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THE TOLERANT QUALOCATION METHOD
FOR VARIABLE-COEFFICIENT ELLIPTIC
EQUATIONS ON CURVES

IAN H. SLOAN AND THANH TRAN

ABSTRACT. The ‘tolerant’ modification of the qualoca-
tion method is studied for variable-coefficient elliptic equa-
tions on curves. The modification (in which the discrete inner-
products on the righthand side of the qualocation method are
replaced by exact integration) allows the same high-order con-
vergence as the standard spline qualocation method but with
reduced smoothness assumptions on the exact solution. The
study (improving upon previous work for constant-coefficient
boundary integral equations) builds upon a recent extension
of the standard qualocation method to equations with variable
coefficients by Sloan and Wendland. In particular, it is shown
that, with exactly the same ‘qualocation’ rules as in that re-
cent work for the standard qualocation method, the tolerant
version of the method achieves the full order of convergence
of the standard method but with just the same smoothness
assumption on the exact solution as in the Galerkin method.
The tolerant version of the method therefore allows conver-
gence of arbitrarily high order to be achieved (in appropriate
negative norms, and for splines of high enough order) even
when the exact solution is not smooth.

1. Introduction. In a recent paper [8] we introduced tolerant
qualocation methods for a limited class of constant-coefficient bound-
ary integral equations on smooth curves. The tolerant methods are
modifications of the standard spline qualocation method (see (2.8) be-
low) in which there is just one small difference: instead of evaluating
the inner product on the righthand side by the special quadrature rule
that characterizes the qualocation method, now the inner product on
the right is evaluated exactly.

In the previous paper [8] we found that the tolerant version overcame
the principal defect of the standard qualocation method compared with
the Galerkin method, namely, that in order to obtain the highest
possible rates of convergence (in negative norms) in the standard
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qualocation method, it is necessary to impose stringent smoothness
requirements on the exact solution. In the tolerant version, in contrast,
the smoothness requirements are no stronger than in the Galerkin
method. On the other hand, we found in [8] one apparent disadvantage
with the tolerant version, namely, that the underlying ‘qualocation rule’
(i.e., the special quadrature rule of the form (2.6) that characterizes the
particular qualocation method and that is repeated on each subinterval
of the partition) had to be more elaborate in the tolerant version than
in the standard method.

The present work is built upon a recent extension in [7] of the
qualocation method to a much wider class of boundary integral equa-
tions, including equations with nonconstant coefficients. These ‘second-
generation’ qualocation methods, as we might call them, need qualoca-
tion rules that already have to satisfy extra conditions. In this situation
we shall show that the tolerant qualocation method that uses exactly the
same qualocation rule as specified in [7] for the standard qualocation
method has the full order of convergence of the standard qualocation
method, with no smoothness requirement beyond that needed for the
Galerkin method. This means that, with the adoption of the tolerant
version, the qualocation methods of [7] can be used to obtain arbitrarily
high orders of convergence even if the exact solution is nonsmooth.

(For clarity, we shall call the qualocation rules that satisfy the
conditions of [7] and that therefore are suitable for use in the tolerant
qualocation version for the same range of problems, ‘second-generation’
qualocation rules. Precisely, they are the rules G ;3 o and Ly o, with
capital rather than lower case letters, listed in the tables in [6].)

2. Tolerant qualocation. We seek an approximate solution to the
following problem. Given f € H* P, find the unique u € H® such that

(2.1) Lu = f.
Here L is a variable-coefficient elliptic operator defined by
(2.2) Lu(z) = b_,_(x)Lf_u(x) +b_(2) L u(z) + Ku(z),

where
Liu(x) =Y [n]la(n)e*™ ",
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with 8 € Z and with [n]] defined by

0 ifn=20,
) = { nf if n e N,
+[n? ifn € —N.

The coefficients b4 are assumed to be complex-valued, 1-periodic, C'*°
functions.

We assume that for some ¢ > 0
(2.3) K :H®— H* P isbounded for all s € R.

The assumption on K will be strengthened later.

One of our main assumptions on L is that the operator L
H*——H* P defines an isomorphic mapping for any s € R. More-
over, we assume that L is uniformly strongly elliptic or uniformly oddly
elliptic. For a definition of uniformly strong ellipticity and uniformly
odd ellipticity, the reader is referred to [6] or [7].

To define the qualocation approximations to (2.1), we first define a
uniform mesh,

2; = ih, i€ Z, h=1/N.

For any integer ¢ > 1 we then denote by S} the space of 1-periodic,
complex-valued, smoothest splines of order g, with breakpoints z;. (By
a smoothest spline of order p we mean a piecewise polynomial of degree
< 0 — 1 belonging, if o > 2, to the class C¢~2.)

The qualocation method to solve (2.1) may be described as a modified
Petrov-Galerkin method, with trial space S; and test space Sg/, r,r’ >
1, in which the outer integration on both sides of the Galerkin equation
is performed by a special quadrature rule of composite type

N-1 J

1
24 Que=hY S wgli+&)h) ~ / o(z) d,

=0 j=1
where

J
(25) 0<&<&E<-<1 and Y wj=1, w >0
j=1
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The rule (2.4) is the composite rule obtained by applying a scaled
version of the J-point rule

J
(2.6) qg9 = Z w;jg(&;)

to each subinterval; we shall refer to the rule (2.6) that characterizes a
particular qualocation method as the qualocation rule for the particular
method. The design of good qualocation rules is a central element in
the construction of qualocation methods. The qualocation rule is called
symmetric if it has the property that if £ € (0,1) is a quadrature point
then so is 1 — ¢ and, moreover, £ and 1 — £ have the same weight w.
(We note that a qualocation rule with £&; = 0 has the same effect, since
the partition is uniform, as the rule

J
(27) i = 3r(9(0) + 9(1) + 3 wio(&))
j=2

It is actually the rule ¢ rather than the rule ¢ that is symmetric in the
ordinary sense.) We shall consider only symmetric qualocation rules.

A discretized form of the inner product

(v,w) = /01 v(z)w(x) dx
may now be defined by
(v,w), = Qn(vw).
The original qualocation approximation to (2.1) is then given by
(28) € S and (Lan, ), = (fi¥h), VY, €S),

whereas the tolerant qualocation method to be considered here is given
by

(2.9) up € Sp and  (Lup,op), = (fo¥h) Y, €8),

with an exact inner product on the righthand side.
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The qualocation method (2.8) requires f to be continuous, at least
at the quadrature points. There is no such restriction for the tolerant
qualocation method (2.9). For both methods we also require that they
be well defined (cf. [2]), meaning that either

(2.10) r>pf+1
or
(2.11) r>3+4+1/2 and & > 0.

These conditions ensure that Luy is well defined at the quadrature
points.

Following [6] and [7], we assume r and 7’ to be of the same parity if
L is uniformly strongly elliptic and of opposite parity if L is uniformly
oddly elliptic.

The present work makes essential use of recent results, proved in [7],
for the standard qualocation approximation with variable coefficients.
The first step, as in [7], is to introduce a family of constant-coefficient
operators {L, : z € R} associated with L, which are defined by

Lu(w) i= by () u(@) + b ()L ulw) + (by () + b ()T,
z€R,

where Ju = fol u(z) dx = 4(0). Thus the coefficients by and b_ for the
operator L, have the values of the coefficients “frozen” at their values
at z.

Assumption A. The qualocation rule is chosen in such a way that,
for all z € R and every v € H" with t > 3+ 1/2, the solution vy, € Sj,
of the constant-coefficient qualocation equation

(2.12) (Lovn, )y = (Lav,¥p), Vi, € Sy

is uniquely determined for every h = 1/N, and vy, satisfies the asymp-
totic error estimate

(213) ”’Uh - ’UHS < ch'=® "U‘t—i-max(ﬂ—s,o) )
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with ¢ independent of z, h, v, provided v € H*Tmax(B=5.0) gpnq
B-b<s<t<r s<r—1/2, t>p+1/2

for some integer b satisfying 0 < b < r’. The qualocation rule Q is also
chosen to be symmetric, and if J =1 to satisfy & # 1/2 if r' is even,
and & # 0 if v’ is odd.

Remark 2.1. Many qualocation rules that satisfy Assumption A for
classes of strongly elliptic or oddly elliptic operators are given in the
tables in [6].

Remark 2.2. Tt is the undesirable requirement of extra smoothness of
the solution, in the form of the term max(8 — s,0) in the semi-norm
on the righthand side of (2.13), that motivates the study of tolerant
qualocation methods.

When b > 0 it is called the additional order of convergence of the
method. Under Assumption A the following stability result for (2.8)
was proved in [7, Theorem 3.2].

Theorem 2.3 (Stability). Let L be uniformly strongly or uniformly
oddly elliptic. Suppose that r > 3+ 1 and ' > 2, and that the qualoca-
tion method for the constant-coefficient case satisfies Assumption A
with b > 0. Then hg > 0 exists such that for every h satisfying
0 < h < hg the qualocation equation (2.8) has exactly one solution
up. This solution satisfies the asymptotic estimate

lan —ull, < b= lull, forue HY,

provided f < s<t<r,s<r—1/2,and f+1/2 <t
We follow [7] in imposing the following assumption on K:

Assumption B. For an additional order of convergence b > 0, K is
assumed to have the form

K = Z (ai’+Li_i + ai’,Lg_z) + K/,
i=1
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where a; + and a; _ are 1-periodic functions belonging to C*°, and K’
maps H® into H*~P+7 boundedly for some 7 >b+1/2 and all s € R.

We note that, under this assumption, the parameter ¢ defining the
mapping property of K, see (2.3),is( =7 >1/2ifb=0and ( =1 if
b>0.

Remark 2.4. This assumption is introduced in [7] so that the theory
applies also to the (common) situation in which the principal part of
the operator (i.e., the first two terms of (2.2)) occurs in company with
pseudo-differential operators of lower integer order.

3. Preliminaries. The following lemmas will be useful for the proof
of our main result.

Lemma 3.1 [2, Theorem 2]. For any v € H*, u > 1/2, a unique
Ryv € S;, ewists such that

(3.1) (Rho, ), = (0,404), Y, € Sh.

Moreover, if i and v satisfy 0 <v < pu <r', u>1/2, andv <r'—1/2,
then
[Rpv — v, < ch*¥ol|, VoveH"

We shall call R, the qualocation projection in the test space.

Let T}, be the space of trigonometric polynomials of degree < N/2
defined by

(3.2) T = span{¢y : k€ Ay},

where _
bp(x) = *™*® L cZ, reR,
and

N N
Ah::v{MEZ:—3<u§?}.

The following lemma was proved in [3] and [4].



80 I1.H. SLOAN AND T. TRAN

Lemma 3.2. For anyv € H®, s € R, a unique ppv € Sj, exists such
that

(3.3) (prv, Xn) = (v, Xn)  VXyp € Th.
If s<r—(1/2), then S} C H® and
Q) lpwel, < e llol, for all ve H?,
(ii) [Jv — ppoll, < ch'=%||v||, for allve H', s<t<r,
(iii) [lonll, < ch®"|op|l, for all v, € Sh, s <t <r—(1/2),
(iv) For g € C", lgun — pu(gun)ll, < ch? llonll, for all vy € S,
where p = min(l,r —s) > 1/2.

We also consider the following semi-norm:

1/2
el o= (|z~<o>|2+ T |k2fz<k>|2) ,

keA,

where A} := Ap\{0}. In terms of this semi-norm, an analogue to
Lemma 3.2 is (cf., [7, Theorem 2.2])

Lemma 3.3. Let s € R. Then
(W) lpnvlls = llollsn < vl for all v e H?,
(i) [[v = pavll,p, = 0 forall v € H?,

iii) ||v < ch*tv or all ve Ht, s <t.
(iii) [lv[l; 4, sk ;

Lemma 3.4 (Korn’s trick) [1, Lemma 3.2]. Let 5,t € R, and let by
be sufficiently smooth. Then for every € > 0 there exist a 1-periodic
partition of unity {®;}}1, with ®; € C*°, 0 < ®;(x) <1 and

> i) =1,
j=1
and periodic functions ¥; € C*, 0 < W;(z) < 1 with \I/j|supp<I>- =1,
J
and points z; € (supp ®;)° for j=1,..., M exist such that

@) e )=ba(ei)) L0

g S el C@ vl =150 M,
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for all v e Ht.

Lemma 3.5 [1]. Let & € C™. Then

H(Li@ - @Li)th_B <clvl,., VYveH"

Lemma 3.6 [1]. Let ,0 € C*°, with ©P = 0. Then

H@Li@v“ 5 <clvll,, VveH""
t—

We will finish this section by introducing a projection onto a finite
dimensional space of splines of higher order than those in the trial space
Sp. This projection plays an essential role in extending the arguments
in [7] for standard qualocation methods to tolerant qualocation meth-
ods. We recall that the degree of precision of the quadrature rule ¢ is
a if gp = Jp for all polynomials p of degree < « and ¢qp # Jp for at
least one polynomial p of degree o + 1.

Lemma 3.7. Let r* be the smallest integer satisfying r* > max(r —
B,7) and having the same parity as r'. Assume that the qualocation
rule has degree of precision at leastr—+b—1 forb >0, and if J =1
also that & # 1/2 if r* and v’ are even, and & # 0 if v* and v’ are
odd. Then for every v € H" a unique P;jv € S;* exists satisfying the
tolerant qualocation equation for the identity operator

(34) (Piv, o)y = (0,447) Vo), € 57,

which satisfies the error estimates

(3.5) [1Pyv —wll, < ch*™" o],

for all p,v satisfying —r' < v <r*—=1/2, —r'+1/2 < p < 7r*, and

O0<pu—v<r—pg+o.

Proof. We note that (3.4) defines the tolerant qualocation solution
to the equation Lu = f with L being the identity operator and with
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the trial and test spaces chosen to be S,TL* and S{Ll, respectively. The
existence and uniqueness of the solution to this equation is equivalent
to the existence and uniqueness of the solution to the corresponding
standard qualocation equation, i.e., equation (3.4) with the discrete
inner product on the righthand side. The result for the latter equation
is proved in Theorems 2 and 3 of [2]. (Note that the condition 7 = ¢’
in Theorem 3 of that paper translates into 7* and ' having the same
parity.)

To prove the estimate (3.5), it suffices, as proved in Theorem 3.1 in
[8], to check that the assumptions of Theorems 5.1 and 5.2 in that
paper hold. These assumptions applied to the present situation are
equivalent to requiring that some Bernoulli polynomials of even degree
up to r — 4+ b — 1 are integrated exactly. Since they are obviously
satisfied under the assumption that the qualocation rule has the degree
of precision at least r — 3 + b — 1, the lemma is proved. ]

4. Main result. We rewrite the tolerant qualocation equation (2.9)
in a slightly different form:

(4.1) up € S§ and  (Lup, ), = (Lu,op) Y, € Sp .
The main result of the paper reads as follows.

Theorem 4.1. Letr > 3+ 1 and v’ > 1. Let the qualocation rule
be chosen so that Assumption A holds with b satisfying 0 < b < /.
Assume further that the quadrature rule has a degree of precision of
at least 1 — B+ b — 1. Then there exists hg > 0 such that for every
h € (0, ho] equation (2.9) has a unique solution uy, € Sy satisfying

lun —ully < ch® =" Jlull,

forB—b<s<r—1/2,0+1/2<t<7 and s <t.

Remark 4.2. Under the assumptions of Theorem 4.1, there exists a
unique solution y, of (2.8) which satisfies, see [7, Theorem 1.1],

lan —ully, < ch" Ju

t*
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where
if s > 3,

N t
v= {t+max(ﬂ—s,1) if s < f.

We note that more smoothness of u is needed than in (2.13).

We prove the theorem in several steps by proving the following
lemmas.

Lemma 4.3. Letr > 8+ 1 and ' > 1. Let the qualocation rule
be such that Assumption A holds with b replaced by 0. Assume further
that the quadrature rule has a degree of precision of at least r — 3 — 1.
Then there exists hg > 0 such that for every h € (0, hg] equation (4.1)
has a unique solution uy, € S} satisfying

(4.2) lun —ully, < ch®=" Jlull,,

forB<s<r—1/2, 8+1/2<t<r and s <t.

Remark 4.4. We note that, unlike the case of standard qualocation
methods, this result requires extra conditions on the quadrature rule,
namely, the requirement on the degree of precision of the rule, cf.
Theorem 2.3.

Proof of Lemma 4.3. Since equation (4.1), or equivalently (2.9), and
equation (2.8) have the same lefthand sides, and Assumption A yields
the existence and uniqueness of a solution uy to (2.8) for h sufficiently
small (see Theorem 2.3), this assumption also yields the existence of a

unique solution uy, € S; to (4.1). It remains to prove the error estimate
(4.2).

With the help of the projection P;f onto S;  defined by (3.4), we can
rewrite the qualocation equation (4.1) as
(4.3) <Luh7wz>h = (P Lu, w;1>h vw;L € Sg/’

where PyLu is well defined, satisfying (3.5) with Lu in the place of
v because Lu € H* % and 1/2 < t — 8 < r — 3 < r*. The tolerant
qualocation equation can now be written as

(4.4) Ry (Lup, — Py Lu) = 0;
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we note that Ry, Py Lu is well defined because P;Lu € S,’;* and r* >
r — 3, so that, from (2.10) and (2.11), r* > 1 whenever £ = 0. We
note that the qualocation equation analyzed in [7] has the form

(Lun, )y = (L), Vo €S,
which implies, instead of (4.4),
(4.5) Ry, (Lup, — Lu) = 0.
We first consider the case when
(4.6) B+1/2 <t < min(r—1/2,7 +5—1/2).

Let € > 0 be given. We follow [7] by introducing a partition of unity
{®, }j]‘/il satisfying the conditions of Lemma 3.4, so that

M
;€ C™ 0<Q(x) <1, and » Pj(z) =1
j=1

Then we use the invertibility of L to obtain
(4.7)

S

lun—ull, < ¢ llL(un —ull,_p < ¢} [[®L{un —u)ll,_g
1

J

M M

< e II=Ra)®Llun—u)l,_g+e D [|Rr®; Llun—u)ll,
j=1 j=1

= T35+ 1T}.

The estimate for T3 initially follows [7]. Let L; := L., j=1,... , M,
where {z;} are defined as in Lemma 3.4. By defining

(4.8) Wi p = phq)juh € S;,
and

(4.9) w; = wjp — Lj_l(I — Rp)®; L(up — u),
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we obtain

Ts; o= (I = Rp)®;L(un —w)ll,_5 = [ Lj(wjn —w;)

< ¢ [Jwjn —wjll,-

(4.10) s

Using the fact that Ry, is a projection, we deduce from (4.9) that
RyLjw;n = RpLjw;,
which is equivalent to
(Ljwsn, )y, = (Ljw;, ¥, Y, € S

This allows us to make use of Assumption A with b replaced by zero
to obtain

(4.11) lwjn = willy < eh™= [fwyll, -
To estimate ||w;l[,, we rewrite (4.9) as

w; = Pu+ (phéjuh — (Djuh) + L]»_I(Lj — L)<I>j(uh — u)
+ L7 Y(L®; — ;L) (up — u) + L ' Rp®; L(up, — u),
which implies

lwill, < I1®9;ull, + [Pn®jun — junll,
e l[(Ly = L)®;(un —w)ll,_g
(4.12) +c [[(L®; — @5 L) (un — u)ll,_g
+c [|Ra®;L(un —u)ll,_g4
= Wi+ Wo + Ws + Wy + Ws.

The Leibnitz rule yields
(4.13) Wi < c||ull,-
By using property (iv) of Lemma 3.2, we obtain

(414) W < e Junl, < eh®lluy —ull, + ¢ [lul,
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where we now choose ¢ := min{1,r — t,{} with ¢ being the parameter
in the mapping property (2.3) of K. For the term W3 we note that

Ws < ¢ H(bJr(Zj) - b+('))Li¢j(uh - U)Ht—ﬂ
] (R ES R IZE o)
+c [[KQj(un —u)ll,_g

b (b ) + b ()T, )y,

in which the last two terms are bounded by c ||up —ul|,_s; by the
mapping property of K and the definition of J. By Lemmas 3.4 and
3.6 we have

|02 = b (D EE2 0 — )|

< H‘I'j(bi(zj) — b () LA (up — U)Ht—ﬁ

+ H(1 — ;) (b (25) — b () LB, (up, — U)Ht—ﬁ

el|®j(un = wl, + ¢ @5 (un —wll,_y + ¢ llun —ull,_,

IA

N

L
< gelellun —ull, +cllun —ul,_;

where ¢’ is independent of . Altogether we have
(4.15) W3 < c'elup —ull, + ¢ [Jup, —ul|,_g-

For the term Wy we use Lemma 3.5 and the mapping property (2.3) of
K to obtain

(4.16) Wy < cllup —ull,_s-

This leaves us with the term Wj to complete the study of the
contribution of T3 to (4.7). Fortunately, the other contribution T has
a similar form to W5, so we can deal with both together by estimating

||197ﬁ5
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First we use (4.4) to obtain

v

IA

¢ (Rr®; — ®;Rp)L(up — u)||797ﬁ +c ||®;Rp (P Lu — Lu)||197ﬁ
=: V1 + V2
We note that the appearance of V5 in the present analysis constitutes

a difference to the analysis in [7]. Noting (4.6) we can use Lemma 3.1
from [7] (more precisely, the proof of that lemma) to infer

Vi < b= (full, + llun — ull,_s) + ch' =" Juy, = ul],,

where § := min{r’ + 3 —¢,1,(}. Here ¢ is as in (2.3). For the term V53,
since 0<s—p<P-—0<t—0<r—=1/2,)t—0>1/2,t<r—1/2,
and r* > r — 3, we are able to use Lemmas 3.1 and 3.7 of the present
paper to obtain

Vo < c||Rp(PyLu — Lu) — (PyLu — Lu)|ly_5 +c [Py Lu— Lully_g4
ch=||PyLu— Lull,_g + ¢ || P Lu — Lul|,_g
ch | Lull,_y < B full, -

IN

IN

Thus
(417) V< eh7 (JJull, + lun — ull,_s) + chTT up — ), -
By setting ¥ =t in (4.17) we obtain

Ws < ¢ (llull, + lun — ull,_s) + ch Jun — ull,,
which together with (4.7) and (4.10)—(4.16) implies

T3 < deh’"|lup —ulle + e (@)[A" " (fulle + [lun — ulle-s)
R Juy = ulle].

Noting (4.6), we can use the inverse estimate and the approximation
property of pp, in Lemma 3.2 to obtain

lun —ull, < ch* Jlun —ull; +c |ull,,



88 I1.H. SLOAN AND T. TRAN

which implies

Ty < c"ellun —ull, +c(e) [R"* (lull, + lun = ull,_)

R g, — ]

where ¢ is independent of . We now choose € = (2¢”)~! and then fix
appropriate {®;} and {¥,} in Lemma 3.4 to obtain

1 —s
Ts < 5 llun —ulls + e(&)[277 (lulle + llun — ull-s)
+ 50|y, — ull¢].
Next, by setting ¢ = s in (4.17), we obtain
Ty < cht= (full, + lun — ull_g) +ch=* lun —ull,.

Thus (4.7) now yields, with the help of (4.18),

A

cht™* (Jlull, + llun = ully_s) + A= |up, — ul,

ch™ (llull, + llun = ully—g) + b llun = ull, -

l[un —ull

IN

This inequality implies that there exists hg > 0 such that if 0 < h < hyg
then

(4.19) lun —ull, < eh®* flun —ull,_s +ch'* ul, .

Ifo6 <t—s,ie., s <t—9J, then using again the inverse estimate and
the approximation property of p, we obtain

lun = ull, 5 < P> |lup, —ull + e h® |ul,,
implying, on substitution into (4.19),
lun = ull, < eh® Jlup —ull, + ch ™ [lul],.

Hence, there exists hg > 0 such that if 0 < h < hg, then

lun —ully, < ch®=" Jull,,
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as required. In particular, the following holds for any ¢ in consideration
(4.20) lun = ully—5 < ch®lull,.

If 0 <t— s < J, then by substituting (4.20) into (4.19) we obtain the
desired estimate.
We next want to extend the result to the region
B<s<min(r—1/2,7"+3-1/2) <t <r.
Choose t' > (3 + 1/2 satisfying
B<s <t <min(r—1/2,7"+p-1/2).

Consider the problem with the exact solution u—ppu. It is at this point
that the argument is different for the tolerant qualocation method:
for now ppu is not the solution of (4.1) if u on the righthand side
is replaced by ppu. Instead we see from (4.4) that the solution,
if u is replaced by ppu, is L;thP;:Lphu, where Ly = RjL|s7,
Ly :S; — Sg/ is invertible, for h sufficiently small, due to Theorem 2.3.

The tolerant qualocation approximation to w — ppu being therefore
up — L;thPZLphu, we can write

lun —ull, < H(uh — L, 'R, P; Lppu) — (u —phu)HS

(4.21) + || Ly R Py Lppu — ppaul,
=: Ts + 17,

and estimate Ty as follows:

(4.22) Te < ch? = |lu—puull,, < eh'*|ul,,

where for the first inequality we used the result already established, and
for the last we used the approximation property of p, in Lemma 3.2.
For the term T%, since ppu = L;thLphu, we deduce from Theorem 2.3

(4.23)
T; = ||L, ' Ry LL™"(P; Lppu — Lppu)||,
< ||Zy " RaLL ™ (Py; Lpyu — Lpyu) — L™ (P Lpnu — Lppu)|,
+ HLil(P;prhu - LPhU)HS
< cht' = |1 Py Lppu — Lphu||t,75 +c || Py Lppu — Lphu||57ﬂ
< ch"*||Pi Lipnu—w) = L(pwe =) g+ ch” = | P Lu—Lull,_
+ e [Py Lphu —u) = L(ppu = w)ll,_g + ¢ [Py Lu — Lull,_g
=t Tr1 + Tpa + T3 + Toa.
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Since 1/2 <t/ = <r—03-1/2 < r* —1/2 we can use (3.5) in
Lemma 3.7, with v = p = t' — 3, and then the boundedness of L and
Lemma 3.2 (ii) to obtain

Ty < ch! =% | L(ppu—u) < eh? % |lphu—ull, < cht*|ull,.

l—g

A similar argument, with v = s — § and p =t — 8 in (3.5), gives
T73 S Chtis Hu||t

The same bound can be obtained for the terms T2 and T74 by using
(3.5) with v =t/ — 8 and s — (3, respectively, and p = ¢t — 3, noting that
t—pf<r—fg<r*and (t—pF)—(s—p0) =t—s <r—[F+b. Therefore
(4.21)—(4.23) yield the desired bound for |lup — ull,.

Finally, if 7’ + 3 < 7 we need to extend to the region
r+p-1/2<s<r—1/2, s<t<r

The extension is achieved by using the triangle and inverse inequalities,
the approximation properties of py, and (4.2) with s = g

lun —ull, < ch?~*|lun —ullg + ch”~* |lu— prull 5 + lu — paull,
< cht™s [lull, -

The estimate (4.2) is proved, completing the proof of the lemma. i

In the following lemma we extend the result of Lemma 4.3 to the case
when 3 — b < s < (8 under the assumption that L. = Lg, where

Ly:=L-K'+J
b
= b L] 40 L0+ 3 (s L]+ a L) 4+ 7.

i=1

Here b, satisfying 0 < b < 7/, is the additional order of convergence in
Assumption A. Unlike the case of constant-coefficient operators, this
extension requires that the quadrature rule has degree of precision at
least r — 3+ b — 1.
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The principal tools in the proof of the next lemma are the Aubin-
Nitsche trick, and a certain technically difficult quadrature estimate
proved in [7].

Lemma 4.5. Letr > 3+ 1 and ' > 1. Let the qualocation rule
be defined such that Assumption A holds with b satisfying 0 < b < r’.
Assume further that the qualocation rule has degree of precision at least
r—pB+b-—1. If L= Ly, then

lun —ully < e ul,

for —b<s<r—1/2,8+1/2<t<r and s <t.

Proof. Tt is sufficient to restrict s to 8 —b < s < 3, since larger values
of s are covered by the preceding lemma. By duality the following holds

Up — U, W
(4.24) |lun —ull, = sup g
wern—  |lwll_,
For any w € H~* there exists a unique v € H”~* such that
w = Ljv,

where L is the adjoint of Lo with respect to L2-duality, which is an
isomorphism from H¢ onto H*~# for any ¢ € R. Then, for any v, € S
the following holds
(up, —u,w) = (Lo(up — u),v)
(4.25) = (Lo(up, —u),v — vp) + (Lo(up — u), vp)
=: Tg + Tg.
Let v, = phv € S};/, where pj, is defined in the same way as p, in

Lemma 3.2 with r replaced by r’. Noting that 0 < 8 —s < b <71/, we
obtain from part (ii) of Lemma 3.2

lon = vlly < b= lvll4_, -

This inequality and Lemma 4.3 with s = 8 then yield

1 Ts| < [[Lo(un —u)llg [lvn — vllo
(4.26) < Jun —ullgehP = vl 4_,
< ch = Jlull lwll -
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On the other hand, by the definition of the tolerant qualocation
approximation in (4.1) we can write

(4.27) Ty = (Louh,vh> - <L0uh, Uh>h-

The assumption on the qualocation rule and the form of Ly allow us
to use Theorem 4.2 in [7] to obtain

Ty| < ch'=® Huth,h th‘lﬁfs,h'

But Lemma 3.3 gives

[lun| th S chf™t [[un _phu”@h + ||phu||t7h
< W0 (flun = ully + = puully ) + el
< e full,

where again we used Lemma 3.2 with s = §. It also gives
lvnllg—sn = IPR0llg_cn < I0llg-s < cllwll_,-

Thus

(4.28) [ Tol < ch' Jlull, [lw]l_,-

Now (4.24)—(4.28) yield the desired result, completing the proof of the
lemma. O

Proof of Theorem 4.1. Tt remains to extend the result of Lemma 4.5
to the case when L = Lo+ K' — 7 and 8 —b < s < 3. Without
loss of generality we assume that Lo : H® — H* " is injective
which implies Lg is an isomorphism. Let K” := K’ — J. Then, by
Assumption B, K" : H® — H*~P*+7 is bounded and thus, since 7 > 0,
Ly'K" . H® — H* is a compact operator. It follows by the Fredholm
alternative that

(I_’_LalK//)fl . Hs —>HS

is bounded, implying

IN

¢ H(I—I—LglK”)(uh — u)HS
= c ||jun — u+ Ly P K" (up, — u)”s

Up — U
wag el
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Introduce the operator 1T, : H* — T}, for t > 1/2 by

(4.30)  Inf € Th (I fo0h) = (fo0h), Y feH!, ¢, €Sy,

where T}, is the space of trigonometric polynomials of degree at most
N/2 defined in (3.2). The operator ITj is well-defined as discussed in
[5]. Since the quadrature rule is assumed to have degree of precision
at least r — 8+ b — 1, it follows from [8, Lemmas 2.1 and 4.1] that

(4.31) M f = fll, < eh" ([ fll,

forO<v<p,pu—v<r—p+b, and p > 1/2. Using the operator IIj,
we can rewrite the tolerant qualocation equation, namely (see (4.1))

(Lo + K"yun, ¥3,), = (Lo + K" )u,4y,)
as
(Loun, ¥4}, = (Lolu+ Lo ' (K"u — T, K" up)], ¢,) -

Thus wup is the solution of the approximate problem studied in
Lemma 4.5 (where L = L) if the exact solution is u + Ly ' (K"u —
I, K" up,). In view of this, we deduce from (4.29)

Jun —ully < e(|Jun —u— Ly K"+ Ly ' T K ||

4.32
( ) + ||LO—1K//uh _ LalnhKNuhHS) ,

and obtain a bound for the first term on the righthand side, by using
Lemma 4.5, as

lup —u — Lo ' K"+ Ly ' T K, |

ch' ™ lu+ Ly " (K" u — T K up) |«
ch' > (lulle + | K"w — T K" up |- )

ch = (Julle + (ML K" — K" ) (un — u)lle—p
+ M K"w — K"ullp—g + | K" (un, — u)|[i-p)
=: ch'"*(||ull¢ + Ty + Ta + T3).

IN A IA

The assumption ¢ > § + 1/2 assures us that we can use (4.31) (with
the norm |[|-[|,_; on both left and right) together with Assumption B
to obtain

T < c||K"(un = w)ll,_p < ¢ llun —ull,_,
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and
Ty < c|K"ull,_g < cllull,_, < cllull,-

Assumption B also gives
Ts < cllun —ull,_, -

Since 7 > b+ 1/2 we have t — 7 <r —1/2; s0 if t — 7 > 3 we can use
the result of Lemma 4.3 to obtain

Jun —ully_r < b lull, < cflul,.

If t — 7 < 8 we can use Lemma 4.3 with s = § to have

lun = ull,_ < flun = ullg < e ull, -

Altogether the first term on the righthand side of (4.32) is bounded by
ch®=%|lul|,. The second term on the righthand side of (4.32) can be
estimated as follows:

| Lo " K" up, — Lo T K " up |

< NIK" = K" )upll,_ 4
< NI K" — K" (up — )|, + (TR K" = K" )ull,_4
< K" = K" (un = u)lly_ppp + 1T K" = K" )ull ;5.4

Since t > B+ 1/2 and b > 0, t — 3+ b > 1/2 holds, which assures us
that we can use (4.31) with v =s— (G +band p =1t — 3+ b (so that
pu—v=t—s<r—[F+0b) to obtain

| Lo ' K" up, — Ly T K up |
eht = (1" = )y + 1Kl

'™ (lun = ully sy + llull,—r4)
ch' = (Jlun = wlly_ppy + [lull,) -

INIA A

The assumption 7 > b+ 1/2 implies t — 7+ b <r—1/2. Soift — 7
+ b > 3, we can use Lemma 4.3 to obtain

—b
lun —ull, -y < ch™lull, < e lull; -
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Ift—7+0b< 3, then
lun = ull_rip < llun —ullg < cflull,.

Thus the second term on the righthand side of (4.32) is also bounded
by ¢h'~* |Jul|,, completing the proof of the theorem. o

5. Numerical results. In this section we apply tolerant qualocation
methods to the singular integral equation

e t—s

B+(S)U(s)+B_(S) /1“ Mdt = F(s), seTl,

for the case in which I is the unit circle, and with two choices of the
functions B4, as below. With the circle parametrized by t = >™*, and
with u(z) = U(e*™®), f(x) = F(e?™*), and by (z) = By (e*™®), the
equation becomes

1
b)) +2-0) [ e e = ), e 0]

which has the form (2.1)—(2.2) with 8 = 0 and is the equation to be
solved in practice.

We choose the righthand side to be

fz) = Vz(l—2x), =ze€l0,1],

which belongs to H for t < 1. Hence u € H? for t < 1.

In each of the following two examples we will choose r = 2, corre-
sponding to a piecewise-linear trial space. Since the exact solution u
is not known, we computed the errors by referring to the approximate
solution when N = 1024 as the exact solution.

Ezample 1. We choose, as in [6] and [7],
bi(z) = 3 +sin(2nz), b_(z) = 1.

Since the problem is uniformly strongly elliptic, we may choose r =
r’ = 2. For the quadrature rule we use the 3-point rule G325 from [6],
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for which the additional order of convergence is b = 2. In Table 1 we
show the values of the H*-norm, for s = 0, —1, —2, of the error for the
tolerant qualocation method (2.9), and alongside each error show the
estimated order of convergence EOC. The results show clearly that the
H°- H='- and H 2-norms of the errors behave as O(h), O(h?) and
O(h3), which are in accordance with the predictions of Theorem 4.1.
To compare, we present in Table 2 the corresponding values when the
original qualocation method (2.8) (with the same rule G3 2 o) was used.
The error estimate is clearly degraded in this case due to the lack of
smoothness in the solution.

TABLE 1. Errors in H*-norms for Example 1; tolerant

qualocation method with rule G322 and r =1/ = 2.

N s=0 EOC s=-1 EOC s=-2 EOC
16 0.252E-02 0.212E-03 0.241E-04

32 0.125E-02 1.02 0.525E-04 2.02 0.291E-05 3.05
64 0.619E-03 1.01 0.131E-04 2.00 0.365E-06 3.00
128 0.306E-03 1.01 0.328E-05 2.00 0.458E-07 3.00
256  0.148E-03 1.05 0.817E-06 2.00 0.573E-08 3.00

TABLE 2. Errors in H®-norms for Example 1; original

qualocation method with rule G322 and r =1/ = 2.

N s=0 EOC s=-1 EOC s=-2 EOC
16  0.254E-02 0.219E-03 0.468E-04

32 0.125E-02 1.02 0.553E-04 1.99 0.142E-04 1.72
64 0.622E-03 1.01 0.144E-04 1.94 0.492E-05 1.53
128 0.307E-03 1.02 0.386E-05 1.90 0.169E-05 1.54
256  0.148E-03 1.06 0.105E-05 1.88 0.547E-06 1.63

Example 2. In this example we reverse the roles of by and b_ from
Example 1, choosing

by(z) =1, b_(z) = 3+ sin(27x).



The problem is now uniformly oddly elliptic; thus we must choose 7’
to be odd so that it is of opposite parity to r. We take 7' = 3 (so that
the test space consists of quadratic smoothest splines) and choose the

TOLERANT QUALOCATION METHOD

qualocation rule to be G322, which has additional order b = 2.

As in Example 1, the values presented in Table 3 for the tolerant
qualocation method and Table 4 for the original qualocation method

are in accordance with our theoretical result.

We also carried out, as in [6] and [7], experiments with nonsmooth
functions b4+. The same behavior of the error estimates is observed in

these cases; thus, we will not report the results here.

TABLE 3. Errors in H®-norms for Example 2; tolerant

qualocation method with rule G322, 7 =2, and r’ = 3.

N s=0 EOC s=-1 EOC s=-2 EOC

16 0.534E-02 0.533E-03 0.608E-04

32 0.269E-02 0.99 0.134E-03 1.99 0.767E-05 2.99

64 0.135E-02 1.00 0.338E-04 1.99 0.964E-06 2.99

128 0.672E-03 1.00 0.846E-05 2.00 0.121E-06 3.00

256 0.329E-03 1.03 0.211E-05 2.00 0.151E-07 3.00
TABLE 4. Errors in H*®-norms for Example 2; original
qualocation method with rule Gz 22, 7 =2, and 7/ = 3.

N s=0 EOC s=-1 EOC s=-2 EOC

16 0.533E-02 0.536E-03 0.734E-04

32 0.269E-02 0.99 0.136E-03 1.98 0.161E-04 2.19

64 0.135E-02 1.00 0.343E-04 1.98 0.503E-05 1.68

128 0.670E-03 1.01 0.871E-05 1.98 0.170E-05 1.57

256 0.328E-03 1.03 0.221E-05 1.98 0.548E-06 1.63
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