv B#@,n}m,nEN~

We now are going to see that { A%, ., Bh, . }m nen generates on H,, (w)

a topology finer than the one defined on it by {cm, n, ﬁ#@,n}m,neN-
For every k € N and ¢ € H,,(w), we have that

1 k T Ty
(oY r=n [

(2.1) : --/0 .Z‘%H+1AE¢(1‘1) dzy...dz,, =€ (0,00),
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and

(o) wn=carees o [

(2.2) : / e AR G(21) day . da, @ € (0,00).

2

To prove (2.1) and (2.2), we must proceed inductively. We are going
to show (2.1). To see (2.2), we can argue in a similar way.

Formula (2.1) holds when & = 1. Indeed, according to Proposition
2.1 (i) and by [1, Lemma 8 b)], it has, for every ¢ € H,(w)

(2.3) i ((50)9) = (o).

Moreover, by partial integration and by [20 (7), Chapter 5], since the
function z/2.J,(2) is bounded on (0, 00), it has, for every y € (0, 00)
and ¢ € H,(w),

@) e (a7 [ a8 0t o) o)

o d T
== [ @) ) [ oAbl dordo

= 972h;4(Au¢)(y)
= —hu(0)(y)-

From (2.3) and (2.4) we deduce that (2.1) is true for every ¢ € H,(w)
when k£ = 1.

We now suppose that I € N and that, for every ¢ € H,(w), we have

23) (30) ota)=a 2 [T [Ty

T2
/ x?““ALMml)dm ...dzy, x € (0,00).
0

We have to see that (2.5) holds when [ is replaced by I + 1 for every
¢ € Hu(w). Let ¢ € H,(w). According to [1, Lemma 8], we can write

+1
(20) 6= (-1 i (o).

T
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On the other hand, it is easy to see that from the induction hypothesis
(2.5) it deduces that, since A,¢ € H,(w), Proposition 2.1,

(2.6)
x Ti41 2
L —2m—20+1) /O Ti1 /0 - ./O x?““AL‘HqS(xl) dzy...driq

= A ((20) 8,0) (@), 2 € (0.0)

where A, denotes the operator defined by

(A)(a) =2~ [ty dt, € (0,00),
0
for every ¢ € H,(w).
Moreover, from (2.3), it follows that

1

(2.7) (iD)lA#qS - Aqul(ED)lgé.

On the other hand, by partial integration and by [1, Lemma 8 b)],
we obtain that, for every ¢ € H_y s,

h#+z+1(Au+ZAu+l¢)(y)
= —y 2 /OO i((:sy)_”‘lJ 1(zy)) /x RTAELA (t) dt da
o dz o 0 a
= —hu(®)(y), y € (0,00).
Hence,

1
(2.8) A1y = (;D)ﬂ% Y eH 1.

From (2.6), (2.7) and (2.8), according to Proposition 2.1 (i), it implies
that

1 NI+ T Ti41
(—D) P(x) = $_2M_2(l+1)/ $l+1/ T
T 0 0

T2
/ x%"HALHQS(xl) dxy...dziy1, z € (0,00).
0
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Thus (2.1) is proved.
Now let m,n € N. Assume that ¢ € H,(w). From (2.1) it follows

that
1 n
mw(x) (—D) ‘
e[ (1)" g (x)
x T 2
<C sup |AZ¢(2)|:U_2”_2"/ :vn/ :vn,1~-/ x?““ dry...dz,
z€(0,00) 0 0 0
<C swp |ALG()], @ e (0,1).
2€(0,00)

Also, by using (2.2), since w is increasing and it satisfies the (7)-
property, we obtain for [ € N large enough,

1 n o0 o0
(50) vta)| <z [ [
T T Ty

: / x?“+1emw(ml)|AZ¢(:ﬂ1)\ dxy...dz,

2

emw(w)

<C sup e(m+l)w(z)|Aqu(z)|, x> 1.
z€(0,00)

Hence, it concludes that, for a certain [ € N,
Oém_’n(qﬁ) S CA;;L—&-ZJL(Qé)'

According to Proposition 2.1 (ii) h,(¢) is also in H,(w) and then the
following inequality also holds

nn(0) < OBy (0)-

Thus we prove that the topology generated by {Af, ., B, ,}mneN
on ‘H,(w) is finer than the one induced on it by {am n, Bk, ,}mneN

and the proof is completed. u]

Through the proof of Proposition 2.2 we also show the following
characterizations of the space H,,(w).

Proposition 2.3. A function ¢ € H,(w) if and only if p € H_1 2
and ¢ satisfies one of the three following conditions:
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(i) For every m,n € N, Al (¢) < oo and Bf, ,(¢) < oo,

(ii) For every m,n € N, Al (¢) < oo and B, ,,(¢) < o0
(iii) For every m,n € N, ap n(¢) < 00 and BY, ,(¢) < oo
Moreover, the families of semi-norms {Af, ., BY, \}mnen, {Af, .

Bl YmmneN and {m n, Bl }mnen generates the topology of H,(w).
[}

We now analyze the behavior of Hankel translation operator on

H(w).

Proposition 2.4. (i) Let € (0,00). The Hankel translation
operator T, defines a continuous linear mapping from H,,(w) into itself.

(ii) Let ¢ € H,(w). The (nonlinear) mapping Fy defined by Fy(x) =
70, x € [0,00), is continuous from [0,00) into H,(w).

Proof. (i) Let ¢ € H,(w) and m,n € N. Since A,7,¢ = 7,A,¢
([14, Proposition 2.1]) and since w is increasing and it satisfies the
(a)-property, we can write

e WAL (ro0) (y)]
< e W, (1AL (y)

(w()—w(z—yl) [ (2., 2)e™ | ARG 2t
< M) —wliz—y / D(z,y,2)e™ " |ALd(2)| 55 d2
= B T (it 1)
|z—yl
() ) Z2H
< emw@) gup emw(z An¢ / D l‘ Y,z dz,
2€(0,00) | ) 2“F(u+1)

for each y € (0, 00).
Hence, by [13, (2)], it concludes

(2.9) Al n(T00) < ™D AL L(9).

On the other hand, by [3, (3.1)] and [20 (7), Chapter 5], since the
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function z7#J,(z) is bounded on (0, c0), it follows

0| (2D) b))
= 0| (D) (T 1)) T (0) )
<oy e o|(Lo) ). ye .00,
Then h
(2.10) B (126) < O+ 22 3 5 (0)

Jj=0

From (2.9) and (2.10) we deduce that 7, is continuous from H,,(w)
into itself.

(ii) Let ¢ € H,(w). Assume that ¢ € (0,00) and m,n € N. We can
write for every x € [(z¢/2), (3x0/2)] and y > 2z,

DAL (1,6) — (720 ) (1))

< elm D) w30/ -00) gy (D) | Ang(2)
2€(0,00)

/y+(3xo/2) S2u+1
- |D(z,y,2) — D(20,y,2)| =—=—— dz
y—(370/2) 20T (p+1)

S 2e(m+1)w(3m0/2)—w(y) sup e(m+1)w(z)|An¢(z)|
2€(0,00) K

Hence, if ¢ > 0, then there exists y; > 2z such that, for every
x € [(x0/2), (3x¢/2)] and y > y1,

e WAL (120) — (Twe9)) ()] < &
On the other hand, since w is increasing on [0, 00), it has

sup " W|AT((120) — (72,0)) (1)

y€(0,y1)
<) sup AR ((1,6) — (T200)) (¥)].
y€(0,y1)
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Therefore, according to [14, p. 359], since A, is a continuous operator
from H_, /o into itself, we deduce that if € > 0, then

sup €™ W|A" ((126) — (72,0)) (y)] <&,
y€(0,y1)

provided that z € (0,00) and |z — x| < d, for some § > 0.
Thus we conclude that, for every € > 0, there exists § > 0 for which

AL (Ted — T2y ®) < &,

when z € (0,00) and |z — zo| < 4.

Moreover, the Leibniz rule and again [3, (3.1)] and [20 (7), Chapter
5] lead to

(G20) (a6 = 72,0

=20y () () e

J
(@ (wy) T T (wy) — g (20y) T Ty (20y)),

x,y € (0,00).

Hence, the boundedness of the function z=#.J,,(z), z € (0, 00), implies
that if € > 0,

(22" <hu(w—rwo¢><y>>\

n
Ce—v®) Z 2j +x m+1 - J(¢)
7=0
<eg,
for each z € (0,2x¢) and y > y;, where y; is a large enough positive

number.

On the other hand, since the function f;(z,y) = z% (xy) ~*~9J,4;(zy),
x,y € [0,00), is continuous (and hence uniformly continuous in each
compact subset of [0,00) x [0,00)), for every j € N, if £ > 0 we can
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find 6§ > 0 such that |f;(z,y) — f;(z0,y)| < ¢, for every y € [0, y1],
z €1]0,00), |t —x0o| <dand j=0,...,n. Then

mw(y) li n B n )
yes(légl)e Y ‘(y dy) (hM(Tx(b Two¢)(y))‘ < C&;aﬁnﬁjgﬁ)’

for every x € (0,00) and |z — z¢| < 4.

Thus, it is concluded that, for every € >0, there exists § >0 such that

aﬁl7n(7-x¢ - T%()(ZS) < 6)

provided that z € (0,00) and |z — zo| < 6.
Hence Fjy is a continuous function on xg.

To see that Fy is continuous in x = 0, we can proceed in a similar
way. i

Next we study the pointwise multiplication and the Hankel convolu-
tion on H,,(w).

Proposition 2.5. The bilinear mappings defined by
(9, 9) — o9

and

(¢, ¢) — o#tY

are continuous from H,(w) x H,(w) into H,(w).

Proof. By virtue of the interchange formula [14, Theorem 2.d]
hu(éﬁ#?/’) = h#((vb)h#(’l/})a QM/’ € H,u(w)a

the continuity of the pointwise multiplication mapping is equivalent to
the one of the Hankel convolution mapping.

Let m,n € N. Assume that ¢,v € H,(w). We can write, from the
Leibniz rule, that

am,n(¢w) S C Z Om,n—j (¢)a0,j (1/1)

Jj=0
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On the other hand, since A, (¢#1) = (A, ¢)# [14, Proposition 2.2]
and since w is increasing on [0, 00) and it satisfies the (a)-property, it
has

@) AL R ($0) ()]
— ™| (Al (8))#h, (8)) (@)
< emw(as)/o |Az(hu¢)(y)|6*mw(|$*y\)

oty - S2p+1 y2u+1
. D .y, 2 h w 2)|emw(z dz dy
/| (9. 2) b (V)™ e =y 42 gap 1y

z—y|

o] Tty
< [ 18zt e /x_ylmx,y,z)mu(w)(z)emw(z)

ZQlLJrl 2pu+1

y
- d
2T (n+1) " 2T (i + 1)

dy, € (0,00).

Hence, since w verifies the ()-property and by taking into account
[13], we can conclude

Bﬁz,n(@ﬁ) S CBZ’L-{-l,n(qs)Bfn,O(w)’

for some [ € N.

By virtue of Proposition 2.3, we have proved that the pointwise
multiplication defines a continuous mapping from M, (w) x H,(w) into
H(w).

Thus the proof of this proposition is complete. i

Remark 1. The last proposition shows that each function in H,,(w)
defines a multiplier in H,,(w). Also, in the proof of Proposition 2.4, it
was established that for every « € (0, 00) the function f, defined by

fo(y) = (zy) " Ju(zy), y € (0,00),
is a multiplier of H,(w). It is an open problem to give a complete
description of the space of multipliers of H, (w).

In [2] we introduced the space B, (w) (see Section 1 for definitions).
B,,(w) can be considered a Beurling type function space for the Hankel
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h,, transformation. In the following we establish that 5, (w) is a dense
subset of H,,(w).

Proposition 2.6. The space B,(w) is continuously contained in
H,(w). Moreover, B, (w) is a dense subspace of H,,(w).

Proof. Let ¢ € Bj,(w), where a > 0. Since ¢ and h,(¢) € L1,
according to [13, Corollary 2], it has

o(z) = / " (@) T (o) (6) ()P dy, @ € (0,00).

Hence, by invoking [20 (7), Chapter 5], since z7#J,,(2) is a bounded
function on (0, 00) and w satisfies the ()-property for every m,n € N,
we can find [ € N for which
(2.11)

mn(¢) < C sup emw(I)/ v R (0) (y)| dy < C67'(9).
z€(0,a) 0

Here C is a positive constant that is not dependent on ¢.

By virtue of the Paley-Wiener type theorem for the Hankel transform
on Bjj(w) ([2, Proposition 2.6]), h,(¢) is an even entire function and,
for every m € N, there exists C,,, > 0 for which

(2.12) 7 (9)(x + iy)| < Cpe ™ HEEDIL gy € R.

According to the well-known Cauchy integral formula, we can write

(2.13) d—lh (¢)(ac)—L/ (h“(ﬂdz, leNand z €R,
c

dzt " C2mi Je, (2 — )it
where C, represents the circled path having by parametric representa-
tion z = x + ¢, 6 € [0,27).
Let m,n € N. From (2.12) and (2.13), it follows, since w satisfies the
(a)-property, that
dn
dz"

27
hﬂ((b)(.’[:)‘ SC/ e—mw(ac-‘:—cos6?)-',-((1-l,-1)|sing|daS Ce_mw(gc)7
0

x> 1.
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Hence it follows

1 d " —mw(x
(G 5) M@ < oo, a2

Moreover, by using again the above-mentioned properties of the
Bessel functions, we have

(G2) M| <c /an2"+2~+l¢<y>| dy < Cano(9), z€(0.1).

z dx
Thus we conclude that 3y, ,,(¢) < oc.

We have proved that Bf(w) is contained in H,(w).

To see that B, (w) is continuously contained in H,(w) we will use the
closed graph theorem. Assume that {¢,},en is a sequence in Bjj(w)
such that ¢, — ¢ as v — oo, in Bj(w) and ¢, — ¥ as v — oo in
Hyu(w). It is clear that ¢, (x) — ¥(x) as v — oo for every = € (0, 00).
Moreover, from (2.11) we deduce that ¢, (z) — ¢(z) as v — oo for each
z € (0,00). Hence ¢ = 1. Thus we show that Bj(w) is continuously
contained in H,, (w) for every a > 0. Then the inclusion B, (w) C H,(w)
is continuous.

We now see that B, (w) is a dense subset of H,(w). According to
[2, Proposition 2.18] we choose ¢ € B (w) such that 0 < ¢ < 1 and
P(x) =1, x € (0,1). Assume that ¢ € H,(w). We define for every
1 e N\ {0}, ¥i(x) =¢(z/l), z € (0,00) and ¢; = ;.

Let m,n € N. The Leibniz rule leads to, for every | € N\ {0},

emw(x)

(20" (4u(w) ~ ()| < 81 )+ S7(a), w € (0,00),

where
s =52l (L)) ) vt
and




HANKEL TRANSFORMATION AND CONVOLUTION 1187

Standard arguments allow us now to conclude that
am,n(¢l - ¢) — 0, as | — oo.

On the other hand, by [13, Theorem 2d], since ¢;(0) =1, [ € N\ {0},

we can write
ALh,(d1 — 6)(z)
= (hu(L)#ALh(9)) (@) — Aphu(d)(2)

= /0 ) P () (9) (72 (AP (9)) (y) — Afthu(9) ()

for each z € (0,00) and [ € N\ {0}.

Fix [ € N\ {0}. To simplify we denote by ® = ARh,(¢). It is not
hard to see that h,(v;)(y) = 2#FY1h, (1) (yl), y € (0,00). Then

A1 - 8)(0)
= [ o) (m@)(L) - 20) e e (0.0)

2p+1

—
21T (ut1) Y

We now consider a € (0, 1) that will be specified later. We divide the
last integral into two parts.

According to [13, (2)], since w is an increasing function on [0, c0), we
have that

o) z+y/l
Joow [, P )

- (@(2) —®(2))

Z2;¢+1 2u+1
dz Yy
24T (p+1) 20D (p+1)

dy

<C sup [O(2)] 7y () () [y dy
z€(0,00) 1o

<o f etmrnum et g,
T+l

sup |B(2)| sup |k ()(2)[e )
2€(0,00) z€(0,00)

< Oefmw(m) /OO efkrw(y)yQpHrl dy
la

sup [B(2)| sup |hy()(2)]e I
2€(0,00) z€(0,00)
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for every z € (0,00) and k € N.

Hence, since w satisfies the ()-property, by choosing k € N large
enough it follows that

e [ ) [ " (Y2 @) - a(a)

+ix z—y/l|

sup
z€(0,00)

zQu—i—l y2;1,+1
. dz dy
20T (p+1) 24T (p+1)

SC | MWty sup [@(2)] sup [hy(y)(z)letm S
le z€(0,00) z€(0,00)

— 0, asl— oo.

On the other hand, by again using [13, (2)], one obtains, for every
x € (0,00),

G /;Hahu(w)(y) /:_ery//zl D(r.3.2)(®(2) - 2(@)

ZZ,qul 2pn+1

: dz —2
26T (p+1)  2¢T(u+1)
<C sup [hu(9)(2)]e™ (@ +12)*F2  sup |@(2)~@(z))-

2€(0,00) |y /l|<z<zty/l
O<y<z+1*

dy

Moreover, we have that, for each n € (0,2 +1%) and z € (0, 0),

o(z+ 7 - o) < /HW” ’i(l)(t)’dt

" dt
<jrry s |(5e)(a+3)]
Also, we can write
‘@(m—k?) —<I>(x)‘ < %(w—klo‘) sup (%(I)) (a?—l—%) ,

—zr—lo<{La+1>

for each z € (0,00) and n € (—z —1%,0).
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If it is necessary above we consider the even and smooth extension of
® to R. Hence, it has

1> z+y/l
mw(z) g —
e [ mw) [ D(nf2) @) - o)
22;1,-1-1 y2u+1

: d
2T+ 1) 2T (u+ 1)
1
<C sup |h(e)(2)]em DS (@ + 1)
sup

z€(0,00)
e - DICH]

o — 1
<C s(up | |hu(,¢))(2)|emw(m)fkw(ac7(m/l)fl 1)7(1‘ + la)2,u+4
z€(0,00

dy

1d
sup ‘——(I)(Z) ‘ek“’(z),

provided that = > 2, k,] € N and [ > 2. Note that if z,] > 2,
x> (1*/(l—1)). Then

41 z+y/l
‘emw(z)/ hu(w)(y)/ D(x,%,Z)(‘I)(Z) — ®(2))
0 lz—y/1|

2201 y2htl

. d
2T(u+ 1) 2T (u+ 1)
< Cla(2u+4)—l(x + 1)2u+4emw(w)—k’w[x—(;n/l)_lﬁfl]’

dy

when z > 2, [,k € N and [ > 2.

Since w is increasing on [0,00) and w verifies the («)-property, we
have that

1
w(x— % —lo‘_l) > §w(x) —w(l), x>2, l,keNandl>2.
hence, by choosing k large enough, since w satisfies the (v)-property, it
follows

o [ i [ (L) @) - e)

z—y/l|
22;1,-1-1 y2u+1

: d
2T (u+ 1) 2T+ 1)
<CeCrt-1 p>9 | keNandl>2.

dy
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Assume now that 0 < o < 1/(2¢+4). Then we conclude that

z—y/l|

sup
r>2

Z2;1,+1 y2u+1

: d
2T (u+1) 7 2T (u+ 1)

dy| — 0,

as | — oo.

By proceeding in a similar way we obtain that

sup ‘em“’(w) /Ow-%l‘l h,(¥)(y) /lmﬂ//l D(x, %, z) (®(z) — ®(x))

0<z<2 z—y/l|

Z2u+1 2pu+1

y
Tt 1) T 1)

1 1
<C sup |h,(¢)(2)]5(24+1%)*F sup ‘——tb(z)‘ — 0, asl—o0,
z€(0,00) l 2€(0,00)! # A%

dy

provided that 0 < o < 1/(2" 4 4).
Thus, we deduce that

B, (61— ¢) — 0, asl— oo.

By taking into account Proposition 2.3, the proof is now complete.
O

Remark 2. According to [2, Corollary 2.8], the (5)-property (for w)
is essential to establish the nontriviality of the space B,(w). However
the space H,(w) is nontrivial although w does not verify (). Indeed,
the function ¢(z) = e=*/2, x € [0,00), is in Hu(w) (see [10, (10)])
provided that w(x) < Cx!, when x is large for some [ < 2.

Next we establish a result concerning approximated identity in H, (w)
involving Hankel convolution. This property, whose proof will be omit-
ted, can be proved following a procedure similar to the one employed
to prove [3, Proposition 3.5] and [6, Proposition 2.3].

Proposition 2.7. Assume that 1 € B,(w) and that [~ ¢ (z)z* ! dx
= 2T (u+1). Then, for every ¢ € H,(w), ¢#dm — ¢, as m — 00, in
H,(w) where, for each m € N, 1, (x) = m*T2h(mz), z € (0, 00).
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3. Hankel transformation and Hankel convolution on the
space H,(w)" dual of H,(w). In this section we study the Hankel
transformation and the Hankel convolution on H,(w)’, the dual space
of H,(w). Our results can be seen as an extension of the ones presented
in [5] and [14].

Suppose that f is a measurable function on (0, co) such that, for some
ke N,

o0
/ e k@) f(2)|x2+ do < oo,
0

then f defines an element Ty € H,(w)’ by

2p,+1
(T, 6) = / H@)6(@) gt o 0 € M)

Indeed, for every ¢ € H,(w), it has

(T 8) < C / k0@ )| f(2) 2281 dzag 0 (6).
0

In particular the space H,(w) can be identified with a subspace of
Hu(w)/-

On the other hand, if ¢ € H,(w) then ¢ € &,(w), the space of
pointwise multipliers of B, (w). Indeed, let ¢ € H,(w). Assume that
Y € Bfj(w) with a > 0. Then ¢(x)y(z) = 0, x > a. Moreover, for every
n €N,

51 () = / e 1, (60) () |2+ d < CE () Bl (6),

where [ € N is chosen large enough and it is not depending on ¢.

Note that we also have proved that H,(w) is continuously contained
in £, (w). Hence, the dual space £, (w)’ of £, (w) is contained in H, (w)’.

We define the Hankel transformation on H,(w)" by transposition.
That is, if T' € H,,(w)’, the Hankel transform h, T of T' is the element
of H, (w)" given through

<h,/uT’ ¢> = <Ta h#¢>7 ¢ € H#(w)
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The generalized Hankel transformation hiL can be seen as an extension
of the Hankel transformation h,. Let ¢» € H,(w). Since h,(¢¥) €
H,(w), hyu(¢) defines an element Tj, () of H,(w)" by

x2u+1

mdl’, ¢ S 'H#(w)

(Th o, ) = / b () (@)é(a)

Moreover, Parseval equality for Hankel transformations leads to

p2nt1
0= [ OO gy e
= Ty, hu(9)), & € Hu(w).
Thus we have shown that T}, () = h),(Ty).

We now determine the Hankel transform of the distributions in
En(w)”.

Proposition 3.1. If T € &,(w)’, the Hankel transform h, T coin-
cides with the functional defined by the function

F(x) = 2T (n+ (T (y), (xy) " Ju(zy)), @ € (0,00).

Then W, T is a continuous function on [0,00) and there exist C > 0

and r € N for which

[h,(T) (@)] < Cm™), € (0,00).

Proof. Let T = &, (w)’. We have to see that
(3.1)

(1) 6) = T} = [T ). (o) (aota)a™ .

for every ¢ € H, (w).

In [2, Proposition 3.4] we proved that, for every z € (0,00), the
function f, defined by f,(y) = (zy) *Ju.(zy), y € (0,00) is in £, (w).
Hence, we can define the function

Fx) = (T'(y), (xy) " Ju(zy)), € [0,00).
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Thus F' is a continuous function on [0, 00). Indeed, let zg € [0, 00). To
see that F' is continuous in xq, it is sufficient to show that, for every

n € N and ¢ € B,(w),

S (o(y)((xy) ™ Ju(zy) — (xoy) ™ Ju(woy))) — 0, as x — xo.

Assume that n € N and ¢ € B, (w). By virtue of [3, (3.4)], it follows
for every z,z € [0, 00),
hu(o(y)((wy) ™" Ju(@y) — (woy) ™" Ju(0y)))(2)

1
= (e 1 1) (D)) — 7o () (=)

According to Proposition 2.4 (ii) and Proposition 2.6, the mapping

G defined by
x € [0, 00),

G(2) = To(hud),
is continuous from [0, c0) into H,(w). Moreover, since w satisfies the

(7)-property, there exists [ € N such that

on(o((z.) " Ju(z.) = (20.) " Ju(@0.)))
1 > nw(z o

= o e 2) = ) ()|

< Can+l,0(7'w(hu¢) — Tag (hu¢))v HAES [07 OO)

Hence,

n (@) ((zy) " Ju(zy) = (2oy) " Ju(z0y))) — 0, asx — .

Moreover, since T' € £,(w)’, there exist C' > 0, r € N and ¢1,... ,¢, €

B, (w),
(T, ®)| < C Inax M (e;®), P €&, (w).
j=l...r

In particular, since w has the ()-property for every z € (0, 00),

maxr/o e oy ()™ dy

(T ), (xy) ™" Tu(zy))| < € mas
<C _IrllaXTar+l,0(Tm(h/t¢j))7

Jj=1,...
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for some [ € N. Then by (2.9), it follows that

(3.2) KT'(y), (xy)™"Ju(zy))|

< Ce(m)w(m)jiﬁl???rﬂf%o(%)’ z € [0, 00).

From (3.2) we infer that the integral in (3.1) is absolutely convergent
for every ¢ € H,,(w).

Assume that ¢ € H,,(w). It is clear that

oo

lim [ (T(y). (2y) T (2y)) $(x)r™H d = 0.

b—oo b

Let b > 0. We can write

- Jim (100,23 (89) " (E)a(Z) (2)" ).
We are going to see that

b
(3.4) /0 (xy)*“‘]u(xy)qs(x)ﬁwl dx
i U3 () (2o 2) ()

Jj=1

in the sense of convergence of &, (w).
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Indeed, let ¥ € B, (w) and m € N. It has, for some ! € N,
b
o (v ([ @) T, a)ol@)at+ da
LS () () ())
o( (¢(y)(/()b($y)“Ju(xy)qb(x):zﬂ”“dx

() ")) D" ))

IN

Q

8

=)
—

<
Il
-

|
Sl

< CO&Z,0< Ob G() 2y (hya) (2) dae
e i)

<
I
—

Note that from (2.9), it follows that

elw(z)

b
/0 ¢($)$2“+1Tx(h“¢)(z) dx

232 () it

b
< Cefw(z)(/ ‘¢(I)|x2u+le(l+1)w(m) da
0

L Zn: Mﬂ’) ’ (j_b)z““e(zmw(jb/n))
n = n n

<Ce ™), e (0, 00).

Hence, if € > 0 then there exists zg € (0, 00) such that

lw(z)

b
/0 @)z 7y (hyp) (2) do

- % i‘ﬁ(%) (jﬁb)%ﬂﬁb/n(hW)(Z) <e.
j=1

sup e
z2>2z0
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On the other hand, since the function H defined by

H(z,2) = ¢(x)z* 7, (h W) (2), z,z€[0,00),

is uniformly continuous in (x, z) € [0, ] x [0, o], it has

i 250 2) ()" i (2)

b
- /o $(@)2* 7 (h) (@) da,

uniformly in [0, zo].

From the above arguments we conclude (3.4) in the sense of conver-
gence in &,(w). Hence it has that

b
/0 (T(y), (xy) " Ju(ay))d(z)a+ da
b
= <T(y),/0 (zy) " T, (zy)p(z)zH dq;>.

Also,

oo

lim (zy) T, (zy)p(x)z* T do = 0

b—o0 b

in the sense of convergence in £, (w).

Indeed, assume that b > 0, ¢ € B,(w) and m € N. For a certain
[ € N we have that

31 (v0) [ ) oty de)
< Caro (1 (00) [ () ey o)

<C sup ew(z)

2€(0,00)

<c [T |e““<w 201 i ().

b
¢($)Tz(hw/))(as)as2““ da:‘
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Hence,
i 8 (0) [ () P emola)a® o) =0,
Standard arguments allow us now to show that (3.1) holds. o

Proposition 2.4 (i) allows us to define the Hankel convolution T#¢
of T e H,(w) and ¢ € H,(w) as follows

(T#(b)(I) = <T7 Tx¢>7 T e [Oa OO)

Note that the last definition extends the Hankel convolution from
H(w) x Hy(w) to Hy(w) x Hy(w). Indeed, let ¢, ¢ € H,(w). We can

write

2pu+1
y#

(T¢#T/))(33) - <T¢v7'z1/)> = /OOO ¢(y)(7w¢)(y)m dy
= (o#¢)(x), =z €0,00).

We now prove that T#¢ € H,(w) for every T € H,(w) and
¢ € Hyu(w).

Proposition 3.2. Let T € H,(w)" and ¢ € Hy(w). Then T#¢ is a
continuous function on [0,00). Moreover, there exist C >0 and r € N
such that

(T#¢) ()] < Ce™ ™),z € [0,00),

Hence, T#¢ defines an element of H,,(w)’.

Proof. According to Proposition 2.4 (ii), T#¢ is a continuous function
on [0, 00). Moreover, since T' € H,,(w)’, from Proposition 2.3 it implies
that there exist C' > 0 and r € N such that

(T, )] < C oax (AR, (8), B, (V). ¥ € Hy(w).
In particular, we have that

(T#¢)(2)] < C max {A7,(720), B0 (T29)}, € [0, 00).
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From (2.9), it is deduced that
AL (T2) < erw(I)Aﬁ’n(qﬁ), x € [0,00) and n € N.
Also (2.10) implies, since w satisfies the (vy)-property, that

Bl (o) < C(L+22) Y B (9)

j=0
< Celtv®) Zﬁﬁj(cﬁ), z €[0,00) and n €N,
j=0
for some [ € N.

Hence, for a certain m € N,

[(T#¢)(z)| < Ce™ ™), z€[0,00). D

We now introduce, for every m € N, the space A,,(w) constituted
by all those functions f defined on (0, c0) such that

sup e @) f(z)| < oo
z€(0,00)

A careful reading of the proof of Proposition 3.2 allows us to deduce
that if T € H,(w)’, there exists r € N such that T#¢ € A,(w) for
every ¢ € H,(w).

Next we establish an associative property for the distributional con-
volution.

Proposition 3.3. Let T € H,(w) and ¢, € H,(w). Then
(3.5) (T#¢)#) = T#(o#1).

Proof. As it was shown in Proposition 3.2, T#¢ defines an element
of H,(w)" and we have

2pu+1
yH

20T (p+1)
2pu+1

(o) - [ (T4 ) () () dy

= y
= | i) g e (0.00)
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Equality (3.5) will be proved when we see that, for every z € (0, c0),

3o | T ) (ra) ()

1) Y

o] 2ptl
= (T(), /0 wm)@)(wﬂwﬁll)d@'

Indeed, we have

> y
/0 (M@(@(%W(Wm dy

2pu+1

2u+1

- /0 ) ) ) ) Ly

2uT (e + 1)
= (T9#Y)(2) = T(9#)(2),  x,2 € [0,00).
Our objective is to prove (3.6). We will use a procedure similar to
the one employed in the proof of Proposition 3.1.
Let « € [0,00). By virtue of Proposition 3.2, it follows that

00 y2u+1
3.7 li T 1 ————dy=0
(3.7) i | AT ) ()W) ey W
Assume that m,n € N. According to (2.9), we can write

2p+1

([ O g5 )

2pu+1

g/b W) |(1,99) ()| =2 dyA¥, . (6), b>0.

20T (p+ 1)
Hence, from Proposition 2.4 (i) it is inferred that
2pu+1

. > Y
lim A# . - —=———dy) =0.
Jim A ([ ()0 ) 0) gty ) = 0
On the other hand, for every b > 0,

(2) el [ et

2pu+1

dy) (1)

) j:o(_l)j (1;) /Z,W(T”w)(y)y%(yt)“j T (yt)y™ = dy
1

: (;D)n_jhu(qﬁ)(t), t € (0, 00).
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Therefore, by Proposition 2.4 (i) and taking into account the bound-
edness of the function z7#J,(z) on (0, 00), we have

2pu+1

[ 00 )0 g )
<CY 0@ [ Nm @ dy— 0, asb— .
=0 b

Thus we see that

2u+1
dy — 0, asb— oo,

o Y
65 [ e 05

in the sense of convergence in H,(w).

Now let b > 0. By using, as in the proof of Proposition 3.1, Riemann
sums, we can prove that

b
(3.9) / (T, ) (ra) ()2 dy

= (1(2), /Obhm)(z)(w(y)y%“ dy).

By combining (3.7), (3.8) and (3.9) we deduce (3.6) and thus the
proof of (3.5) is complete. O

A useful special case of Proposition 3.3 follows.

Corollary 3.4. Let T € H,(w)" and ¢,v € H,(w). Then

(3.10) (T#e,¢) = (T, ¢#).

Proof. To see (3.10), it is sufficient to take = 0 in (3.5). O

Remark 3. Note that the property in Corollary 3.4 is equivalent to
the one in Proposition 3.3. Indeed, let T' € H,(w)" and ¢, ¢ € H,(w).
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If € [0,00), 72¢ € H,(w) (Proposition 2.4 (i)). Then from Corollary
3.4 we deduce

(T#) ) () = (T, p##(129)))
= (T, 72 (o#4)))
= (T#(9#))(x), € [0,00).

Thus Proposition 3.3 is established.
We now obtain a distributional version of the interchange formula.

Proposition 3.5. Let T € H,(w) and ¢ € H,(w). Then

hy,(T#) = hy, (T)hyu(9).

Proof. Assume that ¢ € H,(w). According to Corollary 3.4, we can
write

(h (T#¢),¥) = (T#¢, hu(¥)) = (T, ¢p#hu(¥))
= (T, hu(h(9)9)) = (h(T)hu(),4). O

Another consequence of Corollary 3.4 is the following.

Proposition 3.6. The space A(w) = UpenAm(w) is a weak * dense
subspace of H,(w)’.

Proof. To see this property it is sufficient to take into account the
remark after Proposition 3.2 and to use Proposition 2.7 and Corol-
lary 3.4.

We now introduce the space F,(w) that consists of all those T €
B, (w)’ for which there exists a function Gp belonging to A,,(w) for
some m € N, such that

2pu+1

(3.11) (T,¢) = /GT &) (y)—L

T+ 1) dy, ¢ € B,(w).
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Note that the righthand side of (3.11) defines a continuous functional
on H,(w). Hence, T can be extended to H,(w) as an element of
H,(w)’. We continue denoting by T' that extension to H,(w). More-
over, for every ¢ € H,(w), it has

(h T, &) = (T, hyu(9))
2pu+1

/ Gr(y)hu(h (¢))(y)m dy

y2u+1
/ CrOW) GG

Hence, h), T coincides with the functional generated by G on H,,(w)".

We also can prove that if T € F,(w) and ¢ € H,(w), then T#¢ and
T.¢ are in F(w).

Remark 4. In a forthcoming paper we will continue the study of the
tempered Beurling-type distributions and the Hankel transformation
following the ideas of von Grudzinski [11].
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